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Since the publication of Keynes’s General Theory, few works have had
such a profound influence on economic thought as Coase’s “The Problem
of Social Cost” (1960). Presented, as are most new ideas, in a simpli-
fied and unequivocal manner, Coase’s thesis has been aptly described by
Calabresi (1968, p. 73) as a “Say’s law of welfare economics”. Exagger-
ated claims have been made for it by some authors (e.g., Stigler 1966,
p. 113), while it has been scoffed at by others (e.g., Samuelson, 1995).
In the present paper my aim is to provide a close scientific critique of
Coase’s doctrine, which is undoubtedly already being absorbed into the
main body of economic theory. It raises questions that cannot be ig-
nored, and even if the conclusions are not accepted without considerable
modification, its influence will undoubtedly be permanent.

In section 1 I survey what I conceive to be the most important is-
sues that have been raised in the literature: (1) the optimal forms of
property rights and liability rules; (2) the extent to which private ne-
gotiation over the purchase and sale of such rights can be expected to
lead to a Pareto-optimal outcome; and (3) the conditions under which
Coase’s proposition—that the level of pollution will be independent of
the assignment of property rights to the various parties—is true. The
remaining two sections concentrate on a close analysis of (3). Section 2
goes into Hurwicz’s formulation in terms of a model of pure exchange,
and section 3 into Dolbear’s formulation which allows for a production-
transformation relation between the two commodities. These sections
illustrate that when externalities affect consumers directly rather than
firms, the Coase proposition holds if and only if preferences are “paral-
lel” in the sense that the demand for pollution rights is independent of
income and income is always high enough to sustain this demand. Ex-
amples are provided both of cases of nonparallel preferences and cases of
parallel preferences in which the income constraint fails to hold in which
the “Coase theorem” fails to hold. Section 4 concludes.

9From James M. Buchanan and Bettina Monissen (eds.), The Economists’ Vision.
Essays in Modern Economic Perspectives. Frankfurt am Main: Campus Verlag, 1998,
pp. 131-162.



1 General discussion

The greatest novelty of Coase’s contribution was the systematic treat-
ment of trade in property rights. In the earlier literature discussion
of trade in property rights was confined largely to German economists.!
This discussion did not, however, include pollution rights. Bohm-Bawerk
(1881, p. 7; 1962, p. 36) obviously did not have pollution in mind or he
could not have stated that “there is simply no such thing as a negative
good, or a minus-quantity good, any more than there are negative or
minus-quantity material things.”? He asserted that (1881, p. 42; 1962,
p. 59):

... alegal right or the legalized power of disposal over a thing
is nothing more nor less than a necessary reinforcement sup-
plied by a politically organized state of the physical power
which is needed by the owner of a good as a condition to its
economic utilization.

This may be contrasted with the point of view of McKean (1970, p. 11):

'Hermann (1832, pp. 2, 7, 289) introduced a third class of goods (in addition to
material goods and services) which he described as “relationships” (Verhaltnisse).
In this he was followed by Schmitthenner (1839, p. 380), who called them “quasi-
capital”; by Roscher (1854, §3, pp. 3-4), who described them as “relations to persons
or things”; by Hasner (1860, §136, p. 205); by Schaffle (1867a, 1867b), who studied
goodwill (Kundschaft), patents, firm names, copyrights, etc.; and by Menger (1871,
pp. 6-7; 1950, pp. 54-5). Among English-language writers, Macleod (1858, Ch. III)
is virtually the only one to include rights among goods.

2Even when considering some truly detrimental phenomena Béhm-Bawerk went
through the following puzzling circumlocutions (1881, p. 143; 1962, p. 131):

The fact that a price is paid, or that costs are incurred to bring about
a forbearance, by no means makes the latter a good. On the contrary, the
payment merely represents the rendering indifferent of a factor which
would otherwise be disadvantageous. If, for instance, a ring of pitch is
applied around the trunk of a fruit tree to protect the fruit from ants and
caterpillars, that ring of pitch is admittedly a good but the caterpillars
and ants, now rendered innocuous, do not become goods. The same
can be said of dikes, which are goods, but the prevented floods are not
goods. ...The concept of a good must be limited to positive factors for
the attainment of an economic advantage.



The basic things that we exchange are not products’ physical
features as such but rather packages of rights to do things
with those features.

