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Chapter 1

Introduction

It has become increasingly unfashionable to pay any attention to one’s forebears;
whereas, a generation ago, it was considered a necessary ritual to cite classical
authorities even if what they had to say might not be very pertinent, today it is
generally assumed that there is very little to be gained from such probing into the
past. This view is certainly quite understandable, for a number of reasons. In
the first place, scientific economics has been progressing at such an extraordinary
rate that the literature of the past twenty years, I would estimate, easily exceeds
in quantity the entire literature that preceded it. Secondly, while the recent
literature is, Lord knows, not all of unimpeachable quality, the general level of
sophistication has certainly also risen. Thirdly, much of classical thought can
be considered to have been assimilated into the corpus of received knowledge.
Finally, interpretation of the classics is an increasingly difficult thing to do;
both their economics and their mathematics bear the same relation to modern
economics and mathematics as do ancient Latin and Greek to their modern
counterparts.

With respect to this final reason, Pareto is certainly no exception. To in-
terpret his work is no easy task: it requires at least some knowledge of the
extraordinary events that took place in Italy in the 1880s and 90s; it requires at
least some knowledge of the work of Pareto’s contemporaries, notably Walras,
Edgeworth, and Fisher; it requires, of course, a knowledge of the languages in
which Pareto wrote, namely French, German, and, above all, Italian; and it re-
quires a knowledge of the notations, conventions, and practices of 19th century
mathematics, many of which, thankfully for the sake of progress, have long since
fallen out of use.

With respect to the first three of the reasons I have listed, on the other
hand, Pareto is surely exceptional. First of all, he is perhaps the most prolific
economist who has ever lived, with an output exceeding the combined writings of
David Ricardo, John Stuart Mill, and John Maynard Keynes; the bibliography
of his writings contained in the third volume of his letters to Pantaleoni [195, pp.
476–542] occupies 67 pages, and is still not complete. Secondly, most of Pareto’s
writings are on a high intellectual level, and their total scope — covering math-
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6 CHAPTER 1. INTRODUCTION

ematical economics, statistics, economic history, sociology, political science, and
scientific method, as well as actuarial science, physics, and pure mathematics
— is nothing short of staggering. Thirdly, unlike Ricardo, Mill, Jevons, and
Marshall, Pareto never formed a part of the mainstream of economic tradition.
He himself had few students of any note;1 few of his contemporaries were able
to follow his analyses; and what influence his work has had seems to have been
the result of a few sporadic but notable rediscoveries and developments of frag-
ments of it, among which we may mention those of Barone [18], Bowley [32],
Slutsky [223], Schultz [215], Al1en [7], Hicks and Allen [115], Georgescu-Roegen
[98], Bergson [23], Little [133], Koopmans [128], and Mandelbrot [140].

One of the unfortunate consequences of the relative inaccessibility of Pareto’s
work has been the sheer waste and duplication of effort that have resulted. In
the important developments that took place in welfare economics between 1934
and 1951 on the part of Lerner [130], Lange [129], and Arrow [13], the princi-
ple of what we now call “Pareto optimality”2 was fully developed, but without
reference to Pareto; not until the publication of Little’s work [133] did Pareto
finally get his due. But the Compensation Principle continued to be credited to
Kaldor [121] and Hicks [112], and to this day it is not generally recognized that
it a1so is due to Pareto, who introduced it simultaneously with the Pareto Prin-
ciple in a fundamental article published in 1894 [157]. Likewise, when Bergson
[23] introduced the concept of a social welfare function, he gave generous credit
to Pareto for the principle that society may be deemed better off if one person
is benefited by a measure and no one harmed, i.e. the Pareto Principle;3 and
Bergson’s concept was developed in significant ways by Samuelson [208, 211].
However, neither Bergson nor Samuelson was aware that Pareto had himself
essentially developed the concept of a social welfare function in 1913 [189].

Examples such as these are quite disturbing. While they serve to strengthen
our admiration for Pareto’s contributions, they serve at the same time to un-
derscore the futility of his efforts. As proof of the importance of his concepts
we can offer the fact that in large part they had to be and were rediscovered
independently after being neglected for over half a century. This leads one to
speculate about a possible intellectual determinism: good ideas are bound to be
developed anyway by somebody else if not by ourselves; and the only justifica-
tion for our efforts is to hasten the process, and in some cases — as in Pareto’s
— possibly not even this can be claimed. Perhaps this is too pessimistic an

1Pareto nevertheless attracted a band of loyal followers who founded what may be consid-
ered a Paretian school in Italy, starting around the second decade of the twentieth century.
Among the more prominent of these may be mentioned Bresciani-Turroni, Amoroso, Vinci,
and D’Addario. As proof, however, of the assertion in the text, the contributions of this school
— which include some valuable developments of Pareto’s work on income distribution — have
to a large extent suffered the same neglect among English-speaking economists as has Pareto’s
work itself. Since these contributions may be considered part of the Paretian heritage, some
of the more noteworthy among them — dealing with the theory of income distribution — will
be discussed in Chapter 4 below.

2This term appears to have become current only following the publication of Little’s work
[133, p. 89], where the term “Pareto ‘optimum’” was introduced.

3This term was introduced by Arrow in the second edition of [14].



7

assessment. In any case the point has I hope been made that the process of
absorbing new ideas into the corpus of economic knowledge has been a very
inefficient one; and that the study of the history of economic doctrines is a le-
gitimate and appropriate, even if diminishing, part of the general enterprise of
pushing our subject forward.

In what follows I shall try to make an assessment of Pareto’s contributions
to economic thought, as well as to trace the interesting evolution of his own
thinking. This will be done under four headings: utility theory; welfare eco-
nomics and international trade; population and income distribution; and time
series analysis and methods of interpolation.



8 CHAPTER 1. INTRODUCTION



Chapter 2

Utility Theory

2.1 The law of demand

In his very earliest contribution to utility theory in 1892 [154], Pareto already
displayed concern for the empirical content of utility theory, one of whose ob-
jectives was to yield testable hypotheses concerning demand. And the natural
question to investigate at the very beginning was the “law of demand,” i.e.,
the proposition that the quantity demanded of a commodity is a decreasing
function of its price, other prices being held constant. Pareto was dissatisfied
with the Marshallian explanation which was based on the hypothesis which
today we would call additive separability of the utility function, that is, the hy-
pothesis that the marginal utility of a commodity is a function of the quantity
consumed of that commodity alone, combined with the hypothesis of dimin-
ishing marginal utility, and combined further with the hypothesis of constant
marginal utility of income. Pareto was ready as a first approximation to accept
the first two (additive separability and diminishing marginal utility) but not
the third (constant marginal utility of income); given the first two he was able
to show [154, Part 2] that the third, if interpreted to mean that the marginal
utility of income is independent of prices, implied that marginal utility would
have to have the form ϕi(xi) = aαi/xi hence the utility function would be
log-linear — a result that was rediscovered independently by Samuelson [207]
fifty years later.1 Pareto’s proof may be restated as follows [154, Part 2, pp.

1See also Samuelson [208, pp. 189–202]. Samuelson [207] actually established a stronger
result, not resting on Marshall’s assumption of additive separability of the utility function,
namely that if the marginal utility of income is independent of prices then the income elasticity
of demand must be unitary, hence the utility function must be expressible as a linear function
of the logarithm of a function which is homogeneous of first degree. Alternative proofs of
this result have since been presented by Wilson [253] and Katzner [124]. Like Pareto before
him, Samuelson [207] showed that it is impossible (given the usual assumptions concerning
the individual’s preference map) for the marginal utility of income to be at the same time
independent of both prices and income. Wilson [251] and Samuelson [207] also examined the
consequences of an alternative interpretation of constancy of the marginal utility of income;
see footnote 2 below.

9



10 CHAPTER 2. UTILITY THEORY

493–4]. Let p = (p1, p2, . . . , pn) be the price vector, let I be income, and let
xi = hi(p, I) be the demand function for the ith commodity, assumed to max-
imize the utility function U(x) = U(x1, x2, . . . , xn) subject to the budget con-
straint

∑n
i=1 pixi = I.2 By the separability assumption, the marginal utility

of commodity i depends only on the amount of commodity i consumed, i.e.,
Ui(xi) ≡ ∂U(x)/∂xi = ϕi(xi), where ϕi is a decreasing function by virtue of the
assumption of diminishing marginal utility, and therefore has an inverse, ϕ−1

i .
Defining the marginal utility of income by

(2.1) µ(p, I) =
ϕi[hi(p, I)]

pi
(i = 1, 2, . . . , n),

and assuming it to depend only on income, i.e.,

(2.2) µ(p, I) = m(I),

it follows from the budget identity that

I =
n
∑

i=1

pihi(p, I) =
n
∑

i=1

piϕ
−1
i (pim(I)).

This equation can be satisfied for all prices pi only if each term in the sum is
independent of the corresponding price, i.e.,

piϕ
−1
i (pim(I)) = Ai(I) (i = 1, 2. . . . , n),

whence from (2.1) and (2.2) it follows that

(2.3) hi(p, I) = ϕ−1
i (pim(I)) =

Ai(I)

pi
.

2That this is equivalent to Pareto’s formulation may not be apparent on the surface, since
Pareto wrote the budget constraint in a form equivalent to x1 =

∑n
i=2 pixi (cf. [154, Part 2,

p. 493, formula (5)], where x1 is the quantity of an “instrumental good” (bene instrumentale)
which serves as money or unit of account). Pareto went out of his way, however, to emphasize
that such an instrumental good did not enter the consumer’s utility function; in his words
(p. 490): “If one is dealing with an economic good which is not enjoyed directly, but which
is used only to produce other economic goods which are consumed, that is, if one is dealing
with a good which is solely an instrumental good, this good does not have a final degree of
utility of its own . . . , but its degree of utility is equal simply to the common value of the
degrees of utility of the goods which are obtained with it.” In his subsequent more extended
and, unfortunately, also more ambiguous treatment in the Manuel [185, Appendix, §§52–9,
pp. 579–588], Pareto described commodity 1 above merely as “the commodity whose price is
unity, that is to say, money.” It is understandable, then, that Wilson [251], basing himself
on the treatment in the Manuel, interpreted “constancy of the marginal utility of money” to
mean constancy, with respect to variations in other prices and income, of the marginal utility
of some directly enjoyed good which is chosen as numéraire. He then showed that this could
follow if the utility function were chosen to be of the form U (x) = ax1 + ψ(x2, . . . , xn) — a
form which Samuelson [207, p. 85] subsequently showed to be necessary for this result. In a
more recent paper, Samuelson [213, pp. 1278–9] has reverted to this second interpretation of
constancy of the marginal utility of income, and has also attributed it to Auspitz and Lieben,
who employed a utility function of this form in their analysis [17, Appendix II, §2, pp. 470–
477], where x1 (their η) was, however, definitely interpreted as “money” or “cash” (Bargeld

[17, p. 452]), rather than as Walras’s numéraire or even Pareto’s bene instrumentale; that is,
in the Auspitz-Lieben formulation one has to assume that fiat money is an argument of the
utility function.



2.1. THE LAW OF DEMAND 11

With the budget identity this yields
∑n

i=1 Ai(I) = I whence, defining αi = Ai(1)
and making use of the fact that hi is homogeneous of degree 0 in prices and
income, we have

(2.4) xi = hi(p, I) =
αiI

pi
(i = 1, 2, . . . , n),

where
∑n

i=1 αi = 1 from the budget identity. Now, observing from (2.2)that
µ(pi/I, I) = µ(p, I), we see from (2.1), (2.2), and (2.4) that3

(2.5) ϕ

(

αiI

pi

)

= pim(I), or ϕ(xi) =

(

αiI

xi

)

m(I);

and since the left side of the second equation of (2.5) depends on xi only, so
must the right side, hence we must have

Im(I) = constant = m(1) ≡ a,

whence the marginal-utility functions must have the form

(2.6) ϕi(xi) = a
αi

xi
(i = 1, 2, . . . , n),

and the marginal utility of income is m(I) = a/I.
In a previous article [153, pp. 225–6] Pareto had already asserted that the

form (2.6) was necessary and sufficient for the marginal utility of income to
be independent of prices, but he had only demonstrated the sufficiency. And
in an earlier part of his 1892–3 treatise [154, Part 1, p. 413] he had observed
that the integral of (2.6) was a linear function of the logarithm of xi.

4 He
remarked further that (2.6) “is a form which is not encountered because it
ought to be excluded a priori.” He did not, however, write out explicitly the
log-linear expression for the total utility function U(x) = a(

∑n
i=1 αi logxi) + b,

which today is very familiar in the form of the logarithm of the “Cobb-Douglas”
utility function B · (∏n

i=1 x
αi

i )a.5

Pareto’s discussion of the special form (2.6) of the marginal utility func-
tion led him into a lengthy discussion of the St. Petersburg paradox, since

3This step in the development is not contained in Pareto’s argument — which assumed
income to be fixed.

4He also remarked that xi = 0 could not be taken as the lower limit of integration, since this
would lead to an infinite integral — a remark subsequently made by Samuelson [207, p. 90n] in
criticism of Marshall’s consumer’s surplus concept. Pareto’s observation incidentally proves,
if proof was necessary, that he could not have been guilty of the elementary error Edgeworth
[73] subsequently accused him of in connection with his income distribution formula — see
§4.5 below.

5He could hardly have been unaware that this was the implied form of the utility function,
however, since in his treatise [154, Part 3, p. 152] he had displayed the explicit formula for
the total utility function in the general case of independent utilities (additive separability),
and had also [154, Part 5, p. 290] considered as an illustration the case in which the marginal
utilities had the form ϕi(x) = ci/(αi+xi), i = 1,2, and had displayed the corresponding total
utility function U (x1, x2) = c0 + c1 log(α1 + x1) + c2 log(α2 + x2).
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Bernoulli [24] had introduced the logarithmic utility function for his proposed
solution; Pareto suggested as an alternative form the right, concave portion of
the cumulative normal distribution function [154, Part 4, pp. 15–20]. While
he, unfortunately, did not comment explicitly on the fact that this function en-
joyed the important property of boundedness, nevertheless his insight correctly
anticipated that of Karl Menger [146] 42 years later.

Rejecting the form (2.6) as being much too special, Pareto proceeded to
show [154, Part 3, pp. 121–4] that the “law of demand” could be proved on the
basis of the first two hypotheses alone (additive separability and diminishing
marginal utility).6 His proof, which was straightforward and elegant, proceeded
as follows. Differentiating (2.1) with respect to pj one obtains

∂µ(p, I)

∂pj
=

1

pi
ϕ′

i[hi(p, I)]
∂hi(p, I)

∂pj
− δij

1

p2
i

ϕi[hi(p, I)],

where δij is the Kronecker delta (δij = 0 if i 6= j and = 1 if i = j). It follows
that

(2.7)
∂hi(p, I)

∂pj
=

pi

ϕ′
i[hi(p, I)]

∂µ(p, I)

∂pj
+ δij

ϕi[hi(p, I)]

piϕ
′
i[hi(p, I)]

.

From this it is immediate that if ∂µ/∂pj = 0 then ∂hj/∂/pj < 0; however,
Pareto showed that the result followed without assuming µ to be independent
of prices. Multiplying (2.7) by pi and summing the resulting equations for
i = 1, 2, . . . , n one obtains, taking account of the fact that differentiation of the
budget identity

∑n
i=1 pihi(p, I) = I with respect to pj yields

hj(p, I) +

n
∑

i=1

pi
∂

∂pj
hi(p, I) = 0

the following expression for ∂µ/∂pj :

(2.8)
∂µ(p, I)

∂pj
= −

hj(p, I) + ϕj[hj(p, I)]/ϕ
′
j[hj(p, I)]

∑n
i=1{p2

i /ϕ
′
i[hi(p, I)]}

.

This equation provides a second proof of Pareto’s proposition that constancy
of the marginal utility of income (with respect to prices) implies that marginal
utility must have the form (2.6); this follows simply from integrating the differ-
ential equation

d logϕj(xj)

d logxj
=
xϕ′

j(xj)

ϕj(xj)
= −1

6An obvious generalization of this result, involving the assumption of additive separability
as between the commodity in question and the remaining commodities, was derived by Wilson
[250]. Actually, Pareto’s theorem can be proved in much more elementary fashion by observing
from the conditionϕi(xi)/ϕj(xj) = pi/pj that if pi rises — other prices and income remaining
unchanged— then if xi fails to fall, all xjs (j 6= i) must rise, contradictingthe budget equation.
An only partially successful attempt along these lines was made by Walras in 1892; see the
Jaffé translation [242, p. 466], and Stigler [229, pp. 320–1].
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which is obtained by setting the numerator of the expression (2.8) equal to zero.7

To obtain the “law of demand” Pareto now substitutes (2.8) back in (2.7)
for i = j, to obtain

(2.9)
∂hj(p, I)

∂pj
=

−pjhj(p, I) +
ϕj [hj(p, I)]

pj

∑

i 6=j

p2
i

ϕ′
j [hi(p, I)]

ϕ′
j [hj(p, I)]

n
∑

i=1

p2
i

ϕ′
i[hi(p, I)]

,

and this is negative.
Pareto went on to relax the assumption of additive separability, and adopted

Edgeworth’s [67] assumption that the marginal utility of any commodity is a
function of the quantities of all the commodities consumed. First of all he
presented a brief discussion of the question of constancy of the marginal utility of
income [154, Part 2, pp. 494–6]; however, he failed to obtain the characterization
subsequently obtained by Samuelson [207], namely that the income elasticity of
demand would have to be unitary and that the utility function would have to
be of the form U(x) = a logΦ(x) + b, where Φ(x) is homogeneous of degree 1.
Pareto proceeded, however, to investigate the “law of demand” under these more
general conditions [154, Part 5, pp. 304–6]. His procedure may be interpreted
as follows. Denote Uj = ∂U/∂xj and Ujk = ∂2U/∂xj∂xk. As before, one has
the budget identity

(2.10)

n
∑

k=1

pkhk(p, I) = I,

and the marginal utility of income is now defined by

(2.11) µ(p, I) = Uj [h(p, I)]/pj (j = 1, 2, . . . , n).

Differentiating (2.10) and (2.11) with respect to pi one obtains the equations

(2.12)























hi +

n
∑

k=1

pk
∂hk

∂pi
= 0

n
∑

k=1

Ujk
∂hk

∂pi
=
∂µ

∂pi
pj + µδij (j = 1, 2, . . . , n)

where δij is the Kronecker delta.

7According to Wilson [251], Pareto made a slip at this point, failing (according to him)
to note that constancy of the marginal utility of money, which Wilson identified with ϕ1,
would imply that ϕ′

1 = 0, hence that the denominator of the expression on the right side of
(2.8) was infinite; on this basis Wilson rejected Pareto’s argument (presented in the Manuel

[185, Appendix §58, pp. 585–6]) to the effect that constancy of the marginal utility of income
implied that the numerator of (2.8) would have to vanish. However, Wilson seems to have
(quite understandably) misinterpreted Pareto on this point, as explained in footnote 2 above.
On this and related points see also the discussion in Georgescu-Roegen [100, p. 179].
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The well-known modern procedure, first employed by Slutsky [223], is to
solve the system (2.12) simultaneously in the form
(2.13)

























0 p1 p2 · · · pi · · · pn

p1 U11 U12 · · · U1i · · · U1n

p2 U21 U22 · · · U2i · · · U2n

...
...

...
...

...
pi Ui1 Ui2 · · · Uii · · · Uin

...
...

...
...

...
pn Un1 Un2 · · · Uni · · · Unn

















































−∂µ/∂pi

∂h1/∂pi

∂h2/∂pi

...
∂hi/∂pi

...
∂hn/∂pi

























=

























−hi

0
0
...
µ
...
0

























yielding the expression

(2.14)
∂hj

∂pi
=

−hiB0j + µBij

B
,

where B is the determinant of the bordered matrix of (2.13) and Bij the cofactor
of its ith row and jth column, i, j = 0, 1, . . . , n. By a similar procedure —
differentiating (2.10) and (2.11) with respect to I — one then obtains ∂hj/∂I =
B0j/B, yielding the symmetric Slutsky term

sji =
µBij

B
=
∂hj

∂pi
+
hi∂hj

∂I
.

Pareto’s procedure was instead to solve the last n equations of (2.12) first,
and then substitute the results in the first equation, yielding the much more
awkward expression

(2.15)
∂hj

∂pi
=
N j

B

[

hi + µ

(

Ni

D
− DijB

DN j

)]

=
N j

B
hi +

(

N jNi

BD
− Dij

D

)

µ,

where D is the determinant of [Uij ], Dij the cofactor of its ith row and jth
column, and

(2.16)

Ni =

n
∑

k=1

pkDik, N j =

n
∑

k=1

pkDkj,

B =

n
∑

j=1

pjNj = −
n
∑

i=1

n
∑

j=1

pipjBij

(cf. [154, Part 5, p. 306]). Pareto stopped at (2.15) and did not try to interpret
the coefficients of hi and µ; in fact he did not notice that symmetry of D,
which implies Ni = N i, would imply symmetry of the second term in the third
expression in (2.15) (the substitution term). He therefore stopped just short of
establishing the Slutsky equation.8 He did succeed, however, in showing that

8Slutsky [223] later showed how (2.15) could be reduced to (2.14) by means of Jacobi’s
theorem on determinants.
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in the special case in which Uij = 0 for i 6= j and Uii < 0, (2.15) reduced
to the expression he had previously obtained [154, Part 3, p. 124] and that
the coefficients of µ and hi were both negative for i = j; i.e. that the “law of
demand” held for this case.

Pareto’s investigations into the nature of demand functions were not re-
stricted to the question of whether utility maximization implied that the de-
mand for a commodity was a decreasing function of its price. He also, in his
last major theoretical work [188, pp. 615–620], took up questions such as that of
whether offer curves could be linear, or whether a demand function could have
the constant-elasticity form x1 = Cp−n

1 (other prices and income being held
constant) put forward by Marshall [145, Mathematical Appendix, Note IV of
1st ed., Note III of 2nd and subsequent editions]. While Pareto’s treatment of
the latter problem required subsequent correction by Wilson [252], who showed
that the class of utility functions that could generate such a demand function
was somewhat wider than Pareto thought, the point that should be stressed is
that Pareto was apparently the first to even raise, let alone tackle, the question
of whether certain functional forms frequently employed were compatible with
the assumption of utility maximization on the part of a single consumer. This
type of investigation set Pareto apart from his contemporaries and predeces-
sors, who for the most part showed little interest in examining the empirical
implications of utility theory. As Stigler has so well observed [229, p. 395]: “In
this respect Pareto was the great and honorable exception. Despite much back-
sliding and digression, he displayed a powerful instinct to derive the refutable
empirical implications of economic hypotheses . . . Pareto — and he alone of the
economists — constantly pressed in this direction.”

2.2 Ordinal utility and the theory of related com-

modities

It was in 1898 that Pareto made the discovery that measurability of utility could
be dispensed with in the explanation of consumer behavior in competitive mar-
kets (cf. [172]). This idea was further elaborated in a draft of a new Treatise
[174] which never materialized as such; here, Pareto provided a beautiful exposi-
tion of the subject which was not to be matched again for its clarity until Hicks’s
exposition 39 years later [113]. Pleasure and pain were replaced by preference
and “the fact of choice;” utility functions were replaced by “index functions,”
unique only up to monotone increasing transformations. This aspect of Pareto’s
work was manifestly influential, having provided the impetus for Allen’s [7] con-
tribution to the theory of exchange and for Hicks and Allen’s [115] pioneering
contribution to the theory of consumer behavior. It should nevertheless be men-
tioned that Pareto’s ideas on this subject did not become generally known to the
profession until after the publication of the Manuel [185] and the Encyclopédie

article [188] a decade later, by which time they were already in the process of
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being independently rediscovered by Johnson [119].9

Also of unquestioned influence was Pareto’s theory of interrelated demands
elaborated in Chapter 4 and the Appendices of the Manuale [182, §§12–16,
pp. 505–510] and the Manuel [185, §§47–49, pp. 575–578], with its celebrated
discussion of complementarity and substitutability — which Pareto described
as “dependence of the first and second kinds,” respectively. The definition used
by Pareto — ∂2U/∂xi∂xj > 0 for complementarity and < 0 for substitutability
between commodities i and j — was not new, having originated with Auspitz
and Lieben [17, §§36, 41; Appendix II, §2, p. 482], and having been adopted by
Edgeworth [74, p. 21n]; nor did Pareto make any claims of novelty. Moreover,
the influence it had on subsequent developments was due as much or more to
what was left unsaid as to what was said — to the questions Pareto’s treatment
raised rather than resolved. For, Allen, who perhaps did more than anyone
else to bring Paretian thought into the mainstream of English economics, soon
noticed the incongruity between Pareto’s position on ordinal utility and his
adherence to a concept of related commodities that depended on the adoption
of a particular cardinal utility index. Specifically, he pointed out [8, p. 171n],
[115, p. 60n] that the signs of the second-order partial derivatives of a utility
function were not invariant with respect to monotonic transformations. This led
to the well-known alternative criteria for complementarity and substitutability
put forward by Hicks and Allen [115] and Hicks [113], in which Johnson’s [119]
contributions had also played an important role.

The net result of these developments as far as Pareto’s work was concerned
has been, until recently at least, a rather negative assessment. Thus, Hicks [113,
p. 43] maintained that “the Edgeworth-Pareto definition sins against Pareto’s
own principle of the immeasurability of utility.” Stigler [229, p. 385] stated
that “Pareto was inconsistent; he made extensive use of [the Auspitz-Lieben
definition of complementarity] at the same time that he was rejecting the mea-
surability of utility.” And sharpest of all is Samuelson’s recent assessment [213,
p. 1280]: “It is puzzling to understand this inconsistency of using in his literary
text the non-invariant cross derivative of a utility concept which he had already
thrown away, both in his mathematical appendix and text. Undoubtedly, Pareto
was confused.”10

It appears, however, that most such assessments result from reading Pareto

9Priority for the recognition of the inessentiality of measurability of utility in consumer
demand theory must nevertheless be ascribed to Antonelli [12].

10Again [213, p. 1256n]: “As is well known, Pareto was inconsistent in espousing [the

criterion ∂2U/∂xi∂xj T 0] after he had given up cardinal utility in favor of better-or-worse,

ordinal utility.” On the other hand, despite such passages Samuelson’s treatment is largely
appreciative of Pareto’s contribution, as when he says (p. 1277) : “We also see that the Pareto
error, of continuing to talk about utility complementarity after he became an ordinalist, was
not quite so bad an error after all.” And his defense of Pareto in [213, p. 1281], in which he
puts forward “another possibility other than utter confusion to rationalize Pareto’s seeming
inconsistencies,” corresponds precisely to the interpretation I shall set out below (see also [51,
p. 374n]) in support of my contention that Pareto, after all, was not in error; in fact, Professor
Samuelson has authorized me to state that he now accepts this interpretation as being the
more probable one.
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through Hicksian glasses, rather than from taking him at his own word. The
Hicksian position is well summarized by the following passage in Value and

Capital [113, p. 18]: “Pareto’s discovery only opens a door, which we can enter
or not as we feel inclined. But from the technical point of view there are
strong reasons for supposing that we ought to enter it. The quantitative concept
of utility is not necessary to explain market phenomena. Therefore, on the
principle of Occam’s razor, it is better to do without it.”

