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1 Introduction

As formulated by Samuelson (1953), the theorem that rentals of factors of produc-
tion in two countries are equalized through trade between them contains as one of
its premises the assumption that both countries produce positive amounts of both
commodities. However, from the point of view of general-equilibrium theory, the
question of whether or not this product-diversification condition is satisfied is an
outcome of the process. As originally formulated by Samuelson, therefore, the the-
orem may be best thought of as part of a taxonomy: some outcomes will involve
specialization and some diversification, and some of the latter (in some circum-
stances, all) will be characterized by factor-rental equalization. The main difficulty
with this approach is that it does not provide insight as to what basic conditions
will give use to the famous result.

In the present paper I derive, for the simple two-country, two-commodity, two-
factor case, conditions on relative factor endowments that will make it possible for
both countries to produce both commodities efficiently and in positive amounts
(Section 2). Then in the latter case, it is shown how the question of whether such
an outcome will indeed occur depends on consumer preferences (Section 3). To help
understand the result, an explicit computation is carried out in Section 4.

Use is made of the concept of a world production-possibility frontier developed by
Lerner (1932) and further by Sohmen (1969), as well as of Rybczynski functions and
Stolper-Samuelson functions developed in Chipman (1972). For general background
the reader may be referred to Chipman (1966).

*Revision of a paper published in Hellmuth Milde and Hans G. Monissen (eds.), Rationale
Wirtschaftspolitik in komplezen Gesellschaften. Gérard Gafgen zum 60. Geburistag, Stuttgart:
Verlag W. Kohlhammer, 1985, pp. 284-295. It was based on lecture notes distributed to my
students in the Fall of 1975. T wish to acknowledge the research support of the Stiftung Volkswa-
genwerk in bringing this article to completion.
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2 Conditions for Specialization and Diversifica-
tion

Consider two countries producing (or capable of producing) two commodities with
the aid of two factors of production by means of the production functions

Y1 o= f1(v117021)
(1) Yo = f2(v127v22)7

assumed homogeneous of degree 1, concave, and strictly quasi-concave. The outputs
are y; and y,, and v;; is the input of factor ¢ into industry j. The inputs satisfy

2) vt v = L

Vo1 + V22 = g,

where [; is the fixed endowment of the country in factor ;. When necessary for
clarity, a superscript k& (= 1,2) will be used to distinguish the country.

Let the dual minimum-unit-cost functions be denoted by g¢;(w1,wz), 7 = 1,2,
where w; is the rental of factor ;. We know that the factor-product ratios are given
by v;;/y; = bi;(wy, we) where, by Shephard’s (1953) duality theorem,

991 99
dwy Jws bii bn /
k = - B
o 992 99; [ biz b ]
awl aw?
It will be assumed that the functions b;;(wy, wy) satisfy
biy b b b
(4) Bl = | "0 22| s — boibis = buib [ 022 _ Om ] 0
bz oz b bu

for all wy,wy; > 0, i.e., commodity 1 uses factor 1 (say labor) relatively intensively,
and commodity 2 uses factor 2 (say capital) relatively intensively, for all wage rates
and rentals. We also assume that b;; > 0, so in conjunction with the above it follows
that the mapping

g1 W, W2) = ;
(5) gzgwl, wzg = P2
is one-to-one. The inverse mapping is denoted
gi (prop2) = wn
(6) gz_lgpl,ng = Wy
and its Jacobian matrix is denoted
) l 991 [Op1 091! [Op: ] _ l b b2 ]
dgy " [Op D9y [Ops b2 b

This is the inverse of the Jacobian matrix (3). Thus we have

l zil(plapz) zz;(plapz) ]
(8@) (p17p2) (p17p2)

_ _ _ _ -1
_ l 511(911(}?17]92)7921(]917]92)) 521(911(]917}?2)7921(]917}?2)) ]
512(91_ (p17p2)792_ (p17p2)) 522(91_ (p17p2)792_ (p17p2))
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and

