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Abstract

"Research is a series of false starts... of believed insights followed by pro-
found confusion, and in the best cases, some small movement in the frontier of
knowledge at the end.” Unknown.

1 Introduction

These notes are ones that I have collected over the years in an attempt to teach
Growth and Development to the PhD students at the University of Minnesota. Specif-
ically, they are what I use as a broad outline for the course Econ 8311, which I teach
as (mostly) a theory course on growth models.

I try to do several distinct, yet important, things with this class. These are:

1. Give students some basic understanding of the intellectual underpinnings be-
hind the emergence of a new class of models in the 1980’s and 1990’s, those
in which the rate of growth of output in the economy was endogenously deter-

mined.

2. Give students some basic knowledge of the general model features that are
necessary in order to be at all successful in constructing such a model.

3. Give students some background knowledge of a subset of those models that
have been built and used in the past.

4. Give students a ’feel’ for what it is like to DO research. By this I mean that
you try things, they fail, you learn something from the attempt, you try again,
you fail again.... etc. This is a natural part of the 'process’ of doing research.
You have to go into it with your eyes open and not be afraid to try for fear of
failure.



5. The value of very simple examples in understanding why you have the failures
and successes in 4.

From a factual point of view, one of the key differences between rich and poor
countries is that their levels of "TFP’ is different. Many people nowadays seem to
be in agreement that this is not a very deep statement— at least as a ’'root cause’
of development failure. It leads us immediately to the question: Why is the level of
TFP different in different times in the same place, or in different places at the same
time? That is, in the end, TFP is just a mechanical operation applied to a time series
of aggregate variables. It ’correctly identifies’ the source of growth only if it is both
exogenous to the time/place and if the techonology is Cobb-Douglas (and also if the
inputs and outputs are correctly measured). So, another way of phrasing the basic
question is: Why is measured TFP; dependent on (i,t)? Answering this question is,
in my view, what is at the heart of Endogenous Growth Theory.

For these reason, these notes have a rather odd structure.

They begin with a short discussion of what the research program is in general,
a quick review of the Cass-Koopmans model and then launch into a series of failed
attempts to construct models that endogenize the rate of technological progress in
that model.

We see pretty quickly that this is a non-trivial task, and for very fundamental
reasons.

When we try to construct models to try and understand these cross country
differences it is important that that attempt be guided by some basic knowledge of
some factual information. Some of that information is historical in nature, another
part is more comparative. In sum, what I want is a series of tables. Thus, the
notes below begin with a talbe that describes facts only (and only a small, suggestive
subset of the potential facts at that). These are to be kept in mind as we go along
in our model building process. Subsequently, tables need to be constructed for each
candidate model which describe what the facts WOULD look like if the model were
in fact the generating process for the world economy. These are presented as a group
(albeit very imperfectly) for the models at the end of the notes.

When I teach the class... I want that process of discovery to be ’live’ — that is,
they don’t know ahead of time what the flaws in the attempts will be, etc. Indeed,
the series of failed attempts is somewhat different every time I teach the class. 1
respond to suggestions by the students about how to alter the approach when we
reach a road block. This makes it (I hope) a fun learning experience for everyone.

Because I want it to be ’live’ they don’t get these notes until after we are done.



2 Cross Country Data

The basic source for these facts would be something like the Penn World Tables and

its descendants (e.g., Barro and Lee, etc.)

Thus, what I want is something like the following;:

Cass-Koopmans | Ak | A(k,h) | Romer | Lucas | Other?

Models: ———
Country Heterogeneity | |
Initial Conditions
Technology
Preferences
Policy: Taxes
Policy: Spending
Policy: Inflation

Where in each entry of the Table, there is a further Table which looks like:
Data | Model

=
TFP =?
i = —
Y1960 VS- V6095 =

z —9
VS, Yy =1

z —?
< vs. oy =1

Educ. vs. y =7
Y, Vvs. y =7
v, vs. v ="

This list is VERY incomplete, and just includes some of the things that I, person-
ally find interesting, and some things that everyone seems to include when they do
empirical studies of growth and development on cross sectional, country, data.

2.1 Data Table

I think that for the Data version, we would have:



Data Model
v =7 1.02 varied
L =7 1 to 50
Y
=7 ~ 0.677
U
TFPti =7 varied
1 060 VS. Y6095 = no relationship
Ylgso vS. R =7 no relationship? (risk)
y s Y=t corr(Z,y) > 0?
sy =7 corr(£,7) > 07
Educ. vs. y =7 corr(Ed,y) > 07
Yy V8- y =7 corr(vy,,y) < 0?
Yy V8. ¥ =7 corr(,,v) < 07

3 The Cass-Koopmans Model and Implications for
Cross Country Heterogeneity

Here I outline the basics of the standard single sector growth model with exogenous
technological change and try to develop some simple predictions that the model has
for cross country observations for different sources of heterogeneity.

3.1 The Cass-Koopmans Model

Here the equilibrium version of the model is:
An equilibrium is:
a sequence of prices: {(p, 7, we) }72,
Quantity decisions for the households: {(ct, k¢, 7xt)}32 = 2HH
Quantity decisions for the output firms: {(¢f,zf,, &, n{)}fio =z i=1,..J
SUCH THAT:
1) 2HH ig the solution to:
M ax (e, ko pe,me L0312, U((cy, €4)220)

subject to:



S0P lc + Ty < 320 [k + wyny] +11
kt-l—l S (1 — 6k)kt -+ Tt
Uz + gt S ]-7

ko fixed.

2) 2/ is the solution to:

Max{(cf af Kl n)yse, 20 [Pt(f%f + 33£t) - Ttktf - wtn{

t Yt vt

subject to: c{ + mit <B (k{)a (Atn{)lfa-

AND

Ct = th
Tt = xit
by = ki

=% [pr(e] + afy) — rekdl —wimn]

As is standard, assuming that F'is CRS and weakly concave, this equilibrium can
be found by following the planner’s problem:

Maz e, o me o032, U(Cts £4)720)

subject to:

¢t + wpe < Bh(Agng )t

ki < (1—06k)ke + it

ne+ 6 <1,

ko fixed.

Assuming that U(c, () = 3, ﬁtgl::—; v(0)

the first order conditions for a solution are:

Uuw _ Uy
1 Fyy



Uet = Uspyr [1 = 0p + Flypa]

or, given the specific functional forms,

Berv (6) (1 — a)BAF® [f]" = g v/(ey)

1-0o
and,
_ 11—«
B (b)) = B e v (L) {1 — &+ oA T8 Pkﬁl 1} }
OR
e} (A—£)v' ()
(1-a)(1-o)B[&]" = &l
and,

e v(ler1) At1

o a—1

[o0)7 Sl — 51— b+ aB(1 — ) 2]

These, coupled with the feasibility constraints, renormalized, and at equality:
e — Bk (1)t

Ker1 Aviy _ ki | Tes
A1 A = (1 5’f)At +4

Are the necessary conditions that a solution must satisfy (and are sufficient with

the Transversality Condition).