Pareto’s position was quite different from that of Hicks. In the first place,
he continued to believe that pleasure was in principle capable of measurement,
even if such measurement was inessential to the explanation of economic equi-
librium. He had previously studied the Bernoulli principle in the theory of
behavior under risk [154, Part 4], where measurability is essential, as the later
work of von Neumann and Morgenstern [147] amply confirmed. He had also, as
we have seen, studied the Jevons-Walras-Marshall case of additively separable
utility, and had shown that, when combined with the assumption of diminish-
ing marginal utility, it had empirical implications — namely that demand for a
commodity was an increasing function of income and a decreasing function of
its price — not shared by all cases in the more general Edgeworth [67] class of
utility functions. He had remarked [182, Appendix, §9, p. 501] that given any
additively separable utility function, with the marginal utility of each commod-
ity depending only on the amount of that commodity, there would always exist
an equivalent utility index (a monotone increasing function of the given one)
such that the marginal utility of each commodity depended on the quantities of
all the commodities consumed; and that the converse was true in some cases.
In those cases — provided it exhibited diminishing marginal utility for each
commodity — he gave a privileged role to the additively separable utility index,
which he regarded as the true measure of “ophelimity” (see especially [183]).
In his recognition of the significance of the additive, or “cardinal”, structure of
such utility functions, Pareto’s insight has also been supported by later develop-
ments, notably that of Debreu [66]. While we can agree with Hicks (as Pareto
would have done himself) that, in the case in which an additively separable util-
ity indicator exists, exhibiting diminishing marginal utility for each commodity,
any monotone transformation of this indicator will do equally well in explaining
the particular market phenomenon of equilibrium, nevertheless, the knowledge
that preferences belong to this particular class — which can be represented by a
utility function with a convenient additive structure, and which carries empirical
implications — is, as Samuelson [207, Ch. 5] has stressed, extremely valuable in
comparative statics and in making predictions — which is, or at least ought to
be, what the subject is all about.

Thus, altering slightly a suggestive metaphor due to Georgescu-Roegen [99,
p. 2n], just because the equilibrium of a table is determined by three of its legs,
we are not required by any scientific principle to assume that actual tables have
only three legs, especially if direct observation suggests that they may have four.

A second thing to keep in mind in contrasting Pareto’s position with that
of Hicks is that, in taking up the analysis of related commodities in terms of
the signs of the partial derivatives Uij = ∂2U/∂xi∂xj, Pareto was doing so by
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way of departing from the Jevons-Walras-Marshall assumption of independent
commodities (additively separable utilities). Ironically, then, his analysis of
complementarity and substitutability was a step away from the measurement
structure inherent in additively separable utility. However, Pareto did not want
to abandon all of the measurement structure in the process, because he recog-
nized that it contained empirical implications. In particular — and this seems
to have been overlooked by his critics — he supplemented his definition of com-
plementarity by the requirement that for any set of mutually complementary
(or independent) commodities Cj, j ∈ J (J being some subset of the set of in-
tegers {1, 2, . . . , n}), marginal utility should be strongly decreasing along any
ray ξ(t) = (α1t, α2t, . . . , αnt) such that αj > 0 for j ∈ J and αj = 0 otherwise,
i.e., d2U(ξ(t))/dt2 < 0 for t > 0 [185, Ch. IV, §42, p. 270; Appendix, §48, p.
577]. Believing that this implied the negative definiteness of the Hessian matrix
[Uij(x)], i, j ∈ J , he specifically asserted that, for such utility functions, if all
commodities were either independent or complementary to each other, i.e., if
Uij ≧ 0 for i 6= j, then the demand for each commodity would be a decreasing
function of its price and an increasing function of income [182, Ch. IV, §49,
pp. 260–1], [185, pp. 272–3]. Unfortunately his proof of negative definiteness of
the Hessian was faulty (see §3.5 below), and he does not appear to have pro-
vided a proof of the proposition, even assuming negative definiteness to hold;
however, a proof of the latter proposition can be readily supplied,11 thus justify-
ing Pareto’s intuition that his cardinal criterion, when combined with a strong
concavity assumption, does, after all, have meaningful empirical implications.

Pareto did provide a precise criterion for measurability of utility [182, Ch.
IV, §32, pp. 252–3], [185, pp. 264–5] — one that was subsequently referred to and
taken up by von Neumann and Morgenstern [147, pp. 18, 23]. This was based
on the hypothesis that an individual could compare differences in pleasure and
say whether the pleasure in moving from x1 to x2 is greater than the pleasure
obtained in moving from x2 to x3. He noted in particular that if it were possible
at the limit to find a bundle x2 such that the preference for x2 over x1 was just
equal to the preference x3 over x2, one would be entitled to say that the pleasure
obtained in passing from x1 to x3 was double the pleasure obtained in passing
from x1 to x2. He expressed strong reservations, however, about the possibility
of an individual’s being able to arrive at this much precision.12 Nevertheless,

11For a proof see Chipman [50]. It seems to be an open question whether the negative defi-
niteness does in fact follow from Pareto’s assumptions — which might need to be supplemented
by a quasi-concavity assumption.

12It is perhaps for this reason that Stigler concluded [229, p. 381]: “But Pareto believed
the consumer could not rank utility differences.” However, Pareto expressly stated that the
consumer could rank at least some utility differences; what he was reluctant to assume was the
kind of continuity or Archimedean axiom that would permit the construction of an interval
scale. For discussion of these questions see Chipman [48] as well as the papers by Ragnar Frisch
and Franz Alt translated in [51]. It should be added, however, that even if Pareto’s reluctance
to assume the continuity axiom is granted, it by no means follows that the construction of
a cardinal utility scale is not possible; on the contrary, these threshold problems are very
well known in mathematical psychology where methods have been developed, based on the
concept of “just noticeable differences,” to construct such scales precisely under the kinds of
conditions specified by Pareto.
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he certainly believed that the strict comparisons could often be made, and
concluded as follows:

Among the infinite number of systems of indices that are possible,
only those should be retained that have the property that if more
pleasure is experienced in passing from I to II than from II to III,
the difference between the indices of I and II should be greater than
that between the indices of II and III. In this manner the indices
will always provide a better representation of ophelimity.

It was only after providing this explicit statement concerning the numerical
representation of utility that Pareto proceeded with his theory of related com-
modities. And he provided an elaborate scheme [182, Ch. IV, §§66–68] for the
hierarchy of commodities that foreshadowed in a remarkable way the modern
developments along these lines carried out by Strotz [230] and others.

One interesting development of Pareto’s theory deserves to be mentioned,
particularly because it brings out in a special case the significance of the con-
siderations mentioned above. Schultz [215] adopted Pareto’s definitions of com-
plementarity and substitutability, and sought to apply these concepts empiri-
cally. In doing so he added an additional assumption, namely constancy of the
marginal utility of income. It is not hard to see from his development that,
implicitly or otherwise, this meant for him constancy in the Marshallian sense,
i.e., independence of prices. Schultz worked with the inverse demand functions,
expressing real prices as functions of the quantities consumed, i.e.,

(2.17)
pi

I
=

Ui(x)
n
∑

k=1

Uk(x)xk

≡ ψi(x) (i = 1, 2, . . . , n).

Now it was shown by Samuelson [207, p. 84] that if the marginal utility of
income is independent of prices, it must have the form µ(p, I) = m(I) = a/I,
where a = m(1); accordingly,

(2.18)
pi

I
=

Ui(x)

Im(I)
=

1

a
Ui(x),

so that (2.17) has the simple form

(2.19)
pi

I
=

1

a
Ui(x) = ψi(x).

It follows that Uij(x) has the same sign as ψij(x), and Pareto’s criterion can be
applied to the empirically estimable inverse demand functions (2.17).

Schultz followed Marshall [145, 8th ed., p. 335] in justifying the assumption
that the marginal utility of income was, in his words [215, p. 474], “sensibly
constant,” by saying that “the expenditure of the individual for any one com-
modity constitutes a small fraction of his income.” Such a justification does not
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appear to have been warranted; but in any event Schultz’s procedure is quite
legitimate if it is assumed that preferences are homothetic and the utility index
is chosen to be a linear function of the logarithm of a function which is homo-
geneous of degree 1. When preferences are homothetic, this is always possible;
and being possible, it is also convenient. Such a log-homogeneous utility func-
tion may therefore be regarded as a natural cardinal utility representation of the
consumer’s preferences, satisfying the strong concavity conditions postulated by
Pareto for the case of complementary commodities.13

2.3 Integrability

From the time of his earliest investigations into the theory of the consumer [154],
Pareto questioned whether a total utility function could properly be assumed
to exist, and maintained that such an assumption was unnecessary to explain
demand behavior. His point of departure [154, Part 1, pp. 414–5] was the
proposition that the individual’s mind was capable of absorbing the idea of
small variations in utility (marginal utility) but not large ones (total utility):

None of us has a clear conception of the total utility of eat-
ing, drinking, being clothed, and having a house to protect us; we
understand the advantages of these things only in terms of small
variations: more or less. In other words, our mind is able to absorb
only the notion of the final degree of utility.

Thus, the concept of marginal utility (“final degree of utility” in Jevons’s [118]
terminology, or “elementary ophelimity” in Pareto’s subsequent terminology
[163]) was regarded as the basic primitive concept. While this concept was
later to be set aside, along with his abandonment of measurable utility — in
his analysis of the equilibrium of the consumer, but not elsewhere — this did
not essentially change his views regarding the local or myopic nature of the
consumer’s perception of the utility of consumption. The question naturally
arose in Pareto’s mind as to whether (a) the assumption that a total utility
function exists which the consumer maximizes, or acts as if he is maximizing, is
needed in the theory of the consumer, and (b) the existence of such a total utility
function can be deduced from the partial differential equations characterizing
the equilibrium conditions of the consumer in the market. The second of these
is the integrability problem.

13In terms of the framework recently put forward by Samuelson [213], this would correspond
to taking what he calls the “Weber-Fechnerized money metric” (p. 1263). I might suggest
“Dupuit-Marshallized” as an alternative terminology for Schultz’s case, since it is the form
that is needed to justify consumer’s surplus analysis. The development presented in the text
suggests that Schultz’s treatment, despite its blunder of specifying linear forms for the inverse
demand functions, is deserving of more sympathetic interpretation than allowed by Samuelson
[213, p. 1284]. Samuelson in his paper also made the valuable observation [213, pp. 1272, 1277]
that one can employ an ordinally invariant criterion such as Uij/Ui −Ukj/Uk > 0, which can
be interpreted to mean that “commodity i is more complementary to commodity j than is
commodity k.” See also Georgescu-Roegen’s seminal contribution [99], which establishes a
formal identity between the Pareto and Hicks-Allen definitions of complementarity.
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Given the original and path-breaking nature of Pareto’s approach to the
theory of the consumer, it is all the more disappointing that his own solutions
to the problems he posed were far from satisfactory, and contained a number of
technical defects and confusions. In particular, Pareto kept confusing two quite
different conditions, both of which are, unfortunately, often referred to in the
mathematical literature by the same term “integrability conditions,” although
the term more properly applies only to the first. These are:

(1) The conditions that must be satisfied by the marginal utility functions
ϕi to ensure the existence of a non-constant solution U to the system of partial
differential equations

(2.20) ϕi(x)
∂U(x)

∂x1
− ϕ1(x)

∂U(x)

∂xi
= 0 (i = 2, 3, . . . , n);

or equivalently, the conditions the ϕi’s must satisfy in order to ensure the exis-
tence of a solution (or “integral”) of the “total differential equation”

(2.21) ϕ1(x)dx1 + ϕ2(x)dx2 + · · ·+ ϕn(x)dxn = 0,

by which is meant that there exists an integrating factor ι(x) (not identically
zero) such that the product ι(x)

∑n
i=1 ϕi(x) is an exact differential, i.e., that

there exists a non-constant function U such that

(2.22) dU(x) = ι(x)[ϕ1(x)dx1 + ϕ2(x)dx2 + · · ·+ ϕn(x)dxn],

so that Ui(x) ≡ ∂U(x)/∂xi = ι(x)ϕi(x).
(2) The conditions under which the total differential equation (2.21) is exact,

i.e., is already the differential of some function U , so that ι(x) = 1 in (2.22) is
an integrating factor.

The confusion between these two concepts runs through all of Pareto’s writ-
ings on the integrability problem, from his early 1892–3 treatise [154] right up
to his last major theoretical work [188]. He sometimes indicated an awareness
of the distinction, but more often than not he forgot. This curious gap in his
otherwise excellent grasp of mathematics seems to be what is mainly responsible
for the unsatisfactory nature of his treatment of the integrability problem.

A succession of slips made in his early treatise [154] — spotted and corrected
by Stigler [229, pp. 379–80] in his penetrating survey — is indicative of Pareto’s
unsure grasp of this subject. The first was the assertion [154, Part I, p. 415]
that if, in the case n = 2, ϕ1(x1, x2) and ϕ2(x1, x2) were not partial derivatives
of one and the same function, a total utility function U(x1, x2) would not exist;
whereas in the case n = 2 it is well known that there always exists an integrating
factor ι(x1, x2) such that ∂(ιϕ1)/∂x2 = ∂(ιϕ2)/∂x1 and hence a function U such
that ∂U/∂xi = ιϕi for i = 1, 2. This was presumably a minor lapse on Pareto’s
part, since in the final installment of the same treatise [154, Part 5, pp. 296–300]
he remarked that the total differential equation (2.21) need not be integrable if
n > 2 (p. 297), and is always integrable when n = 2 (p. 299); however, for the
case n = 3 he furnished the wrong integrability conditions, namely

(2.23)
∂ϕi

∂xj
=
∂ϕj

∂xi
(i 6= j),
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which are necessary and sufficient conditions for the differential equation (2.21)
to be exact, and are thus sufficient but not necessary for integrability in sense (1)
above. The correct integrability conditions, subsequently specified by Evans [82,
p. 120], Allen [7, pp. 222–3n], and Hotelling [116, p. 592], and in an equivalent
form by Hicks and Allen [115, p. 211n], are
(2.24)

ϕi

(

∂ϕj

∂xk
− ∂ϕk

∂xj

)

+ ϕj

(

∂ϕk

∂xk
− ∂ϕi

∂xk

)

+ ϕk

(

∂ϕi

∂xj
− ∂ϕj

∂xj

)

= 0 (i 6= j 6= k);

in fact, these are equivalent to the conditions that had already been stipulated
by Antonelli [12].14

Pareto always associated lack of integrability with a state of affairs in which
preferences depend on the order of consumption, i.e., in which the value of a
line integral

(2.25)

∫ 1

0

n
∑

i=1

ϕi(ξ(t))dξi(t)

along a path ξ(t), 0 ≦ t ≦ 1 connecting two points ξ(0) = x0 and ξ(1) = x1

depends on the particular path ξ chosen. Statements to this effect will be found
in all his major works on utility theory, starting from his early treatise [154,
Part 5, pp. 280–1], going on to his seminal work in which he abandoned mea-
surable utility [174, Part 2, p. 521], again in his German Encyclopaedia article
[178, pp. 1103–4], and culminating in his notorious article on “non-closed cy-
cles” [181], the main argument of which was reproduced in the Manuel [185,
Appendix, §§12–61, pp. 546–557]. Pareto’s critics have rightly taken him to task
for his literal interpretation of such integral paths as indicating the temporal
order in which an individual consumes the commodities he has purchased, as if
the consumer “eats his way” along the path (cf. Wilson [248, p. 468], Wicksell
[245], Wold [255, Part 1, pp. 115–6], Stigler [229, pp. 380–1], Samuelson [210,
pp. 361–2]). In fairness to Pareto it should be stated that he nearly always
qualified his discussions on this subject by saying that they were of purely psy-
chological interest and of no relevance to the problem of economic equilibrium,
sometimes quite emphatically, as when he stated [188, §18, p. 414]: “It must
be pointed out that these investigations remain foreign to the determination of
equilibrium.” What has not been so clearly recognized is that there is a much

14The equivalent form by Hicks and Allen was the one appropriate to the differential equa-
tion obtained by replacing the marginal utilities ϕi of (2.21) by the marginal rates of substi-
tution Ri(x) = ϕi(x)/ϕ1(x), and reduces to

(2.24′)
∂Rj

∂xk
− ∂Rk

∂xj
+Rj

∂Rk

∂xi
− Rk

∂Rj

∂xi
= 0 (i 6= j 6= k).

It is in this form (for i = 1) that the conditions were stated by Antonelli; see p. 347, formula
(21b) of the English translation of [12]. For discussion of the conditions see also Wold [255,
Part 1, pp. 114–5] and Stigler [229, pp. 379n, 380n]. The conditions are well known (and were
well known in Pareto’s time), and can be found in standard mathematical textbooks, e.g.,
Wilson [247, p. 255]; what was new, and so long in coming, was recognition of their relevance
to the particular economic problem.
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more fundamental logical objection to Pareto’s theory of open and closed cycles
which remains, even if his interpretation of path-dependence of line integrals is
overlooked.

The fact is that the necessary and sufficient conditions for a line integral
(2.25) connecting x0 and x1 to be independent of the path ξ connecting those
points are precisely the conditions (2.23) for the total differential equation (2.21)
to be exact. The problem of path-independence arises just as much in the two-
commodity case as in the general case, and is therefore irrelevant to the problem
of integrability. The integrability problem is the problem of whether there exists
an integrating factor ι such that the value of the line integral

(2.26)

∫ 1

0

n
∑

i=1

ι(ξ(t))ϕi(ξ(t))dξi(t)

is independent of the path ξ joining x0 and x1. In the case n = 2 such an
integrating factor always exists; but if one computes the line integral (2.25)
neglecting first to multiply each term ϕi(ξ(t)) by ι(ξ(t)), one will obtain path-
dependence and “open cycles,” even in the case n = 2. Unfortunately this is
just what Pareto did.
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In his 1900 work [174], Pareto treated the problem of going from indiffer-
ence directions to indifference maps and utility functions, but in a very intuitive
and geometric manner. A similar treatment was contained in the Appendix of
the Manuale [182], but with no recognition of the need to assume integrability
conditions. Volterra [239] in his famous review of the Manuale raised this ques-
tion, and Pareto’s detailed response [183] to Volterra’s suggestion is of interest
to historians of economic thought mainly because of the basic misconception it
reveals in Pareto’s approach to the integrability problem. An explanation of the
nature of this misconception may therefore be worth providing, if only to clear
away the mystery that has puzzled readers of Pareto’s works for so long.

The situation is best brought out by considering the case n = 2, where
no integrability problem arises. Pareto considered polygonal paths ξ(t) =
(ξ1(t), ξ2(t)) joining the origin (0,0) and some given point (x1, x2), of the form
(where we define s = x1 + x2)
(2.27)

(ξ1(t), ξ2(t)) =















(0, st) for 0 ≦ t ≦ k2/s;
(st − k2, k2) for k2/s ≦ t ≦ (k1 + k2)/s;
(k1, st− k1) for (k1 + k2)/s ≦ t ≦ (k1 + x2)/s;
(st − x2, x2) for (k1 + x2)/s ≦ t ≦ 1,

where 0 < k1 < x1 and 0 < k2 < x2 (see Figure 1). He then considered an
example of a total differential equation

(2.28) ϕ1(x1, x2)dx1 + ϕ2(x1, x2)dx2 = 0

which was not exact [183, p. 23, formula (11)]; in his words: “The integrability
conditions are not satisfied; therefore the ophelimity depends on the order of
consumption.” (By “integrability” he could only have meant “exactness,” since
a page later he found an integrating factor and a solution for his example of
(2.28).) He proceeded to try to prove that if the “elementary ophelimities”
ϕi were assumed a priori to be independent of (k1, k2), and an individual was
constrained by experiment to follow the above path (2.27), it would be possible
to estimate the ϕis empirically (up to a proportionality factor) from observations
on his market behavior.

His attempted proof goes as follows. First, he computes the line integral of
(2.28) along the path (2.27) to obtain a function

Uk(x) =

∫ k2

0

ϕ2(0, ξ2)dξ2 +

∫ k1

0

ϕ1(ξ1, k2)dξ1

+

∫ x2

k2

ϕ2(k1, ξ2)dξ2 +

∫ x1

k1

ϕ1(ξ1, x2)dξ1,(2.29)

which he then differentiates to get

(2.30) ϕ1(x1, x2)dx1 +
[

ϕ2(k1, x2) +

∫ x1

k1

ϕ12(ξ1, x2)dξ1

]

dx2 = 0.
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He then asserts that the market behavior of an individual constrained to follow
the path (2.27) would be given by an equation of the form dx1+R

k(x1, x2)dx2 =
0, where Rk(x1, x2) is the ratio of the coefficient of dx2 in (2.30) to that of dx1;
and that by using the constraint that ϕ1 must be independent of k1, k2, one
could identify ϕ1(x1, x2) up to a proportionality factor.

Finally, Pareto performs another experiment in which the individual is now
free to choose whatever path he pleases. The relevant differential equation is
then (2.28), and by combining the empirical data on

R(x1, x2) ≡ ϕ2(x1, x2)/ϕ1(x1, x2)

obtained by observing his market behavior under these conditions with the
estimate of ϕ1(x1, x2) (up to a proportionality factor) obtained by observing
his market behavior in the constrained conditions, one obtains an estimate (up
to a proportionality factor) of ϕ2(x1, x2).

There are a number of difficulties with this argument. In the first place,
the consumer’s marginal rate of substitution is postulated, to begin with (from
(2.28)), to be given by R(x1, x2) = ϕ2(x1, x2)/ϕ1(x1, x2); and this is simply
inconsistent with (2.30) unless the coefficient of dx2 is ϕ2(x1, x2), which it can
be only if ϕ12 = ϕ21, i.e., only if the equation (2.28) is exact.15 Secondly, it
is not clear why the coefficient of dx2 in (2.30) should not also be assumed a
priori to be independent of k1 and k2 (it is obviously independent of k2); but
it is independent of k1 if and only if, once again, ϕ12 = ϕ21 Thus, there seems
to be no way to justify Pareto’s procedure, and it must be considered to be a
blunder.16

The exploration has been of interest, however, in shedding light on two mat-
ters. First of all, it is clear that Pareto was never aware of the necessity of
conditions (2.24), and of what could be meant by their failure. This remained
for Allen [7, 115], Georgescu-Roegen [98], and Samuelson [210] to investigate.17

Secondly, Pareto is shown to be seeking experiments which will make it possible
to measure ophelimity. Even though the attempt must be considered unsuccess-
ful, the fact that he made it should help dispel the belief that he was inconsistent
in adhering to a notion of cardinal utility in his theory of related demands, even

15That is, we require

0 = ϕ2(x1, x2) − ϕ(k1, x2) −
∫ x1

k1

ϕ12(ξ1, x2)dξ1

=

∫ x1

k1

ϕ21(ξ1, x2)dξ1 −
∫ x1

k1

ϕ12(ξ1, x2)dξ1,

independently of the choice of k1, k2. Differentiatiing with respect to k1 we obtain
ϕ21(x1, x2) = ϕ21(x1, x2).

16On a related question concerning Pareto’s 1911 approach [188], see Georgescu-Roegen [97,
p. 713].

17Georgescu-Roegen [98] was also apparently the first to point out that the integrability
conditions (2.24) are still not sufficient for the existence of a utility function in a meaningful
economic sense. This could be the case if, in the neighborhood of a singular point where all
ϕi(x) = 0, the solution is a logarithmic spiral.
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though he recognized that in general such a cardinal indicator could not be
identified from market data.



Chapter 3

Welfare Economics and

International Trade

3.1 Historical background

Although we think of Pareto today as an academic and even a highly abstract
economist, in fact he was in 1891 a practical man who was extremely well
informed about and deeply concerned with current economic developments in
Italy. He had just been defeated in parliamentary elections in which he had
run as a free trader in opposition to the protectionist and militaristic trends
in the government.1 Not being able to publish his analysis of these trends in
Italy, he achieved notoriety by publishing it in France [150], along with another
widely disseminated pamphlet providing statistical details [149]. In brief, Pareto
showed that the tariff approved by the Italian parliament in 1887, and the
simultaneous rupture of Italy’s commercial treaty with France, had virtually
wiped out Italy’s wine and silk exports, and had led to a fall in aggregate
exports and imports in the years 1888–90 following a steady rise from 1884
to 1887; whereas during these post-tariff years other European countries had
continued to experience increases in both exports and imports. Pareto also
provided statistics to show that the tariff had resulted in a fall in per capita
wheat consumption in Italy, as well as a significant rise in emigration.

It is with this background that Pareto, who was at the time avidly absorbing
Walras’s Elements [242], set out to provide a deductive proof of the optimality
of free trade. The background just described can serve to explain both the
energy and originality that Pareto brought to the task, and the blind spots
which prevented him from developing the theory to its logical conclusions.

1This was the period of Italy’s military ventures in Eritrea.

27
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3.2 Theory of tariffs

Having successfully uncovered a blunder by Cournot [52] in his treatment of
the gains from international trade (cf. [151]) — a task which was subsequently
to be repeated by Fisher [88] and Viner [238, pp. 586-9] without knowledge of
Pareto’s discussion — Pareto went on [153] to tackle the large work by Auspitz
and Lieben [17]. These authors had provided an argument in favor of tariff pro-
tection by means of a geometric analysis employing supply-and-demand curves
similar to Marshallian offer curves. Pareto took exception to their assumptions
of constancy of the marginal utility of income and constancy of the n − 1 re-
maining prices. However, he had sense enough to recognize that these were
not fundamental objections and went on to meet their argument on their own
terms, within the framework of a two-commodity model. While his analysis was
interesting in its own right, the outcome was disappointing; he triumphantly
concluded that the home country could gain only if the foreign country loses,
hence: “This method of inflicting damage on one’s neighbor is tantamount to
reducing oneself to poverty in order to harm the shopkeepers one has been pa-
tronizing” [153, p. 231] — which is not a correct analogy at all. He added that
the tariff revenues would be squandered by the government anyway — which is
no doubt true, but what it meant to have recourse to this argument was that he
had not succeeded in setting out what he had aimed to do, which was to prove
that tariffs are necessarily harmful to the country imposing them.

3.3 Welfare economics

A few years later, Pareto made one of his fundamental contributions to wel-
fare economics [157]. He started out [156] with an exposition of the Walrasian
system, allowing — in response to objections raised by Edgeworth [68] — for
variable factor supply. We may set this out as follows. Letting xij denote
the amount of commodity j consumed by individual i, and zik the amount of
the services of the kth factor of production supplied by individual i, the ith
individual has a utility function

(3.1) Ui(xi1, xi2, . . . , xin,−zi1,−zi2, . . . ,−zir) (i = 1, 2, . . . , m)

where n is the number of consumer goods and r the number of factors of pro-
duction, m being the number of individuals. Denoting the total output of com-
modity j by yj and the total input of factor k by ℓk, equality of supply and
demand entails

(3.2)

m
∑

i=1

xij = yj ,

m
∑

i=1

zik = ℓk (j = 1, 2, . . . , n; k = 1, 2, . . . , r).