[bll(w17w2) by w1,w2)
(86) 512(1017102) 622(w17w2)

_ l bn(gl(wl,wz),gz(wl,wg)) 521(91(1017102)792(1017102))
B 612(91(w17w2)792(w17w2)) 522(91(1017102)792(1017102))

-1

Let us find the conditions for specialization and diversification. If both com-
modities are produced, we have

(9) bi1(wy, wa)yr + bia(wr,wa)ys = I,
bor (w1, wa)yy + baa(wr,wa)ys = I,

where w; and wy are determined by (5). Inverting (9) and using (8) we obtain the

solution
(10) y1 = b (pr,p2)ly + 02 (pr, p2)la,
Y2 = 621(p17p2)11 + 522(}?17 p2)ls.

These are the segments of the Rybczynski functions within the zone of diversifica-
tion. If y; = 0 we have from the first equation of (10)

! pit
(11a) 2 _ (P1,p2)

L _512(}717}72)7

and if y, = 0 we obtain from the second equation of (10)

L 0(pi,pa)
l 622(p17p2)'

From (3) and (7) and the formula for an inverse matrix we have, using (4),

pivpl2 by b, |51 byy —b
192 Bl = _ 11 012 _ 22 12
(12) [bﬂ 522] [bzl b | T TBI | —bn b |

(11b)

so that the limits of (11a) and (11b) may be also written as

1_2 _ 522(91_1(}717 p2)792_1(p17 P2))

13a =
( ) ll 512(91_1(}717p2)792_1(p17p2))
and
b l_2 . 521(91_1(]917p2)792_1(p17p2))
(136) R -
1 bulgr (pp2),g2 (pryp2))
respectively.

Since |B| > 0 from (4), in order for (9) to have a nonnegative solution y; = 0,
Yy 2 0 we must have

(14) 222

or equivalently,
21 11
(15) (s pe) < b < Y p )


http://www.visual.co.uk

bl
P, |
|
|
! 1
! fz(lﬁ[z) T
| 2
|
|
|
|
bl /o o
Py : |
| : fl(Zliéz) =,
| |
Dy L {
2 1 !
Figure 1

Geometrically, this states that the factor-endowment ratio must lie within the di-

versification cone (see Figure 1).

Now, just as the functions b;;(wq, w;) are homogeneous of degree zero in wy, w,,
so are the functions b”(p;, p,) homogeneous of degree zero in py, p,. Thus, they may
be expressed as functions of the terms of trade py/p2. So we may rewrite (15) in the

form

(16)

Thus, by definition,

L(ﬂ
P2

)gﬁgU
1

()

(16a) L(ﬂ) = =
b b?? (&71) bll (.gl—l (ﬁvl)vggl (ﬁvl))
P2 P2 P2
and
bll (&71) 622 (91—1<&71)792—1<&71))
1 2 2 2
(16b) U(p—) = B/ _ P P .
Pl e (ﬂ, 1) bro (g;l(ﬂ, (2 1))
P2 P2 P2
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We shall show presently that the functions L(pi/ps) and U(pi/p2) are monotone
increasing. The geometric meaning of this is shown in Figure 2, where p; has been
decreased to p|, resulting in an outward shift in the isoquant for the production
of a dollar’s worth of commodity 1. This results in a rightward and downward
movement of the points (by1/p1, bar/p1) and (b12/ p2, baz/p2) at which the isoquants
fi(v11,v91) = 1/pr and fa(v12, v22) = 1/ps have a common tangent.

Figure 2

Before verifying that L'(py/py) > 0 and U'(p;/p2) > 0 (the prime denotes differ-
entiation), let us see the implications for the inequality (16). Let us now consider
[1/1; as fixed and p;/p, as variable. Since L and U are monotone, they are invertible
hence we may write (16) in the form

(17) Ty = U‘IG—j)

A

[
& > L_1<—2) = 7.
P2

This is the formula for the slope of the country’s production-possibility frontier at
the points of complete specialization, as shown in Figure 3. The relation between
inequalities (16) and (17) is evident from Figure 4.

