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ABSTRACT

We construct a model in which aggregate growth is driven by the continual entry of new firms that face
barriers to entry that are exacerbated by financial frictions. We show that economies with more severe
financial frictions have lower levels of output and consumption along the balanced growth path
compared to economies with lower levels of financial frictions, even though all economies grow at the
same, constant, rate. Improvements in financial markets generate faster-than-trend growth as the
economy transitions to the new balanced growth path. The model generates sharp predictions regarding
the rate of firm creation and aggregate output levels, as well as aggregate growth rates; these predictions

are borne out in the cross country data.

* The views expressed herein are those of the authors and not necessarily those of the Federal Reserve Bank of Minneapolis

or the Federal Reserve System.



1. Introduction

Cross country income differences, as measured by purchasing power parity gross domestic product
(GDP) per capita, are large and persistent. GDP per capita in Liberia is less than one-hundredth of that
in the United States; in Lebanon, the median country in the Penn World Table, income per capita is
roughly one-fifth that of the United States. Even in the developed world—the OECD, for example—
GDP per capita in the poorest countries are less than one-third that of the United States.

We provide a model in which income differences across countries arise from barriers to new
technology adoption. Barriers to technology adoption have been widely studied, but we provide a link,
in both theory and data, between the creation of new production units and the levels of aggregate output
in a country. In our theory, new firms draw their productivity from a distribution that is common to all
countries and whose mean improves over time at a constant rate. As older, less efficient cohorts of firms
exit, they are replaced by more productive ones. This process leads to a balanced growth path in which
output per capita grows at the same rate as the distribution of new firms. Barriers to new firm entry—in
our model imperfect capital markets—differ across countries for institutional reasons and lead to
different levels of income across countries, even though countries will grow at identical rates.

This mechanism yields the empirical prediction that countries with higher levels of income per
capita should also have higher firm entry rates. In figure 1 we plot log GDP per capita against firm entry
rates from the World Bank. The positive relationship between output and business entry is a salient
feature of the data. We discuss these data in more detail in section 2.

Our model addresses cross country differences in income levels; in our model, countries on
balanced growth paths will all grow at the same rate. Parente and Prescott (2002) and Kehoe and
Prescott (2007) argue that persistent differences in income levels—not growth rates—are the bigger
puzzle, particularly in middle income and high income countries. Building up aggregate differences
from firm level decisions, as we do, has been taken up by several authors. One line of research has
focused on monopoly power in factor or goods markets, such as Parente and Prescott (1999) and
Herrendorf and Teixeira (2009). In these models a coalition secures monopoly rights that allow the
coalition to block the adoption of better technologies. In our theory better technology is embodied in
new firms and inefficiencies in the capital market drive suboptimal levels of new firm entry. Our work
is closely related to Amaral and Quintin (2010), who also use lack of commitment in financial contracts

to drive income differences, but an important channel in their model is the that firms operate on too



small of a scale, distorting the allocation of capital across plants. In our model, conditional on
operating, firms operate at the appropriate scale. In contrast to all of these studies, our model generates
a balanced growth path in an extremely tractable framework, and the underlying rate of growth is a
factor in the extent to which financial imperfections decrease aggregate output; the faster an economy

grows, the more important are financial frictions.

Figure 1: Business entry and GDP per capita
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Empirically, the link between firm turnover and aggregate variables—particularly aggregate
productivity—has been documented for several countries using firm level data that allows for the
calculation of firm specific productivity. Many of these studies find that a significant fraction of the
growth in aggregate productivity is driven by reallocation of resources across firms. Petrin, White, and
Reiter (2009), using U.S. data, show that, of the average productivity growth of 2.2 percent per year,
almost all of it is accounted for by reallocation across plants. Brandt, Van Biesbroeck, and Zhang (2009)
document that roughly half of the increase in Chinese manufacturing productivity is accounted for by
the net entry of plants.

Our model of heterogeneous firms is based on Hopenhayn (1992), but we have abstracted from
firm level uncertainty. This abstraction implies that firms exit in a deterministic way, which greatly

simplifies the characterization of the equilibrium. In return for this simplification, we are able to



develop a framework that generates an extremely tractable balanced growth path, rather than the

stationary distributions considered in other models of heterogeneous firms.

2. Firm Entry, Barriers to Entry and Aggregate Output

In this section we document two patterns in a cross section of countries: (i) the firm entry rate is
decreasing in costs of entry and increasing in the availability of finance, and (ii) the availability of
finance is more important for firm entry, the larger are firm entry costs.

Our data on the entry rate of businesses is constructed using the World Bank’s World
Development Indicators business entry statistic. This variable measures the number of new firms
officially registered per year. We construct the business entry rate as the number of newly registered
firms per thousand working age people. The average entry rate in our sample is about 2.8 new
businesses per thousand working age people. The minimum entry rate belongs to Niger at less than
0.01, and the maximum to New Zealand with an entry rate of 23.7 businesses per thousand working age
people.

We plot GDP per capita against firm entry rates in figure 1. GDP per capita is measured at
purchasing power parity and is from the Penn World Tables. The data are for the year 2004. Higher
levels of firm entry are clearly correlated with higher levels of income per capita: the correlation
coefficient is 0.40. A simple regression of log GDP per capita on the log business entry rate yields a
coefficient of 0.55. A one percent increase in the business entry rate is associated with a 0.55 percent
increase in GDP per capita.

What drives the rate of firm entry? We consider two broad factors that have been discussed in
the previous literature, policy induced barriers to entry and access to financing. In figure 2a, we plot the
firm entry rate against a measure of the costs of opening a new business. The cost variable is from the
World Bank’s Doing Business surveys, which calculates the costs of starting up a representative
industrial or commercial business. The cost includes both official fees and costs associated with
professional services, such as lawyers or accountants, if required by law. The costs are expressed as a

percentage of the country’s gross domestic income per capita.