Factor demand is determined by

(3.3) ℓk =

n
∑

j=1

bjkyj (k = 1, 2, . . . , r),
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where the bjk are fixed production coefficients, and equality of prices and unit
costs entails

(3.4) pj =

r
∑

k=1

bjkwk (j = 1, 2, . . . , n),

where pj is the price of commodity j and wk the price of the services of factor k.
Choosing commodity 1 as numéraire and setting p1 = 1, the system is completed
by specifying the equilibrium conditions for individuals as consumers of products
and suppliers of productive services,2 namely the conditions expressing equality
of marginal rates of substitution and price ratios:

(3.5)
Ui1(xi,−zi) =

1

pj
Uij(xi,−zi) =

1

wk
Ui,n+k(xi,−zi)

(i = 1, 2, . . . , m; j = 1, 2, . . . , n; k = 1, 2, . . . , r),

where xi = (xi1, xi2, . . . , xin) and zi = (zi1, zi2 . . . , zir), and where Uij =
∂Ui/∂xij and Ui,n+k = ∂Ui/∂(−zik); and the budget identities:

(3.6)

n
∑

j=1

pjxij −
r
∑

k=1

wkzik = 0 (i = 1, 2, . . . , m).

As Pareto observed, equations (3.2)-(3.6) constitute (m+2)(n+ r)−1 indepen-
dent equations in the (m+2)(n+ r)− 1 unknowns xij, zik, yj, ℓk, pj, wk. Pareto
also remarked [156, p. 145] that if any factor was offered in inelastic supply, its
marginal utility would be zero and the corresponding equation would be deleted
from (3.5).

Pareto’s point of departure in analyzing this system of equations was the
remark [156, p. 149] that: (i) “their solution satisfies the condition of providing
maximum welfare. This is shown by the fact that equations (3.5) which express
this very condition, form a part of these formulae”; and (ii) as a result of
the equality between the number of equations and number of unknowns, “the
problem is entirely determinate.” With respect to (ii) we of course know now
that this counting rule is not sufficient to establish the existence of equilibrium;
of greater interest than (ii) for our purposes is, however, remark (i): what did
Pareto mean by “providing maximum welfare”? Did he mean what we now
describe as “Pareto optimal”? Pareto attributed the result to Walras; but a
consideration of Walras’s original statement sheds very little additional light on
this question [242, p.121]: “The exchange of two commodities for each other
in a market regulated by free competition is an operation by which all holders
of either one or the other of the two commodities, or of both, can obtain the
greatest possible satisfaction of their wants consistent with the condition that
the two commodities be bought and sold at a common and identical rate of

2Actually, Pareto initially adopted Walras’s assumption of additive separability of each Ui

but subsequently adopted Edgeworth’s more general formulation.
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interchange.”3 On the face of it, this statement seems to express no more
than a truism, namely that at the equilibrium prices, each trading individual
maximizes his satisfaction subject to the budget constraint determined by those
prices and his holdings. This indeed is how the proposition was subsequently to
be interpreted by Scorza [218];4 but Walras regarded it as fundamental, and as
we shall see presently, Pareto did interpret it as meaning “Pareto optimality.”

Pareto was dissatisfied with the assumption of fixed production coefficients
in Walras’s formulation, and sought to generalize the model by allowing them
to be variable. He therefore introduced the functions 5

(3.7) fj(bj1, bj2, . . . , bjr) = 1 (j = 1, 2, . . . , n).

Writing vjk = bjkyj for the amount of the kth factor employed in the jth
industry, where

∑n
j=1 vjk =

∑m
i=1 zik, this of course defines the production

functions

(3.8) yj = fj(vj1, vj2, . . . , vjr) (j = 1, 2, . . . , n),

which are homogeneous of degree 1.6 Since (3.7) adds the nr new variables
bjk and only n new equations, Pareto added the condition that unit production
costs, given by the expression on the right side of equation (3.4), be minimized
with respect to the bjk for each fixed set of factor prices wk, yielding the n(r−1)
additional equations

(3.9) w1
∂fj/∂bjk

∂fj/∂bj1
− wk = 0 (j = 1, 2, . . . , n; k = 1, 2, . . . , r).

He then enunciated the following fundamental theorem [157, p. 55]: “that the
production coefficients determined by free competition have values identical
with those obtained by determining these coefficients by the condition that
they produce maximum utility with minimum sacrifice.” His proof is difficult
to follow, but a few years later an elegant streamlined proof was presented in
the Cours [163, I, (385)2, p. 257; II, (719)2, pp. 88–9 and (721)2, pp. 92–4],
which will now be briefly summarized.

Pareto formulated the problem as one which would be faced by a socialist
state, with a Minister of Production whose job it was to determine the pro-
duction coefficients, and a Minister of Justice whose job it was to allocate the
outputs so produced among the individuals in such a way as to obtain maximum

3The passage occurs again on p. 99 of the 1926 edition. See p. 143 of the Jaffé translation
as well as the discussion there on pp. 510-11.

4Wicksell [244] had already made the same criticism prior to Scorza [218].
5Pareto actually wrote them in the form Fj (bj1, bj2, . . . , bjr) = 0; (cf. [157, p. 50]). The

difference of course is trivial since one can define Fj = fj − 1.
6Pareto’s contribution preceded by a few months that of Wicksteed [246]. As Jaffé [117]]

recounts, Barone shortly thereafter submitted a review of Wicksteed’s monograph to the
Economic Journal which was turned down by its then editor, Edgeworth. This is one of the
events that soured Pareto’s relations with Edgeworth. Pareto subsequently [159] generalized
his treatment to allow for variable returns to scale.
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utility for each citizen [157, pp. 52, 65]. He took it for granted that prices would
be used by the socialist state,7 but replaced (3.6) by the condition (with p1 = 1)

(3.10)

n
∑

j=1

pjxij −
r
∑

k=1

wkzik = λi (i = 1, 2, . . . , m)

where the parameters λi were under state control; nevertheless, consumers
would maximize their utility functions (3.1) subject to (3.10), so that the con-
ditions (3.5) would still hold. On the other hand, he assumed that production
would all be under government control, so that conditions (3.9) (and (3.4)8)
would not necessarily hold; in fact, the problem is precisely to show that (3.4)
and (3.9) follow from the conditions of social optimality. Thus, from (3.1),
(3.5), and (3.10) one has, for any fixed set of prices p = (p1, p2, . . . , pn) and
w = (w1, w2, . . . , wr),

(3.11) dUi = µidλi (i = 1, 2, . . . , m),

where

(3.12) µi = Ui1 = Uij/pj = Ui,n+k/wk

is the marginal utility of the ith person’s income. Pareto then considers the
aggregate net value variable

(3.13) Λ =

m
∑

i=1

λi

and observes that as long as dΛ > 0, it is possible by an appropriate reallocation
of the xij and zik among the m individuals to make each dλi > 0; accordingly
his criterion for a social optimum is dΛ = 0, or that Λ should be a maximum.
From (3.2), (3.3), (3.10) and (3.13), one has

(3.14) Λ =

m
∑

j=1

yj

(

pj −
r
∑

k=1

bjkwk

)

.

When this is maximized with respect to the yj and bjk, subject to (3.7) — or
equivalently, subject to fj(bj1yj, bj2yj , . . . , bjryj) = yj , j = 1, 2, . . . , n — one
obtains precisely (3.4) and (3.9).9

7It should be remarked, however, that there is a noteworthy treatment in the final chapter of
the Cours [163, II, §(1017)1, pp. 366–8] in which Pareto takes up the role of non-desired capital
goods in a socialist society (i.e., capital goods that do not directly enter utility functions) and
shows that implicit accounting prices would have to be used for the purpose of achieving
Pareto optimality.

8Actually, Pareto assumed (3.4) to hold and established that (3.9) followed by maximization
of the function Λ (given by (3.13) below) with respect to the bjk subject to (3.7); the treatment
given here is therefore somewhat more general than Pareto’s.

9As was stated above, the argument just summarized is that of the Cours. In his earlier
1894 treatment Pareto considered partial derivatives of xij and zik with respect to the bjks,
which seems to imply the existence of some implicit allocation rule. The difficulty in trying
to make this argument rigorous is in finding a precise way to define such a rule.
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The above argument, it will be recognized, contains not only the concept of
“Pareto optimality” but also the essence of the Compensation Principle. Lest
there should be any doubt concerning the degree of Pareto’s understanding of
this principle, the following passage should dispel it [157, p. 60]:10

If the dλis are all positive, every individual undergoes a gain in
utility and we shall say elliptically that social utility increases. In
that case it will be advantageous to all members of society for bjk

to be increased by dbjk. Likewise if the dλis are all negative, each
individual will suffer a loss in utility, and we shall say elliptically

that social utility decreases. In that case it will be advantageous not
to increase bjk but rather to decrease it by dbjk. And so on we will
proceed in one way or another as long as all the dλjs have the same
sign. But, when we reach the point at which some are positive and
others negative, we shall not be able to proceed any further because
we shall be favoring some individuals at the expense of others. When
bjk increases by dbjk, if some dλis are positive and others negative,
this means that the utility enjoyed by certain individuals increases
and that of others decreases. It is not possible to offset these various
utilities against each other since they are reckoned in different units.

Expressions (3.10) on the other hand all represent quantities of
commodity 1, the other commodities being thus expressed in the
same unit. Letting dζ be the sum of the positive dλis and dσ that
of the negative dλis, if dζ − dσ is positive we can take as much of
commodity 1 away from individuals for whom the dλis are positive
(the others being reckoned in terms of commodity 1) as is needed to
bring the negative dλis back to zero, and there will still be a residual.
Hence, society as a whole will have made a gain. This gain can be
distributed among all the members of society, or among only some;
this is a question which I shall not now examine — it is enough to
point out its existence. Hence it will be desirable to increase bjk

by dbjk and only later to examine how to distribute that residual.
When should we stop increasing bjk? Precisely when dζ − dσ = 0;
because proceeding still further, so that dζ−dσ becomes negative, it
would no longer be possible to take so and so much of the commodity
away from those for whom the dλis are positive to compensate the
individuals for whom the dλis are negative. Society as a whole would
therefore undergo a loss and no longer a gain.

It would be difficult to find in later writings a clearer statement of the case
for productive efficiency than this; and Pareto’s argument contains the essence
of the New Welfare Economics launched by Hicks [112] forty-five years later.
An interesting illustration of the principle presents the case perhaps even more
sharply [157, p. 56]:

10The symbols and formulas in the above development (and similar passages to be quoted
below) have been substituted for Pareto’s own.
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The question has been raised whether entrepreneurs would not
find it more to their advantage to employ more labor and less cap-
ital in order thereby to acquire consumers, on the grounds that the
workers, having a larger sum total of wages to spend, would buy
more commodities.

My theorem answers this question in the negative. If it were
desired to procure some advantages for workers, it would be better
to give them a certain sum directly which would be taken from other
citizens, and to leave the production coefficients as they are, since
they ensure the greatest possible total of utility with the minimum
disutility.

Unfortunately, Pareto slightly misinterpreted his own result in stating that
the production coefficients would have the same values under conditions of
“maximum social utility” as under free competition; this of course is not the
case, since the equilibrium prices need not be the same in the two situations.
What Pareto actually showed, and should have said, is that the production
coefficients are the same functions of factor prices in the two situations. This
bit of carelessness does not essentially detract from Pareto’s argument in the
illustration just cited; but it appears unfortunately to be largely what led him
astray in applying his theorem to the theory of international trade.

3.4 Application to international trade

In a follow-up article [159] Pareto proceeded to apply his new results to the
theory of international trade, and in particular to the problem of the welfare
effects of an import duty; subsequently he provided a somewhat clearer expo-
sition of his treatment in the Cours [163, II, §§862–873, pp. 222–7]. Briefly,
his approach consisted in dealing with what he set forth as being an equivalent
problem: that of assessing the additional requirements in terms of services of the
factors of production (which by a suitable income distribution could be trans-
lated into an increased disutility for each member of society) that would result
if the consumption of each commodity were to be maintained at its previous
level while imports fell as a result of the tariff, it being assumed that domes-
tic prices were kept equal to unit costs and trade kept balanced. His analysis
appears to contain a fairly serious slip: he used domestic prices rather than
exclusively foreign prices in setting down the balance-of-payments identity, as a
result of which proper account was not taken of the tariff revenues. He came to
the conclusion that there would be a welfare loss proportionate to the change
in the domestic price ratio of the export good to the import good, rather than
to the foreign ratio (i.e., the terms of trade). As a result, he was able to arrive
at the statement [163, II, §873, p. 227]: “every protective measure produces a
destruction of wealth. This is one of the surest and most important theorems
to which economic science leads.”

This result is certainly correct from the international point of view; that
is, whatever a country could gain by a tariff it could gain in equal measure by
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a tribute exacted from foreign countries, at less cost to the rest of the world.
However, Pareto did not put the matter this way. He distinguished between
protective tariffs and other kinds, characterizing the former by the criterion that
they had as their aim the reduction of imports. He allowed, as a theoretical
possibility, export taxes on a product in which the exporting country held a
monopoly position, and agreed with Edgeworth’s analysis [69, Part 2] that if the
foreign offer curve were inelastic a tariff would have the effect of raising imports
and improving the country’s terms of trade, and thus improving the country’s
welfare. However, this result need not hold unless the proceeds of the tariff are
included among the welfare benefits; for example, if the government spends all
the proceeds on the import good and this consumption is not included among
the gains, there will actually be a welfare loss to the country’s citizens even
though total imports increase (cf. Lerner [131]). On the other hand we know
from the Bickerdike-Edgeworth theory [26, 27, 77] that as long as the foreign
offer curve is less than infinitely elastic and the home transformation surface is
differentiable and strictly concave to the origin, there will be some sufficiently
small but positive “incipient” tariff that will improve the home country’s welfare
if suitable income transfers are undertaken. This flatly contradicts Pareto’s
position. And, as we have seen, his position cannot be rescued by resorting
to the hypothesis that the tariff proceeds are squandered by the government,
because this would not square with his acceptance of Edgeworth’s argument
that tariffs are beneficial when they result in increased imports.

Despite his acceptance of Edgworth’s argument as indicating a theoretical
possibility, Pareto argued that the case did not apply to the analysis of protec-
tive import duties, since the types of commodities a country imports usually
constitute a small proportion of the market for these products, and therefore
a tariff is unlikely to have an appreciable effect on import prices. The trou-
ble with this very plausible sounding argument is, of course, that it violates
Lerner’s symmetry theorem [131]: even if it is true that a tariff may have very
little (absolute) effect on the world prices of a country’s imports, if resources are
internally mobile the rise in the internal price of imports will induce a movement
of resources out of the country’s export industries into the import-competing
industries, resulting in a contraction of output in the export industries and thus
— as long as the country is an important supplier of this product — in a rise
in the world price of its export good and hence an improvement in its terms of
trade.

It must be concluded that while Pareto developed extremely important con-
cepts in welfare economics — in fact, just about all the basic concepts underlying
modern welfare economics — his application of these concepts to international
trade theory was less than satisfactory. Possibly it is a case of strong preconcep-
tions blocking the logical course of analysis.11 On the other hand, Pareto did

11In fact, he admitted as much in the Preface to the Manuale [182, p. viii]. Nevertheless,
he never abandoned his view that protection involves a “destruction of wealth”, but took
the position that economic disadvantages might in certain practical cases be outweighed by
non-economic advantages, and that one should therefore not jump to policy conclusions solely
on the basis of one’s economic analysis.
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make three additional contributions to welfare economics, one a very interesting
cost-benefit analysis of the railroad industry [152], and two further contributions
which I shall now discuss, which are of a fundamental nature.12

3.5 The controversy with Scorza

We have already remarked with respect to equations (3.2)–(3.6) of the Walrasian
system that Pareto had left things in a rather unsatisfactory state in accepting
Walras’s propositions that (i) competitive equilibrium entailed “maximum wel-
fare” and (ii) the system was determinate owing to the equality of the number
of equations and the number of unknowns. These two problems gave rise to a
series of critical papers by a mathematician, Gaetano Scorza [217, 218, 219].

Scorza began by pointing out [217] that it would be possible for the system
to have no solution (although no example was presented); he went on to give
still greater emphasis to the possibility of multiple solutions, thereby question-
ing the logical validity of Walras’s demonstration that a determinate solution
would be obtained in the market by means of the tâtonnement process, and in-
cidentally deploring the lack of an explicit dynamic formulation of this process.
He also pointed out — without reference to Wicksell [244], who had already put
forward the same argument — that since individuals would have different levels
of utility in different equilibrium positions, the “maximum utility” they enjoyed
in one of these positions could not all be absolute maxima — thereby leaving in
doubt the meaning or logical validity of the claims made by Walras concerning
the optimality of free competition. It is clear that the points raised by Scorza
were all quite legitimate ones; those that had not already been raised before
were all raised again by subsequent writers, and settled: by Wald [240, 241],
Arrow and Debreu [16], and others, in connection with the existence of equi-
librium; by Samuelson [208], Arrow, Block, and Hurwicz [15], and others, in
connection with the explicit dynamic formulation of the tâtonnement process;
and by Arrow [13], Debreu [64], and Koopmans [128], in connection with the
proposition that every competitive equilibrium is a Pareto optimum, combined
with the converse proposition that every Pareto optimum can be sustained by
a competitive equilibrium — the so-called Fundamental Theorems of the New
Welfare Economics.

Scorza followed up his critique with a review of an article by Cassel in which
he expressed approval of Cassel’s position [44, p. 431] with regard to Pareto’s
proposition [163, I, §(100)1, p. 46n] that every participant in the market achieves
maximum satisfaction, saying that “the reasoning according to which this con-
clusion is drawn from the presence of the equations of maximum satisfaction
[i.e., (3.5) above] in the system which determines the equilibrium is nothing but
a gross sophistry” [218, p. 194]. He elaborated this criticism in a further article
[219] in which he went wide off the mark by suggesting that under free com-

12It is worth mentioning, in addition, a contribution [177] which does not fit in to any of
the main categories under consideration, namely a formulation of the concept of dynamic
equilibrium in terms of a system of differential equations.
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petition each participant should — after calculating his excess demand at each
set of prices so as to maximize utility — make a second calculation to select
that (equilibrium?) price at which his utility would be maximized. In short,
he failed to grasp the idea of the parametric role of market prices. This made
him easy prey for Pareto who followed [180] with a scathing attack on Scorza,
which he made the occasion for an attempt at a precise statement and proof of
the proposition that, as we now describe it, every competitive equilibrium is a
Pareto optimum (cf. Koopmans [128, p. 49]). Pareto proceeded as follows [180,
pp. 410–12]. Let there be m traders with utility functions

(3.15) Ui(xi1, xi2, . . . , xin) (i = 1, 2, . . . , m)

where xij is the amount of commodity j consumed by individual i, and aij is
his initial endowment of commodity j. Defining excess demand by

(3.16) qij = xij − aij (i = 1, 2, . . . , m; j = 1, 2, . . . , n),

any solution to the system (including that of free competition) is assumed to
satisfy equality of demand and supply

(3.17)

m
∑

i=1

qij = 0 (j = 1, 2, . . . , n);

likewise, for any price constellation p = (p1, p2, . . . , pn) the corresponding excess
demands are assumed to satisfy the budget equalities

(3.18)

n
∑

j=1

pjqij = 0 (i = 1, 2, . . . , m).

Finally, if p∗j and q∗ij are the prices and excess demands corresponding to a par-
ticular competitive equilibrium solution, where p∗1 = 1, this solution is assumed
by definition to satisfy

(3.19) U∗
i1 =

1

p∗j
U∗

ij (i = 1, 2, . . . , m; j = 1, 2, . . . , n)

where U∗
ij = Uij(x

∗
i1, x

∗
i2, . . . , x

∗
in) and x∗ij = q∗ij + aij. Equations (3.17), (3.18),

and (3.19) are those which together determine the competitive equilibrium, and
the point at issue between Pareto and Scorza is whether the presence, in this
system, of equations (3.19) (which correspond to (3.5) for the special case of
fixed factor supplies) is what permits one to conclude that the competitive
equilibrium is “Pareto optimal.” In order to demonstrate this point Pareto
examines the consequences of abandoning (3.19) while retaining not only the
feasibility constraints (3.17) but also the budget equations (3.18). Now, Pareto
expresses a small departure from the competitive equilibrium position in terms
of the differentials

(3.20) dU∗
i =

n
∑

j=1

U∗
ijdqij (i = 1, 2, . . . , m),



3.5. THE CONTROVERSY WITH SCORZA 37

and from (3.17) and (3.18) derives the equations

(3.21)

n
∑

i=1

dqij = 0 (j = 1, 2, . . . , n)

and

(3.22)

n
∑

j=1

p∗jdqij +

n
∑

j=1

q∗ijdpj = 0 (i = 1, 2, . . . , m).

Substituting (3.19) in (3.22) and making use of (3.20) he then obtains

(3.23)
1

U∗
i1

dU∗
i +

n
∑

j=1

q∗ijdpj = 0 (i = 1, 2, . . . , m).

Finally, summing equations (3.23) over individuals and taking account of (3.17),
he obtains

(3.24)

m
∑

i=1

1

U∗
i1

dU∗
i = 0.

He then points out that since U∗
i1 > 0 by hypothesis, the dU∗

i s cannot all be
positive or all be negative, and concludes [180, pp. 412–13]:

It follows from all of this that the equilibrium position of maxi-
mum ophelimity defined by equations (3.19) is such that one cannot,
in departing from it by infinitesimal variations in the quantities, in-
crease (or decrease) all the ophelimities, conferring advantages (or
disadvantages) on all the individuals, but that if some ophelimities
increase others necessarily decrease; if some individuals are favored,
others will be harmed.

On the face of it, this statement appears to contain a slip, in the view of the
parenthetical phrases; obviously, in departing from a competitive equilibrium it
is possible for all individuals to lose, although it is not possible for them all to
gain. Similar statements, which appeared later in the Manuale [182, Ch. IV,
§33, p. 337; Appendix, §45, pp. 543–4] and the Manuel [185, p. 354; Appendix,
§89, pp. 617–18], led Wicksell [244] to puzzle about their meaning. As Wicksell
perceived, however, the crucial word to be stressed in the above passage is the
elusive term “infinitesimal”; for Pareto immediately followed the above passage
by one containing an analogous statement for “finite”variations:

For a finite displacement, this proposition remains true provided
we remove the restriction that not all ophelimities can decrease, and
state that the equilibrium position defined by the equations (3.19)
of maximum ophelimity is such that one cannot, in departing from
it, cause all the ophelimities to increase, thus conferring advantages
on all individuals; but that at least same of the ophelimities must
decrease, i.e., some of the individuals must become worse off.
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Thus, it seems that Pareto was in his statements simply distinguishing between
first-order and second-order conditions; presumably in the case of a maximum
of a single function he would have said that for “infinitesimal variations” the
value of the function would neither increase nor decrease, whereas for “finite
variations” it would decrease. It remains only to attach an analogous and precise
meaning to the corresponding statement for a set of functions; below I shall
argue that this can be done in a perfectly rigorous way.

Pareto followed his “finite” statement by an attempted proof which will be
analyzed in detail below. He also provided an illustration for the two-individual
two-commodity case in which he took quadratic approximations to the utility
functions. Continuing with this approach, he also displayed an example of an
equilibrium in which one trader was a price taker, and the other a monopo-
list maximizing his utility subject to the knowledge of the price-taker’s excess
demand function, and showed that there existed a competitive equilibrium in
which both participants were better off.
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Pareto’s general method of proof was illustrated by a diagrammatic argu-
ment which he presented for the two-individual two-commodity case [180, p.
421]. His procedure was to superimpose the two individuals’ preference maps in
such a way as to make their equilibrium consumption points coincide (see Fig-
ure 2 where, as in Pareto’s figure, only the coordinate axes for individual 1 are
displayed). Pareto then considered movements in individual 1’s consumption
x1 = (x11, x12) along a line segment

(3.25a) x1 = ξ1(t; v1) = x∗1 + tv1 (t ≧ 0)

which was considered to be part of a budget line

p1x11 + p2x12 = p1x
∗
11 + p2x

∗
12,

so that the new prices p = (p1, p2) are orthogonal to the vector v1 = (v11, v12),
i.e., (v11, v12) = λ(−p2, p1). Since Pareto regarded these prices as intrinsically
positive, he limited himself to linear paths proceeding in the northwest and
southeast directions, i.e., to vectors v1 whose components were of opposite sign
(e.g., v11 < 0, v12 > 0 in Figure 2). So that individual 2 should satisfy the
corresponding budget constraint

p1x21 + p2x22 = p1x
∗
21 + p2x

∗
22

at the same prices, and in such a way as to maintain equality of total consump-
tion and total initial endowment, Pareto assumed that individual 1’s movements
(3.25a) would be balanced by equal and opposite movements on the part of in-
dividual 2, given by

(3.25b) x2 = ξ2(t; v1) = x∗2 − tv1.

Pareto noted that along such a path given by (3.25a) and (3.25b), for sufficiently
small t one individual would gain and the other lose — a correct proposition
provided p 6= p∗. He went on to note that this property was characteristic of
all competitive equilibrium points; since his terminology “maximum ophelimity”
has sometimes misled readers into thinking that Pareto was unaware of the non-
uniqueness of Pareto-optimal points, the following passage is worth quoting to
dispel any doubts [180, p. 422]:

The equilibrium point in the case under consideration therefore
enjoys the stated property; but it is not the only one to do so. Also
enjoying this property are all the points where two indifference lines
(one appertaining to one individual, the other to the other individ-
ual) are tangential. We thus have a locus which could be called
the locus of maxima of ophelimities; and if the initial quantities
possessed by the individuals are given, and if it is determined that
exchange is to take place at constant prices, free competition leads
precisely to equilibrium at a point on this locus. Other different sys-
tems of organization, provided they are appropriately chosen, could
also lead to equilibrium at a point on this locus.
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In the Manuale [182, Ch. VI, §35, p. 338], [185, p. 355], Pareto repeated
the same geometric argument as given above, but this time with the innova-
tion of the back-to-back diagram (Figure 3) — now known as the “Edgeworth
box”!13 Once again he noted that by moving along a straight line (3.25) from
the equilibrium point t = 0, one individual would necessarily benefit and the
other lose; and he added: “It is therefore not possible in departing from [the
equilibrium point] to benefit or harm both individuals simultaneously.” He later
recognized, however, that if the path (3.25) was chosen so as to coincide with
the original budget line through x∗1 at prices p∗, i.e, so that v1 = λ(−p∗2, p∗1),
both individuals would lose; in his words [185, Appendix, §122, p. 652]: “If the
movement takes place in the direction in which all the δU1, δU2, . . . are zero, all
the ophelimities will decrease, This is what takes place when one follows the
path along which the equilibrium of the consumers is established.”
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13The diagram may be said to have been implicit in Edgeworth [67, p. 28], however, but
without either the axes or the indifference curves.
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The proofs of the Pareto optimality of competitive equilibrium that have
been offered since Pareto’s time have been quite different in nature from Pareto’s
attempted proof. Lange [129] adopted the device of maximizing one person’s
utility subject to the utilities of the remaining m−1 individuals being held con-
stant; using classical calculus techniques he was able to show that the problem
was equivalent to that of maximizing a linear combination of individual utility
functions, and obtained as a necessary condition for an interior solution the
equality among individuals of their marginal rates of substitution between any
two commodities.14 Arrow (13) objected to Lange’s approach on the ground
that it did not take account of non-negativity constraints and corner solutions;
and up until very recently the standard treatments (Koopmans [128, pp. 46–53],
Debreu [65, pp. 68–71, 94–96]) have been based on the methods introduced by
Arrow [13] and Debreu [64] in which the differential calculus is eschewed and
reliance is instead placed on the theory of convex sets, and on the equivalence of
utility maximization subject to a budget constraint and expenditure minimiza-
tion subject to a utility constraint. Very recently, however, under the impetus of
the work of Smale [224], there has been a renewed interest in calculus methods
made more powerful by advances in global analysis and differential topology,
and in the light of the new point of view it is worth reexamining Pareto’s orig-
inal approach to see whether his proof can be recast in a correct and rigorous
manner, and to see to what extent it constitutes a legitimate and complete proof
of the proposition that a competitive equilibrium is a Pareto optimum. It will
be convenient to start by presenting the following argument which is adapted
from a more general treatment due to Hans Weinberger [243].

