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PART I: Producer Theory and Convex Analysis

1. Production Set

Production set is a subset Y of commodity space IR", where L is the number
of commodities. Vectors in Y represent production plans that are techno-
logically feasible.

Negative coordinates of production plan y = (y1,...,yr) € Y are understood

as input quantities; positive coordinates of y are output quantities.

Production plan y € Y is efficient if there is no alternative production plan

y €Y,y # vy, such that 3/ > y.

Example (Activity analysis):

If two activities a',a? € IR* can be combined together at arbitrary scale,

then the production set is Y = {y € IRF : y = Aja' + Xga?, A\ > 0,2 > 0}.

Some properties of production sets:
(i) Y closed; 0 € Y.

(ii) no free production: Y NIRY = {0}.
(iil) free disposal: Y — RL C Y.

(iv) Y convex,

e Property (i) will be assumed throughout.
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A convenient specification of a production set is in the form
Y={yeR":T(y) <0} (1)

for some function T : IR¥ — IR, called transformation function. Typ-

ically, function 7' is increasing, continuous, and such that T7'(0) = 0. Such

orT ) oT
dy; /! Oy;°

specification permits the use of marginal rates of transformation

Production function:

Often in applied work and in examples, production technology is specified
by a production function. In the simple case of single output, production
function is f : IRt — IR, that associates a quantity of single output with
a vector of some n inputs. We write f(x) = z, where x = (z1,...,z,) is a

vector of inputs (here with positive sign!).
Examples: Cobb-Douglas, Leontief, CES, etc.

Some properties of production functions:

(i) f(0) =0; f continuous (or differentiable) function.

(ii) f concave or quasi-concave.

Production function f gives rise to production set Yy given by

Yi={(z,2) € R"™: 2<0, 0< 2 < f(—x)}. (2)



2. Returns to Scale in Production
Properties of returns to scale for production set are defined as follows:

constant — if y € Y, then Ay € Y for every A > 0,
nonincreasing — if y € Y, then Ay € Y for every 0 < X < 1,

nondecreasing — if y € Y, then Ay € Y for every A > 1,

Actually, returns to scale can be more crisply defined for production function.
These definitions are

constant: f(\x) = Af(z), for every A > 0 and = > 0.

decreasing: f(\z) < Af(x), for every A > 1 and x > 0 such that f(z) # 0.

increasing: f(A\z) > Af(x), for every A > 1 and x > 0 such that f(x) # 0.

One can show (Exercise) that constant, decreasing or increasing returns to
scale for f imply that the production set Yy of (2) exhibits constant, nonin-

creasing or nondecreasing returns to scale, respectively.



3. Profit Maximization

Profit maximization at price vector p € IR” is

maximize py overy €Y. (3)

The solutions (there could be many) are the supply of the firm at p, denoted

by s*(p). We can write

s'(p)={y" €Y :py" >py, Vye Y} (4)

The (maximum) profit is

7*(p) = sup py. (5)
yey

7* is a function of p while s* is, in general, a correspondence.

If supply s* is a differentiable function, then the L x L-matrix Ds*(p) is called

the supply substitution matrix.

Unless set Y is compact, there may exist positive price vectors for which
maximum profit is infinite and supply does not exist. The set of price vectors
for which profit function takes finite values is the domain of 7*. It is a convex

set in IRY. The domain of s* is a subset of the domain of 7*.



4. Convex Analysis and Duality

Profit function 7* is the support function of production set Y.
Extensive discussion of properties of support functions can be found in Rock-

afellar (1970), ch 13. Here we present the most useful results and definitions.

For a closed set K € IR", the support function ¢, is defined by

0% (p) = sup pw. (6)
zeK

for every p € IR™.

e Support function d} is a convex function.

e A duality property holds for a closed and convex set K € IR":

K={r € R":px <dk(p), Vp} (7)

See Corollary 13.2.1. in Rockafellar (1970).

Theorem 4.1 (Duality): Suppose that K is nonempty and closed. There
exists a unique T € K such that pT = 63 (p) if and only if 53 is differentiable
at p. Moreover, in this case

Dé*(p) = = (8)

See Theorem 23.5 in Rockafellar (1970), or MWG, Section 3.F.



5. Supply and Profit

Fundamental properties of the supply and the profit function of a profit-

maximizing firm are:

Theorem 5.1: Suppose that'Y is closed. Then the following properties hold:
(i) ™™ is homogeneous of deg. 1;
(ii) 7 is a convex function;
(iii) s* is homogeneous of deg. 0;
(iv) If * is differentiable at p (this holds iff s is single-valued at p), then

Dr*(p) = s*(p).

Proof: (i) and (iii) are easy;

(ii) and (iv) are properties of support functions, Section 4.

Using (ii) and (iv) of Theorem 5.1, we obtain

Corollary 5.2: If * is twice-differentiable, then
D*7*(p) = Ds*(p). 9)

The substitution matriz Ds*(p) is positive semi-definite and symmetric.

Corollary 5.2 implies the following comparative statics property of supply:

*

L >0, 1
32%‘_0 (10)
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Some extra properties of supply and profit of profit-maximizing firm:

Proposition 5.3:
(i) if Y exhibits constant returns to scale, then w*(p) = 0 whenever it is
well-defined.
(ii) if Y is convex, then s*(p) is a convez set.
(iii) if Y is compact, then m* is a continuous function and s* is an upper

hema-continuous correspondence.