Arrow (1969) in a fundamental paper—see also the treatment by
Wheaton (1972)—showed that externalities could be internalized if one
distinguished goods by three subscripts: thus, to consider an example
to be treated in section 3, xj denotes the consumption by individual
j of individual k’s consumption of commodity ¢ (heat)—this is identi-
fied as j’s involuntary consumption of smoke; and the marginal utility of
this commodity to individual j is to be set proportional to a price pj.
Further, in accordance with Samuelson’s theory of public goods (1954),
the sum of these “personalized prices” over the n individuals must equal
one and the same price ¢. In this formulation, the number of commodi-
ties is not just doubled (which worried Béhm-Bawerk in his criticism of
Macleod) but increased from m to mn? where n is the number of individ-
uals. Arrow noted, however, that each commodity (j,, k) has but one
buyer (7) and one seller (i)—which is as thin as a market can be. Thus
one cannot expect there to be forces driving it to a competitive equilib-
rium. Furthermore, it was subsequently shown by Starrett (1972) that
such markets are characterized by “fundamental nonconvexities” that
may preclude existence of competitive equilibrium, and in Starrett and
Zeckhauser (1974) this was applied to Coase’s rancher-farmer example.

In the following subsection I would like to consider the question, most
ably treated by Calabresi and Mellamed (1972) and Rothbard (1982), of
the optimal form that property rights should take.

1.1 Property rights and liability rules

One of the most striking things about the first example employed by
Coase (1960)—that of the rancher and farmer—is that it constitutes the
most extreme form of detrimental externality imaginable. The rancher
allows his cattle to trample on the fields of his neighboring farmer; we
may suppose that this takes place in a well-defined portion of the farmer’s
land. If the rancher is liable for damage done to the farmer, and there is
perfect knowledge concerning the extent of the damage in terms of the
pecuniary loss to the farmer, then the rancher must reimburse the farmer
and this reimbursement is simply added to his production costs, and the
externality is internalized. On the other hand, if the rancher is not liable
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for the damage, the farmer must either bribe the rancher to confine his
cattle to his own property, or acquiesce to the intrusion; in either case he
suffers a loss that is identical with the loss that would be incurred if the
rancher simply expropriated that portion of the farmer’s land taken over
by the cattle. The bribe or compensation that the farmer must pay to
the rancher in order to exclude his cattle may be thought of rent payment
for the portion of land expropriated by the rancher.

If both rancher and farmer rent their land from, say, a common land-
lord, and the rancher is not liable for the damage to the farmer, and
if both had been breaking even previously to the incursion, then the
farmer’s payment to the rancher may be considered a sublease; either in
this case or in the case in which the farmer acquiesces to the incursion,
he now incurs a loss, and so would any other lessee; consequently the
landlord has no choice but to reduce his rent. For the same reason he
will increase the rancher’s rent. But if the rancher were liable for the
damage, there would be no need for either the rancher’s or farmer’s rent
to change.

If the rancher is not liable for the damage, it may well be asked: what
rights does the owner of the farmer’s property have? Presumably none
at all, since logically the rancher could expropriate all his land. In most
examples of externality, the property owner retains some rights. If a
neighbor builds a house that obstructs his view of a lake or mountain,
he still retains control over the property, though its value is reduced.
Similarly if a neighbor pollutes his air with smoke or noise. But in
Coase’s example, the neighbor has the power to reduce the value of the
farmer’s property to zero.

Coase does not take a moral position as to the “just” allocation of
property rights, though his apparent indifference with respect to this
allocation has been met by outrage on the part of some of his readers.?
What is usually called the Coase theorem is the proposition that the level
of the externality will be the same regardless of the assignment of prop-
erty rights—we shall examine this proposition below. Coase also bases

3Thus, North (1992, p. xv) writes: “R. H. Coase’s theorem constitutes one of the
most subtle yet profound attacks ever written on the concept of private property
rights. ...this relatively recent academic subdiscipline is grounded on a concept of
law which is at odds with the moral and legal foundations of liberty.” Further (p. 81):
“By elevating the ‘right to inflict damage’ to the same level as the right to demand
compensation for a violation of a property right, Coase has effectively compromised
the latter right by making a potential right out of the ability to inflict damage.”
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himself on the proposition that voluntary negotiations over externalities
will lead to a Pareto-optimal outcome. Consequently he adopts as his
criterion of optimality the following (1960, p. 34):

When an economist is comparing alternative social arrange-
ments, the proper procedure is to compare the total social
product yielded by these different arrangements.

There are two strong reservations that may be lodged against this crite-
rion: (1) unless there is a single factor of production (leading to a labor
theory of value), different social arrangements will correspond to differ-
ent relative prices, hence the values of the social product in two social
situations will be incomparable; and pairwise comparison of two social
situations using one situation’s prices may be inconsistent with pair-
wise comparison using the other situation’s prices; (2) even ignoring the
latter problem, two social arrangements (as Coase readily admits) may
have substantial differences in income distribution. The criterion may
therefore be described as “ultra-Kaldorian” in that distributive effects
are ignored (cf. Kaldor, 1939). This stance—that of the “new welfare
economics”’—has the appearance of being value-free but is not.

A cogent critique of Coase’s view of externality has been argued by
Rothbard (1982), using the following illustration (p. 61):

[Suppose| A is a successful seller of razor blades. But
then B comes along and sells a better blade, teflon-coated to
prevent shaving cuts. The value of A’s property is greatly
affected. Should he be able to collect damages from B, or,
better yet, to enjoin B’s sale of a better blade?