For simplicity only (since the new methods allow one to handle inequality
constraints) suppose we consider an initial equilibrium in which x∗ij > 0 for
each individual, i, and each commodity, j, and all prices are positive. Consider
an (m − 1) × n matrix V whose ith row is vi = (vi1, vi2, . . . , vin) and which

is normalized so that
∑m−1

i=1

∑n
j=1 v

2
ij = 1; for any such V and for sufficiently

small t > 0 we may define the path ξ(t; V ) by

(3.26)

{

ξi(t; V ) = x∗i + tvi (i = 1, 2, . . . , m− 1),

ξm(t; V ) =
∑m

i=1 ai −
∑m−1

i=1 ξi(t; V ) = x∗m − t
∑m−1

i=1 vi,

where ai = (ai1, ai2, . . . , ain) is the vector of the ith individual’s initial endow-
ments. By defining the vector vm = (vm1, vm2, . . . , vmn) by

(3.27) vm = −
m−1
∑

i=1

vi,

14In one respect Lange’s method is similar to Pareto’s. The weights λi in Lange’s linear
combination of utility functions, which he chose (arbitrarily, it seems) to be equal to 1, could
instead be chosen to be precisely the weights 1/U∗

i1 in Pareto’s formula (3.24). The latter
is the more suitable and natural choice, since Pareto’s weights are proportional to the recip-
rocals of the individuals’ marginal utilities of income, and these reciprocals are precisely the
“prices” corresponding to the slope of the utility possibility surface at the equilibrium point;
cf. Samuelson [209], [211, p. 11].
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we may write the mth function of (3.26) in the same form as the first m − 1.
Note that if V has rank ≦ n − 1 (which will be the case if m ≦ n) there will
exist a vector p 6= 0 satisfying V p = 0; this could be identified with Pareto’s
disequilibrium price vector p, although it should be noted that it could have
negative components. Note further that if m = n and V has full rank m− 1, p
is defined uniquely up to a proportionality factor; this special assumption could
thus be used to justify Pareto’s procedure.

Now, along a path ξi defined by (3.26), for t ≧ 0, the ith individual’s utility
is defined by

(3.28) ui(t; V ) = Ui(ξi(t; V )) (i = 1, 2, . . . , m).

Denoting u̇i = ∂ui/∂t and üi = ∂2ui/∂t
2, we may expand u̇i in a Taylor’s series

around t = 0 to one term, to obtain

(3.29) u̇i(t; V ) = u̇i(0; V ) + tüi(0; V ) + o(t),

where o(t) is a function such that o(t)/t → 0 as t → 0. Upon applying the chain
rule to (3.28) and using (3.26) and (3.27), (3.29) becomes

(3.30) u̇i(t; V ) =

n
∑

j=1

U∗
ijvij + t

n
∑

j=1

n
∑

k=1

U∗
i,jkvijvik + o(t),

where U∗
ij and U∗

i,jk denote respectively the partial derivatives ∂Ui/∂xij and

∂2Ui/∂xij∂xik evaluated at x∗i . Note that the first term on the right in (3.30)
corresponds to that of Pareto’s formula (3.20).

To obtain the analogue of Pareto’s formula (3.24) we note from (3.19) and
(3.27) that

(3.31)

m
∑

i=1

n
∑

j=1

U∗
ij

U∗
i1

vij =

n
∑

j=1

p∗j

m
∑

i=1

vij = 0.

Thus, from (3.30) and (3.31) we obtain the required formula

(3.32)

m
∑

i=1

1

U∗
i1

u̇i(t; V ) = t

m
∑

i=1

n
∑

j=1

n
∑

k=1

1

U∗
i1

vijvik + o(t).

The argument can now proceed as follows. Suppose first that

n
∑

j=1

U∗
ijvij < 0

for some individual i; then from (3.30) it follows that, for sufficiently small
ε > 0, u̇i(t; V ) < 0 for 0 < t < ε, i.e., the ith individual must become worse
off over a sufficiently small distance along such a path. This corresponds to the
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kind of path considered by Pareto in Figures 2 and 3 above. Now suppose, on
the contrary, that

n
∑

j=1

U∗
ijvij ≧ 0 for all i = 1, 2, . . . , m.

From (3.31), a positively weighted sum of these m terms must vanish; hence
each term must do so, i.e.,

(3.33)

n
∑

j=1

U∗
ijvij = 0 for i = 1, 2, . . . , m.

Geometrically, (3.33) states that vi must be orthogonal to p∗ for each i, i.e.,
it must belong to the ith individual’s budget hyperplane. Now, Ui may be
said to be strongly quasi-concave in a neighborhood of x∗i if, for all xi in that
neighborhood, the quadratic form

(3.34)

n
∑

j=1

n
∑

k=1

∂2Ui

∂xij∂xik
(xi)vijvik

is negative definite subject to

(3.35)

n
∑

j=1

∂Ui

∂xij
(xi)vij = 0.

Assuming this strong quasi-concavity property to hold for each i (it would
actually be enough to assume it for a single i), it follows that the weighted sum
of quadratic forms in (3.32) is negative; and since the remainder term is o(t), it
becomes negligible in comparison with the negative term for sufficiently small
t. Thus, the expression (3.32) is negative for sufficiently small t > 0. Since the
coefficients 1/U∗

i1 are positive, at least one person must therefore become worse
off as one starts to move along such a path.15

We may now compare this argument with Pareto’s. One difference that
should immediately be noted is that Pareto’s procedure of representing move-
ments away from equilibrium as movements along parallel budget hyperplanes
determined by non-equilibrium prices is not only unnecessary but unduly lim-
iting when m > n; for, by requiring the vis all to be orthogonal to a single

15It is clear from the above argument that it is enough to assume that the quadratic form
(3.34) is negative at x∗i whenever (3.35) holds at x∗i for the given vi, for i = 1,2, . . . , m (i.e.,
when (3.33) holds). When the sufficient condition is stated in this weak fashion, however, the
t > 0 for which at least one individual is worse off may have to be very small. The question then
arises as to whether there is a positive greatest lower bound to such maximal t for all V . This
can be shown to be the case, by a compactness argument; details are provided in Weinberger
[243]. It follows that the given equilibrium is a “strict local Pareto optimum” in Smale’s [224]
sense, namely that there is a neighborhood of the given equilibrium (x∗1, x

∗

2, . . . , x
∗

m) such that
for every other allocation in that neighborhood satisfying the constraints (3.17), at least one
individual is worse off.
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price vector p, the movements (3.26) are constrained to a subset of possible V
matrices so that, on the face of it at least, it might be possible for all indi-
viduals to benefit along one of the paths that is necessarily excluded by this
procedure when m > n (or along one of the paths excluded by his requirement
of positive prices). Pareto also supplemented the paths (3.26) by similar lin-
ear paths for the prices, whereas in the above argument (as well as in Pareto’s
own diagrammatic analysis) the direction of movement of the paths followed
by the quantities consumed was initially perturbed (in relation to the original
budget hyperplanes) but then fixed once and for all.16 If one examines Pareto’s
proof closely, however, one will see that no essential use is made of his assumed
price changes, and that the logic of his argument is essentially the same as that
contained in the argument presented above, but with one important difference:
his failure to fully exploit the quasi-concavity of the utility functions, and his
reliance instead on concavity.

In essence, Pareto’s argument proceeded as follows. At the equilibrium point
x∗i = ξ(0; V ), i = 1, 2, . . . , m, formula (3.32) reduces to

(3.36)
m
∑

i=1

1

U∗
i1

u̇i(0; V ) = 0,

which we can interpret as corresponding to Pareto’s formula (3.24). Pareto’s
verbal statement of the “infinitesimal” version of his proposition can be justified
as being simply a description of the possible directions of movement u̇i(0; V )
permitted by (3.36); that is, (3.36) implies that the u̇i(0; V ) cannot all be pos-
itive and, likewise, cannot all be negative. Pareto’s “infinitesimal” proposition
states this and nothing else. This leaves open, then, only two remaining possi-
bilities: (1) u̇i(0; V ) = 0 for i = l, 2, . . . , m; (2) some u̇i(0; V )s are positive and
others are negative. In his 1902 paper [180, p. 412], Pareto excluded the first
possibility on the fallacious grounds that, since it implied that the direction of
movement had to be along the original budget hyperplanes, it would contradict
the hypothesis that the paths departed from equilibrium. In the Manuel [185,
Appendix, §122, p. 652], however, in the passage quoted above, he correctly
noted — quite possibly as a result of Scorza’s criticism on this point [220, p. 55]
— that such paths had to be and could be accounted for. Also in his 1902 paper
Pareto implicitly assumed that each of the utility functions Ui was additively
separable [180, p. 414]; only later, in the Manuale [182, Appendix, §49, p. 551n]
was this assumption both made explicit and relaxed.

16That is, Pareto assumed the prices pi to move along the paths πi(t) = p∗i + σit, whereas
he would have done better, if he was going to use prices out of equilibrium at all, to adopt
the paths π(t) = pi; and in fact his argument does not depend on his price equations at all.
Scorza [220] was later to object that assuming the σis and vijs to be constants, Pareto’s price
equations when combined with the quantity equations (3.26) together violated the constraints
(3.17) and (3.18). In his later formulations in the Manuale [182, Appendix, §48, p. 549]
and Manuel [185, Appendix, §121, p. 651] Pareto pointed out that “it should be carefully
noted that the σis are not constants” but are assumed to vary in such a way as to satisfy
the constraints. Undoubtedly this remark was in response to Scorza’s objection, and we may
interpret the “minor blunder” that Pareto later ascribed to Scorza as being Scorza’s failure to
note that the σis were variable. The slip was surely Pareto’s however, rather than Scorza’s.
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Accordingly, the 1902 argument proceeded as follows. Each utility function
was assumed to be additively separable and to exhibit diminishing marginal
utility for each commodity, i.e.,

(3.37) Ui,jj < 0; Ui,jk = 0 for j 6= k.

Pareto now implicitly considered ( [180, p. 414] — and did so explicitly in the
Manuale [182, Appendix, §48, p. 550]) — the second derivative of ui:

(3.38) üi(t; V ) =

n
∑

j=1

n
∑

k=1

Ui,jk(ξ(t; V ))vijvik.

When (3.37) holds this obviously reduces to
∑n

j=1 Ui,jj(ξ(t; V ))v2
ij < 0. As-

suming case (2) to hold, Pareto then simply observed that since each of the
u̇i(t; V ) was decreasing, those that were negative at t = 0 had to remain neg-
ative for t > 0, and those that were positive could either remain positive or
become negative; in any event, at least one individual would necessarily remain
worse off. Later, in the passage previously cited in the Manuel [185, p. 652],
Pareto realized that the same argument could be used in case (1), that is, if
each u̇i(t; V ) = 0 at t = 0, they would all have to become negative for t > 0,
i.e., all individuals would necessarily become worse off.

In the Manuale [182, Appendix, §§48-9, pp. 549–552] (see also the Manuel

[185, Appendix, §§121–4, pp. 650–654]), Pareto relaxed the assumption of ad-
ditively separable utilities, and noted that his “finite” proposition followed if
the expressions (3.38) were all negative for t > 0. It remained then simply to
find sufficient conditions for this to hold; and he specified the conditions that
the principal minors of the Hessian matrix [Ui,jk] should be alternately negative
and positive.

A proof of virtually complete generality was now just within Pareto’s reach.
In place of strong quasi-concavity, all he had to assume was the slightly stronger
condition that each individual’s preferences were “strongly concavifiable,” i.e.,
that for each i there exist some strongly concave utility function Ui (i.e., one
whose Hessian had strictly oscillating principal minors) capable of representing
his preferences. Of course, the same preferences could be represented by non-
concave utility functions, and in terms of such utility functions no conclusion
could be drawn one way or the other by means of such an argument. In terms of
the argument presented above, strong quasi-concavity can be used when (3.33)
holds, and when (3.33) does not hold one need not consider second derivatives
at all, since by (3.30) they are of negligible importance in comparison with the
first-order terms. (The geometric meaning of this is obvious in terms of Figures
2 and 3; the first case, when (3.33) holds, corresponding to movements along the
budget lines, and the second case to other movements.) Nevertheless, it would
have made for a perfectly correct argument to employ (3.32) for both cases —
that in which (3.33) did not hold as well as that in which it did — provided
preferences could be and were represented by strongly concave utility functions.

Although such an argument was just within his reach, it did not occur to
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Pareto to avail himself of it. Instead, he had recourse to his theory of interrelated
commodities.

As was noted in §2.2 above, Pareto defined the n commodities to be com-
plementary (in his words, to have “a dependence of the first kind”) for the ith
consumer if

(3.39) Ui,jj < 0, and Ui,jk > 0 for j 6= k,

and if, moreover, along any ray from the origin,

(3.40) ξ0i (t; vi) = (vi1t, vi2t, . . . , vint), vij > 0, t > 0,

marginal utility was decreasing, i.e.,

(3.41)
d2

dt2
Ui(ξ

0
i (t; vi)) =

n
∑

j=1

n
∑

k=1

Ui,jk(ξ0i (t; vi)vijvik < 0.

The intuitive idea behind (3.41) was that when n commodities are mutually
complementary, then when they are combined in fixed proportions they may
be treated as a single commodity which exhibits diminishing marginal utility
(Manuale [182, Ch. IV, §42, p. 258], [185, p. 270]). Pareto believed that (3.39)
and (3.41) implied that (3.38) was negative definite; unfortunately his proof was
faulty ( [182, Appendix, §49, p. 552], [185, Appendix, §142, pp. 653–4]), since
it overlooked the dependence of the terms Ui,jk(ξ

0
i (t; vi)) in (3.41) on the vijs,

and thus, in effect, assumed what had to be proved.17

Thus it happened that Pareto associated the negative definiteness of (3.38)
with circumstances in which commodities were complementary or independent,
and failure of negative definiteness with circumstances in which commodities
were substitutes. And, equally erroneously, he considered the negative defi-
niteness of (3.38) to be indispensable for the proof of the Pareto optimality of
competitive equilibrium. This accounts for the surprising qualifying sentence at
the end of the following passage in the Manuale [182, Ch. VI, §37, p. 339], [185,
p. 356]:

Consequently, if one departs from the equilibrium position by a finite
distance along a straight line, the ophelimities enjoyed by the two
individuals may vary in such a way that one increases while the other
decreases, or both decrease; but they cannot both increase. This is
true, however, only for commodities whose ophelimities are indepen-
dent, or in the case in which the commodities have a dependence of
the first kind.

We may conclude with respect to Pareto’s attempted demonstration of the
“Pareto optimality” of competitive equilibrium that while neither his statement

17He reasoned that if
∑n

j=1

∑n
k=1 Ui,jkvijvik < 0 for all positive vij , vik , then it would

certainly hold if vij and vik had opposite sign, since Ui,jk > 0. What this argument overlooked
was that Ui,jk was a function of the vijs and viks, and defined only for positive values of these
arguments.
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nor his proof of the proposition was fully satisfactory, it is nevertheless clear that
in the course of meeting Scorza’s objections he had made a major reformulation
of Walras’s doctrine that could no longer be accused of being tautological.18

And the profession had to wait for another fifty years to pass before a fully sat-
isfactory proof was developed by Arrow [13] and Debreu [64]. In the meantime
it could only be questioned whether Pareto’s proposition was logically correct.

In a final riposte [220, p. 48], Scorza did just that. He accepted the correct-
ness of Pareto’s proposition regarding infinitesimal variations, but rejected his
proof for the case of finite variations on the ground that Pareto’s price variations
πi(t) = p∗i + σit violated the feasibility and budget constraints (see footnote 16
above). He went on, however, to provide his own proof of Pareto’s proposition
for infinitesimal and “very small” — but not “large” — variations. His method
anticipated Lange’s [129], in that he formulated the problem in terms of max-
imizing the sum of the individuals’ utility functions subject to the constraints
(following Pareto, he included the budget constraints (3.18) in addition to the
feasibility constraints (3.17)) employing the method of Lagrangean multipliers.
He even went on to obtain second-order conditions, so as to confirm Pareto’s
“finite” proposition locally ; but so as not to give Pareto any more credit than
was possible, he remarked that the proposition was not new but was known to
Launhardt and Edgeworth! However, having conceded this much, he went on to
criticize Pareto for not taking into account the case of multiple competitive equi-
libria; he assumed — and in the absence of an explicit assumption of (global)
quasi-concavity of utility functions, and assuming the conditions (3.19) to cor-
respond only to a local maximum for each individual, this could well be true —
that it would be possible to find such a case in which individuals were all better
off in one equilibrium than in another, and thus concluded that Pareto’s propo-
sition was locally, but not globally, true [220, pp. 60–61]. In his last sally [181]
Pareto accused Scorza of having committed a minor and a major blunder, refus-
ing to say what they were. The minor one was presumably the slip mentioned
in footnote 16 above — which was really Pareto’s and not Scorza’s. The major
one could well have referred to Scorza’s assumption concerning multiple equi-
libria; however, in the Manuale [182, Appendix, §23, p. 515] and Manuel [185,
Appendix, §35, pp. 564–5], Pareto indicated (but without mentioning Scorza by
name) that Scorza’s major error was his failure (but in his earlier article [219])
to comprehend that competitive behavior was characterized by the treatment
of prices as parameters by individual agents. Thus, both men ended their ac-
rimonious dispute at cross purposes, without meeting the point. Such was the

18The proposition is hinted at in Edgeworth [67, p. 23]: “Or, again, we may consider that
motion is possible so long as, one party not losing, the other gains. The point of equilibrium,
therefore, may be described as a relative maximum, the point at which, e.g., Π being constant,
P is a maximum” (where Π and P represent the utility functions of two individuals). A similar
although slightly less explicit statement will be found in the second edition of Marshall’s
Principles, with which Pareto was familiar [145, p. 506; 8th ed., p. 471]: “It is true then that
a position of equilibrium of demand and supply is a position of maximum satisfaction in this
limited sense, that the aggregate satisfaction of the two parties concerned increases until that
position is reached . . . ”. Pareto’s achievement was to turn these casual remarks into careful,
precise statements, to recognize that they required proof, and to provide a formal proof.
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origin of the concept of Pareto optimality and of the proposition that it was a
property of competitive equilibrium!

3.6 Social welfare

Ten years later it is interesting to find Pareto changing roles. In a remarkable
paper [189] he introduced the concept of a differential form

(3.42) dW =

m
∑

i=1

δidUi,

which we may interpret as the differential of a social welfare function.19 He
contrasted this with the expression (3.24), which he now represented

(3.43) dF =

m
∑

i=1

1

Ui1
dUi,

(although without providing a complete justification)20 as an exact differential
remarking that the aggregation of heterogeneous utilities defined by (3.43) was
justified by the fact that the terms in the sum were all expressed in units of
commodity 1 (see also the Manuel [185, Appendix, §127, p. 655]). He went on

19It could be argued that Pareto did not quite arrive at the concept of a social welfare
function since the expression on the right in (3.42) might not be integrable. However, Pareto
did write it as an exact differential, implying (at least implicitly) that the expression was
not only integrable but exact. Since there is every reason to assume that he regarded the
δis as constants, no question of integrability arises. Of course, in view of Pareto’s poor
understanding of the integrability problem (see §2.3 above), as well as the ambiguity of the
differential expression (3.43) below (see footnote 20), we cannot be sure that Pareto perceived
the matter so clearly himself, and it is certainly just as well that he was not challenged by
Volterra or someone else to investigate the integrability of (3.42)! What we can say, however,
is that in the use to which he put (3.42), he treated it just as if it was the differential of a
social welfare function.

20Pareto’s notation was a bit ambiguous and did not make entirely clear whether one should
interpret (3.43) to mean

(3.43′) dF (x1, x2, . . . , xm) =
m
∑

i=1

1

Ui1(xi)
dUi(xi)

or

(3.43′′) dF (x1, x2, . . . , xm; x∗1, x
∗

2, . . . , x
∗

m) =
m
∑

i=1

1

Ui1(x∗i )
dUi(xi).

However, the expression (3.43’) cannot be an exact differential unless each Ui1 is constant,
yielding the Auspitz-Lieben-Wilson-Samuelsonutility function of footnote 2 (§2.1 above); since
the choice of numéraire is arbitrary this means that each Ui would have to be linear, and the
indifference surfaces of each individual would have to be parallel to the budget hyperplane.
This is absurd. Thus, only the interpretation (3.43”) makes sense, and this defines a family
of indifference surfaces, one for each equilibrium point (x∗1, x

∗

2, . . . , x
∗

m); these are precisely
(when xi = x∗i and n = 2) the so-called “Scitovsky indifference curves” (cf. Samuelson [211],
Koopmans [128, pp. 51–2], and the remark made in footnote 14 above).
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to point out that although interpersonal comparisons of utility were not needed
to explain market phenomena — which he identified as being in the province
of economics — they were now needed to help explain non-market phenomena
such as collective (governmental) decisions — which he placed in the domain of
sociology. It is impossible to read this extraordinary paper without sensing its
relevance to problems of our own day, when Pareto distinguishes societies that
give greater relative weights to the utilities of humanitarians and criminals than
to those of the criminals’ victims, from societies that do the opposite. It was
clear which way Pareto’s preferences ran; in 1913 Pareto was definitely a “law
and order” man. Nevertheless he did not propose (3.42) as a device for forming
bases for policy prescriptions, as Bergson [23] and Samuelson [208] were to do
with the social welfare function after him (and quite independently of Pareto);
he had become too wise — or some might think, too cynical — to believe that
policy exhortations on the part of economists could have any effect. As we
might express it today, for Pareto the social welfare function was an expression
of the revealed preferences of a centrally organized society, as exhibited by its
observed behavior; it was an instrument not for recommending or denouncing,
but for describing and classifying.

This paper, together with the further elaboration in the Treatise on General

Sociology [191, §§2111–2139], also provide some interesting light on Pareto’s
earlier dispute with Scorza. Pareto, now taking the side of Cassel and Scorza
(but without mentioning their names), quotes approvingly a passage from a
textbook by Pierre Bovin criticizing Walras for reasoning in a circle in claiming
that the presence of equations (3.19) in the system of equations characterizing
competitive equilibrium proves that each participant achieves maximum utility.
And he suggests [191] that his own optimality criterion — which he now sharply
disassociates from that of Walras — should be described as yielding “maximum
utility for society” as opposed to “of society”; or better still [189, 191], that
positions satisfying his criterion should be described simply as “points of type
P” — in the hope that this would induce people to consult the definition rather
than the etymology of the terms. He added [189, p. 338]: “I . . . pray the Lord
that people will not start looking for the etymology of that letter, as they did
in the case of the word ophelimity”; on the other hand, by his choice of that
particular letter we can safely assume that he was aware of the nature of his own
contribution to general equilibrium theory in developing the subject beyond the
point at which it had been left by Walras.
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Chapter 4

Population and Income

Distribution

4.1 Infant mortality

Pareto first introduced what we now know as the Pareto distribution in the
course of what must be one of the earliest pieces of econometric research to
have been carried out in the area of “human capital” [155]. Availing himself of
mortality tables and survival curves supplied by Bodio [28], he found that for
the first 20 years of life a good fit was provided by the formula1

(4.1) N(x) =
a

(b+ x)α
(0 ≦ x ≦ 20),

where N(x) denotes the number of children surviving to age x out of an initial
number N(0). He estimated the parameters a, b, and α for a number of coun-
tries, including in particular Switzerland (where b = .023 and α = .054) and
Bavaria (where b = .004 and α = .065). Thus, Bavaria displayed a markedly
higher infant mortality rate than Switzerland.2 Pareto then posed the following

1Apparently, neither Pareto nor Bodio was familiar with the Gompertz [110] and Makeham
[138, 139] mortality laws, so the idea of fitting a curve to mortality data while original was
not new. However, the Gompertz and Makeham laws, while they continue to be very useful
in actuarial work, fit well only for ages x ≧ 20. Pareto’s law fits well for 0 ≦ x ≦ 20 but
could not be extrapolated any further. In a letter dated March 26, 1891, to Pantaleoni [195, I,
Letter 11, p. 27] Pareto revealed that he had carried his researches on mortality distributions
quite a bit further than his published work indicates, having fitted the following formula to
Italian data during the years 1881–3 on the number of survivors at age x:

N(x) = 1.548(x+ 2)−2 + 0.613− 0.00206x− 0.0000412x2 − 0.130exp{−0.0046(x− 82)2}.
He asserted that this provided a good fit between the ages 0 and 88, the first term prepon-
derating in the early years, the last term in the late years, and the remaining terms in the
intermediate years.

2Defining the instantaneousdeath rate, or “force of mortality” as it is known in the actuarial
literature (cf. Brillinger [41]), by

V (x) = −N ′(x)/N(x)
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question: Is it true, as had been alleged, that a country with a low infant mor-
tality has an economic advantage over one with a high infant mortality, in that
fewer children need be raised in order to produce the same number of adults?

To answer this question Pareto availed himself of the results of a study by
Engel [81] indicating that cumulative expenditures per child as a function of age
could be represented by the quadratic equation

(4.2) s(x) = s(0) + px+ 1
2qx

2 (0 ≦ x ≦ 20),

where s(0) = 100, p = 105, and q = 10. Cumulative expenditures up to time n
on an initial group of N(0) children would then be
(4.3)

S(n) = N(0)s(0) +

∫ n

0

N(x)ds(x) = 100N(0) +

∫ n

0

a

(b+ x)α
(105 + 10x)dx.

Integrating (4.3) by parts and dividing by the number of survivors at time n,
a/(b+n)α Pareto then obtained a complicated expression for the cost of produc-
tion of a human being aged n. Inserting his estimates for a, b, and α, he found
the cost of production of an adult aged 20 to be 4418 marks for Switzerland
and 4485 marks for Bavaria — a very slight difference. The explanation is quite
straightforward [155, pp. 454–5]: “in countries with a low infant mortality many
children are saved in the first years who die before reaching adulthood. . . From
the economic point of view it is an advantage for Bavaria that the [high] mor-
tality during the first few years of life should have reduced mortality between
the ages of 15 and 20.”

