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Abstract: The quality of information in financial asset markets is pfeard to estimate. This pa-
per analyzes information transmission in asset markets\agents treat information of unknown
guality as ambiguous. We consider a market with risk-averBemed investors, risk-neutral
competitive arbitrageurs, and noisy supply of the riskyegdg'st studied in Vives (1995a,b) with
unambiguous information. Ambiguous information givegfiie the possibility of illiquid market
where arbitrageurs choose not to trade in a rational expentaequilibrium. When market is
illiquid, small informational or supply shocks have relally large effects on asset prices. We
show that trading volume decreases and liquidity risk iases with ambiguity about probability

distribution of asset payoffs. High ambiguity may lead toess volatility of asset prices.

*We benefited from comments by seminar audiences at Queenendity, University of Minnesota, Cornell
University, HEC Paris, 2007 CARESS-Cowles Conference &Y ZAET Conference.
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1. Introduction

Information in financial markets is plentiful. There arer@ags reports, announcements of
macroeconomic indices, political news, expert opiniomsl many others. Investors use various
pieces of information to update their expectations abagtagturns. In standard models of asset
markets, agents update their prior probabilistic belidfewd asset returns in Bayesian fashion
upon observing an information signal drawn from a preciselgwn distribution. The quality
of some information signals in the markets may be difficuljuidge. Investors may not have a
single probability belief about the information signal.

The situation of insufficient knowledge of probability dibution is, of course, reminiscent
of the famous Ellsberg Paradox where agents have to choosedrebets based on draws from
an urn with a specified mix of balls of different colors and an with an unspecified mix. Many
agents choose bets with known odds over the bets with the stakes but unknown odds. A
decision criterion which - unlike the standard expectetityti is compatible with this pattern
of preferences is the maxmin (or multiple-prior) expectéitityy Under the maxmin expected
utility, an agent has a set of probability beliefs (prions3tead of a single one, and evaluates an
action, such as taking a bet, according to the minimum erpegtility over the set of priors.
Such behavior is often referred to as ambiguity aversiont fadicates the dislike of uncertainty
with unknown or ambiguous odds. Axiomatic foundations okman expected utility are due to
Gilboa and Schmeidler (1987).

The effects of ambiguous uncertainty and ambiguity aversidinancial markets have been
studied over the past two decades. Dow and Werlang (199%)eshthat an agent facing ambigu-
ous uncertainty about payoff of an asset will choose notaddrthe asset for a range of prices.
Building on this result, Cao, Wang and Zhang (2005) showatdmbiguity aversion may lead
to limited participation in trading in asset market equilin. They consider a model of asset
markets with heterogeneous ambiguity and study the effidisnited market participation on
asset prices. Easley and O’Hara (2009) use a similar modgtutty the role of regulation in
mitigating the effects of nonparticipation induced by aguity aversion. Mukerji and Tallon
(2003) showed that ambiguity aversion may have adverseteftm risk sharing in asset markets.
The recent paper by Epstein and Schneider (2008) studies@sses in dynamic markets with
ambiguous information signals, but without informatioartsmissiort.

10ther papers in the growing literature on asset pricing iogpions of ambiguous uncertainty and ambiguity
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This paper analyzes information transmission in asset etsitkhen the quality of some in-
formation signals is unknown and agents treat informatiborknown quality as ambiguous.
The questions we ask are: how does ambiguity of informatffacathe process of information
transmission in markets, and how does ambiguous informatfi@ct asset prices and trading in
equilibrium.

Information transmission in financial markets has beenrsitely studied when informa-
tion is of precisely known quality. Models of competitive rkets with asymmetric information
that is partially revealed by asset prices have been desdlbyg Grossman and Stiglitz (1980),
Hellwig (1980), Diamond and Verecchia (1981), and Adma8i§3). Models of strategic trad-
ing under asymmetric information take their origin in therwof Kyle (1985) and Glosten and
Milgrom (1985). We consider a market with risk-averse imfied investors, risk-neutral unin-
formed arbitrageurs and random supply of a single riskyta$sst studied in Vives (1995a,b)
with unambiguous information. Prior to the arrival of infieation, all investors have ambiguous
beliefs about probability distribution of the asset pay@mbiguous beliefs are described by a
set of probability distributions. Informed agents receavprivate information signal about the
payoff. The signal reveals the payoff only partially so thia payoff remains uncertain, but it
removes the ambiguity of informed investors’ beliefs. Thapw precisely the conditional distri-
bution of the payoff. Uninformed arbitrageurs do not obsdahe signal and extract information
from prices. Their beliefs about payoff distribution remaimbiguous. Our main focus is on the
process of information transmission through prices in ttes@nce of ambiguity.

Our description of ambiguous information is different fraime one seen in Epstein and
Schneider (2008). In Epstein and Schneider (2008) investave unambiguous beliefs prior
to the arrival of information. Their posterior beliefs afteceiving information signals become
ambiguous. Investors in our model have ambiguous prioetsliThe ambiguity disappears for
investors who observe the information signal but pers@mtsihinformed investors.

The model has CARA-normal specification. Informed investatility of wealth has CARA
form and all random variables are normally distributed. $beof multiple prior beliefs about the
distribution of the asset payoff consists of normal disttibns with means and variances from
some bounded intervals. Informed investors and arbitnageehave as competitive price-takers.

aversion are Routledge and Zin (2004), Garlappi, Uppal aathg\(2007), Condie and Ganguli (2007), Caskey
(2008), Ju and Miao (2009), and Ui (2009).