Proof: (i) and (ii) left as exercises, (iii) follows from the Maximum Theorem

(in Math Appendix)



6. Profit-rationalizability

Consider a function 7 : IR¥ — IR that assigns profit to each price vector p in
IRY. (7(p) can take infinite value +oo, but not for every p.) Call m a profit
function, but it is not known whether or not 7 results from maximizing profit
on some production set, that is, whether 7 is a maximum profit function.
Production set Y profit-rationalizes function 7 if 7(p) = max{py : y € Y}
for every p. Properties (i) and (ii) of Theorem 5.1 together with a continuity

condition turn out to be sufficient for profit-rationalizability.

Theorem 6.1: If 7w is (i) homogeneous of deg 1, (ii) convex, and (iii) lower
semi-continuous, then there exists a closed and convexr set Y that profit-

rationalizes .

Proof: This follows from (7).

The set Y that profit-rationalizes function 7 is

Y ={y € R" : py < n(p), Vp}.

Function 7 : IRY — IR is lower semi-continuous at p, if

m(p) < lim m(pn).

n—oo

for every sequence {p,} such that p, converges to p and the limit of 7(p,)

exists (possibly equal to +00).



PART II: Consumer Theory

7. Preferences and Utility Functions

Consumption set is a subset X C R%. Vectors in X represent consumption
bundles that the consumer considers possible for consumption.

Often, it is assumed that consumption set X is closed and convex, or more

specifically that X = ]RJLF.

The consumer’s preferences over commodity bundles in X are specified by a

preference relation >.

Properties that a preference relation may have:
(i) reflexive, transitive and complete,

(ii) continuous,

(iii) nonsatiated, or locally nonsatiated,

(iv) increasing, or strictly increasing (also called weakly monotone, or strongly

monotone),

(v) convex, or strictly convex.

Other special properties: homothetic, quasi-linear, etc.

Examples of preferences: lexicographic; Leontief; etc.



Function v : X — R is a utility representation of > if, for every z,2’ € X,

u(z) > u(x’) if and only if z = 2'. (11)

Theorem 7.1: If preference relation = on X is complete, reflexive, transitive,

and continuous, then it has a (continuous) utility representation.

Proof: See Hildenbrand and Kirman (1976). An easy proof is available if
two additional assumptions are imposed: X = Ri, and > strictly increasing.

This proof can be found in MWG and in Varian.
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8. Utility Maximization

The problem of utility maximization for a price vector p € R_Li_ and an income
w > 0 is written as

maximize u(x) (12)

subject to pr <w and x > 0.

The solutions (there could be many) are denoted by z*(p, w) — the Walrasian
demand (or Marshallian) at prices p and income w.

u*(p,w) = u(x*(p,w)) is the indirect utility function.

First-Order Conditions for maximization (12) obtain from Kuhn-Tucker

Theorems (see Math Appendix).

9. Expenditure Minimization

The expenditure minimization problem for p € R_Li_ and utility level u in the
image of w is:

minimize pz (13)
subject to wu(x) >u and z >0.
The solutions are h(p,u) — Hicksian demand correspondence, or function
whenever single-valued. e(p,u) = ph(p,u) is the expenditure function.
First-Order Conditions for (13) obtain from Kuhn-Tucker Theorems.
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The fundamental properties of Hicksian demand and expenditure function

are:

Theorem 9.1: Suppose that u is a continuous and locally non-satiated utility
function on X = ]Rf_. Then, on the domain of strictly positive prices,

(i) e is homogeneous of deg. 1 in prices;

(ii) e is a concave function of prices;
(iii) h is homogeneous of deg. 0 in prices.

(iv) If e is differentiable at (p,u) and h is single-valued at (p,u), then

Dpe(pa "(_L) - h(p7 ’L_L) (14)

Using (ii) and (iv) of Theorem 9.1, we obtain

Corollary 9.2: If e s twice-differentiable with respect to prices, then
Dge(p, u) = Dyh(p,u). The matriz Dyh(p,u) is negative semi-definite and

symmetric.

Corollary 9.2 implies the following comparative statics of Hicksian demand:

Oh;
< 0. 1
opi — 0 (15)

Remark: The matrix D,h(p,u) is singular. This is so because D,h(p, 4)p =

0 as follows from (iii) and the Euler’s Theorem (see MWG, Appendix).
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Digression on Cost Minimization.

The problem of cost minimization for a producer with production function is
formally equivalent to expenditure minimization.

The problem of minimizing cost for a producer with production function f is

minimize wzx (16)

subject to f(x) >z and x>0,

where w = (wq,...,w,) is a vector of input prices (not income!).
Solution is z*(w, z) — factor demand correspondence, or function whenever

single-valued. Also C*(w, z) = wa*(w, 2) is the cost function.

Theorem 9.1 when applied to cost minimization (15) says that the cost func-

tion C* is a concave and homogeneous of deg 1 function of input prices.

Further
D,C*(w,z) = z*(w, 2), (17)
and
oz
L <0. 1

It can be shown that 88—6: > 0.
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10. Walrasian Demand and Hicksian Demand

Let h(p,u) be the Hicksian demand and z*(p,w) be the Walrasian demand
correspondences of utility function v on consumption set X = Rf_ Let w > 0,

u > u(0) and p >> 0.