Figure 2a: Business entry and entry costs
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Figure 2b: Business entry and financing
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The negative relationship between business entry and costs of entry is striking. This pattern has
been studied by several researchers, including Barseghyan and DiCecio (2009) who construct a model in
which cross country differences in entry costs lead to differences in output and productivity. The second
column of table 1 reports estimates from regressing the log entry rate on a constant and the log entry
cost. A one percent increase in the costs of starting a new firm lead to a 0.8 percent decrease in the firm
entry rate.

If starting a new firm requires significant upfront costs—either from policy induced costs or
from the costs of building production capacity—the availability of finance can be an important
determinant in the business entry rate. Following the literature, we take as evidence of the availability
of financing in a country the amount of financing outstanding. We use the amount of private credit by
deposit money banks as a measure of financing. We take this variable as a proxy for the financial
frictions in the economy: when financial frictions are significant, we expect to observe lower volumes of
credit. We plot these data in figure 2b: economies with more finance outstanding have higher rates of
firm entry.

Column 3 in table 2 reports the results from regressing the log entry rate on the log inverse of the
finance-GDP ratio. We have chosen the inverse of the credit-GDP ratio so that the entry rate is
decreasing in the variable. This is merely a convention on signs: since the variable is expressed in
logarithms, the absolute value of the coefficient is unchanged. The coefficient on financing is negative

and significant; larger financial frictions are associated with lower entry rates.



Table 1

log entry rate

log entry rate

log entry rate

log entry rate

log entry cost -0.809%*** -0.505%* -0.465%*
(0.0004) (0.026) (0.050)
log GDP-credit ratio -0.908** 0.421** 0.089
(0.029) (0.09) (0.067)
interaction -0.249%* -0.060%**
(0.012) (0.001)
log gdp per capita 0.764*
(0.101)
log informal 0.973%#%*
(0.0245)
offshore 0.877**
(0.019)
Observations 132 132 132 132
Time FE Yes Yes Yes Yes
R*(adj.) 0.56 0.60 0.65 0.74

Notes: interaction = log(entry cost)xlog(GDP-credit ratio). OLS estimates of for the years 2004 and 2005. Robust standard
errors displayed in parenthesis, clustered by year. *** ** * denote statistical significance at 1%, 5%, and 10%, respectively

Our focus in this paper is on the interaction between the costs of entry a firm faces and the
financial frictions that make it difficult for the entrepreneur to finance these costs. The estimates
reported in column 4 of table 1 lend support to this idea. Here we regress the entry rate on our measure

of entry costs, financial development, and the interaction of the two.
log(entry,) = 3, + 3, log( finance, ) + 3, 1log(costs, ) + 3, log( finance, ) xlog(costs, )+, (1)

The interaction is significant and negative: financial frictions have a larger impact on firm entry rates

when entry costs are large. While the coefficient on financial barriers is now positive, the total impact (

3, log(costs) + 3, ), evaluated at the median entry cost is -0.22.

Lastly, we estimate a version of (1) controlling for several other factors that might influence firm
entry rates. One potential source of concern with our measure of firm entry is that it covers only
officially registered firms: entry into the informal sector is not included in our measure of entry. Since
poorer countries tend to have larger informal sectors, this could bias our findings. To control for this,
we introduce a measure of the size of the informal economy into our previous regression. The data on
the informal economy are from Buehn and Schneider (2007), which estimates the size of the informal

economy as a percent of the country’s official GDP. A second concern is that some firms may be
6



created for tax advantages in offshore tax havens. We control for this by including a dummy variable for
countries associated with being offshore locations.

The impacts of financing and entry costs on firm entry have been studied separately by several
researchers. Our focus is on the interaction between the two: without access to finance, potential
entrants cannot spread the costs of entry across future, profitable, periods, increasing the impact of entry
costs on entry. The interaction between these frictions is especially interesting considering that
countries with high levels of entry costs also tend to have little financing. In figure 4 we plot the
finance-GDP ratio and the entry cost variables for our sample of countries; the correlation coefficient is
—0.64.

Figure 3: Availability of finance and entry costs
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3. Model

The production side of the economy is comprised of a representative final good producer and a
continuum of monopolistically competitive intermediate goods producers. The economy is closed to

foreign trade and capital flows.



3.1.Households

The representative household is endowed with labor, L, which is inelastically supplied to firms. The

household chooses consumption of composite good, C,, and bond holdings, B, ., to solve

t+1°

max Y 3'logC,

¢ B —0

PtCt +qt+lBt+l :th+Dt +Bt (2)
C, >0, B,>—g'B, B, given,

Where (3 is the time discount factor and D, is the aggregate dividends paid by firms in the economy.
We normalize the wage so that w, =1 in each period. The constraint B, > —g'B rules out Ponzi

schemes but we choose the constant B large enough so that the constraint does not otherwise bind in

equilibrium; g >1 is the growth factor for the economy.

3.2.Producers

The representative final good firm, which operates in perfect competition, purchases intermediate goods

from intermediate firm z, y(z), to solve

. T .
min [, )y, ()
1

un . »
fo yt(z)”dz]ﬂ =Y,

s.t.