3.1.1 Balanced Growth

In some cases, the solution to the equations have a stationarity propery. Assume
that A; = (1 + g)! and define new variables, k; = ki/(1 + g)', & = /(1 + g)*, and
T = T/ (1 + g)'. Then, the equations above can be rewritten as:

(1—a)(1—0)B [k]" = e =ela

and,

[QZ_:_I (1+ 9)_1}0 b 3 {1 =0+ aB(l =) []%t—l—l} o

oley1)

These, coupled with the feasibility constraints, renormalized, and at equality:

b+ = B k)" (1)



(14 9ker = (1= 8k + e
A Balanced Growth Path is when, in the solution to the maxiziation problem, the

variables ki, ¢, Tx:, and /¢, are constant over time.

In this case then, we have

~

This allows us to completely eliminate 2 from the system (and drop an equation):
11—«
(1+g)—0—ﬁ[1—6k+a8{%} }

¢+ (g+ 6p)k = BE*(1 —0)*—

B . 7o A(0=0)v'(¢)
(1= a)(l—0)Bk* =5

It can be seen that the first equation uniquely pins down an optimal capital
(detrended) labor ratio which depends only on the deep parameters of the model.

Typically, this system will uniquely pin down a k as a function of the parameters
of the model and it follows that IF ky = lAc, then the system is on the BGP for all ¢
(show this by guess and verify?). (Subject to the TC holding!) Again typically (when
exactly?) even if this restriction on initial conditions does NOT hold, the solution
converges to the BGP at ¢t — oo.

The system simplifes when we also assume that leisure does not enter the utility
function. In this case, we have:

(1+9)7 = B[1 -6 +aBk>

¢+ (g+ op)k = BE®

Again, the first equation can be viewed as a restriction on initial conditions, and
if kg = k" satisfies this equation, it follows that the solution to the problem is given
by k; = kg for all ¢, with ¢ given by the second equation.

Even if this does not hold, this is a standard time stationary single sector growth
model and hence it follows that k; — k* in any case. Moreover, this convergence is
monotone. That is:

1. If kg < k*, then ko < ky < ky < ... — k* and

~

2. If ko > k*, then ko > k1 > ko > ... — k*



2 ki/(1+g)t
Thus,ﬁ — 1, or kj — 1, or

log(k: /(14 g)t) — log(l%*) — 0, or,
log (ki) — tlog(1+ g) — log(l;*)

This convergence is 'from above’ if kg > l%*, and from below’ if ky < k*

Define J(ko, t) = 1 [log(k:) — log(ko)]. This is the average rate of growth (in logs)
for the first ¢ periods given that you start at initial condition k.

Because of the pattern of convergence to the BGP described above, it is typically
the case that

3(ko,t) > log(1+ g) if ko < k*
and

Y(ko, t) <log(l+ g) if kg > k*

4 Heterogeneity in Cass-Koopmans

Here we study what the data would like if the economic data for each country in the
world was a Cass-Koopmans model. Of course, since different countries have different
data, the particular versions of the Cass-Koopmans model will have to be different for
each country. And what the data will look like will naturally depend on just exactly
how that heterogeneity is introduced.

4.1 Initial Condition Heterogeneity in C-K

We'll restrict our attention to the inelastic labor supply case.

That is we assume that the data from country ¢ is generated from a C-K model
in which all of the parameters (o, 3, , 8, B, (1 + g),v) are all the same, but k) may
differ across i's.

1. What is 5}7
t

2. What is the pattern between y! and Vitrs = —i [log(yfﬁ) — log(yf)}, the average
growth rate between periods ¢ and ¢ + s.



3. What is the relationship between interest rates, 1 + R = 1 — §;, + F}(t) and
yi?

OTHER QUESTIONS?

. D ) ) 11/
go_ BATEe ke _ [K]° 4

Here we find that s = BAIags = B = Li yg} )

So, you can have large output differences, but these are accompanied by large capital

differences too. Below I discuss how large these must be.

, or equivalently, % = [
t

We also find that there is a negative relationship between yf and ; ;,, = i {log(y,@rs) — log(yf)}
the average growth rate between periods ¢t and ¢t + s because of the description above
about convergence to the BGP from initial conditions. And we find that the rela-
tionship between interest rates, 1+ R: =1 — ¢, + Fj(t) and y; is also negative.

Moreover, for quantitatively interesting versions of the model, this relationships
are quite siginificant.

Thus, if we see, for example that two countries have differences in income of say,
10, then they would have to have differences in capital stocks of (10)1/ @, Assuming
that a = .33, this means that

1/ 3
:M — 10 = 1,000

Yi

ol [

and if it is 30, we have:

K _ H — [30]% = 27,000, etc.
t Y

This depends on alpha, and is less outrageous when « is larger, but even at a = 1,
i.e., the Ak model, it is still pretty large for large income gaps.

Similar reasoning holds for rates of return. Note that

ri = Filki 1) = ot = o — ali)

and hence,
i a(ki)oa—1 [ ki a-l . . . .
5= (ko1 = Zﬂ . In terms of income ratios, using what we did above,
we see that
. qa-1 [ .q1/a]et 1 (@-1)/a 1(1—a)/a
i [&} _ [—%} _ {ﬂa} _ [_ﬂ
r{ ki v Yt Yi




Thus, with o = 0.33 this becomes:

ﬁi _ |:}L£:|(1_a)/a: |:ﬂi:|(1—.33)/.33 _ |:}LZ_:|2
Y Y

7 7
Ti N

Hence, an income ratio of 10 corresponds to a ratio of rental rates on capital of
100 (with the low income country having the higher rental rate on capital, an income
ratio of 30 corresponds to a ratio of rental rates on capital of 900, etc.

Recalling that the interest rate is given by:

we see that for a country like the US, with R! = .04 (4%), and & = .08, we must

have 7 = .12. For any other country, 4, we have

14+ R = 1—6p+7i = 1—6,4rYS [ﬂ;ﬁf = 1—.08+.12 [ﬂ;ff = 0.92+.12 [MZ—S}?

Uus
For example, for [ﬂ;—] = 10 and 30, respectively we get:

't

. 2
1+ Rf =092+ 12 [%-]" = 0.92 +.12 %100 = 12.92
Or, R! = 11.92 x 100 = 1192% per year.
. Us 12
14+ R = 0.92+ .12 [£=]" = 0.92 +.12 %900 = 108.92

Or, R = 107.92 * 100 = 10, 792% per year.