One might add, in case A does not have the rights posited, should he be
allowed to bribe B to withdraw his product from the market? Rothbard’s
answer is (p. 62):

Everyone has the right to have the physical integrity of his
property inviolate; no one has the right to protect the value
of his property, for that value is purely the reflection of what
people are willing to pay for it.

Violation of the physical integrity of a property presumably implies re-
duction in its value; whether the legal distinction can always be made



I do not feel qualified to say, but some such distinction seems clearly
essential. Otherwise, any disturbance to equilibrium could be classified
as an externality. Indeed, this seems to be the interpretation of Demsetz
(1966).

I have said that from the Coasian point of view, the expropriation
(in effect) of other peoples’ property is not to be condemned so long as
it does not reduce the value of social income (see also Randall, 1974).
Indeed, this position has been explictly espoused by Tullock (1967) who
measures the cost of theft by the increased cost of defensive (for the
victims—offensive for the thieves) weapons, burglar alarms, etc. Sup-
pose, however, that these costs were negligible or could be ignored; who
would invest in a business or a personal property with the knowledge that
his investment is likely to be lost? The main rationale of private property
rights is surely that the allocation of such rights to property owners is
conducive to economic productivity and growth, whereas in the absence
of such rights there is little prospect for an economy’s success. In this
broad sense, the so-called Coase theorem seems clearly contradicted by
historical observation.

1.2 Is a market solution for externalities Pareto
optimal?

Arrow (1979, p. 24) has remarked that the basic postulate underlying
Coase’s theory appears to be that the process of negotiation over prop-
erty rights can be modelled as a cooperative game, and this requires the
assumption that each player knows the preferences or production func-
tions of each of the other players (whether individuals or firms). In answer
to a similar criticism by Samuelson, Coase (1988a, pp. 160-2) appealed to
the arguments of Edgeworth (1881); he conceded that negotiators need
not end up on Edgeworth’s contract curve but simply expressed the belief
(p. 162) that “normally we would expect them to end up there.” Thus
this must be taken as Coase’s hypothesis (not theorem). But there are
several circumstances that have led a number of authors to question this
conclusion.

1. The core may be empty, hence no Pareto optimum exists. An
example of this for a three-agent model was presented by Aivazian
and Callen (1981). They received a response from Coase (1981).
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2. There may (as already mentioned) be a fundamental nonconvex-
ity that prevents a Pareto optimum from being supported by a
competitive equilibrium.

3. When there is one polluter and there are many pollutees, a “free-
rider” problem arises and there is an incentive for pollutees to mis-
represent their preferences. Whether the polluter is liable or not,
the pollutees may be expected to overstate the amount they require
to compensate for the externality (Arrow 1979, p. 25).

4. When an agent possesses the right to pollute, there is a built-in
incentive for extortion. As Andel (1966) has pointed out, anyone
with the right to pollute has an incentive to extract payment from
potential pollutees, e.g., threatening to blow a bugle in the middle
of the night. See Wellisz (1964), Shoup (1971), Daly and Giertz
(1975, 1978), Bromley (1978), Demsetz (1971, 1978), Samuelson
(1995).

Schweizer (1988) has modelled the externality problem as a nonco-
operative game with the Nash equilibrium as the solution concept, and
concluded that (p. 246) “the Nash equilibrium has a fair chance of leading
to an efficient outcome.”

Hurwicz (1993) has considered formally the problem of enforcement
of the rules of the game, when this enforcement uses up resources. The
problem invlolves an obvious paradox, since while stricter enforcement
(without consideration of enforcement costs) might bring the economy
closer to Pareto optimality, the diversion of resources to enforcement
would have the opposite effect. How one should define Pareto optimality
in such a setup is a nice question. Demsetz (1969) has made some pene-
trating observations on similar questions related to transaction costs.

1.3 The neutrality theorem

Buchanan (1973b) has used the phrase “neutrality theorem” to distin-
guish the proposition that the amount of pollution is independent of the
allocation of property rights. He has also distinguished between liability
rules and property rights. Coase’s own examples supporting this propo-
sition have to do with negotiations between firms or businesses rather
than those between individuals. The difference is important since firms
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maximize profits rather than utility, and act as fiduciaries for individuals.
In the case of consumers of two goods, one of which produces a detri-
mental externality, it has become clear in the writings of Dolbear (1967),
Mishan (1971), Bromley (1978), and Hurwicz (1995) that Coase’s neu-
trality theorem is a very special case that holds if and only if preferences
of the consumers are “parallel” with respect to the private good, leading
to absence of income effects in the demand for the (public) good with a
detrimental externality; from an analysis that goes back to Edgeworth
(1891) it follows that changes in income distribution will have no effect
on the demand for the public good. This is examined in detail in the
next two sections.