Let us now consider two countries 1 and 2, whose factor endowment ratios are
given by
R
(18) 2 2

T


http://www.visual.co.uk

Ve

Figure 3

i.e., country 1 is relatively well endowed in factor 1 and country 2 is relatively
well endowed in factor 2. Since identical production functions have been assumed,
the same U and L functions apply to both. In order therefore that there exist a
(nondegenerate) segment on the world production-possibility frontier for which there
is diversification in both countries, it is necessary and sufficient that

(19) U‘1<§) < L‘1<§).
17 l

To establish the monotonicity of L and U we may proceed as follows. First of

all we have from (6), (7), and (12)

a91_1 — it — bﬁ <0
I | B]

dg; ! — pl2 _@ <0
I | B

whence, defining the function ¢ by

wi g (m/pel) (g)
wz gy (p/p2, 1) p2/’
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U(m°)

>\O
L(m?)
Figure 4
we have
(e N9 (p/pe D) (e 992 (/P 1)
d¢ g2 2 a _gl 9 a
_ P2 4l P2 4l
= 2
d(pr/p2) 971 <ﬂ7 1)
P2
_ L‘w2b22‘|‘wlbl2 :L P2 <0
| B (wg)? 1B (wy)? =

Now define the functions

L*(ﬂ) ~bar(wyfws, 1) U*(ﬂ)  bya(wi fwy, 1)

wa B 511(101/10271)7 Wy _512(101/10271)'

e =) v G =v ()

so it is sufficient to prove that L* and U* are monotone increasing functions. We
have

Then

w1 8621(71)1/71)2, 1) w1 abn(wl/wg, 1)
bl D b o1 D
— 1 1
d(w; [ws) bﬂ(ﬂ 1)2

Wwa

Wy
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wy azgl(wl/w% 1) Wy 8zgl(w1/w2, 1)
bll ) 1 - 621 ) 1 2
(20) _ Wa 8w28w1 Wa 8w1

2
bll (ﬂv 1)
o)

This has to be positive for the following reason. The matrix

g d%g1

ow? Owy 0w,

a291 a291
Owy0w, ow3

is the Hessian of ¢; (which is concave) hence its principal minors oscillate in sign.
Since ¢; is homogeneous of degree one, d¢;/0w; and dg; /0w, are homogeneous of
degree zero, hence the Hessian matrix is singular, i.e.,

9’g1 g

ow? 0w 0w, wy | |0

9%g, 9’ [W]_[O]'
Owy 0w, ow?

The diagonal elements are negative, hence the off-diagonal terms are positive. Thus
both terms in the numerator of (20) are positive. This shows that dL*/d(w;/wz) > 0,
and a similar argument shows that dU*/d(w;/wz) > 0.

3 Endowment Ratios, Preferences, and Equal-
ization of Factor Rentals

Let us introduce the notation 71'? to signify the critical price ratio p;/py at which

country k will specialize in commodity j. From (17) these critical price ratios are

given by
k lk
2

qfl _
(21) =1L 1(%) and 7f =U 1<E)

(see Figure 3). From the strict concavity to the origin of the production-possibility
frontier, for each country one necessarily has

(22) < (k=1,2).

From the monotonicity of the functions L and U and the assumption (18) that
country 1 is relatively well endowed in factor 1 and country 2 in factor 2, it follows
that

(23) ™ <7 and w, < 7j.

From (22) and (23) it follows that only the following three configurations are possible:

(24a) Ty < W < Ty < W
(24b) 7'('% < 7'('% = 7r§ < 71'%;
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(24c¢) Ty < Wy < Ty < .