Proposition 10.1: If u is continuous and locally non-satiated, then

h(p,u) = z*(p, e(p, u)), (18)

and

z* (p,w) = h(p,u* (p,w)). (19)

Proof (Outline): We first have the following

Lemma 10.2: (1) If u is locally non-satiated, then pz*(p, w) = w.

(2) If w is continuous, then u(h(p,u)) = u.

Step 1: Next we prove the following two relations:
(") h(p,u) C z*(p,e(p,u))
(it") 2*(p,w) C h(p,u”(p,w))
Step 2: From (i) it follows that u*(p,e(p,u)) = . From (ii’) it follows that
e(p, u*(p,w)) = w.
Step 3: Since u*(p,e(p,u)) = u, relation reverse to (i’) follows from (ii’).

Similarly, relation reverse to (ii’) follows from (i’) and e(p, u* (p, w)) = w.
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11. The Slutsky Equation and the Slutsky Matrix
Suppose that (18) holds and h and z* are single-valued and differentiable. It

follows that
Dyh(p,u) = Dpx™(p,w) + Dyz™(p,w) - ™ (p, w) (20)

where w = e(p, ), or equivalently u = u*(p, w)

More specifically (and rearranging)

Oz} (p,w) _ Oh(p,u) Oxj(p,w) ,

where u = u*(p, w).

Equation (21) is the Slutsky equation. It provides decomposition of the
effect of change in price of good k on Walrasian demand for good [ into the

pure substitution effect and the income effect.

Define the L x L matrix S = [sg;] by

L dnw) | duilpw)
H op; ow

] (p, w). (22)
Matrix S is the Slutsky matrix associated with Walrasian demand z*. It

follows from (20) that
S(p7 U}) = Dph(p7 ﬂ)?
for u = u*(p,w). Corollary 9.1 implies that S is negative semi-definite,

symmetric and satisfies S(p,w)p = 0. Negative semi-definiteness of Slut-

sky matrix S is the comparative statics of Walrasian demand.
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12. Integrability
We found in Section 11 that Walrasian demand function z*(p, w) of a utility-
maximizing consumer with l.n.s. utility function necessarily has the following
three properties: (1) homogeneous of deg. 0, (2) negative semi-definite and

symmetric Slutsky matrix, (3) budget equation pz*(p,w) = w.
Question: Are these all properties of Walrasian demand functions?

One way to answer this question is to verify whether, for every demand func-
tion d that satisfies (1-3), a utility function u can be found such that the
Walrasian demand function of u is the function d.

The answer is yes.

Theorem 12.1: Let d : RY, x Ry — R% be a C' demand function such
that
(1) d is homogeneous of deg. 0,
(2) the Slutsky matriz associated with d is negative semi-definite and sym-
metric,
(3) pd(p,w) = w.
Then there exists a strictly increasing, strictly quasi-concave utility function

u such that d is the Walrasian demand of utility function wu.

Proof: see MWG, Section 3.H.
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PART III: Algebraic Methods of Comparative Statics
13. Weak Axiom of Profit Maximization

Suppose that we have several observations of price vectors and production

plans of a firm. They are

Pyt = p'y, (23)

for all s =1,...,T, for each t.

Property (23) is called the Weak Axiom of Profit Maximization.

Production set Y profit-rationalizes observations (p',yl),..., (pT,yT) if

y' € Y and p'y' = max{p'y : y € Y} for every t.

Proposition 13.1: Observations (p*,yt),..., (T, yT) satisfy WAPM if and
only if there exists a closed, convex production set'Y that profit-rationalizes

these observations.
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WAPM (23) can be considered as algebraic comparative statics property. It

has the following simple implication:

' = p°lly" —y°] >0, (24).

(24) obtains by adding two inequalities p*y® > py' and p'y® > p'y® side by

side.

Property (24), when it holds for supply function y* = s(p’) and for arbitrary
pair of vectors p’, p®, says that (vector-valued) function s is A-monotone (see
Math Appendix II) for (24) can then be loosely written as ApAs > 0

If s is differentiable, a necessary and sufficient condition for s being A-
monotone is that Ds(p) is positive semi-definite for every p (see Math Ap-

pendix II).
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14. Revealed Preference

Suppose that we have several observations of price vectors and consumption

plans of a consumer. They are

- at p,

zT  at pT,

where 2! € R% and p' € R%, for all ¢.

Utility function u on Ri rationalizes observations {(p!,z!),..., (pT,27)}

if, for every ¢, u(z') > u(z) for every x € R% such that p'z < p'a’.

If observations {(p',z1),..., (p?,zT)} are rationalized by locally non-satiated
utility function wu, then the following must hold:

(1) the consumer’s income in situation ¢ is ptz?,

(2) u(x?) > u(x) for every = such that p'z < pla?,

(3) w(z') > u(x) for every x such that p'z < p'ax’.

Note that local nonsatiation is crucial for (3). (2) and (3) imply that
if p'a® < p'a’, then p’z’ > pSa® (26)

for all s,t=1,...,T.
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Property (26) is called the Generalized Weak Axiom of Revealed Pref-

erence.

We have just shown that GWARP necessarily holds for a set of observations
rationalized by locally nonsatiated utility function. Is GWARP also a suffi-
cient condition for rationalizability? The answer is no. To understand why,

we take another look at what follows from utility maximization.