The problem may be illustrated by a variant of Coase’s rancher-farmer
example suggested by Block (1977). In Block’s example, the farmer
instead of raising corn for sale grows flowers for his own enjoyment (and
his mother’s memory). As Block poses the problem, the gardener without
pollution-abatement rights will not have the wherewithal to bribe the
rancher to desist from his pollution-producing activities.

Most of the discussion in the literature has concerned relationships
between firms rather than individuals. Of course, a model with only firms
(such as the example of the steel mill that generates a smoke nuisance
to neighboring laundry establishments) is incomplete, since no account
is taken of the consumers who purchase the steel products and laundry
services. For discussion of this and similar cases see Turvey (1963), Portes
(1970), Baumol (1972), and Gould (1977). An interesting interchange on
upstream-downstream pollution problems is that of Kamien, Schwarz,
and Dolbear (1966), Bramhall and Mills (1966), Tullock (1966), and
Freeman (1967); see also Dick (1976). Likewise the interchange between
Marchand and Russell (1973, 1975), Coelho, Gifford and Stone (1973,
1975), Greenwood et al (1975), as well as the recent analysis by Varian
(1995).

2 Hurwicz’s formulation

Suppose there are two individuals: individual 1 who is a smoker and
enjoys smoking, and individual 2 who is a nonsmoker and is averse to
smoke. Circumstances force them to work together in the same room.
Each of the two individuals also enjoys the use of another commodity,
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X, which will be called “money”. Individual ¢’s initial endowment of
commodity X (money) is &, and his consumption of commodity X is
denoted z;; the total amount of money available to the two individuals is
&1+ & = & Let n; denote individual ¢’s initial endowment of commodity
Y —legal rights (licenses) entitling the smoker to emit 7; units of smoke,
these rights being limited to a total quantity of n units (i.e., m +12 = n);
individual 7’s final holdings of these rights is denoted y;. Individual 1
must possess y; rights in order to have the permission to emit y; units
of smoke, and can purchase such rights from individual 2 at a price p
per right; in order to limit himelf to y, units of smoke, individual 2 may
purchase 1 — yo rights from individual 1 at a price p per right. In an
exchange equilibrium, the total amount of money held is z; + xo = &,
while the total amount of pollution is y; = yo = y; that is, smoke—which
for the smoker is a private good—is for the nonsmoker a public good—or
rather, a public “bad”.

Supposing the smoking rights to be tradable at a price of p units of
commodity X (“money”) per unit of commodity Y (smoking rights), the
budget constraints for the respective individuals are

T +py < &+ p,
(2.1)

2 +p(n—12) < S+ pp.
(n — y2 may be interpreted as the amount of clean air consumed by indi-
vidual 2, and 7y may be interpreted as individual 2’s initial endowment
of rights to clean air). The aggregate budget constraint is given by

x1+ 22 +pn+p(yn — y2) < &+ &+ plm + n2).

Since commodity Y is a public good, 11 = y2, hence the above implies
x1 + @2 +pn < §+pm,

hence x1 + 2o < &, with equality attainable.

In the following two subsections, in order to give Coase the benefit of
any doubt, we suppose it to be possible for our two individuals to trade
money for pollution rights at a price p which is treated parametrically
by both agents.



2.1 Nonparallel preferences

Let the utility functions of the two individuals be given by

Ui(z, 1) = zy1,
2.2
(2:2) Us(x2,12) = x2(n — y2).

Both functions are strictly quasi-concave, U; being increasing in both
arguments and U; increasing in x5 and decreasing in y,. We derive the
two individuals’ demand functions for z; and y; as functions of the price,
p, of the licenses.

Individual 1’s objective is to maximize U;(z1,y1) = z1y1 subject to
the first constraint of (2.1). Equating the marginal rate of substitution
to the price of a right, we have

oUu /oy, 1 B
———— = — =0p, hencex; = py;.

2.3 —
( ) 8U1/8x1 U1

Since equality must hold in the first constraint of (2.1), substituting (2.3)
into this equality we obtain

200 = & +pm hence x; = & + ﬂp;
2 2
4 §& M
2py1 = & +pp hence yp = =+ —.
2p 2

Individual 2’s objective is to maximize Us (o, y2) = x2(n — y2) subject
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to the second constraint of (2.1), yielding the optimality condition?

_ OUy/0ys T
8U2/8x2 n—1Y2

(2.5) =p hence p(n —y2) = z>.