The measure of goods available, 7, , is an important variable in this model. We will show that entry

costs and financial frictions decrease the measure of intermediate goods available. The elasticity of

substitution between intermediate good varieties is 1/ (1—p); the varieties are close, but imperfect,

substitutes, p<1. Solving the final good producer’s problem, we obtain the demand function for good =

b

Y
y@)=——"— 3)
p(2) B

with



1-p
—P —p

[ p dz] : (4)

R:

There is a continuum of intermediate good firms which live for a maximum of N periods, unless

they choose to exit the market earlier. The firm producing good z that is of age j produces according to
v(2)=x(2)(,(2), (5)
where x(z) is the marginal productivity of firm z. Production is subject to a fixed cost of operating, «,,

which is denominated in units of labor, and may be conditional on the age of the firm, j. Ifa firm

chooses not to pay «, the firm exits the economy forever. Conditional on choosing to produce, the firm

chooses p,(j) to maximize profit, taking as given the final good price, P,, and aggregate output Y,,

7 (4(2), Y, B) = max p, () —— b —— (6)

t’t }’],(Z) 1 —p 1 —p

p.(2) P x(2)p,(2) P

The solution to this problem yields the standard markup over marginal cost pricing,
py(z)= (px(z))"". We assume that firms can costlessly differentiate their products, so no two firms will
choose to produce the same good z. Every firm with productivity x , however, chooses the same price
and sells the same identical quantity. In what follows, we no longer characterize a good by its label, z,
but by the productivity, x , of the firm that produces it.

The firm’s choice over producing or exiting is dynamic. Let I, =0 if the firm in period ¢

chooses to exit and I, =1 if the firm produces. Firms maximize the expected discounted sum of profits.

The problem of an existing firm with productivity x and age j> 2 can be written recursively as

V(b x)= ax L, {Trjf(x) = qpabiy b+ qr+1Vj+1,r+1(br+1'x)}

s.t. V, (b, %)>0m, (7)

d,(x)=m,(x)— q,.,b,,, +b,>0,

where once a firm has exited, I, =0, it cannot return to produce in a later period. The operator of the

firm may leave with fraction 6 of the period’s profits. The first constraint in (7) ensures that this will

not happen: the value of continuing to operate the firm must be at least as profitable as absconding with



a fraction of the current period’s profits. The second constraint in (7) implies that dividends, d,(x) ,

must be nonnegative and that, if a firm generates positive profits net of fixed costs, it uses them to pay
down debt. Any remaining profits are returned to the households as dividend payments.

Every period, a mass p of potential entrants draw their productivities from a Pareto distribution

that improves each period before deciding to produce—an entry—or to exit immediately. A potential

entrant in period ¢ draws its productivity from the distribution

3

R<x>=1—[%
8

which is characterized by a mean that is improving at rate ¢—1. Additionally, we require that
¥(1—p)—p>0. The problem of a potential entrant in period t is to choose to operate or not, |,, and

how much to borrow, —b, ., to solve

t1s

Vi) = max L {my ()= by 000V (b )}
S.t. V,,(x)>0rm, (8)
d,(x)=7,(x)—q,,,b,., >0.
We assume that new entrants pay a higher fixed cost than existing firms. In what follows, we consider a
simple structure for the fixed costs of operating. A new entrant pays « and, regardless of a firm’s age,
all continuing firms pay <k .
In equilibrium, the behavior of firm entry and exit can be summarized by simple cutoff rules.

Let JAC].t be the productivity of the firm in period £, of age j> 2, that is indifferent between producing

and exiting,
Tt (&jt) - Qt+1bt+1(5€jt) + bt(&j—l,t%) + qt+1‘/j+1,t+1(bt+1(5€jt ), JAC/‘t) =0. )
Profits, 7(x), increase monotonically with productivity, so every firm of age j with x> J?jt produces in

period t. Notice that firms of the same age and productivity have identical bond holdings, so it is not
necessary to make the exit threshold a function of bond holdings. A similar condition characterizes the

entry threshold,

(%) =410, (%) + V(b (%,),%,)=0. (10)

10



Since <k, profits for a new entrant will be lower than that of an existing firm with the same

productivity and debt level. In the parameterizations that we consider, m,,(X,,) <0, which implies that

the marginal firm must borrow to enter the market. The amount the intermediary is willing to lend to the
entrant will be influenced by the degree of enforcement in the economy, 1—6, which creates a link
between enforcement, firm entry, and aggregate output.
Given this notation, the mass of firms that are producing at time £ is
N

= NZ(l - Ft—i+1(52i,t—i+1)> . (1 1)

i=1

3.3.Equilibrium

In this paper, we focus on balanced growth paths. To define a balanced growth path, we first define an
equilibrium. The definition is also useful for potential future research that studies transition paths of the

model.
To specifying the equilibrium, we need to provide initial conditions on the number of firms entering

period O that have ages j > 1, given by the cutoff levels X;,, j=2,...,N , the bond holdings by

households, B, and those of firms bip(x), X> X, j=2,..,N.

Definition. Given these initial conditions, an equilibrium is sequences of entry-exit threshold values,

{fcjt }mo, j=1,...,N, prices and allocations for intermediate firms, {pr(x),yt(x),ft(x), b, M(x)} , for all
t= ,

00
t=0

{D,,Y;}" . and household consumption, {C,}" , such that:

oo

1. Given {P,,D,q,.,} - {C} ", and {B_,}" solve the household’s problem in (2).

2. Given {R/Yf’q[+1 }xo

=

and the firm’s period profit function T, (x,Y,, F) in (6),
{p,(x),f,(x), b}.,m(x)}oi0 solves the problem of the firm with productivity x and age j in (7) and
(8) forall x>X,.

3. The labor market clears for all >0,

11



L:ZN;j(ﬂt(x)+ni)dﬁiH(x)dx. (12)

4. Entry and exit cutoffs satisfy the zero-profit conditions (9) and (10) for all j=1,...,N, and all
t>0.

5. The bond market clears for all +>0,

N-1 %
B+ [b, 1 (0)dF,,,(x)dx=0. (13)
i=1 ;(it
6. Dividend payments satisfy
N oo
D, = Zfdit(x)dl:t—ﬂl(x)dx . (14)
i=1 2

Xi

4. Balanced Growth Path

In this section, we prove that the model has a balanced growth path, and we characterize the behavior of

the key variables along the balanced growth path.