Pareto extended his calculations to several other European countries and
found the same stability in the cost of an adult. He then applied these results
to obtain an estimate of the cost to Italy of the emigration during the years 1887–
1893 [153, I, §§253-4, pp. 151–2] — which emigration he had already attributed
to Italy’s protectionist policies [149].

4.2 The law of demand

Pareto next turned his attention to the empirical “law of demand” [158]. His
starting point was a relationship that had been found by Gregory King [127] in
seventeenth century England between the wheat harvest and the price of wheat.
He sought to reconcile this result with economic theory by: (i) postulating

(written µx = −ℓ̇x/ℓx in actuarial notation), we find that with the Pareto law (4.1),

V (x) − α

b+ x
.

Given Pareto’s values for the parameters this is uniformly lower for Switzerland than for
Bavaria. The Gompertz Law and the Makeham First Law are instead respectively

V (x) = Beλx, V (x) = A+Beλx (A,B,λ > 0).



4.3. INCOME DISTRIBUTION AND TAXATION 53

identical individual demand functions for wheat, which he took to be of the
form

(4.4) x1 = h1(p1, I) = a
(b1I/p1)

c

1 + (b1I/p1)c
,

where x1 and p1 are the quantity and price of wheat and I is the individual’s
income; and (ii) postulating a density function for the distribution of income,
which he took to be of the form

(4.5) f(I) =
C

I1+α
(0 < m ≦ I <∞; α > 1)

where m is the minimum (subsistence) income. For this to be a density function
the constant C must satisfy

(4.6) C = αmα.

Given (4.4) and (4.5) the aggregate demand for wheat is determined by

(4.7) X1 =

∫ ∞

m

x1f(I)dI = aC

∫ ∞

m

(b1I/p1)
c

1 + (b1I/p1)c
I−1−αdI.

This expresses X1 as a complicated function of p1. By means of elaborate
computations Pareto obtained an approximating expression for this function.
He then estimated α to be 1.6 in the seventeenth century (on the basis of
estimates of 1.52 and 1.38 in 1843 and 1881 and backward extrapolation), and
then found that by choosing c = .46 and (b1m)c = .2 the resulting function
closely reproduced the relationship found by Gregory King.

4.3 Income distribution and taxation

When introducing his formula for the income curve [158], Pareto drew a number
of interesting conclusions. For convenience let us now revert to Pareto’s notation
and denote income by x rather than I, so that the density function given by
(4.5) and (4.6) becomes3 .

(4.8) f(x) =
αmα

xα+1
(0 < m ≦ x <∞; α > 1).4

3The dependence of the function f on m and α is not indicated explicitly. However, I
shall in §4.4 employ the notations f(x;m,α), G(x;m,α), etc., when discussing comparisons
of distributions for different values of the parameters m and α

4The assumption α > 1 is required for the existence of a finite mean (4.15) of the distri-
bution. Pareto [162] briefly considered the case of a truncated distribution defined over the
finite domain m ≦ x ≦M for α ≦ 1; however, he expressed grave doubts (in Pareto [164]) as
to the possibility of implementation of α < 1 by a socialist regime, given his description of
α as an ”inequality” coefficient (see §4.4 below). The case m ≦ x ≦ M and 0 < α ≦ 1 was
analyzed in great detail by Bortkiewicz [30, pp. 241–251].
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Let N(x) be the number of individuals with incomes exceeding x; then the
cumulative distribution function, defining the proportion p of the population
earning incomes less than or equal to x, is given by

(4.9) p = F (x) =

∫ x

m

f(ξ)dξ = 1 − N(x)

N(m)
= 1 −

(m

x

)α

,

hence

(4.10) N(x) = N(m)

∫ ∞

m

f(ξ)dξ −N(m)
(m

x

)α

=
A

xα
,

where

(4.11) A = N(m)mα.

The proportion q = 1 − p of the total population with incomes exceeding x is
then given by

(4.12) q = G(x) ≡ 1 − F (x) =
N(x)

N(m)
=

∫ ∞

x

f(ξ)dξ =
(m

x

)α

.

Let R(x) be the sum total of incomes exceeding x; then

(4.13) R(x) =

∫ ∞

x

ξ
(

−dN(ξ)

dξ

)

dξ = N(m)

∫ ∞

x

ξf(ξ)dξ =
Aα

α− 1

1

xα−1
.

The proportion r of total income which exceeds x, i.e., the relative share of
those earning more than x, is then

(4.14) r = Ψ(x) ≡ R(x)

R(m)
=

1

µ

∫ ∞

x

ξf(ξ)dξ =
(m

x

)α−1

,

where

(4.15) µ =

∫ ∞

m

ξf(ξ)dξ =
R(m)

N(m)
=

α

α− 1
m

is the mean of the distribution, equal to per capita income.
To find the income x∗ which divides total income into two equal parts,5

so that the total of incomes exceeding x∗ is equal to the total of incomes less
than x∗, we set Ψ(x∗) = 1

2 to get x∗ = 21/(α−1)m. Then, as Pareto observed,
when α = 1.5 we obtain x∗ = 4m, so that “the income which divides the total
social income into equal parts is equal to four times the minimum income,” and
consequently “a tax of one per cent on incomes up to four times the lowest
will yield as much as a tax, also of one per cent, on incomes exceeding four
times the lowest” [158, p. 62]. Likewise (setting Ψ(x∗) = 1

3) “the amount paid
by taxpayers with incomes higher than nine times the minimum will be only

5Not to be confused, of course, with the median, which divides the population into two
equal parts, and is equal to 21/αm; nor with the mean income µ = [α/(α− 1)]m.
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half that paid by those with incomes lower than nine times the minimum,” and
so on. Thus: “even with taxes at an equal percentage of incomes, the rich
contribute far less to public expenditures than the poor, whereas they benefit
much more from them. For whom, if not for the vain rich, are funds expended
on armaments and the like?”

Pareto went on to use his income distribution formula to illustrate the rel-
ative ineffectiveness of purely redistributive measures as a means of improving
the lot of the poor: “If, for incomes exceeding 49 times the minimum, the excess
were to be distributed equally among those with incomes below that limit, each
of the latter would receive about 1/171 of the income 49 times the minimum.”
Setting x1/m = 49 and α = 1.5 we obtain

(4.16)

∫∞

x
(x− x1)f(x)dx

1 −G(x1)
=

x1

α− 1

1

(x1/m)α − 1
=

x1

171
.

In a subsequent paper [162] Pareto fitted his formula N(x) = Ax−α to data
from different countries and epochs and came to the conclusion not only that the
fit was good but also that — unlike the case of mortality curves — the estimated
values of α were remarkably close to one another, varying between 1.45 and 1.72.
He went on to consider the yields from proportional and progressive taxes, the
latter assumed to be determined by the formula

(4.17) t(x) = τ (1 −m/x)n (n > 0),

where t(x) · x is the tax paid on an income of x, and τ is the asymptotic
proportional rate of the progressive tax. Denoting by p the constant rate of the
proportional tax, Pareto found the asymptotic rate τ , as a function of α and n,
which would give rise to the same total yield as the proportional tax at rate p,
given by the formula [162, p. 383]:

(4.18) p = τ
Γ(n+ 1)Γ(α)

Γ(n+ α)

where Γ is the gamma function. Thus, for example, for α = 1.5 and n = 1 this
gives p/τ = .667, so that the asymptotic rate τ must be fifty percent higher
than the proportional rate p.

4.4 The measurement of inequality of incomes

. In his early work [158, p. 61] Pareto remarked, without further explanation,
that α could be taken as an index of the inequality of incomes. This criterion,
which has been the subject of considerable controversy, was reiterated in the
Cours [163, II, §§964-5, pp. 318–322], and provided with a detailed justification
which is worth quoting:

But what is the true meaning of the expression less inequality of

incomes, or of those which are employed in about the same sense,
less inequality of wealth and less inequality in living conditions?
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If it was a question of complete inequality of incomes, wealth,
or living conditions, no ambiguity would be possible. But one can
approach such a state in two essentially different ways: either by the
rich becoming poorer or by the poor becoming richer.

These are two different phenomena, and if it were a matter of pos-
itive science, where facts count for everything and words for nothing,
one would not hesitate to designate things that are so different by
different words. But political economy is still, very often, no more
than a kind of literature. Great importance is attached to words at
the expense of facts. People therefore engage in debates as to which
of the two phenomena should have reserved to it the denomination
less inequality of wealth.

Pareto settled on the second definition:

A reduction in this inequality will therefore be defined by the
fact that the number of poor people decreases relatively to the num-
ber of rich people, or equivalently, relatively to the total number of
members of society. This is the sense that seems to have prevailed,
and is therefore the one I shall adopt. Except in cases of absolute
necessity, such as the need to avoid the muddle that the confusion
between ophelimity and utility led to, it is better to resign oneself
to not running too much afoul of current prejudices.

In general, when the number of persons with incomes less than x
decreases6 relatively to the number of persons with incomes greater
than x, I shall say that the inequality of incomes decreases. But the
reader is duly warned that by these terms I mean simply to designate
this thing and nothing else.

Despite his strong warning, subsequent authors have criticized this definition
as being “erroneous,” instead of simply accepting it as a definition. Others, e.g.
Sorel [226], while acknowledging Pareto’s right to define any term as he pleases,
nevertheless found it misleading and inappropriate; while some authors, e.g.
Benini [20, 21] and Bresciani-Turroni [33, 34]; actually adopted an exactly op-
posite definition in which the terms were reversed. Subsequently, in the Manuel

6The text of the Cours reads “increases” instead of “decreases” [163, II, §964, p. 320]. In
his review article, Bortkiewicz [29, p. 120] interpreted this as a slip. Sorel [226, p. 586] drew
attention to the anomaly, pointing out that he had drawn it to Pareto’s attention directly
and had received the following reply: “The term less inequality in living conditions does not
seem to capture what is sought to me any more than it does to you. I would gladly have
substituted another term, but I have already been reproached for my luckless ‘ophelimity’,
and I wanted to avoid providing my critics with more verbal tangles. At least I have made
a point of explaining carefully what it was that was designated by this term.” In his formal
reply [169] Pareto expressed himself in substantially the same terms (see below), but did not
correct the passage. However, nine years later, in the Manuale [182, VII, §24, p. 371n] he
corrected “increases” to “decreases,” calling it a “misprint.” In the Manuel [185, p. 390n] he
added: “This is a misprint which I spotted immediately after the publication of the Cours.”
Bortkiewicz later described it as a “slip of the pen” [30, p. 221n]. Whether it was the pen or
the type that slipped, the original passage succeeded in leading Gibrat astray [103, p. 83].
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[185, VII, §24, p. 390], Pareto, in response to such reactions, changed his termi-
nology to “inequality of relative incomes. ”

Pareto’s mathematical definition of equality of incomes is given by the index
G(x) of (4.12), which we may express as

(4.19) G(x;m,α) =
N(x;m,α)

N(m;m,α)
=

∫ ∞

x

f(ξ;m,α)dξ =
(m

x

)α

to indicate the dependence on the parameters explicitly. In general, in terms
of any cumulative distribution function Fν(x) in a certain class indexed by ν ,
Pareto’s index of inequality would be simply

(4.20) 1 −Gν(x) = Fν(x),

and this would provide only a partial ordering of distributions, since we could
presumably say that F1 is more unequal than F2 only if F1(x) ≧ F2(x) for all

x, with equality holding only for a finite number of values of x. In Pareto’s case
(4.8) however, it is clear from (4.19), as Pareto showed [163, II, §(965)1, p. 321],
that ∂G/∂m > 0 and that ∂G/∂α < 0 for x > m. Thus, inequality of incomes
varies directly with α and inversely with m.

After noting that G(x;m,α) varies inversely with α Pareto unfortunately
altered his definition and proceeded to identify α as the parameter representing
inequality.7 In terms of this terminology he laid down the following proposition
[163, II, §965, p. 320]: “(1) A rise in the minimum income, and (2) a decline in
the inequality of incomes, cannot be produced either singly or together unless
total income increases faster than population.” I.e., it is impossible for m to
rise with α constant, or for α to fall with m constant, or for m to rise and
α to fall together, unless per capita income µ rises. This is immediate from
formula (4.15) above (cf. [163, II, §(965)1, p. 321, formula (3)]). For Pareto this
proposition was fundamental: it meant that to reduce pauperism and inequality,
the only basic remedy was to increase production relative to population; and as
he had already argued, purely redistributive measures could accomplish little.

Because of the importance of the proposition, it is not surprising that use
of the parameter α as a measure of inequality should have been the subject of
further scrutiny. It was in fact rejected as such by Benini [21], Lorenz [134],
Bresciani-Turroni [33, 34, 38, 39, 40], Gini [106, 107], Dalton [61], and Pigou
[201, p. 25n].

Sorel [226, p. 599] objected that in stating his proposition Pareto had brushed
aside on grounds of lack of realism the possibility that m and α might move in

7This was undoubtedly a slip on his part. See the discussion of this point in Bortkiewicz
[30, pp. 221–2], D’Addario [56, pp. 181–4], and Bresciani-Turroni [40, pp. 109–12]. See also
the discussion by Tarascio [231, p. 528] who argues that “what has been almost completely
overlooked is the fact that Pareto never used α directly as a measure of income inequality,
although such a tendency is generally attributed to him,” and that when the income dis-
tributrion has the form (4.10), the formula (4.19) “will be influenced by α” (p. 529). But this
is the source of the slip; (4.19) is influenced by m as well as by α, whereas in the celebrated
passage to be quoted presently in the text, as well as in Pareto’s demonstration of it [163, II,
p. 322n], the term “inequality” is applied only to α and not to m.
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the same direction (see footnote 17, below); and that when restricted to cases
in which m and α move in opposite directions the proposition loses much of
its interest. A similar observation was made even more pointedly by Bresciani-
Turroni [40, p. 112], who remarked that since with m constant a decline in α
can take place only as a consequence of a rise in per capita income µ, this was
“merely a consequence of the peculiar definition of inequality given by Pareto.”
This is made immediately evident by expressing Pareto’s coefficient in the form
α = 1/(1−m/µ). In fact, as Bortkiewicz pointed out [30, p. 222], even in terms
of Pareto’s original definition (4.20), when applied to any family of distribution
functions Fν(x) with finite means µν and the same minimum income m (i.e.,
the same domain x ≧ m), the fulfillment of the inequality F1(x) < F2(x) for all
x ≧ m m necessarily implies that µ1 > µ2.

↑

→
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ν
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 log x

log N
1
(x) log N
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Benini [20, p. 194], in commenting on the values for α of 1.42 and 2.88
obtained by Pareto [167] for salaries of professionals and for property incomes
respectively, took the position — but without taking direct issue with Pareto
— that “the larger α, the more rapidly do property owners or taxpayers decline
in numbers as incomes increase. Thus, starting from the same initial position
and moving towards the highest income level, the ranks of those who owe their
income to their own labor quickly thin out as far as to disappear, whereas the
ranks of the privileged who live off the yield of capital are still considerable.”
Sorel [226, p. 593] read into this statement the implication that for Benini a
decline in α was a detriment, rather than a benefit as implied by Pareto. Later,
Benini was still more explicit [21, p. 227]: “The larger is α, the more rapidly
do income recipients diminish at every step of the income scale, that is, the
less unequal is the distribution of wealth.8 In fact, if α were very large it
would be enough to move up a few steps in the income scale to fail to find any
more income recipients; which means precisely that the various strata of the
population differ little in their economic conditions.” Subsequently, Bresciani
[33, p. 117] pointed to the contrast between this interpretation and Pareto’s, and
adopted Benini’s. In a subsequent article [34, pp. 20–29] Bresciani subjected
the concept of inequality of incomes to a searching examination. He objected
with respect to Pareto’s original definition (4.20) that Pareto had failed to take
account of the case in which low incomes rise less rapidly than high incomes,
i.e., F1(x) < F2(x) for incomes x below a certain level, and F1(x) > F2(x) for
incomes above this level. This would in particular include the case in which
actually “the rich get richer and the poor get poorer.” However, within the
Pareto family this can only mean that α decreases (see Figure 4). One would
then have to reverse Pareto’s conclusion [163, II, §965, pp. 324–5] that inequality
of wealth has been declining with the development of capitalism.

Pursuing the question further, Bresciani-Turroni [35, 36] introduced, follow-
ing an idea suggested by Bortkiewicz [29, p. 121], 9 the relative mean deviation

(4.21) θ =
1

2µ

∫ ∞

m

|x− µ|f(x)dx

as a measure of inequality, for any density function with finite mean µ and
defined over the interval [m,∞). It was subsequently shown by Bortkiewicz [30,
p. 224] (and was implicit in Bresciani-Turroni, [35, p. 807, formula (7)]) that in

8Commenting on this statement, which was reproduced in Benini’s text [22, p. 187], Dalton
remarked [61, p. 359n]: “Professor Benini inverts Professor Pareto’s measure, but apparently
without realizing that he has done so.” However, the contrast was immediately noticed by
both Sorel and Bresciani, and it can hardly be believed that Benini was unaware of it himself;
presumably he was unwilling to provoke any conflict with Pareto.

9Bortkiewicz suggested use of either the mean deviation (the numerator of (4.21)) or the
standard deviation. For Pareto distributions with α < 2, however, the standard deviation
does not exist.
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the case of Pareto distributions this reduces to10

(4.22) θ =
(α − 1)α−1

αα
.

which varies inversely with α. Later, Bresciani-Turroni [38, 39] suggested two
more indices: one, as an indicator of equality , the proportion of the population
earning more than the mean income, which for Pareto distributions becomes

(4.23)
N(µ)

N(m)
=
(α− 1

α

)α

;

and another, as an indicator of inequality , the proportion of total income earned
by people earning more than the mean income, which for Pareto distributions
is

(4.24)
R(µ)

R(m)
=
(α− 1

α

)α−1

.

As Bresciani-Turroni pointed out, the equality index (4.23) varies directly
with Pareto’s inequality index α, and the inequality index (4.24) varies inversely
with α.11

Lorenz [134] put forward as a requirement for a measure of the concentration
of wealth that it should be invariant with respect to multiplication of all incomes
by a scale factor. Defining the relative share, s, of those earning an income less
than or equal to x as

(4.25) s = Φ(x) =
1

µ

∫ x

m

ξf(ξ)dξ = 1 − Ψ(x)

(this is the “incomplete first moment distribution” — cf. Kendall & Stuart [125,
p. 48]), the famous “Lorenz curve”, expressing the relative income, s, of those
earning x or less, as a function of the proportion, p, of the population earning
x or less, is defined by (see Figure 5)

(4.26) s = L(p) = Φ[F−1(p)] (0 ≦ p, s ≦ 1)

10This is easily seen by computing θ+ = µ−1
∫

∞

µ (x − µ)f(x)dx and θ− = µ−1
∫ µ
m(µ −

x)f(x)dx, both of which are equal to (4.22). The coefficient θ+ was used by D’Addario [56,
p. 184] as a measure of inequality.

11Proof: Integrate the inequality

1

α
<

1

t
<

1

α− 1

over the interval α − 1 ≦ t ≦ α, to obtain the inequality

1

α
< logα− log(α− 1) <

1

α − 1

Then differentiation of the logarithms of (4.23) and (4.24) with respect to α gives the results
asserted.
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where p and F are defined by (4.9). L is monotone increasing since both F and
Φ are, hence since

(4.27) q = 1 − p, r = 1 − s (0 ≦ q, r ≦ 1)

the same Lorenz curve may be described by the function

(4.28) q = L∗(r) ≡ 1 − L−1(1 − r) = G[Φ−1(1 − r)] = G[Ψ−1(r)].

According to Lorenz, as between two distributions F1 and F2, F1 displays
greater concentration of wealth (i.e., greater inequality) than F2 if L1(p) < L2(p)
for 0 < p < 1, the greatest degree of equality occurring when L(p) = p for all p,
and the greatest degree of inequality when L(p) = 0 for 0 ≦ p < 1 and L(1) = 1.

↓

↑
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← →

0 q p 1
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As is the case with Pareto’s measure G(x), Lorenz’s measure provides only
a partial ordering of distributions in general. However, as applied to the Pareto
distribution we see immediately from (4.12), (4.14), and (4.28) that

(4.29) q = L∗(r) = rδ where δ =
α

α− 1
.

As between two Pareto distributions, therefore, the one with the higher α, hence
the lower δ, has a Lorenz curve uniformly closer to the diagonal. Thus, for
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Lorenz, a higher α indicates less rather than greater inequality of incomes. This
was pointed out by Dalton [61], who used the fact to argue that α should be
interpreted as a measure of relative equality rather than inequality when the
Pareto distribution holds.

Gini [105, p. 72], [106, p. 19] introduced his “index of concentration and
dependence” (not to be confused with his concentration ratio — see below)
defined by

(4.30) δ(x) =
logG(x)

log Ψ(x)
=

log[N(x)/N(m)]

log[R(x)/R(m)]
.

This is simply the variable exponent satisfying (4.29) in place of δ; in the
case of Pareto distributions it is clearly constant and equal to

(4.31) δ(x) =
α

α− 1
= δ.

In general (4.30) furnishes only a partial ordering, but Gini’s concentration ratio

[107] (also called the Gini coefficient)12

(4.32) ρ =
1

2µ

∫ ∞

m

∫ ∞

m

|x− y|f(x)f(y)dxdy

has the property indicated by Gini [108] (for a proof, see Kendall & Stuart [125,
p. 49]) that it is equal to the ratio of the area between the Lorenz curve and
the diagonal, to the area below the diagonal, i.e. (see Figure 5),

(4.33) ρ = 1 − 2

∫ 1

0

L(p)dp = 1 − 2

∫ 1

0

L∗(r)dr.

In the case of Pareto distributions this is computed at once to be

(4.34) ρ =
δ − 1

δ + 1
=

1

2α− 1
,

as is well known (cf. Dalton [61, p. 360], Aitchison & Brown [2, p. 101]). Thus,
like the Bresciani ratio θ, the Gini ratio ρ — which is an index of inequality —
is inversely related to Pareto’s index of inequality α.13

Still another inequality index has been suggested by Frechet [94, p. 106],
namely the ratio of the mean to the median, which in the case of Pareto distri-
butions becomes (see footnote 5 above)

(4.35)
µ

21/αm
=

α

α− 1
2−1/α.

12The numerator of (4.32) is Gini’s mean difference [107]. It can actually be traced back
as far as F. R. Helmert in 1876. For a history and interesting discussion of the concept see
David [62].

13The relation between Gini’s concentration ratio and Bresciani-Turroni’s relative mean
deviation was the subject of intensive study on the part of Pietra [199, 200], and was also
analyzed in detail by Bortkiewicz [30].
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Again, this varies inversely with Pareto’s α. Allais [4, II, p. 36] has proposed as
an inequality index the ratio, to the median, of the average of incomes above the
median; in the case of Pareto distributions this coincides with the Gini index
δ = α/(α − 1). Thus it happens that every single alternative index that has
been proposed gives precisely the reverse of Pareto’s definition of inequality!

α
2
/m

α
1
/m

m x
→

↑

Figure 6

← f(x;m,α
2
)

← f(x;m,α
1
)

The paradox is easily explained. Since these indices are designed to measure
relative inequality in income distribution, it is perhaps not surprising that in
the case of the Pareto family of distributions they should be independent of the
minimum income m. But then, within that family, for given m, what does it
mean for the distribution of income to be “equal” in this sense? It can only
mean that all incomes are concentrated towards the minimum income. The
density function corresponding to higher α is therefore both higher and steeper
at x = m (since f(m;m,α) = α/m and ∂f(m;m,α)/∂α = −(2α+1); see Figure
6). It is a case, therefore, of incomes becoming more equal by reason of the rich
becoming poorer rather than the poor becoming richer — a case which Pareto
had explicitly set aside as not corresponding to what he considered to be the
usual meaning of “equality of incomes.”
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How should the matter be settled? Pigou [201, p. 25n] provided the criterion

(4.36) W (m,α) =

∫ ∞

m

U(x)f(x;m,α)dx

where U(x) is a utility function, expressed as a function of individual income and
assumed identical for all individuals, and assumed to be increasing and strictly
concave.14 Pigou did not apply this welfare criterion to the Pareto distribution
as such, however, and instead argued that by expanding U(x) in a Taylor’s series
around mean income one could express social welfare by

(4.37)

∫ ∞

m

U(x)f(x)dx = U(µ) +
1

2!
U ′′(µ)

∫ ∞

m

(x− µ)2f(x)dx+ . . . ;

then, neglecting terms beyond that of the second order, it followed from con-
cavity that for income distributions with the same mean the distribution with
smaller variance would be socially preferred. He used this to justify the recip-
rocal of Pareto’s α as an inequality criterion. It was correctly pointed out by
Dalton [61], however, that higher-order terms could not in general be neglected.
Indeed, in the case of the Pareto distribution, with 1 < α < 2, no moments
higher than the first exist, so the right side of (4.37) is not convergent.

Substituting (4.8) in (4.36) it can be shown by a direct computation that15

(4.38)

∂W (m,α)

∂m
= αmα−1

∫ ∞

m

U ′(x)x−αdx > 0;

∂W (m,α)

∂α
= −mα

∫ ∞

m

U ′(x)x−α log(x/m)dx < 0.

That is, welfare can be increased either by an increase in the minimum income
m, or by a decrease in Pareto’s measure of inequality α, or both. In terms of
the criterion (4.36), Pareto’s intuition is completely vindicated.

Nevertheless, this is not the whole story. From (4.15) we have, for each
value of the Pareto coefficient greater than 1, a one-to-one relationship between
minimum incomem and mean income µ. The Pareto distribution can, therefore,

14Such a criterion has, of course, the theoretically objectionable feature of employing income
rather than a vector of physical amounts of commodities consumed as argument of the utility
function, thus partaking of the “shibboleth” quality described by Samuelson [208, 211]. It has
the further objectionable feature of indexing (identifying) individuals by their income levels
only, so that individuals with the same income are required to have the same tastes — a
feature that is shared by Pareto’s own aggregation procedure for demand functions (4.7). To
surmount this latter difficulty one could parametrize the differences in tastes by, say, a single
parameter, and replace (4.36) by the corresponding double integral. This is the procedure
followed by Farrell [83] in aggregating demand functions. Alternatively one could follow the
much deeper approach of Pessoa de Araujo [198] and Sondermann [225] of introducing a
measure of the distance between peoples’ preferences.

15The computation makes use of the fact that 0 ≦ U ′(x) ≦ U ′(m) from monotonicity and
concavity, and hence

lim
x→∞

U (x)x−α = lim
x→∞

U (x)x−α logx = 0.
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just as well be characterized by the two parameters µ, α as by the two parameters
m,α. In comparing two distributions with the same mean, would the one having
the higher Pareto coefficient α (hence the lower Gini index δ, and lower Gini
ratio ρ) now be preferable? This was the contention of Gini [106, pp. 49–50],
[107, pp. 72, 79] and Dalton [61], and we shall see that it is indeed correct.

Writing the density function (4.8) as a function of µ and α we have

(4.39) f∗(x;µ, α) = α1−α(α− 1)αµαx−α−1,

and the corresponding welfare function may be written

(4.40) W ∗(µ, α) = α1−α(α− 1)αµα

∫ ∞

α−1

α
µ

U(x)x−α−1dx.