Arbitrageurs, who have linear utility of wealth, take arbry positive or negative positions in the
asset if the price equals the minimum expected payoff owvar get of beliefs or, respectively,
the maximum expected payoff. If the price is between the maxrn and the minimum expected
values, they do not trade. Arbitrageurs are uniformed amcekinformation from market prices.

We derive a rational expectations equilibrium in closedyfo The equilibrium price function is

piecewise linear. If asset supply is deterministic, egullim is fully revealing. Otherwise it is

partially revealing.

As long as there is ambiguity about the mean of the infornmagignal, there exists a range
of values of the signal and random asset supply such thatllieageurs choose not to trade in
equilibrium. Since arbitrageurs provide liquidity to thearket whenever they trade, we identify
this range as the regime of market illiquidity. When marketlliquid sensitivity of prices to
information signal and to asset supply is lower than whes liuid. Using reciprocals of price
sensitivities as measures of market depth, the depth igistate of illiqudity and high otherwise.
This is a typical feature of market liquidity, see Kyle (1985

We study the effects of ambiguity on market depth, liquidisk and trading volume. We
compare rational expectations equilibrium under ambygwith equilibrium under no ambiguity.
We find that market depth is lower when there is ambiguity. difrg volume also decreases
with ambiguity. Another interesting property concernsatity of prices. While volatility of
equilibrium prices is lower than volatility of payoff whehdre is no ambiguity, the relation can
be reversed if there is sufficiently large ambiguity abowt Hariance of the signal. Thus there
can beexcess volatility in the sense of LeRoy and Porter (1981) and Shiller (1981).

The plan of the paper is as follows: The model of asset maikebsambiguous and asym-
metric information is introduced in Section 2. In Section 8 derive the rational expectations
equilibria under ambiguity and with no ambiguity. Markefdidity is introduced and discussed in
Section 4. Section 5 contains comparative statics resnlte@effects of ambiguity, and Section
6 is about the possibility of excess volatility under amliguSection 7 concludes the paper.

2. Asset Markets with Ambiguous I nformation

There are two assets: a single risky asset, and a risk-fred. bdhe payoff of the risky asset
is described by random variable The bond has deterministic payoff equal to one. Asset are

traded in a market with risk-averse informed agents, risktral uninformed arbitrageurs, and
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noise traders. The price of the risky asset is denotegd Bye price of the bond is normalized to
1.

There is a single informed agent, called dpeculator, whose utility of end-of period wealth
w has the CARA form—e””, wherep > 0 is the Arrow-Pratt measure of absolute risk aversion.
The arbitrageur has linear utility of end-of-period wealth equal#o These two agents should
be thought of as representative agents for large numbevsootypes of traders. Initial wealth is
w, for the speculator and,, for the arbitrageur.

The payoff of the risky asset is the sum of two random vargble

7=0+0a. 1)

Random variableg and are independent and have normal distributions with resgenteans
w1 andm and variances? andr?2.

The informed speculator observes realizatioof random variablé. Observatiory resolves
partially, but not fully, the riskiness of payoff of the rigksset. The arbitrageur does not observe
9. Further, she has ambiguous beliefs about the distribufiénBhe ambiguity of beliefs about
is described by a sé® of probability distributions. Each probability distribah in P is assumed
normal and independent af. More specific, we také® to be the set of normal distributions
with mean lying in an intervaly, i] and variance in an intervab®, 5%]. We assume that the
true distribution with mean: and variances” lies in the setP, hencey € [u, fi] ando® €
(02, 52]. These intervals of means and variances could be confidetesvais resulting from
statistical estimation of moments (see Cao, Wang, and Z(20@b) and Garlappi, Uppal and
Wang (2007)), or they could reflect investor’s subjectiveraion to ambiguity.

We assume that the supply of the risky asset is random. Ramdset supply serves as an
additional source of uncertainty, other than informatiagnal, and prevents asset prices from
fully revealing agents’ information. Randomnesgdiran be thought as resulting from trade by
noise traders. We assume ttais normally distributed, independent #indw, with mean zero
and variance? . Assuming zero mean of asset suppljs inessential (see a remark at the end of
Section 3.)

The speculator’'s random wealth resulting from purchasirghares of the risky security at
pricep isw = w, + (0 — p)z. Upon observing realizatiofiof § her information isl, = {f = 6}.



Her portfolio choice is described by

max E[—e P+ 0=P2) 1], 2)

xT

Since the conditional distribution @fon I, is normal, maximization problem (2) simplifies to

max <p (ws +zE[(0—p)| L)) — %pQJCQV&r [0 IS]) . (3)
The solution to (3) is the speculator’s risky asset demand jistakes the form
E [ﬁ‘ ]s] —D
’rS(IS7p) pvar [/&‘ ]S] ° (4)

The ambiguity about the distribution 6fis reflected in the arbitrageur’s choice of portfolio.
Arbitrageur’s preferences are represented by maxmin eggedility with linear utility function
and the set of prior®. These preferences are motivated by the famous Ellsbesgi®awhich
most clearly exemplifies the impact of ambiguous infornratim agent’s decision. Maxmin
expected utility prescribes that the agent considers thstvease distribution when making a
decision. It has been extensively studied in decision fhemmd an axiomatization has been
given by Gilboa and Schmeidler (1989).