Let aggregate profit of firms operating in the economy be
N
IT, = wai,(x)dF,,i+l(x)dx _ (15)
i=1 ’?zr

Lemma 0. In equilibrium, aggregate profits of the firms is equal to sum of aggregate dividends and debt

payments, that is

II, =D, +B,—q.,B.,,all t, (16)

Definition. A balanced growth path is a path of entry-exit threshold values, {fcﬂ }x ,j=1,..,N,real

t=0

aggregate profits, {ﬁf}; where TI, = % , household consumption, {C,}" , and final good output,

t

t

{Y}w ,suchthat ¥ , j=1,...,N, and, ﬁt, C., Y, grow at the same rate
t=0 jt t t

12



xff+1 _ Ht+1 _ C
X II

xjt t t ¢

We will denote X, as a potential entrant’s minimum productivity necessary to operate and X;, as the

minimum productivity necessary for an incumbent with age j >2 to remain in the market. Furthermore,

let n,(x) be the last age at which a firm of productivity x born at time t remains in the market.

Lemma 1. In any balanced growth path, the enforcement constraint of the cutoff firm of time t only

holds with equality only when j =2, thatis

V2,t+1(b2,l+l()’zlt)’ )211) = 97T2,1+1()2n) ’ all t, (1 7)
V(b (x),x) >0, (x), all j>2, all t, all x>x, (18)

Lemma 2. In any balanced growth path, the cutoffs X; are characterized by

1—p

Ry = F(k,0) ¥ {(1fp>(L+H>} B! (19)

where

N (Re)

K+ B(1—0)r, + Z B4k

P nt(xn)

14+801—60)g " + Z

R(k,0)=

(20)

—(i-Dp
ﬁ(ifl)g 1-p

Proposition 1. The economy has a balanced growth.

The proof of proposition 1 involves guessing and verifying the existence of an equilibrium with a

balanced growth path.

We can now characterizen,(X,). An existing firm of age 2 < j <N will remain in the market as long as

it remains profitable. This implies that

1-p I—p 1-

R0 = max {i(s,0) * [(1—p)(L+H>]pPp ke " [(1=p)(L+TI,, 1>] Pllp 't (21)

13



The first term is the cutoff productivity for firm age j and the second term is the minimum productivity
to be profitable that period. Using the balanced growth path conditions that I, ; , =1II, and

Pija= =g" JP we get that if n (X,) <N then the following condition must be satisfied

(%)

(-0,
(G- k+B(1—0)k, + Z 3

- 1 nl(in)%
g ' S P (k) —(i-1)p KZ_< 9 1/’ (22)
1+5(1—-0)g ™ + [ pihg ot
i=3
and if n(X,)=N then
(i),
K+ B —0)k, +Zﬂ L e

o (23)

—~(ip] .
(| 1) 1—p c

__r N
1+801-0)g ™ +> |3
i=3

Note that n,(X,) does not depend on t in the balanced growth path. Thus, we will denote
Ak, 0) = N (R,;,0) .

There are three possible cases for firm exit. First, firms only exit exogenously at age N if

l)p

g

R(k,0) 9)

Ke

Second, marginal entrant firms exit endogenously if

£ R(k,0) B

9" < <g "’ .

K¢

Third, marginal entrant firms operate only one period if

k(k,0) <

Ke

In the third case, no firms require finance for entry. We will restrict our attention to the first two cases

where

k(k,0) -

Ke

14



We will now characterize i(x,0). We will show that for fixed 6, fi(x,6) is an increasing step function

of x. In addition, for a fixed «, A(x,0) is an increasing step function of 6.

Figure 4: n(k,0)
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Lemma 3: If g >1 , then in any balanced growth path,
(i) A(x,0) is an increasing step function of «, for fixed #, and

(i) A(x,0) is an increasing step function of 4, for fixed « .

Corollary 1:

(i) PR(k,0) 1scontinuousin # and «
(i1) Y,(k,0) is continuous in # and «
(iii) II(k,0) is continuous in # and «

(iv) M (k,0) is continuous in 6 and « .

Corollary 1 implies that the aggregate variables are continuous even though fA(x,60) is not continuous.
This comes from the fact that when there is a jump infi(x,0) , only an infinitesimally small number of

firms change the age at which they exit. Corollary 1 is extremely useful for comparative statics. Since

Y,(x,0) and M (k,0) are continuous, and differentiable everywhere except at the jump points of (x,6),
15



it suffices to consider only the points at which Y,(x,6) and M (x,0) are differentiable in the comparative

statics analysis.

5. Comparative Statics

In this section, we prove that firm entry and output are decreasing in both barriers to entry and financial
frictions. Moreover, we show that reforms to entry barriers and financial frictions are substitutes,

consistent with the interaction term documented in section 2.

Proposition 2: Suppose that firms use finance. Then
(i) logY,(k,0) is decreasing in 6, and

(ii) logM (k,6) is decreasing in 6.

Proof. We will show the case where f(x,0) = N . The proof for the general fi(x,0) case can be found in

the appendix.