As before, the second budget constraint of (2.1) becomes an equality:;
substituting (2.5) into this equality we obtain

& T2

2ry = S+ pme hence zy = 3 T P
(2.6) -
2p(n —y2) = &+ hence 1y, = n— % -5

Summing the two individuals’ demands for money from (2.4) and (2.6)
and using the fact that & + & = & and n; + o = n and the assumption
that xy + zo = &, we have

&+ & 771+77275 n

5 P TP
from which it follows that p = &/n. Likewise, we must have y; = s
hence from (2.4) and (2.6) we have

£:x1+x2:

0=y —yp = &1+ & +771+772 _n:é_ﬂ
2p 2 20 2
4Note that when one of the commodities is a “bad,” the optimality condition is
_ Uz /Oy» _
E)Ug/c’)xg b

This follows from the fact that the Lagrangean expression for the constrained-
optimization problem is

L(x2,y2, \) = Ua(w2,y2) — Alza + p(n — y2) — &2 — pma],

whence an interior solution requires

oL U,
oo 22 a0
3332 3332 ’
oL U,
T T2 =0
Y2 oy ¥
Substituting the first of these equations into the second (to eliminate A) we obtain
o0Uy o0Uy . 3U2/3y2 o
8y2 + axgp =0 or 8U2/c’)x2 — P
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from which it once again follows that p = £/n (which must be the case,
by Walras’s law).
Evaluating the demand functions (2.4) and (2.6) at p = £/n we obtain

S m & &noom
S S d St
T p g, ad oW e T
S m2 & Sn M
2 2s d _ > 2
T2 2 + 5 - al Y2 n 25 9

from which we verify that x; + xo = £ and y; = yo. This is the desired
competitive equilibrium.

Now let us consider two cases when the utility functions are as in (2.2).
Let £ =n =1and & = & = 1. Then p = 1. In Case (i) the smoker
(individual 1) starts out without any smoking rights (7, = 0) and ends
up with z; = i of the money (half of his initial amount, the other half of
which is used to purchase smoking rights from the nonsmoker), and the
right to smoke only  of the time. On the other hand, in Case (ii) the
smoker starts out with all the smoking rights (7 = 1) and ends up with
T, = % of the money (i of which is obtained from selling smoking rights
to the nonsmoker) and the right to smoke % of the time. This violates
the “Coase theorem” according to which the assignment of rights does

not affect the amount of pollution.

2.2 Parallel preferences

Now let the utility functions of the two individuals be given by

(2.7) Ui(zi,tn) = x1++/y1, and  Us(@a,y2) = 22+ /0 — yo.

This is a case of “parallel” preferences.?

We will examine the above two cases (i) and (ii) with these utility
functions in place of the utility functions (2.2).
With the utility functions (2.7), (2.3) is replaced by

8U1/8y1 o 1
8U1/8x1 2@

This assumption was first introduced by Auspitz and Lieben (1889, p. 465, formula
(6), and pp. 470-478), and applied by Edgeworth (1891) to the two-consumer two-
commodity pure-exchange problem. The concept was revived by Boulding (1945)
who noted its importance in consumer’s surplus analysis, and was referred to again
by Samuelson (1964).

(2.8) =p hencey, =

1
4p?’
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Thus, individual 1’s demand for smoking rights is independent of income
and of the budget constraint (so long as it is consistent with the budget
constraint). Substituting (2.8) in the first budget constraint of (2.1) (with
equality) we obtain the two demand functions for individual 1:

1 1
(2.9) 1 =& +mp— @ and y; = @
Turning to individual 2, (2.5) is replaced by
8U2/8y2 o 1 1

(2.10)

— = =p h =n—-—.
OUs/Oxs  24/1— Yo pohenee 2 =1 4p?

This is also independent of income and the budget constraint. Substi-

tuting (2.10) into the second budget constraint of (2.1) (with equality)

we obtain the two demand functions for individual 2:

1

1
(2.11) To = & erT]z—@ and ygzn—ﬁ.

Now setting x; + zo = £ we have from (2.9) and (2.11)

1 1 1
=mtrm=8+&+ (Mm+m)p—5-=E§+np—5- hence p=—=.
( ) 2p 2p V21
The same result is of course obtained by setting y; = yso.
Substituting this price in the demand functions (2.9) and (2.11) we

obtain
M V2n 7
T &1+ o 1 an Y1 X
72 V2n n’
= _— d — -
To §o + 777 1 an Y2 9

from which we verify that x1 + x2 = & + &.

Now let us look as before at the special case { =n=1and & = & = %,
and consider two cases. When the utility functions are as in (2.7), in Case
(i), while the smoker starts out without any smoking rights (7, = 0) and
ends up with (1 — %) = 0.14645 of the money (less than 30% of his
initial amount, the other 70% of which is used to purchase smoking rights
from the nonsmoker), he ends up with the right to smoke half the time.
In Case (ii) the smoker starts out with all the smoking rights (1, = 1) and
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ends up with $(1 + %) = 0.85355 of the money (more than 70% of his
initial amount, the extra 0.35355 coming from the sale of smoking rights
to the nonsmoker), but the right to smoke only half the time. This is in
accord with the “Coase theorem” which states that the initial allocation
of property rights does not affect the amount of pollution.