The arbitrageur's maxmin expected utility of random weakbkulting from purchasing
shares of risky security is

min Ex[w, + (0 — p)a|La); (5)
whereE, denotes expectation under beliefe P, and/, is the arbitrageur’s information. Her

portfolio choice given informatioi, is thus

max min E; [w, + (0 — p)z|l,] . (6)

r wEP

The set of solutions,(1,, p) to this maximization problem is

0 if mingep E; [0|1,] < p < max,ep B, [0|1,]

Ta(la,p) = € [0,400) if p = mingep B, [0]I,] (7)

(—00,0] if p = maxyep E; [0]1,]

\

The arbitrageur’s portfolio choice problem has no solutionother values of pricen. Arbi-
trageur’s demand shows an “inertia” that is typical to maxmempected utilities, as first pointed
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out by Dow and Werlang (1992). For a range of prices, the agjgmbses not to trade the asset at
all.

3. Rational Expectations Equilibrium

The definition of rational expectations equilibrium in ouodel is standard (see Grossman
and Stiglitz (1980), Hellwig (1980), and Diamond and Vetgaq(1981) among many others.)
Rational expectations equilibrium consists ofeailibrium price function P(6, L) andeguilib-
rium demand functions X (0, L) and X, (6, L) such that, fop = P(6, L), it holds

Xo(0, L) = w15, p), Xa(0, L) € za(15,p) (8)

S

X,00,L) = L—X,0,L), 9)

for almost every realizations and L of § and L. Condition (8) expresses optimality of agents’
portfolio demands. Condition (9) is the market clearingditon. Information sef; of the spec-
ulator and!; of the arbitrageur reflect rational expectations, thatisytresult from observations
of private signals and equilibrium prices. We describe ¢hiaformation sets next.

The speculator observes realizatidof 6. Equilibrium price could reveal extra information
about realization of asset supply but such information would be irrelevant for the speculator
This is so because the probability distribution of riskytparof the asset payoff is independent
of the supplyL. Consequently, the information s&tis equal to{d = 0}. We write I* = {6}
for short. The arbitrageur does not obsefvand extracts information abodtfrom equilibrium
price. Her information sek* is { P(4, L) = p}.

Let us consider information revealed to the arbitrageurtgydrder flow against her, instead
of the equilibrium price. If the observed order flow fsand asset price ig, that information
is described by the sdtL — z,(I*,p) = f}. Conditions (8) and (9) imply that in equilibrium,
that is, ifp = P(A,L) and f = L — X,(0, L), information revealed by order flow is the same
as information revealed by price. We will use this obsepratvhen deriving an equilibrium and
verify it again at the end of this section for the derived &guum.

The equivalence between information revealed in equiiirby order flow and information
revealed by price has been pointed out by Vives (1995b) (seeromer (1993)). In the absence
of ambiguity, this equivalence and the fact that the argéta has linear utility permit a differ-
ent interpretation of the model. Instead of competitive ketwvith price-taking speculator and
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arbitrageur, one could imagine the arbitrageur acting askkeb maker who sets asset price us-
ing zero-expected-profit rule and executes orders sularilyethe speculator and noise traders.
The arbitrageur sets price equal to the expected payoffitondl on information revealed by
total order flow. This zero-expected-profit condition cobkljustified by Bertrand competition
among many risk-neutral market makers. Speculator's srder price-dependent “limit orders”
determined by competitive demand. Such market structweméles Kyle’s (1985) auction, an
important difference being that speculator’s order is cetitpe instead of monopolistic.

We proceed now to derive a rational expectations equilibri’The demand function of the
speculator at informatioi! = {6} can be obtained from (4),

_m+60—p

z(I,p) pr

(10)

The information revealed by the order fldw— z,(I*, p) when its observed value jsis

) i_
L-"r=n

This information set can be written 4872L — 6 = a}, wherea = m — p + pr2f is a parameter
known to the arbitrageur. Thus the content of informatioresded by the order flow against the
arbitrageur is the same as the content of observing randoiable@p2L — 0. We have

I = {pr*L — 6}. (11)

The arbitrageur’s information under rational expectasimambiguous.
Conditional expectation of asset payofbn I under a probability distribution from the set
of multiple priorsP can be obtained using the Projection Theorem. We have

E-[0| ;] = Ew[@\PTQL — 0]
CoOVy <é, pr2L — é)

var, <p72f} — é)

= m+E. 0]+ (;)TQL—H—E,r [m?L—éD

2
g 2
= ————— L ~—0), 12
m+ p ag+0%p274(m + tix — 0) (12)
whereyu,, ando, denote the mean and the variance of distributicof 0.
Equation (12) allows us to find the maximum and the minimurnreetgd payoffs over the set

of priors P needed for the arbitrageur’s asset demand (7). Marketintpaondition (9) is then
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used to determine equilibrium price function and equilibniasset demands. These calculations
have been relegated to the Appendix.
Our main result is