It is found, as to be expected, that welfare is an increasing function of µ:

(4.41)
∂W ∗(µ, α)

∂µ
=
α

µ

∫ ∞

α−1

α
µ

U ′(x)x−αdx > 0.

After lengthy computations it is found also that (cf. Chipman [49])
(4.42)

∂W ∗(µ, α)

∂α
= − 1

α− 1

∫ ∞

α−1

α
µ

U ′′(x)x1−α
[

log
(x

µ

)

− log
(α− 1

α

)]

dx > 0.

The above conclusion might seem to be at variance with a result of Samuel-
son’s [212], but it is actually not. Samuelson dealt with the four-parameter
family of stable distributions as defined by Levy [132], with location parameter
µ, scale parameter ν , skewness parameter η, and kurtosis parameter α, the right
tails of which are well approximated by Pareto’s distribution with parameter α
(1 < α < 2) and mean µ (cf. Mandelbrot [140, p. 87], Feller [86, p. 576].16 What
Samuelson showed was that, in terms of the criterion (4.36) applied to the Lévy
densities f(x) with 1 < α < 2, welfare is a decreasing function of ν for fixed
µ, η, and α. This still leaves open the question of the sign of ∂W/∂α in the
general case. Samuelson conjectured [212, p. 250n] that it could go either way,
which would no doubt be correct if the density were symmetric (i.e., η = 0).
However, if it is sufficiently skewed to the right (i.e., if η is positive and large),
the approximation by the Pareto distribution may be expected to be good and
the general presumption (4.42) may be expected to hold.

The question of whether Pareto’s α coefficient should be considered as a
measure of “equality” or “inequality” is thus resolved, in the case of Pareto dis-
tributions, if what is desired is a dispersion (scale) parameter such that social
welfare is inversely related with this parameter (if it is described as an “in-
equality” parameter) for given values of a location parameter. If the location
parameter is minimum income m, then Pareto’s α as a measure of “inequality”
serves this purpose. However, if the location parameter is mean income µ, then
it is 1/α that would serve this purpose, or any other parameter that is inversely

16Specifically, G(x) = 1 − F (x) = O(x−α) as x → ∞, hence f(x) = F ′(x) = O(xα−1).
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related to α, such as the Gini index δ = α/(α−1), the Gini ratio ρ = 1/(2α−1),
or the relative mean deviation θ of (4.22). If we compare two Pareto distribu-
tions with the same minimum income m, the one with the higher α will have a
Lorenz curve uniformly closer to the diagonal, yet it will necessarily have lower
mean income µ and give rise to lower welfare.17

Dalton, who took issue with Pareto’s conclusions, furnished the criterion
that [61, p. 349] “if a given income is to be distributed among a given number
of persons, it is evident that economic welfare will be a maximum, when all
incomes are equal. It follows that the inequality of any given distribution may
conveniently be defined as the ratio of the total economic welfare attainable
under an equal distribution to the total economic welfare attainable under the
given distribution.” Thus Dalton would characterize the Pareto distribution
in terms of the parameters µ and ρ. Dalton therefore concluded that (p. 359)
“the Pareto measure should be inverted, so that, the greater α, the smaller in-
equality. But such an inversion will explode Professor Pareto’s alleged economic
harmonies, and it will follow, according to his law, that increased production per
head will always mean increased inequality!” In terms of Dalton’s terminology
this conclusion is certainly correct, as long as the minimum income rises less
rapidly than income per head (since 1/α = 1−m/µ); but in these circumstances
it is also true that Dalton’s “increased inequality” gives rise to increased welfare!
The dispute is therefore one about words.

But words are important, as Pareto recognized very well, and it may be
admitted that Pareto’s choice of words in this case was unfortunate, particularly
when occurring in a passage such as the following one [163, II, §965, p. 325] “It
is therefore not true that under existing circumstances the inequality of wealth
is on the rise, and all the deductions that have been drawn from this erroneous
proposition come to nothing.” Sorel [226, p. 587] objected that in the absence
of a neutral term such a statement “opens the doors to the sophistries of the
apologists of capitalism.” Pareto, in reply [169], conceded that Sorel was right
and that “inequality” had not been a happy expression for describing the α
coefficient: “It is better to avoid this ambiguous expression. If I have used it,
it was simply to avoid further idle discussions such as those to which the new
word ophelimity gave rise.” His use of an emotionally charged word turns out
to have been a greater mistake, however, then it would have been to coin a new
word. A neutral expression for α that could not give rise to any ambiguity or
disagreement, would surely be the “Pareto coefficient.”

The controversies just recounted all had to do with the question of whether
Pareto’s index was a satisfactory ordinal indicator of inequality in the distri-
bution of income. However, Pareto’s well-known assertion that α differed little

17Before introducing his definition of “inequality,” Pareto [163, II, §964, p. 318, Fig. 52] had
actually used the term in the Gini sense of high dispersion, and had discussed two hypothetical
income distributions, one with a low minimum income and low dispersion, and the other with
a higher minimum income and high dispersion. He remarked with respect to the former
(using “inequality” in the sense of “high dispersion”) that it displayed “very little inequality
of income but a very intense degree of pauperism.” He added, however, that “we do not find
examples of this in the real world.”
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among widely separated countries and epochs gave rise to the additional ques-
tion of whether, even in its inverted form, it could be regarded as a suitable
cardinal indicator. The first to raise this issue was Sorel [226, p. 595] who ob-
jected that “individual appraisals of the degree of inequality of wealth vary very
rapidly when α undergoes only very slight changes,” and it was the intensity
of these individual sentiments concerning inequality which should properly be
measured by an inequality index. He went on to propose [226, p. 601] as a
measure of equality the degree to which the bottom incomes kept pace with
average incomes, i.e., the ratio m/µ, which equals (α − 1)/α in the case of
Pareto distributions. The corresponding inequality index is therefore precisely
the “concentration index” δ introduced some years later by Gini [105, 106] ,
without reference to Sorel. Gini himself [106, p. 49] noted that δ was more
sensitive to differences in income distribution than α, and used this observa-
tion to strike at Pareto’s dictum that income distribution showed great stability
among different countries and epochs, and to demonstrate the superiority of his
own index δ. This led to a good deal of fruitless controversy which D’Addario
characterized [53, p. 280] as “a monotonous contest between α and δ.” It fol-
lows of course from the very nature of the transformation 1/α+ 1/δ = 1 that
|dδ/dα| > 1 for 1 < α < 2, but the choice of the best cardinal index must be
decided on the basis of the considerations Sorel was interested in rather than on
the kinds of mathematical considerations appealed to by Gini. For example, one
might wish to appeal directly to a welfare function such as (4.36) to decide on
the most appropriate index. In his reply to Sorel, Pareto [169] said that he did
not disagree with Sorel’s position in any respect, but was simply not interested
in studying the distribution of utilities — only the distribution of incomes. This
was a characteristic bit of obstinacy on his part, for such an attitude is hard
to reconcile with the social significance which he attached to the stability of
income distribution over time and among different social systems.

Pareto’s treatment also came under a different type of criticism on the part
of both Dalton and Lorenz. Lorenz objected [134, p. 216]: “imagine a commu-
nity in which the wealth is nearly equally distributed, and then assume that
the richest individual becomes a multi-millionaire, with no change in the wealth
of the remainder. Professor Pareto’s curve would tell us nothing about this
change.” What Lorenz should have said is that Pareto’s curve would fit very
poorly in the second of these situations; and what Pareto would surely have re-
torted is that the types of hypothetical distributions Lorenz described are never
observed.18 Dalton also objected [61, p. 360] that “when distribution may de-
part widely from Pareto’s law, the measure has, of course, no significance at all.”
But as general considerations show (cf. Chipman [49]), and as Newbery [148]
has proved in a particular case (that of the Gini coefficient), this is a statement
that can be made with respect to all inequality measures that have been pro-
posed, including the relative mean deviation favored by Dalton himself. Unless
one is willing to impose severe restrictions on the types of income distribution

18Pareto also took pains to repeat many times (e.g. [163, II, §965, p. 321]), that his analysis
was designed to deal with general and average phenomena and not with accidental ones of
which he gave an example very similar to that of Lorenz.
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under comparison, or alternatively on the form of the utility function U , one
cannot hope to find a system for ranking income distributions in terms of the
values of a small number of parameters.19

4.5 The controversy with Edgeworth and its af-

termath

Pareto’s work on income distribution came to Edgeworth’s attention after the
latter had already published a paper [70] discussing Pearson’s “generalized prob-
ability curve” [196, p. 357]

(4.43) y = y0(1 + x/α)γαe−γx

which Pearson had used as a density function to describe skewed data such as
the distribution of house rents. Pareto had already introduced [162, p. 379] a
generalized income curve — his “third approximation”

(4.44) N(x) =
A

(x+ a)α
e−βx (0 < m ≦ x <∞)

which specializes to his “second approximation” when β = 0 and to his “first
approximation” (4.10) when a = β = 0. Edgeworth [71, p. 534] remarked upon
the similarity between (4.44), and (4.43) but added that “the identity is only
apparent, since N denotes in Professor Pareto’s formula all the incomes at or

above a certain x, while the corresponding symbol [y] in Professor Pearson’s for-
mula denotes only the valuations at a certain x,” i.e., (4.44) is a right-cumulative
distribution function (after division by N(m)) rather than a density function.
Edgeworth added two criticisms: (i) that, as he had remarked in [70] in crit-
icism of Pearson’s formula: “It appears to me to confirm the opinion which I
expressed last September, that a close fit of a curve to given statistics is not,
per se and apart from a priori reasons, a proof that the curve in question is the

form proper to the matter in hand;” and (ii) that in the special case a = β = 0,
“according to the formula given above there ought to be an infinite number of
null incomes, and an indefinitely large number of incomes in the neighborhood
of zero.” He added [71, p. 538] that “there is not the same objection to an infi-
nite ordinate that there is to the infinite integral involved in Professor Pareto’s
first approximation,” i.e., N(x) in (4.10) must be finite at its lower limit if N
is to define a distribution function F (x) = 1 −N(x)/N(m), but this does not
require dN(x)/dx to be finite at its lower limit. Finally, Edgeworth summed

19The proposition is formally equivalent to the corresponding proposition concerning ex-
pected utility functions in portfolio analysis. What Newbery showed was that if the welfare
function was assumed to be increasing and strictly quasi-concave, it cannot be expressed as a
function of mean and Gini ratio if the income distributions are unrestricted as to type. The
result no longer follows if the hypothesis is relaxed to allow for either “Rawlsian” (L-shaped)
or Benthamic (straight-line) welfare contours; see Sheshinski [222], Kats [123], Rothschild &
Stiglitz [204]. For additional references see Chipman [49], to which may be added Aigner &
Reins [1], Sen [221].
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up the situation by saying that since both Pearson’s and Pareto’s curves ap-
peared to have a good fit, and since neither had a strong a priori theoretical
basis (though he allowed that Pearson’s had some), the deciding criterion for
choosing between them was that of authority: “Where opinions on a matter of
this sort differ, the presumption is certainly in favor of the author who has made
the greatest advance in the science of Probabilities since the era of Poisson,”
namely Karl Pearson.

It is hardly surprising that these remarks should have given rise to what is
perhaps the most ill-tempered and acrimonious dispute in the history of eco-
nomic thought.

Pareto [165], seeing in them a thinly veiled accusation of plagiarism, reacted
with biting sarcasm: “It must have displeased Mr. Edgeworth to see me poach
on territory which is apparently reserved for Professor Pearson, just as political
economy is reserved for Professor Marshall . . . ” His answer to (i) was that
nobody denied that a rational law carried more weight than an empirical law,
but that the latter had to precede the former rather than vice versa. Comparing
himself by implication to Kepler, he suggested that some day a Newton would
come along and provide a rational basis for his empirical law; he went on to
suggest that a theory of “social heterogeneity” such as that proposed by Ammon
[10] and others would provide such a basis; and in fact the final chapter of the
Cours [163, Vol. II, Book III, Ch. II, pp. 347–369], as well as much of the
work of his later years developing a theory of the “circulation of the élites”
[176, 179, 182], was devoted precisely to the search for such a “rational law.”
As for (ii), Pareto pointed out that his income curve N(x) was defined only for
x ≧ m > 0, and thus there was no question of it diverging at its lower limit; he
reminded Edgeworth also that he was concerned not with partial incomes such
as house rents, nor with the source of a person’s income, but with an individual’s
total income, which he had defined as his actual consumption — “whether it
has been inherited, earned, stolen, or given to him by charity” [165, p. 439].
Pareto also feigned — so it seems — misunderstanding of what Edgeworth was
driving at in saying that it is legitimate for a density function to have an infinite
ordinate but not an infinite integral, by retorting that any integral is itself the
derivative of its primitive integral. Had Pareto defined his function N(x) for all
x > 0 rather than for x ≧ m > 0, Edgeworth’s objection would of course have
been valid. But with characteristic sarcasm Pareto pointed out that “those who
have a total income equal to zero will be angels” and formula (4.10) “does not
hold for angels” [165, p. 444].

Edgeworth devoted the first part of his rejoinder [73] to explaining himself
on his point concerning infinite ordinates and integrals — a point which Pareto
obviously understood perfectly well — rather than to meeting Pareto’s point
regarding the domain of definition of the function N(x). He remarked also that
in his opinion it would be better for the food of the poor “not to be calculated
as part of their income . . . but as deducted from the income attributed to the
rich.”20 Finally, he returned to the general question which was his chief concern,

20We learn also from Pareto’s letters to Edgeworth (there is no trace of Edgeworth’s letters
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as to whether there could be found a probabilistic basis for the law of income
distribution, and in particular whether this law could be deduced from the
normal (Gaussian) law of error. In his “Final Reply” [168], Pareto reiterated
with heightened irritation that his income curve was defined only for “total
incomes” as he had defined them, and over their observable range; and that
he did not understand why he should be reproached for studying this limited
problem rather than engaging in loftier speculations.

The dispute actually continued even after Pareto’s death in 1923 and only
shortly before Edgeworth’s death in 1926. Once again [171, p. 376] Pareto
repeated that his formula was valid only for incomes approaching subsistence
level, and that despite his having repeated this many times, Edgeworth “insisted
on judging [it] by the results it gives for zero incomes.” Edgeworth quickly
retorted [75, p. 675] that “Professor Pareto, indeed, the inventor of a beautiful
and useful representation of the frequency of incomes of different sizes, seems
averse even to entertain the idea of a generalized probability curve,” and: “My
incidental allusion to the eminent statistician’s income curve . . . could hardly
have provoked his implacable retorts . . . if he had realized that my subject was
‘General laws which govern the grouping of members of species’ . . . and my
thesis, ‘that a close fit of a curve to given statistics is not, per se and apart from a

priori reasons, a proof that the curve in question is the form proper to the matter
in hand.’ ” In fact, Pareto [165, p. 442] had quoted this passage and accepted
the point in the sense that his was an empirical rather than a rational law. And
in the addendum (“Additions”) added in proof at the end of the Cours [163,
II, pp. 416–19], he made a fascinating contribution — which has been analyzed
by Vinci [237] — to the subject of inferring the law of distribution of human
aptitudes “from that of the distribution of incomes; according to D’Addario [60,
p. 100], whose belief seems well founded, this was a direct outgrowth of Pareto’s
controversy with Edgeworth.

Petty though the controversy appears to have been on the surface, it helped
give birth to Edgeworth’s very original “method of translation” [75, 76], whereby
the density function f(x) of incomes is determined through a one-to-one func-
tion x = T (u), or “translation,” by the density function g(u) of aptitudes u.
Accordingly,

(4.45) f(x) =
1

|T ′(T−1(x))|g(T
−1(x)).

Edgeworth devised a method for empirically estimating the form of T (u) given

to Pareto) that Edgeworth considered it to be “the better opinion” that income should be
defined as earnings rather than consumption (cf. [195, III, p. 406]). Such remarks, and the
generally haughty tone of Edgeworth’s comments combined with his servile attitude towards
Pearson (and Marshall), so enfuriated Pareto as to provoke him to write to Pantaleoni to say:
“He’s Irish, very likely Catholic and Jesuit. In any case he’s worthy of it” [195, I, pp. 474–5],
and “I keep repeating to you that I don’t want to have anything more to do with Edgeworth, I
don’t care a rap about that Jesuit” [195, II, p. 40]. In his final shaft Edgeworth commented on
Pareto’s “somewhat acrimonious explanation . . . which is of interest as throwing light not only
on the character of the curve, but also on that of its discoverer [80, p. 712], and showed himself
still unwilling to accept Pareto’s definition of income and his specification of the domain of
definition of his distribution function.
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the empirical form of f(x) and the hypothesis that g(u) was the normal density
function. A special case of Edgeworth’s procedure had already been worked out
by McAlister [136] for the case in which

(4.46) T (u) = ω + κeλu (κ, λ > 0),

on the basis of Galton’s suggestion [96, p. 367] that such a transformation should
be used to take account of the circumstance that “a capital employed in a busi-
ness increases in proportion to its size.” The resulting density function, further
analyzed by Kapteyn [122] (who independently formulated the general method
of translation), is of course that of the now famous lognormal distribution [3]21

(4.47)

f(x) =
1

λ(x − ω)

1

σ
√

2π
exp

{

− 1

2σ2

[

1

λ
log(x− ω) − 1

λ
log κ− θ

]2
}

,

defined for x > ω, where θ and σ are the mean and standard deviation of the
normal random variable representing aptitudes.

In the course of perfecting his method of translation, Edgeworth returned
to the subject of his dispute with Pareto [76, p. 547]:

There is much to be said for the procedure which Professor Pareto
has adopted with brilliant success: finding a simple formula which
fits the descending right hand branch of the given group most accu-
rately. On the other hand, it is natural to wish to treat the whole
group of incomes, the lower with the higher, as what Professor Pear-
son calls “homogeneous material.” But for this purpose it would be
better, I think, to define income as what a man wins in economic

ways, not as Pareto has defined it, quite properly for his purpose.
. . . If we consider the total group of incomes, it clearly does not
conform to the [normal] probability curve: Pareto has shown this
convincingly. And yet, after all, there may be something in the hy-
pothesis which he combats — that of Dr. Otto Ammon. Income
does not vary according to the normal law of error, but it may be
dependent on some attribute which does so vary, to wit, ability , as
Dr. Ammon has suggested. Thus the frequency of incomes might
form a translated probability-curve . . . .”22

Why incomes should be defined as earnings rather than disposable income,
Edgeworth never explained. Presumably because of a relationship that could
be assumed to hold between ability and marginal productivity. However, it is

21Priority for discovery of the lognormal distribution is still often attributed to Gibrat
[102, 103] — in fact, it is still sometimes called the “Gibrat distribution” — despite the fact,
as was brought out in detail in D’Addario’s controversy with Gibrat [54, 55], [104], that Gibrat
not only added nothing to the theory that had not already been fully developed by Dalton,
McAlister, Edgeworth, and Kapteyn, but in fact committed a serious blunder — the omission
of the term 1/[λ(x− ω)] in (4.47) — which largely vitiated his empirical results.

22Edgeworth considered the distribution of divorces at different dates after marriage, and
found that T (u) was well approximated by a cubic.
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doubtful whether Pareto would have accepted such an explanation, since he
was too good a Walrasian not to remember that the value of a factor’s marginal
product is the outcome of a general equilibrium process, as is the determination
of the ownership of assets; he also took a broader view of social phenomena
than Edgeworth, and would not have been satisfied with a theory of income
distribution that could not account for the acquisition of income by transfer as
well as by earnings. Specifically, he would not under the heading of “ability”
have excluded ability to appropriate the earnings of others by means of sharp
practices, strikes, intimidation, or the use of government as an instrument of
spoliation [163, II, §1026, p. 371], [182, Chs. II, VII].

After temporarily abandoning his and Kapteyn’s approach in favor of Pear-
son’s in the wake of a dispute between Kapteyn and Pearson,23 Edgeworth
returned to it later and suggested that “Pareto’s celebrated income curve is
perhaps to be explained on this principle” [79, p. 573] ; but no details were
provided. In the meantime, however, a way had been shown by Cantelli [42],
working independently of Edgeworth.24 Cantelli showed that with T (u) given
by (4.46) (he actually worked with the inverse function T−1(x) = c log(x+a)+b,
where a = −ω, c = 1/λ, and b = −(log κ)/λ), if the generating density is of the
negative exponential type

(4.48) g(u) = ρe−ρu (ρ > λ, 0 ≦ u <∞),

then the resulting income density is precisely the Pareto density (second ap-
proximation) given by

(4.49) f(x) = α(m+ a)α(x+ a)−1−α (0 < m ≦ x <∞),

where a = −ω, m = κ + ω, and α = ρ/λ. Cantelli’s principal contribution,
however, was to provide a theoretical justification for (4.48). Because of its
importance it is worth while presenting Cantelli’s argument here, as this can be
done very briefly.

Let the income scale be subdivided into a large number r of income brackets,
and let xi be a representative income in the ith bracket. Let it be assumed that
each person that falls in the ith bracket receives precisely the income xi. The
problem may then be formulated as a classical occupancy problem (cf. Feller
[85, pp. 38–9]); let ni be the number of individuals falling in the ith income
bracket, where

(4.50)

r
∑

i=1

ni = n.

23For a discussion of this dispute see Aitchison & Brown [3, pp. 20-22]. Pearson’s main
objection was that u could not in general be directly measured. His own alternative solution
was the “method of separation,” i.e., identification of subpopulations each following the normal
law, which Edgeworth [78, p. 402n] accepted in 1911 in preference to the method of translation
“suggested by the present writer [75], and independently by Professor J. C. Kapteyn [122].”

24In his last work Edgeworth [80, p. 713] cited Vinci’s article [237], which analyzes Pareto’s
“Additions” and briefly mentions Cantelli’s work, but he was apparently not familiar either
with Cantelli’s paper [42] or with Vinci’s exposition and extension of it [236].



4.5. THE CONTROVERSY WITH EDGEWORTH 73

Assuming that all rn placements are equally probable, the probability of ob-
taining the given “occupancy numbers” n1, n2, . . . , nr is

(4.51)
n!

n1!n2! . . . nr!
r−n.

Cantelli now introduces an additional constraint, namely

(4.52)

r
∑

i=1

niU(xi) = w,

where w is a certain parameter and U a certain function (namely T−1). Finally,
Cantelli postulates that the observed distribution of occupancy numbers is the
most probable one given the above constraints, i.e., that it is such as to maximize
(4.51) subject to (4.50) and (4.52) for any given w. For large nis the solution
to this constrained maximization problem is approximately25

(4.53) ni = ke−ρU(xi).

Using a limiting argument, as r increases (4.53) yields the density function
(4.48). Thus, under the scheme (4.51), (4.48) is the most probable density
function g satisfying

∫

ug(u)du = constant.
Cantelli interpreted U as a utility function, appealing to Bernoulli [24] for

justification of its logarithmic form. The constraint (4.52) then consists in hold-
ing the level of welfare constant when the social welfare function is of Benthamic
type. Vinci [236] objected to this interpretation, and substituted the interpre-
tation that U(x) consisted of the obstacles encountered by the recipient of an
income x.26 To D’Addario [57, p. 55], neither interpretation was satisfactory,
and he substituted the interpretation that U(x) was the capacity to acquire an

25The proof goes as follows (cf. Castelnuovo [46], pp. 276–7 of the first edition, or Vol. II,
pp. 107–9 of the second edition). For large ni, the terms may be approximated by Stirling’s
formula (see, e.g., Feller [85, p. 52]), whence, taking account of the constraint (4.50) we have

log
r
∏

i=1

ni! ∼ r log
√

2π − n +
r
∑

i=1

(n+ 1
2
) logni,

where the sign ∼ indicates that the difference between the two sides approaches zero as the
ni approach infinity. The third term on the right may then be minimized subject to (4.50)
and (4.52). This leads to

logni = −1 − ν − ρU (xi) − 1/ni

where ν and ρ are Lagrangean multipliers. Neglecting the last term which becomes negligible
for large ni, integration of the resulting expression leads to the formula (4.53) of the text.

Castelnuovo supplements this argument, similar to that of maximum likelihood estimation,
by one to the effect that there is a small confidence interval, i.e., a high probability that the
true density will be close to (4.53); cf. [46], pp. 285–9 of the first edition or Vol. II, pp. 119–124
of the second edition. A modern treatment of this theory is contained in Khinchin [126].

26According to Vinci’s interpretation one might think of the constraint (4.52) as defining a
linear utility possibility frontier (in utility space) in Samuelson’s sense [209], as opposed to a
linear Benthamic welfare contour which would correspond to Cantelli’s interpretation. In the
space of incomes, the constraint (4.52) defines a hyper-surface that is convex to the origin;
this would suggest that Cantelli’s interpretation is more plausible than Vinci’s.
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income of x. This of course identifies U(x) with T−1(x). D’Addario’s interpre-
tation certainly seems to be the most solidly based. D’Addario later showed
[58] that if to the constancy of the mean of the aptitude variable was added
the constancy of its variance, then Cantelli’s approach would yield the normal
density for g, hence the lognormal density for f — always on the assumption
that T is of exponential form.27 D’Addario [60] went on to provide a general
synthesis of Edgeworth’s method of translation, finding generator functions g
and translations T corresponding to the income-distribution functions suggested
by March [144] , Vinci [236], Amoroso [11], and Davis [63, pp.408-418].28

The soundness of the exponential specification (4.46) is well based on Kap-
teyn’s amplification of Galton’s remark quoted above: “let the price of an article
in which both A and B have invested their capital rise or fall. Then it will be
evident that . . . the effect of this cause will not be independent of the capital,
but proportional to it” [122, p. 13], and again, “it seems plausible enough to
admit that most of the principal causes of deviation in wealth, that is, the main
causes of gain and loss of capital, have an effect roughly proportional to the
capital possessed” [122, p. 43]. This is what Gibrat [103] later described as the
“law of proportionate effect.”

Basing himself on Edgeworth’s method of translation, Fréchet [93] accepted
the law of proportionate effect, i.e., the exponential translation (4.46), but re-

placed the normal density g(u) = π−1/2e−u2

by the Laplace density g(u) =
1
2e

−|u|,−∞ < u < ∞. He then showed that the resulting income density f(x)
was continuously differentiable and unimodal, and coincided with the Pareto
density (second approximation) for all values of x higher than the median in-
come. In support of the Laplace density, however, he offered only empirical
evidence obtained by Wilson [249] and himself [92], combined with skepticism
concerning the applicability of the normal law to these situations. On the other
hand he provided an a priori argument to the effect that f(x) would have to
be unimodal, since N(x) would necessarily be constant for incomes below sub-
sistence level, hence dN/dx would tend to zero with small as well as with large
incomes and thus |dN/dx| would have to have a maximum. This argument

27An alternative rationalization of the lognormal distributionwas proposed by Van der Wijk
[234], who, like Cantelli, interpreted T−1 as a utility function. He appealed to the analogy
with Fechner’s law (which had been discussed by both Galton and Kapteyn) and to Bernoulli’s
“moral worth” for justification of the logarithmic form of U and for the interpretation of U (x)
as “psychic income.” Like Sorel [226], Van der Wijk was interested in the distribution of utility
and psychic income, and he postulated that this distribution should follow the normal law.
However, no indication was provided as to what social mechanisms might bring this about; in
particular he does not appear to have attempted, as might seem a reasonable thing to do, to
establish a link between psychic income and aptitudes.