Let us define relations R and P between an observation z! and a bundle
T € Ri as follows:

o'Rx, if plx < plal, (27)
' Px, if plx < ptzl. (28)

If 2! Rx, we say that z' is (directly) weakly revealed preferred to z.

If x' Px, we say that z' is (directly) strictly revealed preferred to x.

Again, if the consumer maximizes locally non-satiated utility u subject to the
budget constraint, i.e., if the observations are rationalized by u, then

2! Rz implies u(x?) > u(z), and

x! Px implies u(z®) > u(z).
Consequently, if 2'Rx® then not x*Px'. This is the GWARP restated. But

there is more. For every subset of observations (p'*,zt),..., (p'~, z'"),

if 2" Rx®, 22 Ra's, ..., z'»'Ra', then not ' Px'. (29)
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Property (29) is called the Generalized Strong Axiom of Revealed Preference,

or simply Generalized Axiom of Revealed Preference, GARP.

Theorem 14.1 (Afriat): Observations (p*,z1),...,(p%,a7) satisfy GARP
of and only if there exists a locally nonsatiated utility function u that rational-

1zes these observations.

Proof: See Varian, Ch. 8, also Varian (1982). The utility function w is

defined as follows: First, it is proved that the system of inequalities
ut < u® 4+ Npf(at — 2%), Vi, s.
has solution u?, \*. Then, function u is defined by
u(x) = mtin{ut + Al (2t — 2)}.

It holds u(x?) = u!. This function u is continuous, concave, and increasing.
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Remarks:

e GARP is a generalization of two standard “axioms.” The Weak Axiom

of Revealed Preference is

if z'Rx® and ' # z°, then not z°Rx’. (30)

The Strong Axiom of Revealed Preference is
if "' Re', 22 Ra®, ..., ' 'Ra'™ and 2" # 2’ then not z'» Rz™. (31)

These axioms hold for observations strictly rationalized by utility function
u, i.e, if u(z') > u(z) for every x € RE,z # 2', such that p'z < p'z?, for

every t. SARP is strictly stronger (as long as L > 2) than WARP.

e Axioms of revealed preference can be used in the context of demand function,
too. There is a relationship between negative semi-definiteness of Slutsky
matrix and the axioms of revealed preference. MWG prove in Section 2.F that
if the WARP holds for a differentiable demand function d satisfying budget

equation, then the Slutsky matrix associated with d is negative semi-definite.

Further, the Strong Axiom of Revealed Preference holds for a demand func-
tion satisfying budget equation if and only if there exists a rational preference

relation = that rationalizes the demand function (see Section 3.J).

e See Varian, Ch.8, for more on comparative statics of Walrasian demand

implied by the axioms of revealed preference.
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PART IV: Monotone Comparative Statics

15. The Theorem of Topkis

Monotone comparative statics is based on mathematical theories of super-
modularity and vector lattices developed by D.M. Topkis and others (see the

book by Topkis (1998)).

Lattice Operations
For two vectors =,y € IR"™, we use x V y to denote the supremum and = A y

to denote the infimum of x and y. That is,

xV Yy = (maX{xla yl}amax{$29y2}7 <o 7max{xnayn}>7

r Ay = (min{zy,y1 },min{ze, y2}, ..., min{z,, yn}),

Operations V and A are called lattice operations.
Note that

r+y=xzVy+axAuy, (32)

A set X C IR"™ is said to be a lattice if

rAr'€eX and zVi €X, (33)

for every z,2’ € X.

Examples: Interval [a,b] C IR" is a lattice; IR} is a lattice.
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Supermodular Functions

Let X C IR™ be a lattice. A function f: X — IR is supermodular on X if

flxVvy)— f(z) > fly) — flxAy), (34)

for every x,y € X.

Fugure 1 illustrates definition (34) for n = 2. For a production function or
a utility function f, supermodularity is a form of complementarity among

goods.

Supermodularity can be characterized using second-order cross derivatives.

Proposition 15.1: Let f : IR®™ — IR be twice differentiable on an interval

(a,b) C IR™. Then f is supermodular on (a,b) if and only if

0% f
&ci(%j

(z) >0 (35)

for every i,j, i # j and every x € (a,b).
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Nondecreasing Maximizers and the Theorem of Topkis.

Assume now that X is either the entire space IR", or the positive orthant IR’} .

Let T be a subset of IR™.

For a function f : X xT — IR and a set S C X, consider the following

maximization problem

max f(x,t) (36)

€T

subject to xeSs.

We denote the set of solutions by ¢*(¢). That is,

©*(t) = argmax, g f(,1). (36)

Monotone comparative statics is concerned with conditions on function f and
set S so that correspondence ¢* is monotone nondecreasing in t.

Correspondence ¢* is monotone nondecreasing in ¢ if

P (1) < (1), (37)

for every ¢t < t’. Inequality (37) between sets means the strong set order:
for every x € p*(t) and x’ € p* ('), it holds z Ax’ € *(t) and x V' € p*(t).
If ©*(t) nad ¢*(t’) are singleton sets, then the strong set order coincides with
the usual order on vectors, so the inequality (37) is inequality between two

vectors.