Again, these calculations are sensitive to what a is assumed to be. See Table.

4.1.1 Differences in A in C-K

Next, we'll look at what the data would look like if the only differences in countries
was in A. Thus, we will assume that k} = k{ for all i, j.

In this case,

g AR)T A K]
i A(H)T T AW

Assume that AL = A§(1 + g)t, that is the trend growth rate is the same in all
countries, we see that the balanced growth equations are:

10



(1+g9)7=p [1 — & + aAf (l%i)al}

¢+ (g+ o)k = Aj (k)"

ki

Where, as above, k' = G—Jr‘g—)t.

Recall that the equilibrium path will correspond to the BGP if ki = k. In this
case, k! = (1+ g)'k* for all t. Even if k! # k', this should be approximately true?

Using the BGP equations for the two countries and noting that all other param-
eters are assumed to be the same, we see that

g [1 — O+ ady (lgi)a_l} =(1+g)7=p [1 — & + A (/%j)“‘l}

or,
Bl1=bu+ ady ()| = 8|1~ 81+ adh (W)™
or,
A5 (B)" = 4 ()"
or,

wo_ Adk) AL K| A K] _ tgtay [(re)rk|®
vi  A(K) Al |k} 7|k ] (1+9)tA) | (1+9)tK]

{ﬁé-l/(a—nr & [égr/m—n

A A A A A
o/(l1—« o l—ado _a
-4 [A" - -
Ay |4 A A

11



Assuming that a = 0.33, it follows that lfl = % = 2, and thus, ifﬁr =10, we
: t
need

%‘% = 100, i.e., technology is 100 times more productive in the rich country
versus the poor one.

NEXT QUESTION:

What is the relationship between y§, and 77 It can be seen that if all countries
are on the BGP, then v = (1+g¢) and hence there should be NO relationship between
them, i.e., the relationship should be FLAT.

NEXT QUESTION:
Interest rates? Assuming that all countries are on their BGP’s, we have that
7 _ uc(t _ i o

L+ R =32 = maam — 31+ 9)
Thus, there should be no relationship between yg, and R..
NEXT QUESTION:
Measured TFP?

. . . . i(1.5)-33 ,ni .67 i
log(TFF;) = log(y;) —-33log(k}) — .67log(n}) = log [4f45- 54| = log (4])

So, this delivers dy/dy = 0 and dR/dy = 0 and big 3'/3’, but you need pretty big
differences in A’s.

4.1.2 Differences in (§ in C-K

The BGP equations are:
i ~No—1
(14+9)7=p {1—5164—04140 (k’) }
&+ (g+ o)k = Ao (k)"

1. Thus, a higher value of B will be associated with a higher value of k' and thus
a higher value of y; for all . What does this relationship look like?

G (1= 6+ (k)] =67 [1 - 6n + s (1)

12



Assume that 6, =17

Then,

or,

£z

y _ (1+g)'Ag k4)” _ {E}a _ {ﬁ}(—lf; B {ﬂ_i}Of)

vl (L+g)t Ao (k)" ki 37

Thus, it would be impossibly difficult to get the observed differences in 3} from
only differences across countries in 3's.

y vs. 77 there should be no relationship on BGP’s.

Interest rates? Assuming that all countries are on their BGP’s, we have that

i ope _ o_ue®) 1 o
1+ 1y = Per1 Blue(tl) 5i(1 +9)

So, those countries with higher 3’s should have lower interest rates.

TEP? Is equal to A; in all countries.

5 Adding Fiscal Policy to Cass-Koopmans

Here the equilibrium version of the model is:
An equilibrium is:
a sequence of prices: {(ps, 1, wy) }52,
Quantity decisions for the households: {(ct, k¢, 7xt) 220 = 2HH
Quantity decisions for the output firms: {(c{, m{t, k{, n{)};’io =27,
SUCH THAT:

1) 21 s the solution to:

13



Max (e, ke toyse, Ullcs C)i2o)

subject to:

Yopela +xee] <0 [(1 = Tre)reke + (1 — 7o )weng + Ty + 11
ki1 < (1 —6p)ke +

li+mny <1

ko fixed.

2)  2f is the solution to:
f f f
Max{(cfyxiﬁk{’n{)}?io Z?io {pt(th + ajk:t) - Ttkt — Wiy

subject to: ¢f +xf, < B (k{)a (Am)t—e.

AND

gt+a = c,{

Tt = xit

Tht = x{zt

= 552 [p(e] + oy + ) — ] — wyn]

St [pege + Ti] = 224 [Thereke + Treweny

the first order conditions for a solution are:

U Uy
1 (I=Tnt)Fer

Ut = Uepr [1 = 0 + (1 — Theg1 ) Frea]

or, given the specific functional forms,

et (6) (L= a)BAT [57]" (1= 70) = 550 (0)

1—0o

and,

14



_ 11—«
ﬁtct—av (Kt) — /8t+lct_+glv (£t+1> |:1 — 6/@ —+ (1 — TkHl)aA%;f‘B {_1 et;l:]} :|

kt+1
OR
& 14 )’ (4
(1—a)(1—0)B[4]" (1 - rw) = g 1ms
and,

{Qﬁ—lrm =p {1 — 6k + (1= Theya)aB(1 = bya)' ™ {Mrl]

c v(ler1) At

These, coupled with the feasibility constraints, renormalized, and at equality:

[e%
R R RN

kte1 A1 . Kt Ziy
Aprr A (1 6k) At + At

The government budget constraint is redundant and can be dropped.

Are the necessary conditions that a solution must satisfy (and are sufficient with
the Transversality Condition).

5.1 Balanced Growth

In some cases, the solution to the equations have a stationarity propery. Typically,
this will require that the policy variables also satisfy some sort of stationarity as-
sumption. We will assume that 7,; = 7y, Tkt = 7 and will assume that A; = (1+g)*
and define new variables, k, = k,/(1 + g)%, ¢, = /(1 + 9)', T = w1/ (1 + 9)7,
g: = g¢/(1 + g)! Then, the equations above can be rewritten as:
A~ (03 ’
(1—a)(1—0)B |k (1—7a)= et
and,
~ o o a—1
{2‘;‘1(1 + g)_l} b {1 =0+ (1= 7p)aB(l — £yq) ' [k?tjul} }

v(le41)

These, coupled with the feasibility constraints, renormalized, and at equality:
b +dn + o= B [k| (1= £,)1

(1 + g)/%t+1 = (1 — (5]9)]%15 + Tt

15



A Balanced Growth Path is when, in the solution to the maxiziation problem, the
variables ki, ¢, T, and £, are constant over time. This will typically require that g
is constant, i.e., g grows at rate (1 + g)*.