In configuration (24a) the intervals of price ratios [r3, 7], [73, 71] at which the re-

spective countries produce both commodities do not overlap, hence there is no pos-
sibility of equalization of factor rentals, regardless of the nature of consumer prefer-
ences. The world production-possibility frontier is composed of only two segments:
one along which country 1 will produce both commodities and country 2 only com-
modity 2, and the other along which country 2 will produce both commoditites and
country 1 only commodity 1. These segments will be separated by a kink, at which
both countries specialize.

In configuration (24b) there is exactly one point on the world production-possibil-
ity frontier separating the above two segments, at which each country is specializing
yet is on the verge of diversifying. This is the case in which one country’s factor-
endowment vector is at one edge of the diversification cone, and the other country’s
factor-endowment vector at the other. Thus, factor rentals will be equalized even
though both countries specialize. For this to be a world equilibrium, a world indiffer-
ence curve would have to be tangential to the world production-possibility frontier
precisely at the intersection-point of the two segments. Since configuration (24b)
is already exceptional, this would be doubly exceptional. It is an interesting freak
case.

Configuration (24¢) is the only one that allows for both countries to produce
positive amounts of both commodities simultaneously and efficiently. It gives rise to
a third, intermediate segment on the world production-possibility frontier. Equal-
ization of factor rentals takes place if and only if consumer preferences are such
that world equilibrium occurs on this segment (including the end-points). If world
preferences can be aggregated, then the dependence of factor-rental equalization on
preferences can be depicted in a particularly simple way. This will now be done.

Let :ch denote the consumption of commodity j in country k, and let world
consumption of commodity j be denoted

(25) vy=a 42t (j=1,2).

Assuming world preferences to be aggregable, world equilibrium will take place
where a world utility function U(xq, x2) is maximized subject to (1, x2) belonging
to the world production-possibility set. Now let us assume that configuration (24c)
holds, and let us assume that the maximum occurs on the intermediate segment
on the world production-possibility frontier where both countries produce positive
amounts of both commodities. Then the equilibrium prices satisfy

(26) 72 = U‘1<E) <P < L‘1<§) — 7!
: Z% - P2 - l} v

Analogously to (25), let us define world output of commodity j by

(27) v =y +y,

and let the world Rybczynski function for commodity j be defined by

2
(28) gj(plvp%l%v Z%v Z%v l%) = Z ﬁ?(plvp%llfv lg)v
k=1

Ne)
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where g)f is the Rybczynski function for commodity j in country k. Then, if and
only if (26) holds, since when (and only when) country k produces both commodities
the Rybczynski function can be written in the form (10), for p;/p; in the interval
(26) we have

(29) ﬁl(plvp% l%v l%v@v Z%) = bll(p17p2)(l% + Z%) + blz(p17p2)(l% + Z%)a
?)2(}717}727 Z%v l%vliv Z%) = bﬂ(plvp?)(l% —I_ Z%) —I_ 622(p17p2)(1% —I_ Z%)

Notice that it crucial here in being able to aggregate the countries’ factor endow-
ments that both countries be assumed to have identical technologies and to have
their factor endowments in the same diversification cone.

Since the functions (29) are homogeneous of degree 0 in the prices, the ratio v /y;
may be expressed as a function of the price ratio p;/p; and the world endowments
Iy =0+ and Iy = I + 5. If (as is usually necessary for aggregability) preferences
are assumed to be homothetic, the ratio x1/x; will also be a function of the price
ratio p;/p;. Equating these ratios at the critical price ratios 72 and 7 gives us
the conditions on preferences that are required for factor-rental equalization. To
illustrate the required procedure, a precise calculation will be carried out in the
next section.