25



Theorem 15.2 (Topkis): If S is a lattice, [ is supermodular in x, and has

nondecreasing differences in (x;t), then ¢* is monotone nondecreasing in t.

Function f : X x T" — IR has nondecreasing differences in (z;t) if the
difference f(x',t) — f(x,t) is monotone nondecreasing in ¢ for every z’ > x,

That is,

f(xlat/) _f(x7t,> > f(CL’,,t) —f(SC,t) (38>

for every o/ > x and t’ > t,

The condition of f having nondecreasing differences in (z;t) can be charac-

terized using second-order cross derivatives.

Proposition 15.3: Let f : IR™ x IR™ — IR be twice differentiable on an
interval (a,b) C IR™ x IR™. Then f has nondecreasing differences in (x;t) if

and only if
02 f
axiatk

(z,t) >0 (39)

for every i,k and every (x,t) € (a,b)
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Example: Consider the problem of profit maximization for a production

function (see Section 2)

x120,...,2, >0

max [Qf(xl,,xn) _Zwl'xl]
i=1

where ¢ is the price of output and w = (wy,...,w,) is a vector of prices of n

inputs. Production function f is assumed strictly increasing.

It is easy to see that the objective function F'(z,q) = qf(x) — wx has non-
decreasing differences in (z;q). If f is supermodular, then it follows from
Theorem 15.2 that input demand z*(g) is monotone nondecreasing in output

price q.
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Nonincreasing Maximizers.

©* is monotone nonincreasing in ¢ if ©*(t) > ¢*(t') for every t < t'.

A counterpart of Theorem 15.2 for monotone nonincreasing solutions to max-

imization problem (36) is

Theorem 15.4: If S is a lattice, f is supermodular in x and has nonincreas-

ing differences in (x;t), then ¢* is monotone nonincreasing in t.

Note that only monotonicity of differences gets reversed. The assumption of

supermodularity remains unchanged.

Function f : X x T — IR has nonincreasing differences in (z;t) if

f(xlat/) - f(CL’,t/) < f(CL’,,t) - f(CL’,t), (40)

for every ' > x and t’ > t, For twice differentiable function f, (40) is equiv-

alent to

(z,t) <0 (41)

for every i,k and every (x,t).
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Proof of Theorem 15.2: Let © € ¢*(t) and 2’ € ¢*(t’). First, we prove that

z V' € p*(t'). Supermodularity in x implies that

flava' t') > fa't')+ f(z,t) = fz A2, 1) (42)

Nondecreasing differences (38) imply that

Fla,t) = flanal ) = fla,t) — flaAa',t) (43)

By the lattice property of S, we have z A 2’ € S. This and = € ¢*(t) imply

f(z,t) > flx A t). (44)

Combining (42), (43) and (44) we obtain

flxva' t') > f(o',t) (45)

Since x V2’ € S and 2’ € *(t'), (45) implies that = V 2’ € p*(t').

The argument for = A 2’ € ¢*(t) is similar:

flana' t) = fla,t) + f(2'st) = flzva't) >

> f(z,t) + f(«', 1) = fzva',t') > fx,t).

Since x A 2’ € S, it follows that = A 2’ € p*(t).
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16. Normal Demand for Supermodular Concave Utility
We present an application of supermodularity to comparative statics of con-
sumer’s demand. This is based on a recent paper “The Comparative Statics

of Constrained Optimization Problems” by J. Quah, Econometrica (2007).

Theorem 16.2: Suppose that utility function u : ]Ri — IR s supermodular,
strictly concave and locally nonsatiated. Then the Walrasian demand function

x*(+) 1s a nondecreasing function of income, that is

z*(p,w') > z* (p, w) (46)

for every w' > w > 0 and every p >> 0. In other words, the demand for every

good is normal.

Proof: We first prove the following

Lemma 16.3: If u is concave and supermodular, then
u(Alz Vyl+ (1= N)y) —u(y) > u(z) —u(Az Ay]+ (1 = N)z), (47)

for every x,y € Bi and 0 < A < 1.
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Proof of Lemma 16.3: The following two inequalities follow from concavity of

U

u(Alz Vyl+ (1= A)y) = du(z Vy) + (1= Nu(y), (48)
uAz Ayl + (1 —XNx) > du(z Ay) + (1 — Nu(x) (49)

Also, because of supermodularity (34),
uw(z Vy)+ulz Ay) = u(@) + u(y). (50)

If we multiply (50) by A and sum the resulting inequality side-by-side with
(48) and (49), we obtain (47).
We return to the proof of Theorem 16.2. Of course, we only need to consider
w' > w. Let y = *(p,w) and = = x*(p,w’). Since u is L.n.s., we have py = w
and pr = w'. Clearly, plz A y] < w. Since pxr > w, there exists 0 < A < 1
such that p(A[z A y] + (1 — A)z) = w. Denote Az Ay] + (1 — M)y by z, and
Mz Vy] + (1 —N)ax by z*. Since z, + 2* = x + y (this follows from (32)), we
have pz* = w'.