28D’Addario [59] also studied a probabilistic model leading to a new income distribution
formula of his own. Cantelli [43] applied his model to the distribution of labor income inter-
preting (4.46) as a formula for the remuneration of labor, one part being independent of the
amount of work done and the other part varying exponentially with it, in harmony with its
interpretation by Edgeworth and D’Addario. Castellani [45] extended Cantelli’s method so as
to find the appropriate constraints leading to Pearson’s curves. Finally, a study by Rhodes
[203] may be mentioned which investigates relationships between distributions of incomes and
of talents.
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assumes that there are incomes close to subsistence.

Formally, Cantelli’s approach is appealing because it provides an a priori
basis for exactly Pareto’s law. But Pareto’s law does not fit the data exactly
at the lower extremities. In what is perhaps an oblique criticism of Cantelli’s
approach, Fréchet remarked in a subsequent paper [95, p. 16]: “a theory has a
better chance of being soundly based if it does not assign itself a result chosen
in advance, and contents itself with expressing the diverse conditions of the
problem as well as possible. We shall reject it if the approximation obtained
is bad. In the contrary case, it will be natural to accord it greater confidence
than a theory which has been provided with blinkers to lead it to a determined
formula.” Cantelli’s constraint (4.52) was inspired by the analogous constraint
in physical statistics, which corresponds to the law of conservation of energy; the
fact that three different economic interpretations have been given to it proves,
if proof was needed, that there is no equally compelling principle in economics.
Moreover, plausible as is the hypothesis that formula (4.51) — which is the
Maxwell-Boltzmann distribution in physics — is true, it has had to be rejected
in physics in favor of less plausible hypotheses whose implications are closer to
the facts. As Feller [85, p. 51] remarks: “We have here an instructive example
of the impossibility of selecting or justifying probability models by a priori

arguments.” Which is just what Pareto kept insisting on by saying [163, II,
Additions, p. 418]: “It is Kepler’s observations which were the basis of Newton’s
theory, not Newton’s theory which proved the facts observed by Kepler.”

The search for a rational basis of Pareto’s law has continued up to the
present day. A notable advance was made by Champernowne [47] who was the
first to set up an explicitly dynamic model of social mobility leading to Pareto’s
law. Hints of such a model had already appeared in Sorel’s study [226] (to
be discussed in §4.6 below), which contained both the concept of a transition
probability of moving from one income bracket to an adjacent one, and the idea
of subdividing the income brackets in geometric progression. An outline of a
possible model along these lines was also sketched by Winkler [254, p. 386], who
described it as a “sifting process” (Siebungsprozess). However, it was not until
Champernowne’s study that a precise model of this kind was presented.

Champernowne subdivides the income scale into discrete brackets arranged
in geometric progression:

(4.54) xi = x0e
λi ; λ > 0, i = 0, 1, 2, . . . .

By itself this assumption is not limiting, but it becomes so in conjunction with
Champernowne’s assumption that the probability of moving up or down one
bracket (other than into the bottom bracket) is independent of the income
bracket one is in. I shall consider only a special case of Champernowne’s model
in which it is impossible to move up or down at any step by more than one
bracket. Champernowne also assumes that it is impossible to move below the
bottom (zeroth) bracket — possibly an unfortunate assumption, since it rules
out the real possibility of starvation as a selective force. Let the probability
of moving up one bracket be p1, that of staying in the same (other than the
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bottom) bracket p0, and that of moving down one bracket (other than from
the bottom bracket) p−1, where p−1 + p0 + p1 = 1. The probability of moving
down from the bottom bracket being zero, the probability of remaining in this
(zeroth) bracket is then p−1 + p0.

Let ni(t) be the number (strictly speaking, the expected number) of indi-
viduals in the ith bracket at time t; this is then determined by the equations

(4.55)
ni(t+ 1) = p1ni−1(t) + p0ni(t) + p−1ni+1(t) (i ≧ 1)
n0(t+ 1) = (p−1 + p0)n0(t) + p−1n1(t),

the last equation following from the rest by reason of the constraint

(4.56)

∞
∑

i=0

ni(t) = n = N(x0).

An equilibrium solution to the first set of equations of (4.55) exists if and only
if a solution exists to

(4.57) p−1ni+1 − (p−1 + p1)ni + p1ni−1 = 0 (i ≧ 1),

itself a homogeneous linear difference equation in ni with constant coefficients.
The only possible solutions are linear combinations of particular solutions of the
form ni = νi, which when substituted in (4.57) yield

(ν − 1)(p−1ν − p1)ν
k−1 = 0.

The solution ν = 1 is ruled out since it would violate the constraint (4.56).
The solution ν = p1/p−1 would likewise have to be ruled out unless p1 < p−1,
which is Champernowne’ s condition for the process to be “non-dissipative”, i.e.,
convergent to an equilibrium solution; in this case it is necessary and sufficient
for the existence of an equilibrium solution. That is: a necessary and sufficient

condition for the existence of a limiting distribution is that the probability of

moving up one bracket be less than the probability of moving down one bracket.

This seems to be fully in the spirit of Pareto’s theory of the “circulation of the
élites” [176], [179] (see §4.7 below) to the effect that there is a preponderant
degenerative tendency on the part of classes above the subsistence level, and
to this extent it portrays the selective nature of the bottom bracket. Assuming
0 < p1 < p0 we then obtain a unique solution

(4.58) ni = c

(

p1

p−1

)i

= n

(

1 − p1

p−1

)(

p1

p−1

)i

,

the evaluation of the constant c in the third term following upon substitution
of the second term in the constraint (4.56).

The number of individuals with incomes greater than or equal to xi is now,
from (4.58),

(4.59) N(xi) =

∞
∑

j=1

nj = n

(

p1

p−1

)i

= N(x0)e
−ρi
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where by definition

(4.60) ρ = − log(p1/p−1) > 0.

Defining α = ρ/λ and combining (4.59) and (4.54) we immediately obtain the
Pareto form

(4.61) N(xi) = N(x0)x
α
0x

−α
i

in accordance with (4.10).
One additional assumption — not mentioned by Champernowne — needs

to be added, however, in order to ensure the finiteness of total income. This is
that α = ρ/λ > 1 or, from (4.60) and (4.54),

(4.62)
p1

p−1
= e−ρ < e−λ =

xi−1

xi
(i = 1, 2, . . .).

Thus, the steeper is the gradation of incomes as defined by λ, the greater must
be the probability of falling relative to that of rising in the income scale.

Oversimplified as such a model may be, it does provide the kind of explana-
tion for Pareto’s law that, in principle at least, could be tested against separate
data, say on social mobility; that is, it makes it possible to extend the realm of
applicability of the law and confirm it with a broader variety of facts. Surely
this is all that can be meant by saying that a “rational law” carries more weight
than an “empirical law.” Even if such a wider verification were to be obtained,
the question would still remain — important in deciding whether it would be
possible to establish a new social equilibrium with, say, greater equality of in-
comes — whether the empirical regularity could be attributed to human nature
and not to the accidental nature (if indeed it is accidental) of particular social
institutions. Not only that; there is nothing in Champernowne’s model — nor,
for that matter, in Cantelli’s model considered above — to set an upper limit
on α. If the Benini-Bresciani interpretation is accepted, perfect equality would
be approached as α → ∞, and there is nothing in these formal models to rule
this out.

Mandelbrot [141] has studied generalizations of Champernowne’s process
that lead to limiting distributions which are “Paretian” in his sense, i.e., whose
right tails are closely approximated by the (strict) Pareto distribution. How-
ever, one of Mandelbrot’s chief contributions [140] has been to suggest a model
that can explain Pareto’s empirical finding that 1 < α < 2 for aggregate in-
comes. This is the hypothesis that total incomes are an aggregate of a large
number of independently distributed partial incomes with finite means but in-
finite variance; this leads to Lévy’s [132] stable distributions with parameter
α in the interval 1 < α < 2, which have right tails which are closely approx-
imated by the Pareto distribution, i.e., 1 − F (x) ∼ Cx−α for large x, hence
are “Paretian” in Mandelbrot’s sense. Empirical studies (e.g. Lydall [135]) in-
dicate that α is not limited to this interval for partial incomes, but can even
exceed 3; and for these, Mandelbrot [142], [143] has made the extremely inter-

esting observation that Fréchet’s [91] distribution defined by F (x) = e−x−α

for
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x > 0 (and F (x) = 0 for x ≦ 0) might apply, since it also has the asymptotic
Paretian property and is the limiting distribution of the maximum of a large
number of independently distributed random variables.29 The fact that total
but not partial incomes are found empirically to satisfy 1 < α < 2 makes Man-
delbrot’s hypothesis quite compelling. Also in its favor is the fact that it allows
a more realistic representation of income distributions at the lower end of the
scale, without sacrificing — as is the case with the lognormal distribution — the
empirically well-established Paretian nature of the right tail of the distribution.

Wold and Whittle [256] have developed a model that yields the Pareto dis-
tribution for wealth, and which explicitly introduces demographic factors. As-
suming a constant force of mortality, γ, and a constant rate of growth of assets,
β, they obtain (in the simplest version of their model) the relationship α = γ/β,
which they justify as being plausible by taking as an illustration the values 1.6
= .04/.025. They do not provide a justification for the assumed constancy of γ,
which is perhaps to be explained on the basis of aggregation over different age
groups. One of the desirable features of the model, which they stress, is that
it is capable of being tested against independent estimates of α, β, and γ. On
the other hand, the question immediately arises as to whether the relationship
α = γ/β, even if it should hold up in a particular country at a particular time,
shows any empirical stability across countries and over different periods. This
is the kind of test that would be needed in order to be able to ascribe any sort
of explanatory power to the model.

Lydall [135, pp. 128–9] has introduced an interesting model of quite a dif-
ferent kind which assumes, “firstly, that on the average managers in a given
grade supervise a constant number of people in the grade below them, . . . and,
secondly, that the salary of managers in a given grade is a constant proportion
of the aggregate salaries of the people whom they directly supervise.” He shows
that these hypotheses lead to the Pareto law. What is particularly interesting
about Lydall’s study is his interpretation of the predictive power of his model;
he finds (p. 130) that countries where incomes tend to follow a lognormal rather
than Pareto distribution (such as those of eastern Europe) tend to be countries
where managers are paid on the basis of “ability” rather than responsibility. It
is not necessary to accept this particular inference in order to appreciate that
this is just the kind of insight one hopes to obtain in looking for a rational basis
for Pareto’s law.

29The basis for Fréchet’s distribution is that it is one of the three possible types of dis-
tribution of the maximum of a series of independently and identically (except for scale and

translation factor) distributed random variables, the other two being F (x) = e−(−x)−α

for
x ≦ 0 and F (x) = 1 for x > 0 (which obviously does not apply to incomes, although the
corresponding distribution obtained by replacing F (x) by 1−F (−x), for the minimum of the

series conceivably could), and F (x) = e−e−αx

(which, when F (x) is replaced by 1 − F (−x)
and maxima are replaced by minima, forms the basis for the Gompertz distribution — cf.
Brillinger [41]). These results are due to Fréchet [91], Fisher & Tippett [89], and Gnedenko
[109] (see also Feller [86, p. 278], Kendall & Stuart [125, pp. 330–4]). Mandelbrot [142] has
provided an economic interpretation to justify the first of the Fréchet distributions, in terms
of the seeking of maximum income, which is related to models proposed by Roy [205] and

Tinbergen [232]. The empirical justification is the Paretian property 1 − e−x−α ∼ Cx−α.
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4.6 Characterizations of Pareto’s law

In his penetrating discussion of Pareto’s law, which won Pareto’s [169] high
praise, Sorel [226] sought to obtain an interpretation of the meaning of Pareto’s
formula. He drew the analogy, as did Edgeworth [75] also only a short time
later, between Pareto’s law and the laws of mortality of Gompertz [110] and
Makeham [138], [139]. According to Gompertz’s law, the instantaneous death
rate, or “force of mortality,” increases exponentially with age, and can thus be
interpreted as a measure of vulnerability to death. Makeham’s first law, which
fits the data still better, adds a constant term representing chance events in-
dependent of age. As Sorel remarked, neither of these laws does justice to the
complex biological phenomena underlying the causes of death; they can be con-
sidered as explanations only on a very formal plane. And yet, they do without
doubt have a ring of plausibility about them which enhances one’s confidence
in the mortality distributions which they imply.30 Pursuing his objective of
finding an analogous interpretation of Pareto’s law, Sorel began by appealing to
Fechner’s [84] law as well as to Bernoulli’s [24] formula for evaluating income,
as a way to justify subdivision of the income scale in geometric progression, so
that the typical incomes in the various income brackets could be represented
by xi = x0e

λi, i = 0, 1, 2, . . .. In accordance with the logarithmic evaluation, or
utility function, ui = U(xi) = logxi, the widths of these income brackets would
be perceived by individuals to be the same, i.e., as corresponding to equal dif-
ferences in utility ui+1 −ui = λ. The number of people with utility higher than
u is given by

(4.63) P (u) = N(eu) = N(x),

so the number of people in the ith bracket is

−∆P (ui) = P (ui) − P (ui+1) = P (ui) − P (ui + λ).

Now, Sorel considers the ratio between the number of people in the (i+1)th
bracket and the number of people in the ith bracket as an indication of the
prospects for advancement from the ith to the (i+1)th bracket. One minus this
ratio is then what Sorel calls the difficulty of rising. Dividing this quantity by
the width of the brackets, ∆ui = λ, we obtain

−∆P (ui) + ∆P (ui+1)

−∆P (ui)∆ui
=
P (ui) − 2P (ui + λ) + P (ui + 2λ)

[P (ui) − P (ui + λ)]λ
.

Dropping the i subscript in the expression on the right and letting the width of
the brackets approach zero, we obtain by l’Hospital’s rule

lim
λ→0

P (u) − 2P (u+ λ) + P (u+ 2λ)

[P (u)− P (u+ λ)]λ
= −P

′′(u)

P ′(u)
.

30See footnote 2 of Chapter 4, above. There is more to these laws than just plausibility,
however; they can be shown to result from the hypothesis that a mechanism with many
components fails with the first failure of one of these components — cf. Brillinger [41] and the
discussion in the preceding footnote.
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Sorel’s characterization reads [226, p. 588]: “the difficulty of rising is constant

and measured by α.” That this follows from Pareto’s law is immediately verified.
But the converse is also true; that is, the condition

(4.64) D(u) ≡ −P
′′(u)

P ′(u)
= α

implies that N(x) satisfies Pareto’s law. For, as a differential equation in P ′ it
has the solution P ′(u) = −ce−αu, which when integrated gives (putting c = Aα
and taking account of the fact that P (u) → 0, as u → ∞)

(4.65) P (u) = Ae−αu.

Substituting (4.65) in (4.63) we obtain the Pareto law N(x) = Ax−α.
Sorel also noted that the “difficulty of rising” function D(u) of (4.64) could

also be interpreted as the “ease of falling” in the income scale. In fact, as is
clear from the discussion in §4.5 of Champernowne’s model [47], it can be related
directly to the ratio of the probability of falling to the probability of rising in the
income scale.31 The interpretation is a very satisfying one, since with a fixed
minimum income m, a greater difficulty of rising will lead to a smaller expected
income, µ, hence a lower α. And in terms of the Benini-Bresciani interpretation
of α, if per capita income µ is fixed, then the greater is the difficulty of rising
and ease of falling, the less does it matter whether one rises or falls.

The next important contribution to the characterization of Pareto’s law was
that of Hagstroem [111], who presented three separate and equivalent character-
izations which I shall take up in reverse order. Being an actuary, it was natural
for Hagstroem to consider the analogue of the “force of mortality” function
measuring vulnerability to death. In the case of the Pareto distribution this
function has the form

(4.66) V (x) = −N
′(x)

N(x)
=
α

x
.

Thus, unlike Gompertz’s law whereby the vulnerability increases geometri-
cally with age as V (x) = Bqx(q > 1), viewed as a force of mortality function
(4.66) diminishes with age. In fact, as was noted in §4.1 Pareto employed very
nearly the form (4.66) for infant mortality. It is immediate that (4.66), which
may be written in the elasticity form32

(4.67) ε(x) = −xN
′(x)

N(x)
= −d logN(x)

d logx
= α,

31Specifica1ly, the “difficulty of rising” is, from (4.60), given by

α = −[log(p1/p−1)]/λ

.
32Giaccardi [101] studied income distributions implied by assigning various values to the

parameters when the function (4.67) is of the form ε(x) = A + Bx + Cxγ , and found the
appropriate characterizations for the Amoroso distribution [11] as well as for the lognormal
distribution (C = 0).
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yields the Pareto law logN(x) = logA−α log x. Hagstroem interprets (4.66) as
follows [111, p. 83]: “the difficulty of acquiring a large income may be compared
with that of reaching an old age. The difficulty is measured by V (x) and evi-
dently has to do with the popular thesis that it is the first million that counts.”
An alternative and illuminating interpretation of the characterization (4.66) has
been suggested by Mackey [137] who inverts the expression (4.67) — which is
the elasticity with respect to income x of the number of people with incomes
higher than x — to obtain the function

(4.68) I(x) = − N(x)

xN ′(x)

which he interprets as a measure of the incentive of moving up the income scale,
since it measures the percentage increase in a person’s income resulting from,
and expressed relative to, the percentage of those people above him that he
passes in the income scale. In terms of this interpretation, the incentive to rise
is independent of one’s position in the income scale if and only if the income
distribution has the Pareto form.

The second of Hagstroem’s characterizations is of considerably greater inter-
est. In fact, it had already been anticipated by Bowley [32], and a closely related
(and equivalent) formula had been obtained by Bresciani-Turroni [35, 36] earlier
still. And since the publication of Hagstroem’s paper, the characterization has
been independently rediscovered no less than three times, by Fréchet [90], Van
der Wijk [233], and Mackey [137]. What Bresciani-Turroni showed ([35, p. 800];
see also [40, p. 13l]) was that the Pareto law implied, for any income levels x
and y in the observable range,

(4.69) R(x) − R(y) = δ[xN(x)− yN(y)],

where the function R is defined by (4.13) and δ is given by (4.29). This is a
useful formula for computing the amount of income in any given bracket. Four
years later Bowley [31, p. 264] observed that under the Pareto law, “the average
income above £x is £[α/(α − 1)]x”; the following year he described Pareto’s
formula by saying [32, p. 106]: “Its simplest expression is that the average of
all incomes above any amount £x varies directly as x.” Denoting this average
by M(x) = R(x)/N(x), the characterization states that the function

(4.70) E(x) =
M(x)

x
=

R(x)

xN(x)
= δ

is equal to a constant δ > 1 for all x. An explicit proof that (4.70) implies
that x follows the Pareto law was apparently first provided by Hagstroem [111,
p. 82], who obtained (4.70) as a consequence of his first characterization to be
described below. The proof is obtained most simply by differentiating

(4.71) R(x) = δxN(x)

to obtain

(4.72) xN ′(x) = R′(x) = δ[N(x) + xN ′(x)]
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(the first equality following directly from the definition (4.13) of the function R).
This immediately yields (4.67), where α = δ/(δ − 1). Obviously, differentiation
of Bresciani-Turroni’s formula (4.69) with respect to x, for any given y, yields
the same result.

Fréchet [90, p. 548] noticed that the constancy of M(x)/x followed from
strict adherence of x to the Pareto law, and remarked that “if it were prac-
tically constant it would furnish a coefficient of great usefulness, which could
be considered as measuring the inequality in the distribution of incomes,” and
“which would be very close to unity if incomes were nearly all equal.” He went
on to assert that if the function reciprocal to (4.70) satisfied the equation

(4.73)
xN(x)

R(x)
= ϕ(logN(x))

for some function ϕ, then R could be obtained as a function of N , yielding
an explicit relation between N and x. For the proof he referred the reader
to another paper which, however, never appeared.33 The solution was finally
presented by him thirteen years later [93, pp. 34–5], in the form of the inverse
function

(4.74) x(N) =
ϕ(logN)

N
e
∫

ϕ(log N)d log N .

Choosing ϕ to be the constant function equal to 1/δ, the Pareto form follows im-
mediately. Fréchet put forward this approach as a way of generalizing Pareto’s
law, and originally suggested [90] choosing ϕ to be a polynomial or, alterna-
tively, either the Laplace or normal density function. This idea was apparently
abandoned, but later Fréchet showed [94, pp. 104–5], [95, p. 30] that ϕ could be
chosen so as to yield the lognormal distribution, for which case he found that
limx→∞M(x)/x = 1.

Van der Wijk [233, p. 574] came upon formula (4.70) by way of Gini ’s
formula for income distribution [105, p. 72], [106, p. 49]. Gini had estimated
the parameter δ of (4.29) by fitting the equation

(4.75) logN(x) = δ logR(x) − logK

to empirical data. What this procedure amounts to is assuming the function
δ(x) of (4.30) to be a constant. Gini argued vigorously in favor of his formula in
preference to Pareto’s, and even stated explicitly [106, pp. 48–9] that Pareto’s
law implied (4.75) but not conversely. He thus considered his law N = Rδ/K to

33Fréchet’s characterization was discussed by Roy [206, pp. 113-5] who, however, was led
astray by some misprints in Fréchet’s paper, and by Gibrat [103, pp. 44–6), who attempted
to reconstruct the then missing argument with only partial success. The characterization has
since been stressed in the writings of Allais [4, II, Appendix IIA, pp. 34–7], [5, p. 406], [6,
p. 79], who refers to Gibrat [103] and Fréchet [93]. Fréchet in his early article [90] suggested
using an inequality index of the form

∫

E(x)f(x)dx, which would of course reduce to the Gini
index δ in the case of Pareto distributions.
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be more general and of wider validity.34 Gini’s assertion remained unchallenged
until D’Addario [56, pp. 189–90], twenty-four years later, proved that on the
contrary (4.75) implies Pareto’s law. In fact, the elements of the proof were
already contained in the literature, since what Van der Wijk showed was that
Gini’s law implies (4.70), and Hagstroem had already shown that (4.70) implies
Pareto’s law. To obtain Van der Wijk’s result one need merely differentiate
(4.75) to obtain, with (4.13) ,

(4.76)
N ′(x)

N(x)
= δ

R′(x)

R(x)
= δ

xN ′(x)

R(x)
.

Cancelling N ′(x) from the left and right expressions one obtains precisely (4.70).

Van der Wijk described (4.70) as the “average-law,” and correctly asserted
that the Pareto law, Gini law, and “average-law” were mutually equivalent [233,
pp. 573–4], contenting himself to supply only the “easiest” implication. He also
gave (4.70) an interpretation in terms of a Bernoulli-Fechner utility function,
as expressing the constancy of the difference logM(x) − logx, where logx was
described as “psychic income.” In his words [233, p. 581]: “within very broad
income limits every social group feels equally poor.”35

Mackey [137] has described the function (4.70) suggestively as a measure of
“how envious people with income x should be of their economic superiors.” Al-
lais [5, p. 406], [6, p. 79], like Fréchet [90], has interpreted (4.70) as an inequality
index, and in a further elaboration which calls to mind Sorel’s [226] as well as
Van der Wijk’s [233] interpretations, he says [6, p. 79]: “The constancy of the
ratio M(x)/x for all values of x in a society at a given time appears to mean
simply that the sociological equilibrium that is established is such that at each
income level the sentiment of inequality is independent of this income.”

Hagstroem’s principal characterization is an interesting application of the
previous one, and one which also has important practical implications. It is
stated as follows [111, p. 78]: if, as a consequence of a monetary inflation, every
citizen’s income is multiplied by the same constant λ > 0, the law of income
distribution will be such that the average income of those whose incomes exceed
x is unchanged. This statement is to be interpreted as holding no matter what
values of λ > 0 and x (in the domain of the distribution) one chooses. Defining

34Gini also stressed [106, p. 49], in support of his argument for the superiority of his formula
to Pareto’s, that it gave a better fit to the data. This could well be true; but the fact was
misinterpreted by Gini. That is, it might indeed be preferable to estimate α by first estimating
δ by Gini’s formula and then substituting in the formula α = δ/(δ−1), rather than directly by
Pareto’s formula; however, this is simply a problem in statistical estimation, and has nothing
to do with the relative merits of Gini’s and Pareto’s formulae — which would be impossible
since they are equivalent. Fréchet [95] also expressed a preference for the Gini method of
estimation, but without reference to Gini.

35Van der Wijk, who was generous in acknowledging others’ priority, mentioned [233, pp.
574–5] that he discoveredBresciani-Turroni’s earlier formula (4.69) after he had already arrived
at (4.70). However, Van der Wijk made a slip in stating that (4.69) reduces to (4.70) when
y = 0; rather, it reduces to (4.70) when y → ∞, but to establish this one needs first to show
that (4.69) implies that x satisfies Pareto’s law. Later [235, pp. 51–2], Van der Wijk came
across the Fréchet [90] and Bowley [32] references, and acknowledged their priority.
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Nλ(x) as the number of persons whose incomes exceed x after the inflation, we
have

Nλ(x) = N(x/λ).

Each such person will have a money income λ times as high as before, so that
defining Rλ(x) as the sum total of money incomes accruing after the inflation
to those with money incomes in excess of x, we have

Rλ(x) = λR(x/λ).

The average money income, after the inflation, of those earning more than x
will then be

(4.77) Mλ(x) ≡ Rλ(x)

Nλ(x)
=
λR(x/λ)

N(x/λ)
= λM(x/λ).

Now, Hagstroem’s hypothesis states that

(4.78) Mλ(x) = M(x)

for all x and λ. Combining (4.77) and (4.78) we then have

(4.79) M(x) = λM(x/λ).

Introducing the change of variable y = x/λ, this becomes

M(x)

x
=
M(y)

y
,

and this is to hold for all x and y in the domain of the distribution. This of
course means that M(x)/x is constant and (4.70) holds. This in turn by the
previous arguments (all in Hagstroem’s paper) implies that (4.66) holds, which
implies Pareto’s law.

The result brings out a great advantage of the Pareto distribution in ap-
plications: in making comparisons of inequality in income distributions over
time or between countries, there is no need to correct for inflation or to find
appropriate exchange rates for converting currencies to a common unit. Indeed,
Pareto made no such attempt in his early empirical studies [163, II, §959, p.
312];36 on the other hand it is significant that in his last empirical study of
income distribution [175], in which he employed his “second approximation” in
making a comparison of income distributions in Paris in the years 1292 and

36In his commentary on Sorel’s [226] review of his work, Pareto stated [169, p. 260]: “A
quoi s’applique la théorie? A la répartition des revenues exprimés en numéraire.” It might
be thought that Pareto was using the term numéraire here in Walras’s sense, meaning some
commodity that plays the role of money. However, up to that time Pareto in fact used only
money income in his empirical calculations, so that the above passage must be translated as:
“To what does the theory apply? To the distribution of incomes expressed in money.” This
interpretation is further reinforced by the fact that Pareto goes on in the above passage to
contrast this proposition with the one Sorel was interested in: “The distribution of what I
have called ophelimity is not considered.”
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1896, he was very careful to reduce all units to wheat equivalents. The above
characterizations of course do not apply to the second and third approximations
(see (4.44) above).