In this case then, we have

~

This allows us to completely eliminate 2 from the system (and drop an equation):
11—«
(14977 = 51— 8+ - o[ ]

ét(g+ 0k +g=Bk(1 -0

(1—a)(1—0)Bk*(1 —71,) = cﬂ;%@

It can be seen that the first equation uniquely pins down an optimal capital
(detrended) labor ratio which depends only on the deep parameters of the model and
the policy variables.

Typically, this system will uniquely pin down a k as a function of the parameters
of the model and it follows that IF ko = k, then the system is on the BGP for all ¢
(show this by guess and verify?). (Subject to the TC holding!) Again typically (when
exactly?) even if this restriction on initial conditions does NOT hold, the solution
converges to the BGP at ¢t — oo.

The system simplifes when we also assume that leisure does not enter the utility
function. In this case, we have:

(14+9)7=0 [1 — o+ (1— Tk)ozBl;‘a*l}
¢+ (g+ 6p)k = BE®

Again, the first equation can be viewed as a restriction on initial conditions, and
if ko = k" satisfies this equation, it follows that the solution to the problem is given
by ki = ko for all ¢, with ¢ given by the second equation.

Even if this does not hold, in some cases, even with active fiscal policy, it can be
shown that this model behaves as does a standard single sector growth model under
certain additional restrictions on the fiscal policy variables. For example, if T, = 0
for all ¢, 7 = 7o = 7 for all ¢, and prge = Twing + 7riky for all ¢ (recall that ny = 1).
Thus, if there is a proportional income tax, and period by period balanced budget
holds (and there are no transfers or lump sum taxes), then this model has the same

16



equilibrium path as one without taxes but instead has a different feasibility constraint
given by:

Ct + Tt S (]_ — T)BF(kt,Atnt)

Since this is now a standard time stationary single sector growth model and hence
it follows that k, — £* in any case. Moreover, this convergence is monotone. That is:

1. If kg < k*, then ko < l%l < 1232 < .. — k* and

2. If ko > k*, then ko > k1 > ko > ... — k*

7. t
Thus,ﬁ — 1, or ﬁﬂ;—jﬁL — 1, or

log(k: /(1 + g)t) — log(k*) — 0, or,
log(k;) — tlog(1+ g) — log(k*)
This convergence is 'from above’ if ky > k*, and ’from below’ if ko < ke

Define 7(ko, ) = 1 [log(k:) — log(ko)]. This is the average rate of growth (in logs)
for the first ¢ periods given that you start at initial condition k.

Because of the pattern of convergence to the BGP described above, it is typically
the case that

(ko t) > log(1+ g) if ko < k*
and
Y(ko,t) <log(l+ g) if ko > k*

5.1.1 What would have happened with n endogenous?

This could have been asked in the context of any of the experiments above.

17



6 Including Technological Knowledge in a Com-
petitive Model: Some False Starts

How might we ’endogenize’ the technology, and it’s change in the one sector growth
model?

What follows here is some notes of a loose discussion that was carried out in
Econ 8311. Some of the tries were kind of stupid, mostly the ones I suggested. The
students tend to have more common sense than I do.. so their suggestions were not
in the category of 'obviously totally flawed from the beginning.’

6.1 First Try:

An equilibrium is:
a sequence of prices: {(pe, re, wi, {1 ¥
Quantity decisions for the households: {(ct, ki, x¢, b, ne) } 220 = LHH
Quantity decisions for the output firms: {(c{, af k] n{)};’io =2/
Quantity decisions for the R&D firms: {(ARP k[P pliPy}eo = 7D
SUCH THAT:
1) zfH is the solution to:
Maz (e, pyetem)yee,U(c €)20)
subject to:
Yo peler +me] < 20 [reke + wing] 4+ 11
ki < (1—08)k;+ x4
ng+ 4 <1

/{?0 fixed.
2) 2/ is the solution to:

18



/ / / /
Maz s 1,50 o >t20 {pt(ct +xf) = riki — weny
subject to: ¢f +af < ATF(k! )
3) zBD is the solution to:
Max{(A§D7k§D7n5D)}§O Z?io [T?ATRD — TtkﬁD — wtnfw

subject to: AP < G(ARP ERP plD)

AND
€t = C{
Ty = SE’{

ke = K 4+ k[P
ny = nj + nkP

Al = ARP

=37, {pt(C{ + %{) - Ttk{ - wtnﬂ + 220 [TfAtRD - TtktRD - wtnfw
= I/ + O#P

where

I =Y, [pt(C{ +af) —rkf - wtnﬂ

and,

ITRP =y, [TfAﬁD — rikfP — wtnﬁD} :

Problems:

1. Although the firm seems to be using the output of the R&D sector, since

we have the feasibility equation: Af = AED included, they don’t seem to be either

choosing it, or buying it. It is not in the list of their choice variables!

2. The R&D firm seems to be using it too. Since it appears both on the RHS of
the firm’s constraint, and on both sides of the R&D firms constraint!

3. Doesn’t it follow that the R&D firm isn’t getting any net revenue or something?

19



4. Does the R&D firm ’own’ AXP? That’s what it looks like. This is not the usual
way to model factors. We could probably give the households ownership of A" and
have them sell it once and for all to the RD firms in period 0, etc etc.

5. There is no ’source’ for revenue for the R&D firm!

Because of this:
Claim 1 There is no equilibrium of this form.

Formally: Assume that AF(k,n) is CRS in (k,n). (I guess this would be the
idea...) Then, it follows as usual that in any equilibrium, nr =o.

Then, it follows that in any equilibrium if one should exist, that

pt(c,{ + x{) = rtkztf —|—wtn{.

From feasibility, we have that ¢f = ¢, o] = z, ke = ki + kRP and ny = ni +

nf*P. and hence, using the HH budget constraint at equality (from monotonicity of
preferences), we get that:

Yo be (e 4 ] = 272 [k +wny] + 11

0P [C[ + lﬂ =220 [Ttkf + wtnﬂ +352 {rtktRD + wtnﬁD} 411
0=>34, {TtlftRD - wtnfw} + 11/ 4+ 1IRP

0 =30 {T’tktRD + wmfw} + 7P,

But, >, [rtk:tRD + wtnfw} > 0 and hence II®P < 0 a contradiction of profit
maximization on the part of the R&D firm. We are assuming that the RD firm can
get non-negative profits by setting k*P = nf*P = 0 for all t.

Thus, there can be no equilibrium of this sort.
We assumed:

1) U is strictly monotone

2) AF(k,n) is CRS in (k,n).

3) I*2(0,0) > 0.