Since y is the unique utility maximizer at w and pz, = w, we have
u(y) > u(z,). Lemma 16.3 implies that u(z*) > u(z). Since z is the unique
utility maximizer at w’ and pz* = w’, it must be z* = x. Then also z, = .
It can be shown (see Figure 1) that z* = z if and only if = z V y. Similarly,
zy =y ifandonly if and y =2z Ay. Butif x = 2 Vy and y = z A y, then

y < x. This concludes the proof.
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Remarks:

e Theorem 16.2 was first proved by Professor John Chipman in (1977). Chip-

man did not use supermodularity, but instead assumed that 852(‘%- > 0 for
10T
every i # j,

e Theorem 16.2 holds for u concave and supermodular, too. This form re-

quires, however, a way of comparing multivalued demands, see Quah (2007).
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PART V: Choice Under Uncertainty

17. Expected Utility under Uncertainty

Uncertainty is described by a set S = {1,...,S} of states of nature. State-
contingent consumption plan specifies consumption conditional on each state.

We assume that there is a single commodity. Consumption plan is a vector

c=(c1,...,C9) ERi.

We consider a preference relation > on the set Ri of state-contingent con-

sumption plans. Assume that > is strictly increasing and continuous.

We say that > has state-separable utility representation if there exist

utility functions v, : R4 — R for all s, such that

S
c=c iff sz Cs) ZZ (52)
s=1 s=1

/ S
for every c,c’ € R7.

We say that > has expected utility representation with respect to prob-

abilities {7ms} if there exists function v : R4 — R such that

S
c > c iff Zws v(es) ZZ (53)
s=1 s=1

/ S
for every c,c’ € R7.
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Utility function v in the expected utility representation is the von Neumann-

Morgenstern (or Bernoulli) utility. Expected utility is written as Ev(c)].

Axiomatization of State-Separable Utility

For ¢ € Ri and y € R4, let c_sy denote the consumption plan ¢ with

consumption ¢y in state s replaced by y, that is, (c1,...,Cs—1,Y,Cs41,---,Cs).

The independence axiom (sure-thing principle):
c_sy=d_gy iff c_qw=d_sw (54)

for all ¢,d € Ri and y,w € Ry.

Theorem 17.1: Assume that S > 3, and that preference relation = is strictly
increasing and continuous. Then > has a state-separable utility representation

ioff it obeys the independence axiom.
Proof: see Debreu (1959), “Topological methods in cardinal utility theory”.

Remark: This theorem does not hold for S = 2. With two states, the in-
dependence axiom is trivially satisfied by every strictly increasing preference

relation regardless of whether it has a state-separable representation or not.
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Axiomatization of Expected Utility

For probabilities {ms} of states such that g > 0 for each s, let E(c) =), mscs
be the expected value of ¢ = (¢q,...,cs) and let E(c) denote the deterministic

consumption plan (E(c),..., E(c)).

Preference relation = is risk averse (with respect to {ms}) if
E(c) = ¢ (55)

for every c. That is, if deterministic consumption plan equal to E(c) is pre-
ferred to c. Expected utility E[v(-)] is risk averse if and only if v is concave.

(This will be proved later.)

Theorem 17.2: Assume that S > 3, and that = 1is strictly increasing and
continuous. Then > satisfies the independence axiom and is risk averse with
respect to probabilities {ms} if and only if it has a concave expected utility
representation with respect to {ms}.

Proof: Theorem 17.1 implies that > has a state-separable representation
> s Us(cs). Suppose that each function v, is differentiable.

For each x € R, consider the problem

max Z vs(cs) (56)

subject to E(c) = x.
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By risk aversion, ¢ = (z,...,z) must be a solution to (56). FOCs for this

solution are

vi(z) =Ams, s=1,...5. (57)

S

It follows from (57) that

vi(x) = vy (). (58)

for some A, € R. Consequently, > msv(cs) with v = vy represents >. Since
~ is risk averse, v is concave (again, this will be proved later).
Proof without the extra assumption that functions v, are differentiable can

be found in Werner (2005).

Remarks: There are two alternative interpretations of the role of proba-
bilities in the above theorem. Omne is that probabilities {75} are objective
probabilities. The other is that they are not objectively given, but the con-
sumer displays risk aversion with respect to these ms. That is, when faced
with a choice between state-contingent plan ¢ and deterministic plan E(c),
where E(c) has been calculated using {7}, he or she prefers E(c). Then, the

theorem says, probabilities {ms} are his “subjective” probabilities.
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Expected Utility on Lotteries with Objective Probabilities.

Let Z be a (finite) set of outcomes, say Z = {z1,...,zx}. A lottery is a
probability distribution on Z, that is, an assignment of probabilities {p; } 1,
to outcomes so that p; is the probability of winning outcome z;. Lottery with
probabilities {p;}1, is denoted by L. Let £ be the set of all lotteries on Z.
Since probabilities add up to one and are positive, the set £ can be identified

with the unit simplex A in RX.

Preference relation > on the set of lotteries £ has an expected utility rep-

resentation if there exists function v : 7 — R such that

K K
L= L' if and only if Zpiv(zi) > Zp;fv(zz)
i=1

=1

An axiomatization of expected utility on lotteries is due to von Neumann and

Morgenstern (1954). See MWG, Chapter 6.
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18. Risk Aversion and the Pratt’s Theorem

A consumer with expected utility function E[v(-)] on RY is risk averse if

Elv(c)] < v(E()), (59)

: S
for every consumption plan ¢ € R7.

The consumer is strictly risk averse if
Elv(c)] <v(E(c)) (60)

for every consumption plan ¢ € RY such that ¢ # E(c).