(1): From proposition 1, we know that when A(x,0) =N,

_a=r
1 n P
-p oy _a) ; o _ K/n
Y0 =|5 00 0 Sog | [pr 0T AT
a=1 Y z":g(l*“)liip
a=1
Then
)3
1—17—[17 N (1,i>L - o . / K
logY, (x,0) = log| #(x,0) 7 Sg =T Llog p+7(1—p)"@(n,o)*Lp
Y i-1 P Y (1=i)——

dlogY,(x,0)

By corollary 1, it suffices to show that <0 where Y,(x,0) is differentiable. We differentiate

the expression with respect to ¢

16



N
dlogY (k,0) 1 1 di(k,0)v1-p)—p L a=p ;Hi
dd v Ak.0) df N (i)l )
v F(K,0) p p V(50 g 1,ﬂ+’y(l p) pzﬁi
i=1 p i=1
N (l_i)li N
N —R(k,0)) 9 T+ K
_1 1 diw,0)r(d=p)—p ; ;
R(k,0 do _ N (-2 1—p)— oM
TR0 g VR(K,0) g l’p+w2/@i
i—1 p i=1
A Q)XN: (it ZN:
5 I GR g = K;
__ 1 di(k,0)y(1—=p)—p i-1 i=1
k(K0 do ~ N (i) 1—o)— oM
(%,0) p )DL I 5) Py,
i=1 i=1
<0
which is true since M>O and @(K,9)>%
n 1*HL
1-p
uzlg
(11): Similarly, we can show that when f(x,0) = N
>
K
log M (1,6) = —log (1,0) + log| LLE=A) =P - - (1 |~ log P (Gl )l ey - izl( )
~ =i i)
g ! g .
N (I—i)l%
dlogM p;g dr
do N i _ do
PR, 0) g 4 TS
i=l1 v i=l1

which is negative since 3—’; >0.0

Proposition 3: Suppose that firms use finance. Then
(i) logY,(k,0) is decreasing in x, and

(i1) logM (k,0) is decreasing in « .

The proof of proposition 3 is similar to proposition 2, and can be found in the appendix. Propositions 2

and 3 establish that firm entry and output is decreasing in both financial frictions and entry barriers. The
17



main focus of this paper lies in the interaction between financial frictions and entry barriers. Proposition
4 establishes an important result that reforms to financial frictions and to entry barriers are substitutes,

consistent with our empirical findings.'

Proposition 4: Suppose that firms use finance. Then

d” logY, (k,0)

(1) <0,and
ork00
2
(i) 0" logM (k,0) <0,
0k00

6. Conclusion

[To be added.]

!In the current draft, proposition 4 holds only where logY, (x,6) and logM (k,0) are twice differentiable. We

plan to address this issue by incorporating heterogeneous operational fixed costs, thereby smoothing the jump
points.
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Appendix

Proof of Lemma O:

ZN:T (x) dFHH(x)dx

22

3

f (d,(x) +4,,,b,,.,(x) b, (0))dF,_,_, (x)dx

N-1

ij‘ d,(x)dE_,, (x)dx Z f b, ., (x)dF, I+1(x)dx+qt+1z f b,, \(¥)dE, .., (x)dx

_1 00 N-1
> [[d, (o, (s P RACLNOTUSTIY f b, ()dE, ., (x)dx
=1 5(1.‘ )‘k+1f

= Dt + Bt _qt+1Bt+1

where the last equality comes from equilibrium conditions for aggregate dividends and bond market
clearing. O

Proof of Lemma 1:
Vj,t+j—1 (bj,t+j—1()zlt)’ )’th)
N () [i—1

:ﬂ-j,Hj—l()zlt)—i_ Z Hqt+s 7ri,t+i—1()’zlt)+bj,t+j71()’zlt)

i=j+1{s=j

j—1

n i) ([ i-1 ﬂ-lt(xlt)—"_z
:71']-’”]-7]()?“)4- Z Hqt+s 7Ti,t+i—1()21t)+

i=j+1{s=j

i—1

qus]ﬂ-i,wil ()?It)

s=]
j—1

Qs

s=1

1 A j—1 j—1 nKio) [ i=1 A . =
=74 7Tj,t+j71(xlt)Hqt+s+Hqt+s Z Hqt+s 7Ti,t+i71(xlt)+7rlt(xlt)+2
qu s=1 s=I1 i=j+1{s=]j i=2
S
s=1

i—1

[Ta.s

s=j

i1
Hqt+s]7ri,t+i1 (R )]
s=j

1 (%)

=1 T (%) + Z
i—2
10
s=1

The enforcement constraint now becomes

T tri-1 (R )]

1 . n (%) A .
jl—[ﬂ'lt(xn)"_ Z 2671—j,l+j—1(xlt) vj>2
i—2

[

s=1

i1
Hqt+s]ﬂ-i,l+i—1()’zlt)
oty

We see that the LHS is increasing in j and the RHS is decreasing in j. Thus, the constraint can only
hold with equality in period 2. O
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Proof of Lemma 2.
V2,t+1 (bz,m (R)s X)) = 971'2"“ (%) Wt

N (% )1

T 41 (X)+ Qa3 042 (X)) + e +[ qt+s]7rnl(>2“),t+nt(in)l (X)+ bz,t+1 (X)) = 0,0 (%)

s=2

Now, substituting the expression for b,,,,

>

e (Xy)—1

T, (X,)

t+1

T 41 (%) + O 423112 (X)) + -t [ Oevs ]Wnt(ﬁn),wn,(in)—l (%) + =07, (%)

s=2

n(Re) (i
e (X)) + 0, (1=0)m, Ras (%) + Z [ e vs ]ﬂ-i,tﬂl (%) =0
s=1

We can now find the expression for at X,

M (Rie) (i
T (%) + Gy (1= e)ﬂz,tﬂ (%) + Z [H i vs ]Tri,H—i—l (%,)=0

i=3 \s=l

N

(1= p)L+IL)R™ ( np)l » =K+ 0, (1-0)