Theorem 1 There exists a unique rational expectations equilibriumwith price function given by

m—|—/ﬁ+m<¢9 pTQL ,LL) if 6—p72L§H
P,L) = m+ 60 — pr*L if p<@—pr’L<p (13)

m+/i+m(¢9 pTQL ,LL) if 0—p7'2LZ/_L,

speculator’s demand given by

2

ﬂ(@—g)#—,‘_’ih if §—pr’L<p

02+p2740% 02+p2740%
X.0,L) = 4§ L, it p<0—prL<p (14)
7202 _ & . B
iy (0 = ) + ooz L, i 60— pr’L > [

and arbitrageur’s demand given by

% («9 o2 L — ,u) if 60— pr?L < H
X.(0,L) = 0, if < 0 — pr?L < (15)
A (0 prPL— i), i 0— prL > i

Equilibrium price functionP of (13) is piecewise linear. It depends ém@and L only through
the value ofpr2L — 6 and is strictly increasing in it. This implies that inforriat revealed by
equilibrium price functionP is the same as observing realizationgefL — § which in turn is
the same as observing order fldin— xs(I*,p) against the arbitrageur. This verifies again that
(11) holds and shows that the price and the demand functiofilsemrem 1 are indeed a rational
expectations equilibrium.

Price functionP is partially revealing, that is, it reveals sigrfaio the uninformed arbitrageur
only partially. If asset supply is deterministic, that isg§ = 0, then the equilibrium fully reveals
signalé.

We can use Theorem 1 to derive rational expectations eguitibwith no ambiguity. Setting

1, i1, 6% andg® equal to the respective true valyesndo>, we obtain



m+ [

A 0 — pr’L

Figure 1:Equilibrium price functionsP* and P.

Corollary 2 If there is no ambiguity, then the unique rational expectations equilibrium has

linear price function given by
2

P™0,L) =m+ pu+ (0 — pr°L — 1), (16)

o2+ p2oiTt

and demand functions given by

2.2 2
na pT O'L o
X"0,L) = ———— (60— 5 1 5
(0, L) 02—|—p2740%( H)+ o+ p*rio?
2 2
Xm0,L) = ——LTIL (90— pr2L —p).

o+ p’rtio?

The equilibrium of Corollary 2 is a modification of the one aioed by Vives (1995, Propo-

sition 1). Equilibrium price functionP™* is linear and partially revealing as long as the asset

supply is non-deterministic. Otherwisedf = 0, P is fully revealing. Conditions for partial
and full revelation are therefore the same without ambygastthey are with ambiguity. Figure 1
shows equilibrium price functions with and without ambityui

It is interesting to note that if there is ambiguity about Yagiance but not about the mean of

the information signal, that is ji = i, then the equilibrium takes exactly the same form as the

equilibrium with no ambiguity, but with variance of the sajrset at the upper boursd. Loosely

speaking, market behaves as if the variance were unamtstuiknown as the upper bound.
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Equilibrium price functionP™* equals the expected payoff conditional on arbitrageurs in
formation . Expression (16) can be decomposed in two parts: the firstpad#t 1, is the un-
conditional expected payoff and the remaining part isitiier mation premium for arbitrageur’s
information. The premium is proportional to the order flonaatst the arbitrageur. It is positive
when the order flow is positive, and negative (a discount)wthe order flow is negative. The
information premium increases with the variance of sighair, in other words, decreases with
the signal’s precision.

Equilibrium price functionP can take one of three values as indicated in (13).4p7?L <
u, then the equilibrium price equals the minimum over the sedrafrs of expected payoff con-
ditional on information/;. In this case equilibrium order flow against the arbitragsuysositive,
see (15). Similarly, the equilibrium price equals maximuxpected payoff conditional oy
when the order flow is negative. The price lies between theimax and the minimum values
when the order flow is zero. Therefore equilibrium pricesséata multiple-prior version of the
zero-expected-profit condition. If the order flow againg #rbitrageur is positive, equilibrium
price is the sum of minimum expected payoff and informatioenpum. The information pre-
mium is positive and proportional to the order flow. If the erdlow is negative, the price is
the sum of maximum expected payoff and negative informagti@mium (i.e., discount). The
discount is proportional to the order flow. Information piam per unit of order flow is greater

when there is ambiguity than when there is no ambiguity.

4. Market Liquidity and Price Sensitivities

The rational expectations equilibrium (13) has the follogvinteresting feature: If the arbi-
trageur participates in trading, then she is indifferenbamall long or all short positions in the
asset depending on whether the price equals her minimum gimman expected payoff. Her
trade is determined by matching the order flow of the speculand noise traders. Thus the
arbitrageur provides liquidity to the market whenever shdipipates in trading. She does not
always participate in trading though. dfand L are such thap < ¢ — pr*L < [, then her

asset demand is zero. The range of value# afd L. such that the arbitrageur does not trade is
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called theregime of market illiquidity. Market illiquidity arises only if there is ambiguity about
the mean. A strong reason for there being ambiguity aboutrtban is that it is usually quite
difficult to estimate expected payoff of an asset.

The way market illiquidity arises in our model is quite siarilto how limited market par-
ticipation occurs in equilibrium in Cao, Wang and Zhang'®@2) model of asset markets with
symmetric information and deterministic supply. In Cao,Ai¢yand Zhang (2005) there is hetero-
geneous ambiguity about the mean of the payoff and agertghédthighest degree of ambiguity
may choose not to trade in equilibrium. In our model, theransbiguity of beliefs about the
mean for uninformed arbitrageurs and no ambiguity for infed speculators after information
transmission takes place. It is arbitrageurs who may choost trade.