Basic Problem Was: No one was paying for RD.
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6.2 Try # 2: Making f pay for A/:

An equilibrium is:

a sequence of prices: {(py, 7y, wy, 1)},

Quantity decisions for the households: {(c;, k;, ¢, €, ny) }520 = 2HH
Quantity decisions for the output firms: {(ct , xt , k:t ,ny ,Af)}tzo = 2f
Quantity decisions for the R&D firms: {( ARP k[P nfP) oo = 1P
SUCH THAT:

1) 271 s the solution to:

Maz e, oy wreem)ee, Ul £0)20)

subject to:

Yo pe e+ xe] < 20 [reke + weng] 4 11
ki < (1—08)ky + x4

ne+ 4 <1

]{?0 ﬁxed.

2) 2/ is the solution to:

Maz s .1 1. £nd AT} PO [ (c{ —|—m{) — ikl —wnd — T Af}
subject to: ¢ +af < AfF(k:t ,nt)

3) 21*P is the solution to:

MCMI){(A?D,]C?D7 RDyyeo >0 [TfAtRD — rtktRD - wtnfD

subject to: AFP < G(AFDP EED nkD)

AEP is fixed.

AND
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C = C[
Ty = x{
ke = ki + kRP
ne =nj + nftP

Al = ARP

I = 552 [pi(c] + of) — vk —winf —rtA]] + 5222, [ ARP — 1P — winftP

Problems:

1. This seems to have fixed some of the problems.... At least there is now a source
of revenue for the R&D firm. But, AP still seems to be being used twice, once by
the R&D firm, once by the output firm. Is this a problem?

2. AF(k,n) isIRS in (4, k,n)

Claim 2 There is no equilibrium of this form.

Formally: Assume that AF(k,n) is CRS in (k,n).
From the maximization problem of the firm:
i. Suppose that p-(¢/ + zf) > r,kf +w.n! for some 7.

Then notice that by changing plans to (2¢/, 22, 2k7, 2nf | AS), leaving (c{, x,{, ktf, n{, A{)
unchanged for other t’s, profits are higher, a contradiction.

ii. Suppose that p,(c/ +2f) < k! + w.n! for some 7.

Then notice that by changing plansto (0,0, 0,0, Af), in period 7 leaving (cf, x{, k:tf, n{, A{)
unchanged for other ¢’s, profits are higher, a contradiction. (This uses the assumption
that F(0,0) = 0.)

iii. Suppose that p(cf + 2f) = r k! + w,nf for all 7.

Then,

I/ =3, {pt(C{+ 37{) - Ttk{ - wtn{ - 7"2414{} = 22.207“2414{ < 0.
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Thus, again, there can be no equilibrium of this sort.

This came from the fact that the true production function of the firm is now IRS,
the constraint is:

ytf < A{F(k{, n{), which is strictly IRS in (A, k,n).
We assumed:
1) AF(k,n) is CRS in (k,n).

That’s it?

6.3 Try 3: Making F' and G CRS:

Getting rid of the IRS in the output sector (and also the A sector):

Can we fix this by changing the form of the production function for the output
sector? l.e., suppose that the constraint is of the form y{ < F(A{ ,k{ ,n{ ) with
F(A, k,n) CRS in the three factors.

An equilibrium is:

a sequence of prices: {(py, 1y, wy, 711},

Quantity decisions for the households: {(c;, ks, x4, €, ny) }52, = 2HH
Quantity decisions for the output firms: {(c{, af Kl ond, A{)};ﬁo = 2f
Quantity decisions for the R&D firms: {(ARP k[P pliPy}eo = 7D
SUCH THAT:

1) zHH is the solution to:

MCL.Z‘{(Ct ,kt,wt,et,nt)}fioU«cta gt)?io)
subject to:
Yopele +xe] < 20 [reke + weng) + 11

]{Jt+1 S (1 — (S)]{Jt + 1
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nyg+ 4 <1

/{20 fixed.

2)  2f is the solution to:

Max{( of of i nd AT} S [pt(c{ +af) —rikf —wenf —p; Af}
subject to: c{+ x; < F(A k:t ,nt)

3) zfP ig the solution to:

Max{(AﬁD’kfpynf,D)}?io Z;:)io [TtAA.tRD - TtktRD —w nfD

subject to: AfL < G(AEP kFP nfiP)

AP is fixed.

=33, {pt(Ct + xt) — k] — wnf — T Af} + 3% [ AARD o BD P

Problems:

1. Still, it seems like ARP is getting used ’twice’ once by the output firm, once by
the R&D firm. It looks to me like it is internally consistent, in that an equilibrium
might exist, but since AP is a public good between the y firm and the RD firms,

there is no guarantee that the equilibrium will be efficient. Try this... see what goes
wrong with the First Welfare Theorem if you try and prove it! *****

K Pricila conjectured that this IS efficient? Is she right? *¥x

Fk*** Roozbeh conjectured that there is no equilibrium. Is he Right? *¥****
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Is this correct? Is this model equivalent to one in which the R&D firm has a convex
technology but produces two outputs, (A7, A%P) and these are perfect complements
in output? I.e., the constraints are:

max(Af,1, AFB) < G(AFP, k2P, nfiP)2277

And feasibility is still A{H = ARD?

2. Because of this, the equilibrium outcome will depend on the industrial structure
too. l.e., it will be different if the R&D firm is merged with the y firm or if it is
separate?

3. How would we adapt this to multiple firms in each sector?

6.4 Try #4: Merging the Firms

ok Pricila conjectured that this is the same as Try #3, is she right? Francesca
also seemed to think that this was true in a conversation after class. *****

Just like Try #3, except the two firms are merged into one with the aggregate
feasibilty constraint on A no longer applicable, but having it appear in the constraints
of the firm instead:

R&D inside the output firms:

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }$2,

Quantity decisions for the households: {(ct, ki, m¢, b, ni) }£20 = 2111

Quantity decisions for the output firms: {(c{, a:{, k:tf, kED. n{, nib A,{)};ﬁo =2
SUCH THAT:

1) zHH is the solution to:

Maz (e, b aotnoye,U(c €)20)

subject to:

Sopla +xe] < 20 [reke + weng| + 11
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kt—l—l S (1 — 6)k‘t+l't
nt—i-ft S 1

ko fixed.

2) 2/ is the solution to:

Maz (ot of 1S k2D nf piD D)oo 2i=0 [pi(cl +al) = ro(kl + EFP) — wi(n + nfP)]

subject to: ¢f +zf < F(A{, ki, ni), and,
R < GUAL KD, o)
Al + A3t < AfP

AEP is fixed.