P

14
(1= p)YL+TII, )PL’ (Rep)r —k,

e

P
—p)(L+II 1)Ptl+|p1< ltp)7 Ke|=0

(R (i
+y. [Hth] (a

i=3 \s=2

Applying the balanced growth path conditions (P, =g 'P_,, II, =1, ,, 3=4¢, )

e

(1_P)(L+Ht)PtH) (Altp) — K+, (1-0)

P )

(l_p)(L+Ht+1)P(1+1/)<Altp> =R

P

MK (i P
+Z [Hqt+s1] (= )L+ 1T I)Ptlﬂpl(ﬂnp)ip —#g|=0
(= UL +TL)R7 (Rp)ir + BA—0)(1— p)(L+1L)g "B (R,p)is

n (%)

30185 L AT 7 R (Ryp)ie | =+ B ), + 2 |0 x]

Rearranging terms yields the desired result. o

”t(xn)[ —(i— 1)/' P

Proof of Proposition 1.
The expression for aggregate profits is given by

II

I
.MZ

im0 dF (0

1 Xit

t

y(t—i+l) 1_ p=y(=p)
( ))fzi’t 1—p _ g v (t— I+I))2|Tt /{i

™=

Y1=p)—p

ul(l—p)(L+H)P' o 22
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The expression for the composite good price is given by
,,,

R = Zﬂf PO dFy 1 ()

t—i+1

= Zu ffo(pX)Eg"“””vX”’*‘dX
1 Xit

y(t—i y(I=p)
—pﬁu Ny A —p) ST
- it

i Y(l=p)—p

P
_p(-p) < S

F(t—i+l) g  1-p
1y g %
Y(1=p)—p ; ‘
Using the expression for cutoffs from lemma 2

P
=P

(-=p)
pls _ P (1-p) Z (- n+1>Xp =
1
Yd=p)—p =
P
g f(k,0) p—y(1=p) N p—y(1-p)
p "y(=p) Vit g 1-p (it g 1op
=0 M g’ X + g X
y1—=p)—0p .2:1: e i:ﬁ%}ﬂ t
A o p—(1=p)
& A(t=i+D) | ~ = o
s g 7050 * (=o)L AT )]+ Pl
_p "d=p) |
Y(1=p)—p | i e
+ >0 gk (= p)(L AT, R
i=A(k,0)+1

Using the balanced growth path conditions (P, = g 'P,_,, II, =1I,_, ) and solving for P, yields

,4(1

) 5 1-p)
1— o) (L+1I _=p)
=l0mo ol =

A, i r=r(=p) N - p=p)
Z lﬂﬁ(n 0) * + E gw'(lfl)l,iC p

ol

i=A(r,0)+1

Now substitute the balanced growth path conditions (P, = g~ 'P

t—-1°

1, =11, ,) and the cutoff expressions
from lemma 2 into the expression for II
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~(t—i+1) p—(=p)
(1- P) 1—p A(t=i+1) g

A(k,0) pr P Vg
=S A LR R0 — g
il Yd=p)—p
N y(t—i+1) p=y(l=p) 7(1 )
0 ’Yg (1 P) y(t—i+1) g—
+ (l—p)(L+H)P" 1”— X -9’ i Ky
a:ﬁ(;)ﬂ { Y1—=p)—p " '
_ P=v1=p) fi(k,0) HL 1=p_A(k.0)
=L+ g | U= g o om0 >k
Y(1—p) '
—pP)—p =
1- - p—1(1=p) N _ p—(1—p) N _
+M[(l—p)(L+Ht)]pr Pt"’p“”g""t —/}/(1 P) K, P Z gw(lfl)_Hc p E gw(lfl)
yd—=p)—p i=A(r,0)+1 i=f(r,0)+1

Substituting the expression for P, to solve for II, yields
IT, =(L+1IL, )¢

where

g(g,g)zl_p_w_—p)_p

J—Jw A(#,0) p=y(1=p) N )
R(r,0) 7 > kw0 > gl
i=1

Yw(k,0) i=A(r,0)+1

RGN ICX)) (1-i)-L 1= N )

w(k,0) = R(k,0) * Z g e D N R
i=A(k,0)+1

Thus, our guess has been verified.
—y(1-p) _
P.(%,0) = g™ [(1— p)(L +TI(x, 0))] R | ) YO
Yd—=p)—=p

_(=p)
M(k.0)=7(k.0) * [L+ TGk 0)] 2272 )
Y

Y, (,0) = [L +T1(x,0)| P, (5,6) "

A(k,0)
K+ B(1—0)k, + Z 3k
_ L&,0) -~ _
II(k,0)= 1— £(n.0) R(K,0) = " e a1y

14+p01-0)g " + lﬂ““g

i=3

Y(1—p)—p -y n(ié) et XN: (1-i)
§(r,0)=1—p———"——|K(K,0) * e g
Yw(k,0) i=A(r,0)+1

RN (X R _=e,
P

w(k,0)=FR(k,0) * Zg *f’+/~;c

ZN: gﬁ’(lfi)

i=A(r,0)+1 0

Proof of Lemma 3
Part (1):
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We will show that there are N —1 jump points.

For m such that 2<m <N, define x(m,0) to be

(m-1)-2 K(M,0)+ 81— )k, + > 8"k, 1
=

1-p =
g - _—
—p —(i—Dp
! m } K¢

14+ 8(1-6)g"" +> g% g "
i=3

We show that «(m,0) are the jump points of the step function. We show this in two steps.

