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Answer Sheet to Problem Set 1

Question 1.

The density gradients for the various demographic groups and geography groupings

are displayed in the following table:

city data tract-level data

Total Population -.141 -.148

White Population -.130 -.104

Black Population -.326 -.358

The R2 for the regressions are displayed in the following table:

city data tract-level data

Total Population .470 .607

White Population .433 .387

Black Population .673 .626

Question 2.

The equilibrium conditions are:

(1) Given that a particular individual locates at u, the individual picks the con-

sumption bundle (X(u), L(u)) that maximizes utility subject to the budget constraint

pX + L(u)R(u) = w − tu.

(2) Individuals are indifferent as to where they locate for any u between 0 and û

(the higher computing costs of further away locations are exactly offset by the benefit

of the lower land rents).
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(3) R(û) = R; i.e., the price of land at the boundary of the city equals the price of

farm land.

(4) The demand for land by individuals equals the supply of land (The 2 in formula

below adds up the deman in both sides of the city.)

H = 2

∫
û

0

1

L(u)
du

Question 3.

In the analysis, the original values of the variables have a 1 subscript (i.e., R1(u),

L1(u), û1), and the new values have a 2 subscript (i.e., R2(u), L2(u), û2)

A. An increase in the wage w holding t fixed.

The new equilibrium can be determined by taking two steps. For the first step,

suppose the price of land at the original boundary û1 is held fixed at R and the wage

w is increased. What would the bid rent curve have to look like to keep individuals

indifferent between û1 and points u < û1? Let the bid rent curve for this intermediate

step by denoted R̃(u). The answer is that it must be flatter than the original bid-rent

curve R1(u) as illustrated in figure 1. To see why this is so, recall that the slope of

the bid rent curve satisfies
dR

du
= −

t

L(u)
.

Since housing is assumed to be a normal good, the increase in the wage results in an

increase in the demand for land. This reduces the absolute value of the slope, as seen

in the above formula. This effect has a straightforward intuition: When people get

richer they desire to buy more land. This makes it more attractive to move further

out, since a given reduction in land prices means more (it is applied to more acres of

land). To keep people indifferent between living close to the city and moving further

out, the premium for living close to the city must be reduced.
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The intermediate bid-rent curve R̃(u) satisfies the equilibrium conditions (1), (2),

and (3) by construction. However, it won’t satisfy condition (4). The wage has

increased and land prices are lower with R̃(u). Both effects increase the demand for

land at every location. Since the supply of land between 0 and û1 is fixed, there is

excess demand. The new equilibrium boundary shifts to û2 > û1, and the equilibrium

bid-rent curve shifts out to R2(u) as illustrated. Compared to the original bid-rent

curve, the new equilibrium rent is higher for u close to the boundary.

Average population density in the city decreases because the same amount of people

are spread out over more land.

B. An increase in the price of farmland R

Suppose the price of farmland rises from R1 to R2. Suppose we were to keep the

same bid-rent curve and moved the boundary to the point ũ where the price of land

under the original bid-rent curve equals the new farmland price, i.e., R1(ũ) = R, as

illustrated in figure 2. Conditions 1-3 continue to hold. But there is now excess

demand since the same amount of people are spread out over less land, so condition

4 is violated. The boundary must shift out to get equilibrium to a point û2 > ũ and

the price of land at each point must shift up, R2(u) > R1(u). Note the boundary new

boundary û2 must be less than the old boundary û1 since otherwise there would be

excess supply of land. Given the higher price of land, the amount of land demanded

L2(u) by an individual at each location decreases, so the new population density

D2(u) = 1/L2(u) is higher at each location u. This makes the bid-rent curve steeper.

C. An increase in the transportation cost

Suppose the transportation cost rises from t1 to t2. We move from the old equi-

librium to the new equilibrium in two steps. (This reviews what we did in class for

opposite case where transportation cost fell).

The first step is to leave the city boundary at û1 and construct a new bid-rent curve
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that satisfies conditions 1-3 only. Call this intermediate bid-rent curve R̃. This rotate

the bid-rent curve up as illustrated in figure 3. (The increase in transportation cost

would increase the premium for land closer to the city). The demand for land L(u)

for a consumer at each location would decrease because of two reinforcing effects.

First the price of land has risen. Second, higher transportation cost lowers the net

income w− tu at each location. Given the reduction of demand, there will be excess

supply of land.

The second step it to shift the intermediate bid-rent curve R̃ down and û to the left,

to equate supply and demand. With the new equilibrium bid-rent curve the price of

land at the new boundary û2 is less than the original price, as illustrated. However,

the land price downtown at u = 0 is more than the original price R2(0) > R1(0) (The

way to see that this must be true is to note that the increase in transportation cost

must decreases equilibrium utility and the only way this can happen for consumers

living downtown is for land prices to increase there, since they don’t commute.) Thus,

the increase in transportation cost makes the bid-rent curve steeper.

Since the same amount of people are spread out over less land, the average popu-

lation density increases. The density gradient increases since D2(0) > D1(0) (recall

R2(0) > R1(0)) andD2(u) < D1(u) for u ∈ (û1, û2] (In the new equilibrium, no people

live in this interval).

Question 4.

Suppose that the location space is the interval [0, 1]. The CBDs are at the endpoints

x = 0 and x = 1 and people live in between. If the transportation cost is small enough

and if the population of each city is large enough, the two cities will bang into each

other at the midpoint x = 1

2
. I wanted you to redo the above analysis under the

assumption that the two cities banged into each other. The first thing to recognize,

however, is that we need to make a change in equilibrium condition (3) stated the

beginning of this answer sheet for the original problem (conditions (1), (2) and (4),
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stay the same). The original condition (3) is that the land price at the boundary of

the city equal the price of farm land. The new condition (3) is:

(3’) R(1
2
) ≥ R; i.e., the price of land at the boundary of the city is at least as high

as the price of farm land.

This is illustrated in figure 4.

A. An increase in the wage

The analysis is similar to the original analysis, except that in the step where there is

excess demand, we cannot expand the city limit to help get rid of the excess demand.

Thus the bid-rent curve must shift up more than it otherwise would in this step.

B. An increase in the price of farmland R

Consider figure 4. Since the price of farmland R is initially less than the price

individuals pay for residential purposes, if there is a small increase in the price of

farmland, it will be irrelevant, the land will still be used for residential purposes. If

the increase in the price is large, however, farmland will become the highest value

use of land in the middle area around x = 1

2
. The analysis will then proceed like the

original analysis.

C. An increase in the transportation cost

Consider a small increase in the transportation cost. This will rotate the equilib-

rium bid-rent curve as illustrated in figure 5. We know that the new downtown price

R2(0) must exceed the original price for the same reason as in the earlier analysis.

But the new bid rent curve can’t be everywhere higher then the original. Otherwise,

total demand for land would decrease, and supply is fixed so there would be excess

supply. Hence, the new curve R2(u) must cut the original as illustrated. Aver-

age population density is the same, but population density increases downtown and

decreases at the city boundary.
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