Figure 1 indicates that equilibrium price function is moeasitive to changes in information
and asset supply when market is illiquid than when it is ilqiVe define price sensitivities as
%P and \%PL where we take the absolute value of the latter to have pesmiimber. Since
information signald directly affects the asset payoff, the sensitivity of priceinformational
shocks (i.e., changes in information signal) can be constas fundamental. In contrast, the
sensitivity of price to supply shocks (i.e., changes in gsgpply) is non-fundamental since asset
supply changes are uncorrelated with the payoff.

Sensitivities of equilibrium price functio® to changes in information and asset supply de-

pend on whether the asset market is liquid or illiquid. They a

o 1, if p<0—pr’L <p,
—P(0,L) = . E ’ 8 (17)
89 E_QJFZW s otherwise.
L
and

o 72, if <0 —pr?L < ji

— P(6, L)‘ . E g g (18)
oL C_rgfpﬁ , otherwise.

L

Price sensitivities change in a discontinuous way as th&ehawitches from one regime to the
other.

It follows from (17) and (18) that

12



Proposition 3 Assume that i > . Sensitivities of equilibrium asset price to informational and

supply shocks are higher when market isilliquid than when it isliquid.

Reciprocals of price sensitivities are measures of margetid Kyle (1985) identifies market
depth as one of the main characteristics of liquidity. In&yimodel with price-setting market
maker, market depth is the reciprocal of sensitivity of prio changes in order flow. When
market depth is high, or in other words, price sensitivitioils, market can absorb a shock to the
order flow without large effect on the price. When all agents @rice takers, as in our model,
sensitivities of price to informational and supply shocls e used to define market depth since
these shocks induce changes in equilibrium order flow (sees\i1985a)). Proposition 3 says
that market depth is low when market is illiquid and high witas liquid.

Price sensitivities or related measures of price fluctuatare often used in empirical research
as measures of market liquidity. Pastor and StambaugtBj2@ihstruct a measure of liquidity
for US stocks, both individual and aggregate. They showttiet measure is a significant factor
in explaining expected stock returns. They find severalagjgs of extremely low aggregate

liquidity, including the October-1987 crash and the LTCNsis of September 1998.

5. Effects of Ambiguity on Liquidity Risk, Price Sensitivity, and Trading Volume

In this section we study the effects of ambiguity on liquidisk, price sensitivity, and trading
volume. For each of these market characteristics we firsipewenequilibrium when there is no
ambiguity with equilibrium under ambiguity. There is no aguaty if arbitrageurs know the true
distribution ofd. Recall that the true distribution has meaand variancer? such thay € [, fi]
ando? € [0?,52]. Second, we conduct comparative statics of changes in ampigu fix ideas,
we consider changes in the upper bounds of the intervals bicaraus mean and variance of
signald. The higher isi, the greater is ambiguity about the mean, keeping all otherpeters
fixed. The higher i, the greater is ambiguity about variance.

The analysis of the effects of ambiguity has potential golioplications. Ambiguity of
beliefs can be influenced in a variety of ways ranging fronegters’ education to payoff guaran-

tees, transparency of disclosure, and microstructure oket® Easley and O’Hara (2009) (see
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also Easley and O’Hara (2006)) provide an extensive disousy these factors and how they

affect ambiguity.

5.1. Liquidity Risk
Liquidity risk is measured by the probability of marketdgjlidity, that is, the probability that
i < 6 — pr®L < fi under true probability distribution of and L. Of course, liquidity risk is

strictly positive only if there is ambiguity about the medrfo

Proposition 4 Liquidity risk increases with ambiguity about the mean but does not depend on

ambiguity about the variance.

Furthermore, liquidity risk decreases with varianéevariance of asset suppdy , and spec-

ulator’s risk aversiom.

5.2. Price Sensitivity
If there is no ambiguity, sensitivities of equilibrium pei@re

0 o? 0
—_pnra _ d __pna
00 0%+ p*rio? o ’ oL

p7'20'2

(19)

0%+ p*rio?
Comparing equations (17, 18) with (19) reveals that

Proposition 5 Sensitivities of asset price to informational and supply shocks are greater in equi-

librium under ambiguity than with no ambiguity.

Sensitivities of equilibrium price depend on ambiguity abthe mean only in so far as the
regime of illiquidity expands with ambiguity about the mearhe values of price sensitivities
when market is liquid and when it is illiquid remain unchadgén other words, market depth
remain unchanged in the two regimes. Price sensitivitiesease (and market depth decreases)

with ambiguity about the variance when market is liquid.
5.3. Trading Volume
The total trading volume is defined as
V(0,L) = |Xa(0, L) + [ X,(0, L)| + | L] (20)
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and is a function of information signal and asset supply.ohsists of trading volume of arbi-
trageur| X, (0, L)|, trading volume of speculatdiX,(f, L)| and the volume of supply’|. The
expected total trading volumE([V (6, L)] — with the expectation taken under the true distribution
of § andL — is an ex-ante measure of trading volume.

First, we consider the effects of ambiguity about the meaa hale

Proposition 6 Total trading volume V' (0, L) weakly decreases with ambiguity about the mean,

for every 6 and L. The expected total trading volume decreases with ambiguity about the mean.