First, it is clear that for small ¢ >0

MO —e+ B0, +3 0w
i=3

— < g I=p

c

—(i—)p

ﬂ“*”g 1-p

1+8(1-6)g " +_§m:

which violates the condition that the marginal entrant lives to the age of m.
We show that

m—1
e RMO) —et 51— 0O) + S0k,
g < =

1 (m—l)%

Ke

—(i-p

gi-hg 1=

__r

14+ 601-6)g " +r_ni

which satisfies the condition that the marginal entrant lives to the age of m—1.
In the second step, we show that for small ¢ >0, we show that
g0
g(mfu)ﬁ 5 w(m,0)+e+ G —-0)x, + iz:;ﬂ Ke

- __r m
1+81-0)g " +>
i=3

1

C

—(-lp

6(i71)g 1—p

which satisfies the condition that the marginal entrant lives to the age of m .
Hence, fi(x,0) is an increasing step function of 6 €[0,1] for any fixed &

Part (ii):

We first characterize x(m,d). Solve for x(m,0) from the previous condition

~(i-1)p

Bi-vg 1

p

K(m,Q):l{cﬁ(l—H)[g(m Sy

,1)L
-P

(m—1);
+h:9

H—i
i-3

m
_ ,{CZﬂ(I—l)
i=3

Note that x(m,6) is continuous with respect to ¢, and that m is held fixed. Differentiate
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0k(m,0) (m-2)72
—_— — 1
00 Hcﬁ[g

Since g >1, x(m,f) is an decreasing function of 6. The desired result follows. O

Proof of Lemma 4.

We know that

R0 =g [A— L+ T8 2170 0)

y1=p)—p
_(1=) (1—p)—
M (k,0) = 7(s,0)  * [L+T10s,0)] 2L ) (e, 0) !
v
Y, (k,0)= [L + H(Kuﬁ)] P(x,0)"
(x,0) = =050
1— £(5,0)

where

A(x,0) )
R4 B0, + > Bk,
(k,0) = 5

_r A(k,0) ) —(@=-1p
1+ 6(1—6)g "’+Zlﬁ“”g o l
i=3

0y =1—p_20=P) =P

_1=p_A(k.0) p—y(=p) N
yw(k,0)

~ ! y(1=i
HCHONED DTS D DR
i=1 i=A(x,0)+1

[N O Ry 1lze

( P, N _
W(/fge) = /%(K,‘,e) 4 Z g I-p + Ky p Z gw(l—l)
i=1 i=(m,0)+1
It suffices to show that #(k,0), £(x,0), and w(k,0) are continuous in x,6 at the jump points.

(1) R(x,0): We want to show that £(x(m,0),0) = lirgl R(k(m,0),0 —e), Ym=2,...,N and 0 <[0,1].
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(m,0) + 51— ), + 585,

F(k(M,0),0) =

—(i-Dp

B(i*l)g 1—p

1+5(1—9)gﬂ+2mj

m—1
K‘(mae) + ﬂ(l - 9)/{0 =+ Zﬂ(iil)/{‘c + ﬁ(mil)l"ic
i=3

—(i-Dp

gihg -

—(m-Dp

L gmhg

__P

1+80-6)g "’ +r_ri

k(M,0)+ B —0)k, + mzifﬁ(ifl)ﬁc

- ) “@p| flirg} F(k(m,0),0 —¢)
B(H)g 1-p }

1+ﬁ(1—0)gq+r_n21

6(m—1)/€ (m-1)p
e =kg " =A(k(m,0),0)
1

1
/3(m44)g -P

Now we show that, &(k(m,0),0)= 1irgl F(k(m,0)—e¢,0) Ym=2,...N and 6€[0,1]. Using similar logic as

since

before we get that

(M, 0) + B0 —0)r, + mi Bk,
F(k(m,0),0) = =3 = lim A(r(m,0) — ,0)

L m- —(a=Dp

1+801-0)g"" +> |8 g l

1
i=3

(1) w(k,0):

First, we show that w(x(m,#),0)= lir(l)a w(k(m,0),0 —¢), Ym=2,...N and 0 €[0,1].

e, gy e, _
w(r(m,0),0)=F(k(m,0),0) * > g " +r " > g
i=1 i=m+1
17177/7 ol (1*‘)L 1—17—/)7 —m)L 1,177/’,y N .
=R(k(M0),0) " > g "THREMOE g r+k 7 > gl
=1 i=m+1
lfliipm m—| (]7i)i ]7177;)7 ]7177p7 N )
—REMOL0) " >0 A, 0 g g, oS gt
i=1 i=m+1

(m—T)p
since k,g "* =FR(k(M,0),0)

(m-1)p
since k.g "7 =#R(k(M,0),0). Thus
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= —i)— 1,1J N

w(r(k(M,0),0)) = :‘%(/i(m,e),e) Z g = 4 K, " ! Z g“/(lfi)

i=m

= liréq w(k(m,d),0 —e)
Second, we show that w(k,0) = liIgl w(k(m,@)—e,0), Vn=2,..,N and 0 €[0,1]. Using similar logic as

before we get that

1,1pml _

J;ﬂv N )
W(R(k(M,0),0)) = F(k(m,0),0) Zg e gt S gt

i=m-+1

)L =

1,17‘) m—1

(1-i)-— 1,1J N .
= R(k(m,0),0) Z g = +r, "’ ! gt
= lirgl w(k(m,d) —¢,0)

(iii) &(~.0):
First, we show that £(k(m,0),0)= 1i1’gl E(k(m,0),0 —e), Ym=2,..,N and 0 €[0,1].