Another characterization that has great relevance to applications is the fol-
lowing one due to Bhattacharya [25]. Bhattacharya posed the followng problem:
Since the most frequent sources of data on incomes is income-tax statistics, one
will ordinarily not have data on all incomes in the interval [m,∞), but only on
incomes in an interval [y,∞), where y > m. An investigator is therefore forced
to limit himself to studying the truncated distribution over the latter interval.
The question then arises: when is the form of the Lorenz curve invariant with
respect to the choice of the point of truncation y?

Now, from (4.12), (4.14), and the definition of the Lorenz curve (4.28), it
follows that this Lorenz curve may be expressed parametrically as the function
L∗ satisfying the following identity in x:

(4.80)
N(x)

N(m)
= L∗

(

R(x)

R(m)

)

.

If the distributions are replaced by truncated distributions with point of trun-
cation y, then the corresponding Lorenz curves have the expression (4.80) with
m replaced by y, for x ≧ y. Bhattacharya’s requirement is that the functional
form should be independent of the choice of y, that is, that one and the same
L∗ should satisfy the equation

(4.81)
N(x)

N(y)
= L∗

(

R(x)

R(y)

)

identically in both x and y, for x > y. The solution, as expected, is that this
requirement is sufficient as well as necessary for x to follow the Pareto law (first
approximation).

The result may readily be proved by replacing (4.81) by the equivalent iden-
tity

(4.82) logN(x) − logN(y) = ψ(logR(x) − logR(y)),

and differentiating both sides of (4.82) with respect to x and y. This yields

R(x)

N(x)

N ′(x)

R′(x)
= ψ′(logR(x) − logR(y)) =

R(y)

N(y)

N ′(y)

R′(y)

whence (differentiating (4.13)) the function

R(x)

N(x)

N ′(x)

R′(x)
=

R(X)

xN(x)

is a constant, i.e., (4.70) holds.
Thus, (4.81) holds identically in y and x > y if and only if it is of the form

(4.83)
N(x)

N(y)
=

(

R(x)

R(y)

)δ
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and in particular (4.80) must be of this form for y = m. This is, of course,
Gini’s form, and the result is of interest in view of Gini’s contention [106, p. 48]
that Pareto’s formula held only for incomes above a certain limit whereas his
own formula held equally well for such truncated distributions and the entire
distribution all the way to m = 0. The contention is, of course, groundless and
incorrect.

The final characterization I now come to is due to Mackey [137]. He assumes
that individuals have already been arranged in order of merit. Let u be a suitable
measure of merit (talent, or aptitude), and let g(u) as in §4.5 be the density
function of individual aptitudes or abilities. Denote by

(4.84) B(u) =

∫ ∞

u

g(t)dt

the proportion of the population that is higher (better) than u on the aptitude
scale. Let x = T (u) (as in §4.5) denote the income of a person with aptitude u,
and assume that T is strictly increasing. Mackey’s hypothesis is that given any
two individuals at positions u and v on the talent scale, their relative incomes
should depend only on their relative position on the scale, i.e.,

(4.85)
T (u)

T (v)
= ϕ

(

B(u)

B(v)

)

for some function ϕ. It is a remarkable fact that property (4.85) is also charac-
teristic of the Pareto distribution.

To establish the result we may first observe that from the strict monotonicity
of T we have B(u) = G(T (u)), where G is defined by (4.12) Then, (4.85) is
equivalent to the condition

(4.86)
x

y
= ϕ

(

G(x)

G(y)

)

= ϕ

(

N(x)

N(y)

)

.

This is in turn equivalent to the condition

(4.87) log x− log y = ψ(logN(x) − logN(y)).

Differentiating (4.87) with respect to x and y (which is permissible since the
left side is certainly differentiable, hence the right side must be) we see that ψ′

must be negative (hence ϕ′ as well), and that the equations

N(x)

xN ′(x)
= ψ′(logN(x) − logN(y)) =

N(y)

yN ′(y)

must hold for all x and y, implying the constancy of the function (4.68).

4.7 Invariance of the law of income distribution

Pareto always insisted that his formula for the distribution of incomes was only
a first approximation; that the fit was good only for the right tail of the distri-
bution (the only part for which he had solid empirical evidence), and even then
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not perfect, i.e., the logarithms of the observed points, which he fitted by the
straight line

(4.88) logN(x) = logA− α log x,

actually followed a slightly convex curve. Nothing in Pareto’s work leaves one
to believe that he would not have welcomed the kinds of generalizations made
possible by Fréchet’s [93] extended Pareto distribution discussed in §4.5 above,
or by the family of asymptotically Paretian distributions, i.e., distributions F
such that 1−F (x) ∼ Cx−α, introduced by Mandelbrot [140], [141], [142], [143].
At the same time Pareto was impressed by the fact that, according to his own
evidence, there was remarkable stability in the slope of the observed distribution,
over time and cutting across social systems as diverse as European states in the
19th century and Peru at the time of the Spanish conquest. This led him to the
following statement [163, II, §960, p. 312]:

These results are very remarkable. It is absolutely impossible to
assume that they are due solely to chance. There must certainly
be a cause which produces a tendency for incomes to be distributed
along a certain curve. The form of this curve seems to depend only
slightly on different economic conditions of the countries considered,
since the effects are about the same for countries in which economic
conditions are as diverse as those of England, Ireland, Germany,
Italian cities, and even Peru.

True, since we are dealing only with empirical laws, we cannot
be too prudent. In any case, the consequences we shall draw from
this law will at least always be valid for peoples for whom we have
seen that they are confirmed.

Cautious as this statement surely is, it did not prevent either his detractors or
some of his followers from pressing the point much more strongly. The question
inevitably rose as to whether it meant that it would be impossible for a socialist
state to bring about complete equality of incomes. With respect to this question
Pareto pointed out (i) that even if a socialist state should succeed in doing
this, the resulting gain to the poor would still be insignificant [163, II, §967,
p. 328], and (ii) that the most effective way for a socialist state to accomplish
this program would be to carry out the redistribution directly, while organizing
production according to the principles of the competitive price mechanism. This
does not answer the question of whether a socialist state could in fact succeed in
accomplishing purely redistributive egalitarian measures — ineffective as they
might be. Here, Pareto fully accepted Edgeworth’s position that one would need
a “rational law” of income distribution rather than a purely “empirical law” in
order to attach enough weight to it that it could be extrapolated to new systems
of social organization. The following passage well expresses his position [170, p.
501]:

The laws of the distribution of wealth evidently depend on the
nature of man and on the economic organization of society. We
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might derive these laws by deductive reasoning, taking as a starting
point the data of the nature of man and of the economic organization
of society. Will this work some time be completed? I cannot say;
but at present it is certain that we lack sufficient data for undertak-
ing it. At present the phenomena must be considered synthetically,
and every endeavor must be made to discover if the distribution of
wealth presents any uniformity at all. Fortunately, the figures rep-
resenting the distribution of wealth group themselves according to
a very simple law, which I have been able to deduce from unques-
tioned statistical data. The law being empirical, it may not always
remain true, especially not for all mankind. At present, however,
the statistics which we have present no exceptions to the law; it
may therefore provisionally be accepted as universal. But excep-
tions may be found, and I should not be greatly surprised if some
day a well-authenticated exception were discovered.

Pareto did in fact go a considerable distance in developing such a “rational
law,” although only in qualitative outlines. First presented in the Cours, [163,
II, §§1002–1012, 1024–1031, pp. 356–363, 371–5], it gradually evolved into his
elaborate theory of the “circulation of the élites” [176], [179, I, pp. 6–15, 34–
38; II, pp. 130–169], [182, Ch. II, VII]. This was an essentially dynamic theory
according to which natural selection operated in the lower classes to produce
a relative preponderence of talented and aggressive individuals, while at the
same time the absence of such selective forces among the more well-to-do would
produce a relative preponderance of degenerate (in the technical sense) and
regressive individuals. Depending on the respective birth and death rates among
the various strata, there would be a stronger or weaker pressure for the vigorous
elements to move up and the decadent elements to move down. If the system
allowed for social mobility the process would be smooth and continuous; if not,
it would be discontinuous and accompanied by disorder and revolution [182, Ch.
VII, §21]. But one way or another, the process would continue. Pareto never
formulated this as a stochastic process, but the formalization by Champernowne
[47] discussed in §4.5 above may be regarded as a first approximation to such a
process and in many ways an admirable one.

In Pareto’s description of the theory of the circulation of the élites, an im-
portant part is played by sentiment. Here, his ideas are strongly stimulated
by those of Spencer [227], [228]. Pareto held that human beings, in the de-
sire for self respect, have a deep-felt need to rationalize their actions and make
them seem meritorious. Thus, the rising elements who are in the process of
ousting the old élites feel they must justify their actions on the basis of some
moral principle such as the common good. And these sentiments are not know-
ingly hypocritical; on the contrary, they would not take hold unless they were
genuinely and sincerely felt, by the leaders as well as the followers.

In terms of this theory, socialism, humanitarianism, egalitarianism, etc., are
emerging religions which serve to rationalize the power plays on the part of the
talented groups emerging from the lower classes. They are unlike older religions
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in being more abstract, since the advance of science and increased sophistica-
tion have made the idea of personal deities and physical miracles less plausible
than in former times; but they are religions nonetheless, just as dogmatic and
self-righteous as the ones they supplant, and just as blind to certain facts. Gov-
ernment plays an important role in the theory, being, among other things, an
instrument of spoliation of other classes on the part of the emerging élites; and
“what limits spoliation is rarely the resistance of the despoiled; rather it is the
losses inflicted upon the entire country which redound in part on the spoliaters”
[163, II, §1049, p. 384]. And “the demand for equality is nothing but a dis-
guised manner of demanding a privilege” [191, §1222]; more specifically still
[191, §1227]:

The sentiment that is very inappropriately named equality is
fresh, strong, alert precisely because it is not, in fact, a sentiment
of equality and is not related to any abstraction, as a few naive
“intellectuals” still believe; but because it is related to the direct
interests of individuals who are bent on escaping certain inequalities
not in their favor, and setting up new inequalities that will be in
their favor, this latter being their chief concern.

Thus, for Pareto, the socialist movement is just one more example in history,
of which there are many others which have made similar promises, of an ideo-
logical vestment covering the activities of a rising élite. And this élite in its turn
will be superseded by others. Complete equality, even if attained momentarily,
would be an unstable equilibrium which could not last [163, II, §1009, p. 360];
soon the aggressive elements would take over from the regressive ones and the
former distribution of income would be restored. In sum [163, II, §1012, p. 363]:

The inequality in the distribution of income seems therefore to
depend much more on the very nature of men than on the economic
organization of society. Profound modifications in this organization
could well have only slight influence in modifying the law of distri-
bution of income.

Much has been made of the fact that in later years Pareto arrived at a
considerably more cautious assessment than the one given in the above passage
from the Cours, seeming even to reverse himself in the following passage in the
Manuale [182, Ch. VII, §23]:

The data available to determine the shape of the [income curve]
refer mainly to the 19th century and to civilized nations; conse-
quently, the conclusions drawn from the data cannot be extended
beyond those limits. It remains only as a more or less probable in-
duction that in other times and among other peoples it has a shape
somewhat similar to that found today.

Likewise, we cannot assert that this shape would not change
if the social constitution were to change radically; if, for instance,
collectivism were to take the place of private property.
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Pigou [202, pp. 652–5] interpreted this to be a complete capitulation from
Pareto’s previous position, and triumphantly concluded: “This means that,
even if the statistical basis of the ‘law’ were much securer than it is, the law
would but rarely enable us to assert that any contemplated change must leave
the form of income distribution unaltered” — as if Pareto had ever asserted
such necessity — and that “in view of the weakness of its statistical basis [i.e.,
the limitation to 19th century civilized nations], it can never enable us to do
this.” Pigou therefore attached no credence at all to the empirical uniformity
Pareto discovered. However, in calling Pareto in as a witness against himself he
overlooked the fact that the position Pareto held in 1906 was one he had come
to hold with respect to all “laws,” empirical, rational, and even logical [191, §69,
pp. 4–5]:

We look for the uniformities presented by facts, and those uni-
formities we may even call laws; but the facts are not subject to the
laws: the laws are subject to the facts. Laws imply no necessity .
They are hypotheses serving to epitomize a more or less extensive
number of facts and so serving only until superseded by better ones.

. . . Every proposition that we state, not excluding propositions in
pure logic, must be understood as qualified by the restriction within

the limits of the time and experience known to us.

Thus, as to whether a socialist regime could succeed in making radical alter-
ations in income distribution in the direction of complete equality, Pareto in the
end maintained the same kind of reserve as he did with respect to all scientific
laws, and even propositions in logic. It could hardly be inferred, therefore, that
as one who believed that science “is just a quest for uniformities, and that is the
end of it” [191, §89n] he could so easily dismiss the empirical uniformities he had
found, particularly when they were in agreement with his inductions concerning
the heterogeneity of human beings, the historical processes of class circulation,
and the real meaning to be attached to slogans calling for greater equality. In
the last analysis, then, Pareto based his cautiously held belief with respect to
the invariance of the distribution of income on a large number of facts — not
just on the empirical constancy he observed, although this was paramount, but
also on a detailed historical and qualitative study of heterogeneity in the dis-
tribution of abilities and the process of social mobility and historical evolution.
Whether or not his assessment turns out to be right, it seems fair to say that
those egalitarians who reject his view have so far failed to come up with equally
convincing empirical evidence on the other side.



Chapter 5

Time Series Analysis and

Methods of Interpolation

In early life Pareto was a social reformer and an ardent free trader. As he grew
older he became more of a fatalist. Instead of trying to reform the world he
tried to describe it and explain it. Having a very strong empirical orientation, he
recognized that if liberal and laissez-faire economic policies made little headway
despite their apparent a priori correctness, there must be a reason for this that
needs to be explained. This does not mean that he became a determinist in the
narrow sense of believing in the complete predictability of economic and social
facts — although he did, as we have seen in the case of income distribution, hold
a strong belief based on his study of the facts in the existence of uniformities
among economic and social aggregates. As a social scientist his approach differed
in fundamental ways from that of Karl Marx. In the first place he had no
illusions that economic and social laws would be repealed after the Revolution,
and he felt extremely skeptical about the scope and efficacy of policy measures
in changing these basic laws, whether by reform or by revolution. Such a belief
is just as consistent with a belief that the real world is basically random as it
is with the belief that it is predictable and deterministic, and Pareto’s views
seem to have been somewhere between these two extremes. Secondly, by way of
contrast to Marx, Pareto had learned his lessons about general interdependence
very well from Walras, and believed that such interdependence existed between
social and economic phenomena; he rejected the belief in a one-way causal
relationship as being as naive as beliefs of early classical economists concerning
the “cause” of value.

Pareto’s belief in the mutual interrelationship of economic and social phe-
nomena was fundamental to his approach to applied economics. In effect, there
could be no such thing as applied economics, but only applied social science
[191; §2022]:

A number of economists today are aware that the results of their
science are more or less at variance with concrete fact, and are alive
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to the necessity of perfecting it. They go wrong, rather, in their
choice of means to that end. They try obstinately to get from their
science alone the materials they know are needed for a closer approx-
imation to fact; whereas they should resort to other sciences and go
into them thoroughly — not just incidentally — for their bearing on
the given economic problem.

He was to follow his own advice in the empirical studies that absorbed his
interest in his later years.

Quite early in his career (cf. [161]) Pareto began displaying an interest in
quantitative analysis of economic and social time series and the development
of techniques for seasonal adjustment. He indicated a preference for Cauchy’s
interpolation formula

b =

∑n
t=1{(yt − ȳ) · sgn(xt − x̄)}

∑n
t=1 |xt − x̄|

(

x̄ =

∑n
t=1 xt

n
, ȳ =

∑n
t=1 yt

n

)

for the slope of a line y = a + bx fitted to a series of observations, mainly on
account of its computational simplicity compared (then) to that of the method
of least squares, and it was this method (applied to formula (4.88)) that he used
to estimate the coefficient α in fitting his income distribution curve. Pareto
also developed elaborate tables for use in fitting polynomial functions of time
by least squares (cf. [173]).

Among Pareto’s chief interests was the search for empirical relationships be-
tween economic and social phenomena. In 1896 he fitted some functions relating
the marriage rate in England to the level of exports (the latter being taken as an
index of economic prosperity) and found a positive association (cf. [171]). Sub-
sequently [184, 186] he developed an elaborate method of curve-fitting based
on both Cauchy’s method and the method of least squares, which he then ap-
plied [190] to comparisons of time series on trade statistics in various European
countries with data on emigration and theater ticket sales, finding a positive as-
sociation. He then went on to observe that periods of rapid economic progress
were much less disturbed from a socio-political point of view than periods of
economic depression, and imperialism was listed as one of the phenomena that
tend to be associated with a sustained period of prosperity. A subsequent study
[192] investigated the relation between the exchange rate on the lira and the
Italian money supply, reserve ratio, and balance of trade, as well as the rela-
tion between tax revenues and various indices of economic prosperity. This was
followed by a further study of exchange rate fluctuations [193].

Pareto’s approach to interpolation of time series data will come as a surprise
to many readers who think of him only as a theoretician [171, p. 376]:

Any interpolation formula is, in my opinion, all the better the less
it is influenced by theoretical concepts and a priori ideas. Of course,
I do not mean by this that the statistician should renounce the use
of a judicious critical spirit and seek, at random, relations between
facts which obviously cannot have any. A theoretical preparation is
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always necessary. I only mean that when we consult the facts we
must, as far as possible, abstain from dictating to them the reply we
expect from them.

This strongly-expressed belief, which set him apart from Walras, was one from
which he never swayed. His method of posing the estimation problem [184],
[186] is also of great interest. He specifically rejected the notion that one should
specify a model one takes as true, and seek to obtain an optimal estimate of
its parameters; rather, he took the position that one should recognize explicitly
that the actual model fitted is a very crude approximation to what one might
regard as a true model, and that the estimation procedure should take account
of this type of specification error along with errors of observation. His approach
therefore anticipates in an interesting way some of the modern developments in
econometric methodology which stress errors of aggregation and specification.

It may also come as a surprise to those who think of Pareto as a general
equilibrium economist to learn of his views of economic dynamics [163, II, §926,
p. 278]: “An economic crisis must not be considered as something accidental
which interrupts the normal state of affairs. Rather, cyclical movement is to
be regarded as the normal state . . . ” Further (p. 297): “It is not at all certain
that rhythmic movement is not one of the conditions of economic progress. On
the contrary it seems very likely that such movement is just one manifestation
of the vitality of the economic organism.” One cannot fail here to notice the
influence of Juglar [l20], nor the influence which both Juglar and Pareto must
have had on Schumpeter [216].

In his analysis of business cycles Pareto placed much emphasis on the mutual
interrelationship between economic and social phenomena. Thus he expressed
the belief [190] that imperialism, while being an outgrowth of prosperity, if it
results in victorious wars also “increases and stimulates the general vigor of the
population” [190, p. 511], and this in turn feeds the prosperity.

One of the great insights of Pareto’s later period, in the analysis of “non-
logical actions” [187, 191], was that one must not take people’s own explanations
for their actions at face value. People tend to act on the basis of a number of
motives, some of them explainable by the heritage of the past and some of them
by self-interest and the interest of the group; and for whatever they do they will
find a rationalization that makes the action seem altruistic and noble. In his
words [182, Ch. II, §108, p. 132]: “Men are moved by sentiment and interest,
but they like to imagine that they are moved by reason; hence, they seek —
and always find — a theory which, a posteriori, gives a veneer of logic to their
actions.” For Pareto such rationalization is not sinister hypocracy, but largely
unconscious and sincerely felt. But there is another equally important aspect
of Pareto’s theory of non-logical actions: While rationalizations should not be
taken seriously as explanations for human actions, this does not mean that they
can be ignored; on the contrary, they are extremely important facts which, when
their role is understood, can help explain human behavior. Pareto’s message is
that it is the job of the social scientist not only to see through such explanations
that people provide, but also to use them as an objective fact to help explain



94 CHAPTER 5. TIME SERIES ANALYSIS AND INTERPOLATION

the true basis of their actions.
While economists have by now absorbed, rediscovered, and gone beyond

Pareto’s early ideas — many of which he himself abandoned in later life — they
have hardly begun to think in terms of the still bolder ideas he introduced in
his final years.
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Wal Iqtisad), Cairo, 8 (December 1938), 371–403.

[40] Bresciani-Turroni, Costantino, “Annual Survey of Statistical Data:
Pareto’s Law and the Index of Inequality of Incomes,” Econometrica, 7
(April 1939), 107–133.

[41] Brillinger, David R., “A Justification of Some Common Laws of Mortal-
ity,” Society of Actuaries, Transactions, 13 (December 1961), 116–119.

[42] Cantelli, Francesco Paolo, “Sulla deduzione delle leggi di frequenza da
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caratteri,” Atti del Reale Istituto Veneto di Scienze, Lettere ed Arti, 73
(Part 2, 1913–14), 1203–1248.

[109] Gnedenko, B., “Sur la distribution limite du terme maximum d’une série
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Aktuarietidskrift , 8 (Häft 1, 1925), 65–88.
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concorrenza,” Giornale degli Economisti [2], 26 (January 1903), 41–62.

[221] Sen, Amartya, On Economic Inequality . Oxford: Clarendon Press, 1973.

[222] Sheshinski, Eytan, “Relation between a Social Welfare Function and the
Gini Index of Income Inequality,” Journal of Economic Theory , 4 (Febru-
ary 1972), 98–100.



113

[223] Slutsky, Eugenio, “Sulla teoria del bilancio del consumatore,” Giornale

degli Economisti e Rivista di Statistica [3], 51 (July 1915), 1–26. English
translation: “On the Theory of the Budget of the Consumer,” in Readings

in Price Theory (edited by G. J. Stigler and K. J. Boulding). Homewood,
Ill.: Richard D. Irwin, Inc., 1952, pp. 27–56.

[224] Smale, S., “Global Analysis and Economics, III. Pareto Optima and Price
Equilibria,” Journal of Mathematical Economics, 1 (August 1974), 107–
117.

[225] Sondermann, Dieter, “Smoothing Demand by Aggregation,” Journal of

Mathematical Economics, 2 (June–September 1975), 201–223.

[226] Sorel, G., “La loi des revenus,” Le Devenir Social, 3 (July 1897), 577–607.

[227] Spencer, Herbert, “The Militant Type of Society,” Contemporary Review,
40 (September 1881), 337–360.

[228] Spencer, Herbert, “The Industrial Type of Society,” Contemporary Re-

view, 40 (October 1881), 507–533.

[229] Stigler, George J., “The Development of Utility Theory,” Journal of Po-

litical Economy , 58 (August, October 1950), 307–327, 373–396.

[230] Strotz, Robert H. , “The Empirical Implications of a Utility Tree,” Econo-

metrica, 25 (April 1957), 269–280.

[231] Tarascio, Vincent J., “The Pareto Law of Income Distribution,” Social

Science Quarterly, 54 (December 1973), 525–533.

[232] Tinbergen, Jan, “On the Theory of Income Distribution,” Weltwirtschaft-

liches Archiv, 77 (1956), 155–175.

[233] Van der Wijk, J., “De Gemiddeldenwet,” De Economist, 77 (1928), 565–
590.

[234] Van der Wijk, J., “Psychisch inkomen en psychisch vermogen,” De

Economist, 80 (1931), 112–140, 232–245, 305–341.

[235] Van der Wijk, J., Inkomens- en vermogensverdeling. Haarlem: De Erven
F. Bohn N. V., 1939.

[236] Vinci, Felice, “Nuovi contributi allo studio della distribuzione dei redditi,”
Giornale degli Economisti e Rivista di Statistica [3], 61 (November 1921),
365–369.

[237] Vinci, Felice, “Calcolo delle probabilità e distribuzione dei redditi nel pen-
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Zeitschrift für Volkswirtschaft, Sozialpolitik und Verwaltung , 22 (1913),
132–151. English translation: “Vilfredo Pareto’s Manuel d’économie poli-
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Chapter 7

APPENDIX

APPENDIX
Some Characterizations of the Pareto Distribution

By George W. Mackey1

Harvard University

I made my observation about the Pareto distribution six or seven years ago
and found it new to many economists. However last summer in the Toronto air-
port I discovered a Pelican book entitled “Income Distribution” by a Dutchman
named Jan Pen. On page 238 he makes my observation and attributes it to one
J. van der Wijk who published it in Dutch in 1939. Thus I was anticipated by
about thirty years. My only consolation is that Pen refers to it as “a great step
forward” — a rather considerable overstatement in my opinion.

The observation is a rather trivial one but illuminating all the same. Here
it is. For each income level y let My denote the mean of all incomes x with
x ≥ y. Then My/y is a number independent of the units employed and in a
sense measures how envious people with income y should be of their economic
superiors. One naturally wonders how My/y varies with y and my observation
is that it is a constant if and only if the distribution has the Pareto form.
The proof which I leave to you is a simple exercise in elementary differential
equations. The constant value of My/y is related to the exponent in Pareto’s
law by a linear fractional transformation. In Pareto’s data My/y was around
three for the countries of Western Europe. In the late nineteen sixties it was
a bit less than 2 and in the U.S. at least had been more or less constant since
the forties. Of course in giving My/y a value I am assuming that the Pareto
law holds which in fact it does more or less for incomes greater than or equal
to twice the mean.

It is interesting to compute how things would differ if the Pareto law in the
U.S. held right on down to a minimum income which would necessarily be one
half the mean income (if My/y ≡ 2). I made this computation and discovered

1Excerpts from a letter to J. S. Chipman from Professor George W. Mackey, Department
of Mathematics, Harvard University, July 3, 1975.
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that the bottom 20% would get twice what they do now, the second 20% (from
the top) would get a lot less and the other three quintiles would get more or
less what they do now. The second 20% are too near the middle to get much
more than the mean in any reasonable distribution scheme — but they do.

The Pareto distribution strikes me as an admirable one for several reasons.
(1) It is very easy to compute with. Once one knows the constant value f of
My/y and the mean income M̄ the entire distribution is known and it is easy to
devise exact formulas for such things as the median, the income of the upper α%
for all α etc., etc. Try it. All sorts of interesting and informative investigations
can be carried out.
(2) Of all income distributions which do not give the same income to everyone
the Pareto distributions are the “most equal” in that everyone has the same
reason to be envious of those above him. Looking upward everyone sees the
same thing. Moreover by making the constant value of My/y sufficiently close
to one we can approach absolute equality as closely as we please. Thus the real
issue is “What value of My/y is “best.”

A few years later I discovered another and more “local” characterization
of the Pareto distribution. Let Ny be the number of people with incomes ≥
y. Then (Ny/y)/

dNy

dy
measures incentive in terms of the fractional increase

in salary achieved by passing any given fraction of those above you. To say
that incentive is the same at all levels is again equivalent to saying that the
distribution is Pareto.

Still another characterization is the following. Let us say that we have solved
the problem of defining “merit” and arrange everyone in order of merit. Suppose
we decide that the ratio of the incomes of any two individuals shall depend only
on the ratios of their positions in the merit order. We measure position by the
percentage above them, but do not specify the functional relationship. It can
be proved that the Pareto distribution will result.