3 Dolbear’s formulation

In a very ingenious article, Dolbear (1967) sought to model trade be-
tween two individuals of a private good for pollution rights when a simple
production relation exists between the private good and the commodity
producing pollution. Specifically, let bread be the private good desired
by both individuals and let heat be the other good—desired by individ-
ual 1 but not individual 2—which produces smoke which is detrimental
to individual 2. Denoting by x; and y; individual ¢’s consumption of
bread and heat/smoke respectively, and by z and y the total amounts
respectively of bread and heat/smoke, we have

T +Ty = T
(3.1) Nn=y = Y
r+my = 1.

Heat, being directly consumed only by individual 1 but directly affecting
individual 2, is a public good, or rather “bad”. It is assumed in the
last equation of (3.1), as in the theory of public goods, that x may be
transformed into y at constant cost.

As in (2.1) above, one might suppose the two individuals to have
initial allocations (endowments) & and & of bread, as well as initial
allocations 7; and 72 of rights to emission of smoke. We interpret »;
as the amount of rights held by individual ¢ for individual 1 to emit
7; units of smoke. Defining & = & + & and n = n; + 19, it would be
natural to stipulate that & + 7n = 1. Dolbear proceeds in a somewhat
different way, however, distinguishing two stages: one in which the two
individuals with endowments & and & of bread, depending on their
allocation of pollution rights, trade bread for heat at the price mw, and
then with the new allocations between them of bread and heat/smoke
proceed to to negotiate the exchange of bread for pollution rights. It
should be emphasized that Dolbear (quite properly) does not assume
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that this will be a competitive exchange; this is done in the following
exposition, however, to concede a maximal number of assumptions to
Coase.

3.1 Nonparallel preferences
Let us consider the simple case

Ui(z1,91) = zn

Ua(w2,92) = x2(n — y2),

where n may be interpreted as an upper limit to the amount of smoke
individual 2 can tolerate. This presupposes that the amount of smoke
breathed by individual 2 can be measured exactly as the negative of
the amount of heat consumed by individual 1,° where in equilibrium
y1 = y2 = y. Production possibilities are described by the transformation

function
(3.3) Fz,y)=xz+7my—1=0.

Pareto optimality requires, by Samuelson’s formula,”
8U1/8y1 4 8U2/8y2 _ 8F/8y
8U1/8x1 8U2/8x2 8F/8x’

which in the present case reduces to

(3.2)

(3.4)

(3.5) no
i N — Y2

As in the theory of public goods, it is assumed that initially no heat is
produced, so that in accordance with (3.3) there is one unit of bread to
be shared between the two individuals; thus, individual ¢ starts out with
an initial endowment of & units of bread (hence & + & = 1), and none
of heat/smoke.

The technical problem posed by Dolbear may be interpreted as defin-
ing a set of preferences for individual 2 such that the problem reduces
to one of pure exchange without production; thus, we are to find a net-
utility function Ug(xg, y2) for individual 2 which has the property

BUg/ayg BUg/ayg 8F/8y 8U1/8y1 BUg/ayg o

_ = — , that ~ =0,
00n/0xs  OUsJ0xs  OF[0x 0 OULJOx | 0s/0s

SFor a valuable generalization see Page and Ferejohn (1974).
"Samuelson (1954), also Bowen (1943) and Lindahl (1919).

= T.
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or equivalently,

% - _8Ug/8y2 o T2
dy> 8@/8:172 N — Y2
This is a standard linear differential equation of the first order (cf., e.g.,
El'sgol’ts 1962, pp. 14-15) whose general solution is

(3.6)

+ .

~

(3.7) Ua(z9,y2) = Ta(n — ya) — 7(n — %y2)y2

The function Us corresponds to Dolbear’s “‘fold-in” and ‘stretch’” of
the utility function U (Dolbear 1967, p. 94) and to what Page and
Ferejohn (1974, p. 457) describe as the “shear transformation” of Us.
As a behavioral hypothesis, maximization of U, it seems rather hard
to justify unless it can be assumed that individual 2 was able to solve
the above integration problem; however, this seems a reasonable price to
pay in order to incorporate production relations into the consumption
externality problem.

We can imagine, following Coase’s approach, that this pseudo-individ-
ual enters into a competitive exchange relation with individual 1 in which
a market price is accepted parametrically by both. Let bread be the
numéraire with price = 1, and let p denote the price of the right of
individual 1 to consume one unit of heat and emit the corresponding one
unit of smoke which, if possessed by individual 2, is interpreted as the
right to compel individual 1 to refrain from consuming one unit of heat
and emitting the corresponding one unit of smoke. Dolbear considers the
polar cases in which: (i) individual 1 starts out possessing the sole right
to emit any amount of smoke, and (ii) individual 2 starts out possessing
the right to forbid the emission of any amount of smoke. In each case,
the problem is divided into two stages: an initial stage (Stage 0) in which
the parties trade at the price 7, and a final stage (Stage 1) in which they
negotiate over the pollution rights at a price p to be determined. In Stage
0, individual 2 maximizes Us; whereas in Stage 1 he maximizes Ug.