AND

Ct:th
T, =]
ky = kf + kFD
nt:n{—l—niw

1= 52 [pe(el +af) = ri(kl + KEP) —wi(n] +nf)] +

This is an internally consistent model as long as the standard assumptions are
satisified. In particular, this requires that F(A, k,n) and G(A, k,n) are CRS, concave,
etc., etc.

Problems:
1. We still have the bounded output problem that we identified in Try #4.

2. What if there is more than one firm? See Try #6 below.
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7 Stepping Back a Bit

We seem to be having some consistent problems with this approach. What comes
next is some simpler examples to try and get some intuition for why this is true.

7.1 Basic Example:

Environment:
1. One "period;’
2. Two ’sub-periods;’
3. No consumption in sub-period 1;
4. Labor in 2 sub-periods are perfect substitutes;
5. Capital in 2 sub-periods are perfect substitutes;
6. Two sectors: R&D, final output;
7. R&D Sector operates in sub-period 1;
8. Final output sector operates in sub-period 2;

9. Household endowed with labor, initial capital and initial A, interpreted as
knowledge or technology, or...

7.2 Example 1

An equilibrium is:
Prices: (p,r,w,r§,r{)
Quantity decisions for the households: (c,k,¢,n, AHH) = HH,

Quantity decisions for the output firms: (¢/, &/, n/, A{) =27

Quantity decisions for the R&D firms: (AJP, ARP ERP pftP) = RD,
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Specifications of profits for HH, output firm, R&D firm: (IT## 11/, T17P);
SUCH THAT:
1) zHH is the solution to:
MazcpenU(c,{)
subject to:
pc <rk+wn + rg AFH 4 TIHH,
n+ 0 <1;
k <k ko fixed;
AHH < AHH AHH fixed.
2) 2/ is the solution to:
Max(cf’kf’nf’A{) pcef —rkf —wnf — rflA{
subject to: ¢f < AJF(kf, nt).
3)  zfPis the solution to:
Mawxarp arp D frD) T ARD | BD _qynBD 8 ARD

subject to: ARP < G(AFP kRP niD),

AND
c=c;
k=Fk/ +ERD:
n=n' + nftP;
A = APP;

AHH = ARD:
IHH = T 4 T17P;

IV =pef — rkf —wnd — rfAS;
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7P = AP — | BD — wnfP — r AP
Problems:

1. What does it mean to sell A?

2. Can the household sell its knowledge independent of its time?

FOC’s
Maa:(c’u’n)U(c, 1—mn)

pe < rko +wn + ry AR + TTHH, (\)

c: U:. = pA

n: U= wA

BC: pe =rko +wn + ry AFH + 17 + 1172,
¢: Ue/p = X;

n:oog =

BC: pe = rky +wn +rf A + T 4 TTRD.
R&D Firm:

Max(A(I)?D7AlRD7kRD’nRD) r{G(AFP  KBD nBPY — pfRD — qpnRD
nf: G =w;

EAD Gy, = r;

AFP ridGa =rg.

Output Firm:

M s 15 a8 pA{F(kS nf) — rk! —wn? —ritA]

kS pA{Fy, = r;
n’ pATE, = w;
Al pF( . nf) =rf

29
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Thus,
ritA] = pA{F(k!,nf)
Thus,

I/ :pA{F(kf,nf) — k! —wnf — rfA{ = —rkf —wnf <0

O0000PS!I!

Formally:
Claim: ASSUME that both F and G are CRS. Then, no equilibrium with
positive output— ¢/ > 0 — exists:

Proof: Suppose that an equilibrium does exist with ¢/. Since (cf,kf,nf,A{) =
(0,0,0,0) is a feasible choice for the output firm, and this generates II/ = 0, it follows
that II7 > 0 must hold in equilibrium.

Case I pcf > rk/ +wn/.

In this case, since F is CRS, (A¢/, A&/, M/, A{) is also feasible for the firm for
any A > 1. And this gives profits:

I = Apef — X {rk:f + wnf} —r{ A > pef — {rk‘f—i- wnl| — AT >0
Contradiction.
Case II: pc/ < rk/ +wn/.
In this case it must be true that II/ < 0if output is positive. Again a contradiction.
Case III: pef = rkf +wnf.

Again, here it must be true that II/ < 0 if AJ > 0. And, if A] = 0 it follows that
¢f must be zero from feasibility in the firms problem. But then it must also be true
that &/ = 0, and n/ = 0 or profits will be negative. Again this is a contradiction.
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7.3 Concave Version

One solution is to get rid of the non-convexity/IRS in the firms problem:

An equilibrium is:
Prices: (p,r,w,r4,r{)
Quantity decisions for the households: (c,k,¢,n, AHH) = HH,
Quantity decisions for the output firms: (¢f, k¥, nf, Af) = 27;
Quantity decisions for the R&D firms: (AJP, AR ERP pfiP) = ;RD,
Specifications of profits for HH, output firm, R&D firm: (IT7# T1/, T17P);
SUCH THAT:
1) zHH is the solution to:

Mazx (e penU(c, {)
subject to:

pe <rk+wn + ri AT + THH;

n+¢<1;

k <k ko fixed;

AHH < AHH AFH fixed.
2)  2f is the solution to:

Mam(ckafvnva{) pcd —rkf —wnf — rlAA{
subject to: ¢f < F(A{,kf,nf).
3) 21*P is the solution to:

Mawx gzp grD R0 rD) rf ARD — pfBD _qynBD A ARD

subject to: ARP < G(AEP, kRP nkD).

AND
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A = AP,
AR — ARD.
[IHH = 1/ + TIRD;

1/ =pcf —rkd —wnf — rlAA{;

[P — Tf‘A{%D — rkBD — ynBD — n{‘Aé{D.
ASSUME: U, F, and G are all CRS.
Problems:
1. What does it mean to sell A?
2. Can the household sell its knowledge independent of its time?
These problems are still there from before. Also, is knowledge "Social’ or ’Indi-

vidual’?

Formally:
NOW FALSE Claim: ASSUME that both F and G are CRS. Then, no
equilibrium with positive output— ¢/ > 0 — exists:

This is a nice equilibrium Problem. Since there is a representative consumer, it is
equivalent to a Planner’s Problem:

Maz (e s k7o g nro anU(c, £)
subject to:

¢ < F(AL K nf).

Ay < G(Ag, kBP nkD),

nf +nfP 40 <1;

k' + ERP < ko:
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Ao, ko ﬁxed.
EXISTENCE? sure
CHARACTERIZE through FOC’s.

PROBLEM: CLAIM: There is no growth in the dynamic version unless the share
of labor in the R&D sector is zero.