The consumer is risk neutral if
Elv(c)] = v(E(c)) (61)

S
for every c € R7.
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Measures of Risk Aversion

The risk compensation for additional state-contingent consumption plan
z € R® with E(z) = 0 at deterministic “initial” consumption x € R is p(z, 2)
that solves

Elv(z + z)] = v(z — p(z,2)). (62)

If v is twice-differentiable and strictly increasing (so that v'(x) > 0 for every
x), we also have:

— the Arrow-Pratt measure of absolute risk-aversion

,U//(x)
A = — 63
@) == (63)
— the Arrow-Pratt measure of relative risk aversion
,U//(x)
R(r) = ——= 63
(@) = 2 (63)

The Theorem of Pratt

Let vy, vy be two C?, strictly increasing vN-M. utility functions with p1, po,

and A; and As, respectively.

Theorem 18.1 (Pratt): The following conditions are equivalent:

(i) Ai(z) > As(z) for every x € R.

(i1) p1(z,2) > pa(x,2) for every x € R and every z € R® with E(z) = 0.
(#ii) v1 is a concave transformation of v, i.e. vi(x) = f(va(x)) for every x,

for f concave and strictly increasing.
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Risk Aversion and Concavity

Let v be twice-differentiable and strictly increasing.

Corollary 18.2:

(i) A consumer is risk averse iff his von Neumann-Morgenstern utility function
v 18 concave.

(ii) A consumer is risk neutral iff his von Neumann-Morgenstern utility func-
tion v is linear.

(iii) A consumer is strictly risk averse iff his von Neumann-Morgenstern utility

function v 1is strictly concave.

Note: “iff’ means “if and only if.”

This corollary holds true even without the assumption of differentiability of

v, see LeRoy and Werner(2001).
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Decreasing, Constant and Increasing Risk Aversion

Corollary 18.3: Let v be C? and strictly increasing. Then

(i) p(x, 2) is increasing in x for every z with E(z) =0, iff A(x) is increasing
m .

(ii) p(x, z) is constant in x for every z with E(z) =0, iff A(z) is constant
m x.

(iii) p(x, 2) is decreasing in x for every z with E(z) = 0, iff A(x) is decreasing

mn x.

Some Common Utility Functions

The functions most often used as von Neumann-Morgenstern utility functions
in applied work and as examples are:
Linear utility:

v(r) ==

has zero absolute risk aversion, so the consumer is risk-neutral.

Negative Exponential Utility:

where o > 0, has constant absolute risk-aversion (CARA) equal to «.
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Quadratic utility:

v(z) = —(a—2)?, for z<a,

has absolute risk aversion equal to 1/(a — x).

Logarithmic utility:

v(z) =In(zr+«), for x> —a.

If o = 0, then relative risk-aversion is constant (CRRA).

Power utility:

v(z) = , for x>0,

where v > 0,7 # 1, has constant relative risk-aversion equal (CRRA) to .

Linear Risk Tolerance

The risk tolerance:

The negative exponential utility function, the quadratic utility function, the
logarithmic utility function, the power utility function — all have linear risk

tolerance (LRT or HARA).
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Proof of Pratt’s Theorem 18.1:

(1) implies (#ii): Define f by f(t) = vi(vy *(t) for every t. The first derivative

of f is
v} (vg (¢
= itz @) (13)
vy (vy " (1))
and is strictly positive since v; > 0 for ¢ = 1,2. The second derivative is
vy () — (v (z)vy () /vy ()
(1) == : (44)
[v5 (2)]?
where we used x = vy *(t). Equation (44) can be rewritten as
vy ()
F'(1) = (Az(x) — A1(2)) 7=
( B @P
Thus f”(t) < 0 for every t, and hence f is concave.
(797) implies (i7): By the definition of p; (see (40))
Elvi(z + 2)] = vi(z — p1(z, 2)). (45)
Since v; = f(v2) and f is concave, Jensen’s inequality yields
Elvi(z + 2)] = E[f(v2(z + 2))] < f(Evz(z + 2)]). (46)

The right-hand side of (46) equals f(va(z—pa(x, 2))) or v (z—p2(x, 2)). Using
(45) and (46) we obtain

vi(z — p1(z, 2)) <vi(z— pa(z, 2)). (47)

Since vy is strictly increasing, (47) implies that p1(x, 2) > pa(z, 2).

(77) implies (¢): (... in class)
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19. Stochastic Dominance and Risk

For a consumer whose preferences over state-contingent consumption plans in
Rf_ have an expected utility representation, it is only the probability distribu-
tion of consumption that matters. That is, any two consumption plans that
have the same probability distribution have the same expected utility. For
instance, if there are two states with equal probabilities, then the expected

utility of consumption plans (1,2) and (2,1) is the same.

Stochastic dominance is a ranking of random variables based on their distri-
butions. Random variables, such as y and z, could be two state-contingent
consumption plans on a finite set of states S equiped with probabilites {7},
or random variables with continuous distributions on an infinite probability

space. All that matters are the cumulative distribution functions of y and z.

For simplicity, we assume that y and z take values in a bounded interval [a, b].

Let F, and F), be their cumulative distribution functions. That is,
F.(t) = Prob(z <t)

for t € [a, b].