In Stage 0 of Case (i), individual 1 starts out by solving the problem

Maximize, ,, Ui(z1,31) subject to z; + 7y < &

where 7 is (initially) the market price of heat relative to bread and & is
individual 1’s initial endowment of bread. Thus, individual 1 initially has
the right to purchase any amounts of bread and heat satisfying the above
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budget constraint. From the first utility function of (3.2) the solution of
the above problem is clearly

v =6/2, y=§&/2n.

Since this leads to a total amount of smoke of y = y; = & /2m which
individual 2 does not want and must take as given, the available amount
of bread, from (3.3), is x = 1 — 7wy = 1 — & /2 of which individual 1
consumes 1 = & /2, leaving 1 — £,/2 — & /2 =1 — & = & for individual
2, which is just the latter’s endowment. Individual 1 therefore solves the
trivial problem (taking y, as a parameter)

Maximize,, U (2, y2) subject to x5 < & =1 — &.

The solution of this problem is obviously zo = & =1 — &;.
The above gives rise to Stage 1 with a new “initial endowment” matrix

[wu Wiz 1 _ l §&1/2  &/2m 1,

Wo1 Woa 1-& 51/27T

where w;; denotes individual i’s new endowment in commodity j, from
which the two players may start their negotiations over pollution rights.
Let us suppose that a market price p for pollution rights (relative to
bread) exists which both players accept parametrically. Then individual
1 must solve the following problem:

Maximize, ,, U(z1,71) subject to

§ P
1 +pyr < win + pwig = 51(1+;>

This yields the demand functions

& D & (11

Individual 2 now has an opportunity to purchase from individual 1
the right to compel individual 1 to desist from emitting v, = 17— y5 units
of smoke, at a price of p per unit; he is currently (according to his initial
endowment) forced to breathe & /27 units of smoke. Accordingly, his
budget constraint is

&

(3.9) To+pn—y2) <1—-& +p%.
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Individual 2, or rather, pseudo-individual 2, must therefore solve the
problem:

Maximize,, ,, Us (2, y2) subject to

p
o+ pn—y2) <wsp +pwsy =1—E& + 52—1;

Setting —0Us/dys = pdUs /Dy, it follows from (3.6) that

—x + p(n — y2) = (N — o).

Adding this to the budget constraint (3.9) (with equality holding), we
solve for y5 and then x5 to obtain pseudo-individual 2’s demand functions

(3.10) x2_(1_€1+@>p 7T, Yo =1 — &+ &p/ 7T'
2 ) 2p—m 2% — 7

Assuming both players to be price-takers, we may equate y; = yo = ¥y
from (3.8) and (3.10) to obtain the following quadratic equation in p:

(3.11) 4(&; — 2nm)p* + (4 — 3& + dnm)wp — w26 = 0.

Since this is too complicated to yield an explicit solution, we may make
the following assumptions:

(312) 51: ;T =3, 77:1

N[
N[

The quadratic equation (3.11) then reduces to
2p% —2.25p +1/8 = 0,
which has roots

(3.13) p = 1.066391109 and p = 0.058608891.

Since reduction of the externality requires that it be made more expensive
for individual 1, i.e., p > 7, we take the larger root. From (3.10) we then
obtain

ro = 0.358402223 and g9 = 0.367217782,

while from (3.8) we obtain

1 = 0.391597777 and y; = 0.367217782.
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Now we see a problem with Dolbear’s model—or at least with my
interpretation of it. While necessarily y; = y2, as this condition was
imposed, total output of bread is x = z1+x2 = 0.75, which fails to satisfy
the production constraint (3.3), since with the parameter values (3.12)
and p as the first root of (3.13) we have x + 7wy = 0.93368891 < 1. Thus,
unless I have made a mistake in calculations, or overlooked something
in my interpretation of Dolbear’s model, it seems to provide a less than
watertight case for the propositions set forth.

Let us consider Case (ii). Individual 2 has all the pollution rights,
hence in Stage 0 his problem is to

Maximize , ,, Uz (T2, y2) subject to zo + mys < &,

whose solution is xo = & since he will wish to reduce smoke to its min-
imum, 0. On the other hand individual 1, who has no pollution rights,
must

Maximize,, Uy (z1,y1) subject to z1 + my; < &,

and since he must take y; as a parameter and individual 1 has chosen it
to be zero, his solution is likewise 1 = &. The endowment matrix for

stage 1 is therefore
W11 W12 _ 51 0
W21 Wa2 1 - 51 01"

In Stage 1, individual 1 must solve the problem
Maximize,, ,, U1 (x1, y1) subject to z1 4+ pyr < win + pwiz = &

whose solution is

T = 3 and y; = &
D) Py
Pseudo-individual 2 must solve the problem

~

Maximize,, ,, Uz (@2, y2) subject to zo + pyo < woy + pwos =1 — &

whose solution is

p—m 1-&

$2:(1—§1)2p_7r, y2:77—2p_7T-
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Equating yo to y; we obtain

m 1-&
p=5+
2 n—-4&

which for the values (3.12) is 7/12. We then have

_ 1 I |
v T2=15 Y1—=Y2=Y =73

PN

T =

but
SRR Y
as before.