1=

L, m p=y(=p) N
£s(m,0).0)=1—p—2AZP =P |z 0).0) # Z’f e Zg"“”]

Yw(k(m,0),0)

i=m+1
= _m (,{(m 9) 9) lﬂp mZ]:IQ —|—I€(I€(m 0) 0) p +K W ZN: ng(l—i)
'yw(/@(m,H),H) ¢ i=m+1

Y1—=p)—p _1=p e p—y(1—=p) p(1-p) N
=l-p——"— L NER(M,0),0) * > Kk +9"" "k, "+, (1)
) P AR 2.0

(m=Dp

since k,g " =#R(k(m,0),0). Thus,

. 2d=p)—p
§(k(m,0),0)=1—p vw(r(m,0),0)

= lim &(s(M, )6 — €)

i=m

1= = m- p=1(=p) N )
7(k(m,0),0) * Z//b +r, Zg”’“"]

Second, we show that &(x,0) = li%q &(k(m,0)—¢,0), Ym=2,..,N and 6 €[0,1]. Using similar logic as

before we get that

£(k(m,0),0) =
(1_ )— 1= P, m-l p—(1=p) p—v(-p) N
= —W R(k(m,8),0) 7 Z,k; —|—gw(l me P R, Z g (lu)]
o i=m-+1
. O
=p)—p 0),0 l”ﬂ I;H)) N
e LUV SURS oF

= 111(1)’1 g("{’(mae) - 679)
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Proof of Proposition 2:
(1) From Lemma 4, we know that Y,(x,0) is continuous in § and .

dlogY,(x,0)

It suffices to show that <0 for VA €[0,1] and x = x(m,0) , Ym=2,..,N .

Derive expression for Y, (x,6)

Y, (5,0) = (L +T1(k,0)) R (,0) "

p—(=p) — %
:(L+H(m,9))g‘[(l—p)(L—i—H(Ku,H))] - p[%uw(&,&)]
- gt[ . ] =y =22 T oy
1—&(k,0) Yd=p)—=p

Thus,

=P I—p

log¥,(.6) =~ log 1 - €(x.6)) + - logw(x.0) + log| g'L ™ (1—p)
yp Y

yd—=p)—p

Furthermore, it suffices to show that
810th~(/£,0) <0
OR
since

dlogY,(x,0) OlogY,(x,0) Or(k,0)
o 9k 90

We can show this condition is true. O

(i1) From Lemma 4, we know that M (x,6) is continuous in ¢ and « .

<0 for V6 €[0,1] and k= x(m,d) , Vm=2,..,N .

It suffices to show that w

Derive expression for M (x,6)

Y(1=p)

M (k,0) = i(r,0) ” [L+H(K,9)]MM71W(K,9)7I
v

A(1=p)

=i(k,0) *

L
1—&(k,0)

Y(1l—p)—p 1 w(s,0)

Thus,
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v(1-p)

logM (k,0) = — log R (k,0)+log (1 —&(K, 6)) —logw(k,0)+ 10g[Lw,ulJ

Furthermore, it suffices to show that
Odlog MN(/@,G) <0
OR
since
dlogM(k,0) OlogM (k,0) 0k(k,0)
do R a0

We can show this condition is true. O

Proof of Proposition 3:
(1) From Lemma 4, we know that Y,(x,60) is continuous in 6§ and « .

dlogY,(k,0)
K

It suffices to show that <0 for VA €[0,1] and x=r(n,0) , Vn=2,..,N.

We know that

dlogY (x,0) 0OlogY(x,0) dr(x,0) n 0logY,(k,0)
drk OR dr Ok

We can show that both terms on the right hand side are negative. O

(i1) From Lemma 4, we know that M (x,6) is continuous in ¢ and « .

dlogM (k,0)

K

It suffices to show that <0 for V0 €[0,1] and k= r(m,0) , Ym=2,...,N .

We know that

dlogM(k,0) 0OlogM(x,0) di(x,0) n OlogM (k,0)
dx OR dx Ok

We can show that both terms on the right hand side are negative. O

Proof of Proposition 4:
(1) As before, we know that

=P 1—p

log¥,(.) =~ 1L log (1~ £(x.0)) + ~ loge(.6) + log| g'L ™ (1—p)
VP ¥

Y

.
Yd=p)—p

W

Differentiate with respect to 6 and we get that
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_l=p fk,0) (1-i)-2—

0) v
d(log(%(0) _di 150—p)—p """ ?;g Q)
a0 oy p w(x,0) |
where
A(k,0)
L K; e As0) p=p) - N ; l—p
_T%}(H LO)R(K,0) M—[Fa(ﬁ o) Z] K +k, | A;Mgw(ln][l— “/]
g . p i I1=N(x,
Qs,0)=—1-1=L i
pw(k,0) +———"——|R(K, 0) ’ Z Ky + e Z g
~ i=A(r,0)+1

Differentiate again and we get that

d* (log(Y(x,0)))
dodx
1— I=p k.0 (1)L
— Lk 0)(k,0) 7 Zglﬂ
0
1— ] glﬂn(nﬁ) ]717 elﬂn(iﬁ)(l.ﬂ
~ 1——7 R(k,0) * g "R(k,0) * g 7
lv(l—p)—pQ(K g)d_mdff [ P Z
v p "7l do dr w(k,0)
l=p_ y A(k.0) (- |)
e r(k,0) " Zg v
+
dddx w(m,@)
= y A0 (1)L
0) 7 *P
w(/{,e) y P d0 9% drx  dO Ok

Thus, it suffices to show the following two conditions

1— BTN CXD) li/— = k) (1)L = k9 (- ,L
d di —77w(/€ NR(k,0) 7 Zg p—[l ]K,(I{ ) * ZQ " E(k,0) * Zg -’
Rk dR P
do dk w(k,0)
Q(x,0) e e
42 R(k,0) * Z g
+dc9df<; w(n,@)
47 0Qdi | 47 0Q _
do 0k dk  dO Ok

which we show in the technical appendix. o
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