The expected utility of z and the expected value of z can be written as

b b
B(z) = / LF.(t) and Eu(2)] = / o(t)dF. (8).
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First-Order Stochastic Dominance

Definition 19.1: 2 first-order stochastically dominates y if

F.(t) < F,(t),  Vte€ |a,b]. (64)

We have

Theorem 19.2: z first-order stochastically dominates y if and only if

Elv(z)] = Elv(y)]

for every mondecreasing continuous v.

That is, z FSD y if and only if every expected-utility maximizing agent with

nondecreasing utility prefers z to y.

Example 19.1: Let y take values 1 and 3 with probabilities 1/2, and z take
value 1 with probability 1/4, value 3 with probability 1/4, and value 4 with

probability 1/2. Then z FSD y.
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Second-Order Stochastic Dominance and Risk

Definition 19.3: z second-order stochastically dominates y if

/ Uyt < / C B, v € [a,b]. (65)

Since E(z) =b— f; F.(t)dt, (65) for w = b implies that E(z) > E(y).

Thus, if z SSD y, then E(z) > E(y). Also, if z FSD y, then z SSD y.

Theorem 19.4: z second-order stochastically dominates y if and only if
Elv(z)] = Elv(y)]

for every mondecreasing concave continuous v.

That is, z SSD y if and only if every agent with risk-averse nondecreasing

expected utility prefers z to y.

If 2 SSD y and z and y have the same expectation E(z) = E(y), then we say

that y is more risky.

Proposition 19.5: If E(z) =0, then 2z is more risky than z.
Proof: It suffices to prove that E[v(z)] > E[v(2z)] for every nondecreasing

(22) + 3(0), we have

N[~

concave v. Since z =

S0(22) + 50(0) < v(z). (66)
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Taking expectations on both sides of (66), we obtain
1 1
§E[U(22)] + 51}(0) < Ev(z)]. (67)
Concavity of v and E(z) = 0 imply that
Elv(z)] < v(0). (68)
Combining (66) with (67), we obtain E[v(z)] > E[v(2z)].

Risk and Variance

For z and y with E(z) = E(y), if y is more risky than z, then var(y) > var(z).
[This follows from E[v(z)] > E[v(y)] applied to the quadratic utility v(z) =

—(aw—x)2.]  The converse is not true!

Example 19.2: Let z take on the values 1,3,4,6 with equal probabilities,
and let y take value 2 with probability 1/2 and values 3 and 7, each with

probability 1/4. We have E(z) = E(y) = 3.5, and
var(y) = 4.25, var(z) = 3.25.
Thus var(y) > var(z). For the logarithmic utility v(z) = In(x), we have
1 1
Elp()] = L m(72). El(y)] = § n(s1)

Thus, E[v(z)] < Efv(y)]. Since v is concave, it follows that y is not more risky

than z. [In fact, neither y is more risky than z, nor z is more risky than y.]
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Proof of Theorem 19.2 on First-Order Stochastic Dominance:

First, let E[v(z)] > E[v(y)] for every nondecreasing continuous v. We want to
show that F,(t) < Fy(t), Vt € [a, b]. Suppose, by contradiction, that F.(ty) >

F,(ty) for some ty € [a,b]. Define the following utility function

[0, if t<t
”(t>_{1, it t >t

We have

Elo(2)] = Elv(y)] = Fy(to) — Fx(to) < 0.

Function v is nondecreasing, but it is not continuous. However, it can be
approximated by a nondecreasing continuous function so that the expression

Ev(2)] — Elv(y)] remains strictly negative. This is a contradiction.

Second, let F,(t) < F,(t), Vt € [a,b]. We want to show that Efv(z)] >
Elv(y)] for every nondecreasing continuous v. Suppose first that v is differen-
tiable. We use integration by parts:

b b

E[u(2)] - Elo(y)] = / o(t)dF (t) — / v(t)dF,(t) =

a a

b

[0(0) F=(b) — v(a)Fx(a)] —/ F. ()" (t)dt — [o(b) Fy (b) — v(a) Fy(a)]

o [ R @i = [ (w0 - Eow oo

The same argument holds without differentiability: see Tesfatsion (1976).
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Proof of Theorem 19.4 on Second-Order Stochastic Dominance:

First, let F[v(z)] > F[v(y)] for every nondecreasing continuous and concave
v. We want to show that [ F.(t)dt < [" F,(t)dt for all w € [a,b]. Suppose,
by contradiction, that [° F.(t)dt > [ F,(t)dt for some wy. Define the

following utility function

o t—wo, ift§w0
U(t)_ {O, if t>wo

We have
Bl - B = [ = wnafu)— [ (- wo)dF.(0) =

wo wo
—/ E@ﬁ+/ Fy(t)dt < 0,

where we used integration by parts. Function v is nondecreasing, continuous

and concave. This is a contradiction.

Second, let [ F.(t)dt < [ F,(t)dt for all w € [a,b]. We want to show that
Ev(z)] > E[v(y)] for every nondecreasing continuous and concave v. Suppose
first that v is twice-differentiable. We use the derivation from the proof of

FSD and apply integration by parts one more time:

b
Elv(2)] - EMM—/X@@—@@W@ﬁ:

vﬂﬂl%%@%— £)dt] — /ﬁ/ L (1))df] v (w)dw > 0.

The same argument holds without differentiability: see Tesfatsion (1976).
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