7.4 Planner’s Version

One solution is to simply look at the Planner’s Problem Version of the problem:

Maz (e s k7o g nro anU (¢, £)

subject to:
c < A F(kT,nf).
Ay < G(Ag, kBP nfD),
nf +nfD 4y < 1;
k' + ERD < ko:
Ap, ko fixed.

EXISTENCE? sure

CHARACTERIZE:

SUBSTITUTE:

Maz (s s proyU (G (Ao, ko — k7, n®P)F(kS nf), 1 — nf — nftP)

FOC’s:

kf U,x [Gx F,— G x F]=0;
nt: U.xGxF,—U,=0;

nftb . U xGpx F—U;=0.
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Algebra:

]{Zf: GXFk:GkXF,
nt: U.x G x F, =Uy
nfb . G, X F =G x F,.

Why no G47 (Because it’s fixed here!)

These are:

kT marginal product of k is equalized across it’s two uses;

nfb . marginal product of k is equalized across it’s two uses;

nf marginal value of ¢ when used as leisure equals its marginal value when

used to produce c.
Assume F(k,n) = k*n'=2 G(A, k,n) = BAvAkVknn,

Then, Fi, = aF/k, [, = (1 — a)F/n, Gy = viG/k, and G, = v,G /n.

Substitute:
. G _ F.
kS & =%
nt U.x G x F, =Uy;
WP £ oG
Next:
Vi a’
n' U.xGxF, =Uy;
RD . —of  _ nfP
nttb . ey = o
Next:
k' ok — k) = vpk/;
n' U.x G x F, =Uy;
nfP . vond = (1 — a)nfP.
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Assume U, = 0 (or some other form for U) to get complete solution:
2 alko — k') = vik/;

ako = (vi + a)ky;

k= ko and kP = S ko;
nfiP . vond = (1 —a)(1 —n');

(1—a) x1=(vy+ (1—a)n’;

f——(-a) RD _ v
n oty X land n T X 1.

A natural property.

How would you decentralize this? Just have government do everything?

8 Back to the Dynamic Versions

8.1 Try # 5: Making A purely private

An equilibrium is:

a sequence of prices: {(pe, re, wi, 711},

Quantity decisions for the households: {(ct, ke, z¢, b, ne) }o20 = LHH
Quantity decisions for the output firms: {(c{, a:{, k:tf, n,{, A{)}fio = zf
Quantity decisions for the R&D firms: {(ARP kfiP nfiP)}e) = 1P
SUCH THAT:

1) zHH is the solution to:

Maz (e, kyeoeni)yze,Ul(c £1)2)

subject to:

Yool +xe] < 720 [reke + weng] + 11

kt+1 S (1 — 6)kt —+ ¢
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nyg+ 4 <1

]{?0 ﬁxed.

2) 2/ is the solution to:

Maz g f of 15 nf afyree Doie [pt(cf+xf)—7’tk' —wni —p Af}
{(c], =i ki i vAt)}?io t=0 t t t t

subject to: c{ + mt < F(A kt ,nt)

3) z1P ig the solution to:

A ARD RD RD A prd
MCLLE{(Ach,Agd’ki%D,nsz)}?io Z;ﬁo {T‘t At — Ttkt —wny — Ty AZ; }

subject to: Aff < G(AY kP nfiP)

AEP is fixed.

AND

Ct = th

Ty = x{

ke = ki +kfP
ny = nf + nfiP

Al + A7t = AFP

=3 0 {pt(C{‘i‘ xt) - Ttkt - wtnt — T Af} +>-20 { fAﬁD _Ttk?tRD - wtnﬁD — Ty Ard

IF both F and G satisfy the standard requirements, this looks like a standard

competitive model. So, this would be one way to do it. (I think.) Other Alternatives
are Below!

This looks a lot like that A(k,h) model, where the role of h is played here by

ARP the role of k is played by k and the role of A is played by B, where G (A, k,n) =
—0A)A+ ARTERT Y and g4 + 1 + 1, = 1. See below.
1 —064)A+ BA™E™n™ and ng +n,+ 1 1. See bel
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8.2 Try Number 6

What happens with multiple firms in Try Number 57

R&D inside the output firms:

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }$2,

HH

Quantity decisions for the households: {(c, ki, T, b, ne) }220 = 2

. Quantity decisions for the output firms: {(czf, DR e R Agf)}fio =
21 9=1,..,J

SUCH THAT:

1) zHH ig the solution to:

Maz 7kt7$t,5t,nt)}{'§oU<(Ctv (1))

subject to:

Y opeler +xe] < 2200 [reke + weng) + 11
kipn < (1—0)k + 2y

ne+ 4 <1

/{20 fixed.

2) 2/ is the solution to:

MOy a3t )0 ! i, 7 AT A0 e

S (e + @) = ri(k + 0) = wi(nf + nf"P)]
subject to: c{f +:v{f < F(A{f,kff,n{f), and,

ARY <A B ™)

AT A< A
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AP s fixed.

AND

o=y, clf

T =2, mgf

ke =35 [k + K7

ng = Ej [nﬁf + n{RD}

=y,

11 = 5% [pn(d” + ) — rK + K) — wilad] + 0l

So, in this formulation, there is no trade in knowledge across firms. It is purely
’knowledge in a firm.’

How about if we change it to:
a sequence of prices: {(pe, re, ws, i) 30

2) 2/ is the solution to:

MCLZ’{(C{ f@{f 7k{f 7k{ RD »n{f ’n{RD ’A{va{Td ’A{ rb ) }fio

S0 [(cl! + af?) = kit + ) = w(nd! +nf"P) = rp (A} + A7)
subject to: ¢} + a3 < F(A{f,kgf,n{f), and,
ALY < G(AY K™ nf"P)
AP s fixed.
And in feasibility make it:
Zj(A{f + Af™) = > AIRP for all ¢.
Both of these are internally consistent models as long as the standard assumptions

are satisified (I think!!!). In particular, this requires that F(A, k,n) and G(A, k,n)
are CRS, concave, etc., etc.
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Issues:
1. Boundedness again.

2. Is R&D private or public? We’ll return to this below.

8.3 A General Problem with Feasibility

This section discusses a General Problem arising with making F'(A, k,n) and G(A, k,n)
CRS in (A, k,n). This is the problem that, if the technology does NOT exhibit

'LINEARITY IN THE REPRODUCIBLE FACTORS’

Then output is bounded along any feasible sequence.

To see this:

Suppose that F(A, k,n) = A% k¥%n% with ag+ag+a, = 1, a; > 0fori = A, k,n,
(

and that G(A,k,n) = (1 — 64)A + BA" k"™ n™ with ng + 1 + na, = 1, n; > 0 for
1=A k,n,

Claim 3 OQutput is bounded along any feasible sequence.