It follows that total trading volume is higher in equilibrruunder ambiguity about the mean
than with no ambiguity. The proof of Proposition 6 (see Apgighshows that trading volume
of the arbitrageur weakly decreases while trading volumgpefculator may increase or decrease
with ambiguity about the mean, depending on realizatiomfifrmation signal and supply. The
former effect overweights that latter and the total tradmtume decreases.

Figure 2 shows results of numerical simulations of expetiding volume. All graphs have
i1 on the horizontal axes. The dotted red curve shows the exghé@ding volume of arbitrageur,
the dashed blue curve shows the expected trading volumeeotigior, and the orange curve
shows the expected total volume. The true mean and varidgntare; = 1 ando = 1. Other

parametersarg =1,6 = 1,7 =1,0, = 1,andp = 1.

-
P
s
-
r

-
-
-
-

Figure 2:Expected trading volumes of arbitrageur, speculator, atal &s functions ofi.
We turn our attention now to the effects of ambiguity aboet\thriance. We have

Proposition 7 Total trading volume V' (6, L) weakly decreases with ambiguity about the vari-
ance for every ¢ and L. The expected total trading volume decreases with ambiguity about the

variance.
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It follows that total trading volume is higher in equilibriuunder ambiguity about the vari-

ance than with no ambiguity.

hhl 34

L L L L -
1.0 15 20 25 3.0 35 4.C 1.0 15 2.0 25 3.0 35 4.c 1.0 15 20 25 3.0 35 4.C

Figure 3:Expected trading volumes of arbitrageur, speculator, atal &s functions of2.

Figure 3 shows results of numerical simulations of expettading volumes of arbitrageur
and speculator, and expected total trading volume as fumetdf52 (from left to right). It is
assumed that there is no ambiguity about the mean. Moresgtgcive sefi = u = u = 1.
Other parameters are as in Figure 2.

Summarizing the results of the section we can say that highigunty about the mean leads
to high liquidity risk and low trading volume, but it does radtect market depth. High ambiguity
about the variance leads to low trading volume and low madegith, but it does not affect
liquidity risk. Johnson (2008) argues that market depthteading volume are positively related
in cross-section of stocks although no such relation is vesein time-series data. Johnson’s
main finding is a positive relation between liquidity riskdatrading volume, but his dynamic
measure of liquidity risk is quite different from our measwrhich is the probability of market

illiquidity.

6. Excess Volatility

The conventional efficient markets hypothesis assertsctietges in asset prices are driven
by arrival of new information about future payoffs. If pr&equal discounted expected value of
future payoffs, then volatility of prices should be relatedvolatility of payoffs. Shiller (1981)
and LeRoy and Porter (1981) developed a variance-boundatigégibetween the two volatilities
and used it in empirical tests. They found systematic viotet of the inequality in the U.S.

stock markets. Thisxcess volatility of stock prices has been confirmed by other studies such as
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Campbell and Shiller (1988a, b), LeRoy and Parke (1992),kidgrRomer and Shapiro (1985,
1991).

Dow and Werlang (1992b) showed that the presence of ambsguéarmation may account
for violations of the variance-bound inequality. They gaveexample of an equilibrium in asset
markets with investors having multiple-prior preferensesh that the variance of asset prices
exceeds the variance of dividends where variances are tak@ar some probability measure
from the set of priors. If that measure represents the trsildution of payoffs and prices, then
excess volatility would be observed. In the Dow and Werlal®@P@b) example investors have
symmetric information and asset supply is deterministice $kow that excess volatility may
arise in a rational expectations equilibrium under amhiguiith asymmetric information and
noisy asset supply.

First, we demonstrate that there is no excess volatilityational expectations equilibrium
with no ambiguity. Volatilities of payoff and price are measd by the respective variances. The
variance of payoff is 2 + 72. The variance of equilibrium pric&"* given by (16) is

0.4

PY Y= —o 21
var[P™] (02 + p?oitt) (21)

One can easily check thair[P"*] < o? + 72, so that there is no excess volatility.

Excess volatility may arise in equilibrium if there is sui@intly high ambiguity about the
variance of signaf.. To illustrate this, suppose that there is ambiguity aboetvéiriance but not
about the mean df. \olatilities of payoff and price are measured by varianedeh under the
true distribution o, with meany and variance2. As discussed in Section 3, equilibrium price
P is given by (16) with variance of signal set@t The variance of” under the true distribution
of signal with variance? is

64

@+ P

var, [ P] = 5 (0 + pPoih). (22)

For large values of, expression (22) approaches + p?ci7. If pror, > 1, then this limiting
value exceeds? + 72 which is the variance of payoff under the true distributi®hus, ifpro;, >
1, then there is excess volatility for large enough ambiguligw the variance. This argument

applies if there is small ambiguity about the meam of
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Proposition 8 provides an explicit bound on variaadéat is is sufficient for excess volatility.
Proposition 8 If pro; > 1and 6% > A(o), then
var,,[P] > o+ 7° (23)
for every pu € [p, f1].

BoundA(o) is defined by equation (39) in the Appendix. It dependg.@md is a decreasing
function of . This implies that high ambiguity about the mean makes excelsdility more

likely.
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Figure 4:Excess volatility.