4 An Illustration for the Case of Cobb-Douglas
Technologies and Preferences

Let world preferences be represented by the utility function
(30) Ulzy,xy) = 292377 (0> 0).
Setting marginal utilities proportional to prices we have

oU 0z 0 x5 p

oU[dxy 1—0x1  po

Setting world supply y; equal to world demand x; we have

Do (prs o2 I3, 13,55, 13) _ 1—0p
J1(prspe, 1,15, 13,13) 0 p

For price ratios ©# = p;/p, satisfying (26) we have, from (29) and the homogeneity
of the functions b7,

621(7771)11 —|—b22(ﬂ',1)12 1 —0

1 o l2) = i
(31) R(7; 1y, 1) b (m, )l + 62(7, 1)1y 0 ,

or

(32) 0 =[R(m; 1, 1) /7 + 1]_1 = g(ﬂ'; I, 13),

where the function R is defined by (31).
Now, letting the production functions (1) have the Cobb-Douglas form

(33) Fi(01,005) = o 052 (B > 0, By + Boj = 1),

10
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the minimum-unit-cost functions are readily seen to have the form
(34) gj(wy,wy) = l/]‘wflj w?] where v; = 1/f;(B1, B2;)-
Corresponding to (5) we have the log-linear system

(35) P11 log wy + Boylogw, = log p; — log 1y
612 log wy + 622 log Wo = log P2 — log 1%]

which, when solved, yields the Stolper-Samuelson functions

_ —Bao /8 Bo1/8 Poo/6 —0B21/6
(36) wy = 911(}?1,}?2) =y 226/ 1/221/6p122/ };2 21/6
w3 = 07" (o) = 00

where 6 = det[;;] = f11 — 2. From (4), 6 > 0. Differentiating these functions we
obtain the desired elements of the Jacobian matrix (7), as follows:

bll(p17p2) = %Vl—ﬁzz/éyzﬁQl/g(&)ﬁm/é;
P2
b2l(p1 pz) - ﬂyl—ﬁzz/él@ﬁm/(g(&)ﬁzz/é‘
- _g” B12/6 —P11/8 gi —B11/§
B p) = (p_) ;
2
—B12/8
b22(p17p2) = %1/1512/51/2—511/6<&) ‘
P2

Substituting these expressions in (16a) and (16b) we obtain

() ) () Sy ()
P2 P11 \ vz P2 ’ P2 P12 \ 3 P2 7
and thus

) ()= ().
Iy Vg 521 Iy Iy V3 522 Iy
The condition
3 l3

(40) e =U"" (—) <L (—) =m
i h

given by configuration (24¢), namely that there exist a nondegenerate segment of
the world production-possibility frontier such that both countries produce both com-
modities, reduces to

(41) ﬁ 621 ﬂl? l%

> == 2
l% 611 622 l%

Consider now a numerical example with

(42) Biu=.8, Bun=.2, Pia=2.3, Bp=.10 m=p=1
and
(43) L =9 ©0L=3 0§=5 1[L=2

11
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Since 3;; = dlogg;/dlogw; = (w;/g;)0g;]0w;, (4) is satisfied. Moreover, (18) and
(40) are both satisfied, so we are dealing with configuration (24¢). From (34) we
compute v; = 1.64938 and vy = 1.84202. Recalling that 6 = gy — 12 = .5, the

critical price ratios (40) are then computed from (39) to be
T2 =.37074, 7 = 1.03394.
Finally, for the expressions (37) we compute

bH(w,1) = .887157 % bv(r, 1) = —.253477 14,
b3 (w,1) = —.304847~ 1 b2 (m, 1) = 812917~ .

From (31) we then compute

—3.54858 714 + 4.064547 ¢

R(7:14.5) =
(7;14,5) 12.4200574 — 1.524207— 16
so that
6.48713 26560
R(72:14,5) = = 7.25001 d R(ml:14,5) = ——— = .02384.
(m3314,5) = =003 and - fi(ry;14,5) = 7=7o0s

Formula (32) then yields
0(73;14,5) = .04865 and O(x);14,5) = .97746.

Since §j2/1y; is a monotone decreasing function of p;, we conclude that for all § in
the interval

04865 < 0 < .97746,

factor rentals will be equalized as between the two countries.
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