In Case (ii), the amount of pollution is 1/4, whereas in Case (i) it is
0.3672, in opposition to the Coase Theorem.

3.2 Parallel preferences

Let us now take up the case of “parallel” preferences. Suppose the two
individuals’ utility functions have the “quasi-linear” form

(3.14) Ui(z1,91) = 1+ /1
' Us(z2,y2) = 2+ /1 — Yo

The condition for Pareto optimality is

oU, J0z, | OUs/Oxs éﬁﬁh_2¢ﬁ_dwﬁf@_ﬂ:0

We therefore seek a pseudo-utility function Ug(xg, y2) satisfying

dl’g 8U2/8y2 1
3.15 — = —— = + .
(3.15) dgs  O0xf0rs T B2

The solution of this differential equation is

To = —+/N — Yo + TY2 + constant,

whence U, is given by

~

(3.16) Us(22,y2) = T2 + /1) — y2 — TYo.
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From here one can proceed exactly as in the case of nonparallel prefer-
ences, equating the marginal rates of substitution of the utility functions
(3.14) to the cost-price 7 to obtain for Case (i) the Stage-1 endowment
matrix

¢ 1 1
lwn w12 1 _ Yun 4x2
Wa1 W22 1
1 — el
&
Individual 1’s problem then is to
Maximize,, ,, U(x1,91) = 1 + /71 subject to  z1 + pyy < %1 (1 + B)
T
yielding the demand functions
& &p 1 1
(3.17) T + 2r  4p and 4p?
Likewise for pseudo-individual 2,
M&Ximizem,yzﬁz(%, Y2) = Ta + /N — Y2 — TY2
subject to  xo+p(n—1y2) <1 —& + 521—7]:
yielding the demand functions
&ip p 1
3.18 =1- — d =n- ——.
(3.18) @2 &+ or  A(p— ) and  ys =17 ip—n)

Equating y; and y, from (3.17) and (3.18) we obtain the quartic equation
dnp* — 8nrp® + (dnm? — 2)p® 4 2p — 72 = 0.
Simplifying by taking n =1 and 7 = % this becomes
ap* —4p® —p*+p—025=0

which has one real root p > 7 = 0.5, namely p = 1.06612094116. Substi-
tuting this into the demand equations we get (with £ = %)

1 = 0.548565499 and y; = 0.219951567,
9 = 0.219951567 and yo = 0.219951567,
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so that y = 0.219951567 and x = x1 + x2 = 0.75, whereas
x + my = 0.859975783 < 1,

as before.

In Case (ii) the Stage-1 endowment matrix becomes exactly the same
as that of subsection 3.1, and the respective maximization problems be-
come

Maximize,, ,, U1(21,91) = x1 +/y1  subject to x1 +py1 < &

and

Maximize,, ,, UQ(IEQ, Y2) = Ta + /N — Y2 — TY2
subject to  zo +p(n —y2) <1 —&,

leading to the demand functions

1
-1

p q " 1
—————  an =n—- .
4(p—m)? ol 4(p — m)?

Notice that the demands for the externality are the same as in (3.17) and
(3.18). Consequently, the same price p results, and we have

1
T =& — 4— and Y1
(3.19) p
To=1-& —

1 = 0.765505028 and yi = 0.219951567,
ro = —0.331625970 and y2 = 0.219951567,

the negative value showing that the hypothesis of parallel preferences
can hold only on a subset of the commodity space, and therefore in this
case becomes an impossible hypothesis. Thus, the Coase theorem need
not hold even with parallel preferences, because the parallel property can
hold only for positive demands.

4 Concluding remarks

We conclude that the conditions under which Coase’s neutrality theorem
holds when consumption externalities are involved are very stringent in-
deed; the neutrality theorem (as in Coase’s own examples) is best applied
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to production externalities between firms, and even then, a number of
exceptions have been noticed in the literature. And the hypothesis that
negotiations over externalities will mimic trades in a competitive equi-
librium is, as Coase himself has conceded, not one that can be logically
derived from his assumptions, but must be regarded as an empirical
conjecture that may or may not be confirmed from the data. A lot of
theoretical work therefore still remains in order to provide Coasian eco-
nomics with the same rigorous underpinnings as have been developed for
Walrasian economics. The Coasian controversy will therefore be with us
for some time to come, and this at least ensures that welfare economics is
in no danger of becoming a dead subject. We can thank Coase for that.
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