The possibility of excess volatility is illustrated by Figu4 which has the upper bourd
of the interval of ambiguous variance on horizontal axis sadance of price on vertical axis.
Solid red curve shows the varianeer, ,[P] as function ofs? for 4 = 1 ande = 1. Other
parameters arg = 2, u = 0, m = 0, 7 = 1, 0 = 1, andp = 2. The variance of payoff
equals 2 and is marked by the green solid line. For valueg gfeater tharl.72 the variance of
price exceeds the variance of payoff and there is excessiltglaDashed blue curve shows the

variancevar,, ,[P] for 4 = 1 ando = 1 when there is no ambiguity about the mean, that is, when

po=p=1
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7. Concluding Remarks

Investors in our model have ambiguous prior beliefs aboeiagset payoff. Ambiguity is re-
solved for informed investors upon their observing infotima signal, but it remains present for
uninformed investors. One could, of course, imagine dififitiscenarios. Making ambiguous
would make both informed and uninformed agents have amhbigbeliefs in rational expecta-
tions equilibrium. We have not been able to find a closed-feoftion for such variation of the
model.

The rational expectations equilibrium derived in this papes a special feature that informa-
tion revealed by equilibrium prices is the same with and autrambiguity. Condie and Ganguli
(2007) give a robust example of an economy in which a ratierpéctations equilibrium is par-
tially revealing under ambiguity and fully revealing witlo mmbiguity. Their example does not
have CARA-normal specification, but a similar example cacdrestructed with such specifica-

tion.
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Appendix
Proof of Theorem 1. We deriveminpcp Ep [0]1}] andmaxpep Ep [0]1] using (12). We have:

o If § — pr®L < p, then

. o 2
Ilglel%lEp [U‘[a] = m+g+ m ((9 pPT L — ,u) (24)
Ilgleéi%{Ep[Uua] = m+u+m(«9—p7 L—,u) (25)
o If p<6—pr’L < i, then
o2 9
Iglelng [0]1;] = m+p+ T Pl (0 — pr°L — p), (26)
max Ep [0|1;] = m+ﬁ+g72 (0 — pr°L — ). (27)
PeP ¢ o? + p*rio}
o If 6 — pr®L > i, then
in Ep [0|17 T g 28
Iglelng[v\]a]:m+g+g2+p274ai( — pT L_H)v (28)
~9
- -~ o N
%S%Ep[v\[a]:m+u+m(9—p7 L—,u) (29)

Next, we calculate speculator’'s demand!;, p) using (10) forp = minpep Ep [0]1}] andp =
maxpep Ep [0|1F] . Sinceminpep Ep [0]17] can take either one of two values (24) or (26), we

obtain two possible values of speculator's demand:

o lfp=m+p+ r (0 — pm>L — p), then

02+p 7—4
2 2 2
X pT 0L g
I = L (g — L 30
xs( 57p> g2 +p27_40_%( H) + g2 +p27_40_% Y ( )
elfp=m+pu+ 702+p o (9 pr?L — ,u) then
2 2 —~2
. prioi 4
(I p) = f— L 31
x ( s p) 62+p27'40'%( E) + 62—|—p274(7% ( )
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Similarly, maxpep Ep [0]1] can take one of two values (25) or (29). Speculator's demsind i

e lfp=m+i+ (0 — pr®L — [i), then

Fﬁ?_
lIp) = e 0t o L 2)
olfp:m+ﬁ+m(9 pr?L — [i), then
2,(1;.) #“Ti% (0~ )+ #T% L (33)
fp=m+pu+ m («9 pT?L — ,u) then the net order flow of noise traders and the spec-

ulator L — z4(I}, p) is positive. Since@ = min,cp E, [0]7;] holds in this case, the arbitrageur’s
demand is arbitrarily positive, see (7). Thus= m + u + 0 — pr*L — M) is a rational

(0 — p®L — [1) is the

2577(
equilibrium price for§ — p7°L < . Similarly, p = m + i + m
equilibrium price ford — pr2 L > i with negative equilibrium demand of the arbitrageur. Aipal

if u < 0—pr*L < [i, thenp = m+0 — pr>L satisfiesnin,cp E; [0]I}] < p < max,ep E; [0]1}]
and is an equilibrium price with the corresponding arbignags demand equal to zero. Summing

up, the rational expectations equilibrium is as specified 8), (14) and (15). OJ

Proof of Proposition 4. The probability of market illiquidity (i.e., liquidity rik) under probabil-

ity distribution of @ with meany, and variance? is

_ . 1 i — El6 — pr2L — E[f — pr2L
PT(H<9—p7’2L<ﬁ):§ orf | £ o —pr L] — erf £ b —prL]

\/2var[«§ — pr2L] \/2var[6’~ — pr2l]

1 f—p p—
=— | erf —erf —= 34
2<e <¢2(02+p274a%)> ) <¢2(02+p274<f%)>>( :

whereerf is the Gauss error function defined by

erf(x) : \/_ / exp(— d (35)

forz > 0, and erfz) = —erf(—xz) for z < 0.
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Clearly, Pr <H <0—pr?L < ,a) increases withi. By differentiating (34) with respect te?,

o2 andp, it can be seen thatr <H <0—pril < ,a) decreases with these parameterisl

Proof of Proposition 6. Let V() denote the total trading volume (20) as function of the upper
boundz of the interval of ambiguous mean of the signal. We need tavsth@at V' is a non-
increasing function of: for i > p, for every (6, L) (which we suppressed from the notation).
We will repeatedly use (15) and (14) in our calculations.

We consider two cases:

e First, if 6 — pm*L < p, thenV does not depend of for i > u. Hence, it is a constant

function of /i.

e Second, i) — pm>L > p, then

V(p) = 2|L| (36)
foru >0 — pr?L, and
V() = 2 |2ng 2 o if pr202(0 — i) + 2L < 0,
%(Q—ﬂ)—i-%lﬂ—\ﬂ, if pr202(0 — ) + 6*L > 0,
(37)

for i < 0— pr2L. In this case} is a piece-wise linear continuous functioniofThe linear

pieces are either constant or decreasing.in

This shows that/(jz) is a non-increasing function gf for i > u, for every (6, L). SinceV is
decreasing im for a set of(#, L) that has strictly positive probability, the expected valij& (j1)]

is decreasing. ]

To provide additional insight, we show that trading voluniehe arbitrageut X, (6, L; ii)| is a
non-increasing function gf. If follows from (15) that| X, | does not depend qmif § — pr2L <

p. f 0 — pr*L > p, then\Xa\ is a decreasing function ¢f for i > 6 — pr?L and is constant
equal to zero fofi < 6 — pr?L. Trading volume of the speculatpKS] may increase or decrease

with i depending onf, L).
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Proof of Proposition 7. Let V() denote the total trading volume (20) as function of the upper
bounds of the interval of ambiguous variance of the signal. We needhow thatV' () is a
non-increasing function of for 7 > ¢, for every (9, L). We will repeatedly use (15) and (14) in
our calculations.

We consider three cases:

o If 0 — pr?L < My then

B 2L, it pr?oi(0—u)+a%L >0,
V(O') = 207202 52— p2rio? . 9 9 - _o
—m(e—ﬁ)—W[x‘k‘L‘, if pTUL(e—H)+UL<O,

for 5 > o. If & is such thapr?c? (6 — p) + 5L > 0, thenZ; = 0. If, on the other hand,

pr20%(0 — ) + 2L < 0, then

oV _ 207'2012; («9 — = p72L>

9 (@2 + o}

0. (38)

V' is a continuous function of and differentiable except for one point. Therefore it is

non-increasing im.
o If p<0—pr’L < i, thenV(a) = 2|L| andV does not depend on

o If 0 — pr2L > ji, then

V(s 2 |L|, if pr?oi(0—p)+ 2L <0,
@ = (0 — ) + S b L4 |L), if pr2o2(0— i) + 7L > 0
a2 +p2rias 12 52+p2rio2 ’ P L w = Y

foro > o.If 5 is such thapr?o? (0— 1) +5°L < 0, thend; = 0.If pr?0? (0—p)+52L >
0, then
oV 2p7%0% (9 — - pTQL)

do? (62 + prio})”

< 0.

It follows thatV/ (&) non-increasing i for everyf and L. SinceV is decreasing i for a set

of (0, L) that has strictly positive probability, the expected valj& ()] is decreasing. ]
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Proof of Proposition 8. We first give a definition of bound (o):

p*r202 ((2 b \/(02+72) (02+p T4o2 )+((27b)02+(2 bp?1202 )72)>
2(,0 202 — 1) !

. pon
b= ef( ¢2(a2+p274ag)>’ (40)

anderf is the Gauss error function (35)4(o) is a decreasing function @f.

Alo) = (39)

whereb is

The proof of Proposition 8 relies on the following lemma:
Lemma |. Let Z be a normally distributed random variable and g : ® — % a differentiable
function. Supposethat var[g(Z)] < co and E[|¢'(Z)|] < oo, where ¢’ isthe derivative of . Then

~ 2
varlg(Z)] > (Elg(2)]) var(2). (41)
Further, (41) holdswith equality if and only if g is linear.

The proof can be found in Cacoullos (1982), Proposition 3.@mma | continues to hold for

functionsg that are differentiable except for a finite set of points.
We apply Lemma | tdZ = 6 — pr2L andg(Z) = P(6, L) given by (13). Using (41), we obtain

var, , [P(é, [:)]

_ 2
__zmw? _(z-w? z (Z—p)?
¢ 2 -
Z 217|— 2+p2 . / 2((;2+p 4o, )dZ +/ 2+p27—4(;L )dZ + e 2(c2+p27d0p, )dZ
T (J'L
I

26% + Bp*rio? 9 4 9
(2(02+p 2rio? L)) (" + pirior). (42)

where

Ho— H—H
B = erf + erf = . 43
<¢2<02 o p%%%)) <¢2<a2 o p274a%>> @)
For everyu € [u, 1], it holds B > b, whereb is defined by (40). Thus (42) implies

7 202 + bp?r'o} \* 2_4 2
>
valy, o [P(9>L)} =z (2(02 T p2rio? L)) (J o UL) (44)

Calculation shows that inequality

2
20° + bp*7* UL (a + p27'40%) > 02472 (45)
2(‘72 + p7d L)
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holds if
o> A(o) and prop > 1. (46)

Using (44) and (45), we conclude that (46) implies that
varu,U[P(é, L) > 0%+ 12

foreverypu € [u,p]. O
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