To see this, simply note that y, = F(A{, kf, n{) < F(A] k1) = A**k{** with
ay + oy < 1. Note that 0k — oo if k — oo

I'll show this assuming 6, = 4 = 1. It’s easy in the one sector model? Why is it
so hard here?

By successive substitution, note that we have
At+1 < BA”IAk,ﬂk < BATIA [A /{7 } BA”?AA?ATIkk,%Uk
2
< BA?AAiAlnk [Af 2k o | = BA?AA?:‘F’“ anOMk k'?fgk < ..
Let A; = maxgco<; A,

Then, we have
2
Apyr < AJAATATE AZAM R <
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< kollt_g AJ4Y
where v = max(ay, 7).
okt X This looks wrong! Why does 14 appear in all of them?77*¥#**

This assumes that A; > 1. We've also assumed that ky > 1, since the term that

t/2 t/2
would appear in the inequality is /{:8"“ " if ¢ is even, etc. If either of these does not

hold, they can be replaced by 1 in the inequalities and we can go on from there.
Then,
Appr < kolll_gAJAY" < koTTE_ AJ2"" < ko A2/ 070,

Notice that by construction, 1 — v = min(1 — ax,1 — n;) > 1 — ax > a4 since
ap+oag < 1.

Thus, aa/(1 —v) < 1, and because of this, it follows that for large enough A,
koAna/(=v) < A,

Now suppose that A; — 0o, moreover, assume that this is monotone (this keeps us
from having to carefully construct a subsequence which is minimally monotonically
increasing below)— A1 > A; for all ¢.

Then

Apyy < kA1) = oo A14/07Y) < 4 4 contradiction. This completes the proof
of the claim.

What about if 6 < 177777 ***Majorize the functions by increasing the exponents
perhaps?*¥**

This is simple to see in the one sector model— INTUITION and GRAPH!!!!

Again, we’ve run into a fundamental Problem with the approach. And it seems to
depend on almost nothing, only that there is the strictest sort of diminishing returns
in the reproducible factors. Note that it goes away if n,, = 0.

IN THE ONE SECTOR MODEL:
Here the constraint is:

ct + wpt + war < F(Ag, ke, ne) = BAP k™ ng™ with aa+ ax + a, = 1, all positive.
With laws of motion given by:
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ke < (1= 06)k + gy

Appn (1 =064 A+

In this case,

ki1 — ke < BAFAKS™* — 6ky
Ap1 — A < BAPES* — 04 A,

Can show that BA?4k{* is maximized at A, = ¢k,. That is, the solution to the
problem:

Maxary BAY Ak s.t. A+ k<z
has ‘,3 = ¢, where ¢ depends on a4, ag, 6 and 6 4.

In this case,

BAFA K < B (k)™ ki = Bgka ™o,

where, by assumption, aq4 + o =1 — a, < 1.
Thus, from above, we have that

ki1 — by < BAYKY — 6k, < B kAt — 6k,
But, since a4 + o < 1, it follows that for large k,
B2 kit < 8k, and hence, ki1 < ke

A similar arguement holds for A if 4 > 0. Thus, if both 6 > 0 and 64 > 0,
output is bounded.

If 6 , = 0, the argument is more subtle, since it is, in this case FEASIBLE to have
Ay — oo, and hence, have y; — 0o, but it can be shown that it is never optimal to
do this. (Right??77)

Frkk*Need to show that ¢ < oo, is this true even if 4 = 07777

This is NOT a problem if:

a,, =1, = 0 (maybe you only need n, = 07)
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However, in this case, w, = 0, and hence w;n; = 0 and hence, wyn,;/y;, = 0, not
the .67 or so that we observe in the data.

One ’out’ of this is the A(k,h) model, where ’labor supply’ is a mix of human
capital and hours. In this case, each 'R&D firm’ is a household where the output is
privately owned human capital. Thus, A in all of the notes above corresponds to h
in the A(k, h) model.

Even in this case, there are some issues about how you model things.

If z = nh, this is IRS in (n, k), although this is at the level of the individual
household. Some non-convexities at the 'micro-level” are okay— e.g., indivisibilities in
the purchase of cars, etc. ****LOTTERIES???77#¥***

Another issue that arises is the form that preferences/utility should take in this
case. Should it be:

U(e,0) = oBlulen ) = £, 850(0)7

Or, should it be:

Ule, b, h) = X, Bluler, be) = 5 B2 [v(ew, €h)] ™7

where v is homothetic — v(ct, &he) = [0 + (1 — 0)(£tht)”]1/p?
The second turns it into a concave problem.

ek WRITE OUT THE HH PROBLEM HERE*###*

9 Alternatives:
What did we learn from our series of False Starts?

Factors to consider:

1. Is it an internally consistent specification of equilibrium? (I.e., does an equilib-
rium even exist?)

2. Will it Grow? (This requires linearity in the reproducible factors.)
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3. How sensitive is it to the specification of Industrial Structure? If it is VERY
sensitive, what is the 'right’ Industrial Structure to use?

4. What is the source of differences across countries?
5. Are there any serious couter-factual implications? E.g., Interest rate facts.

6. What is measured TFP?

Approaches that will work/ have been used/ have some shot at success:
1. Drop Muliplicative A, i.e., Ak and A(k, h) models.

a) country differences?
b) still need linearity in the reproducible factors or else there is no growth.

2. IRS with Planner’s Problem as the 'positive theory’

3. CRS at the individual level, but IRS at the aggregate level through external
effects, knowledge spillovers.

4. TRS at the individual level, but monopoly power/ monopolistic competition.

IRS, how it’s handled, and ’size’ of a country?
We'll say a bit about each of these.

Planner’s Problem

a) country differences?

b) still need linearity in the reproducible factors or else there is no growth.
c¢) Decentralization?

External Effects

a) country differences?
b) still need linearity in the reproducible factors or else there is no growth.
c) How exactly? Industrial Structure?

Monopolistic Competition

a) country differences?
b) still need linearity in the reproducible factors or else there is no growth.
c) How exactly? Industrial Structure?
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10 Convex Models of Endogenous Growth: The Ak
Model

In this version of the models, we identify A from the previous discussion with k in
the math. Le., k = knowledge.
Here the equilibrium version of the model is:

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }$2,

Quantity decisions for the households: {(ct, k¢, 74)}22, = 21
Quantity decisions for the output firms: {(c{, m{, k:tf)};’io =27
SUCH THAT:

1) 21 s the solution to:

Maz gc, jwiyye,U((c)20)

subject to:

YiZopele +ai] <320 ek + 11

kin < (1—0)ke + a4

ko fixed.

2)  2f is the solution to:
Maz of o1 fyyee, 220 [pt(Cf +af) - Ttk?ﬂ

subject to: c{ + m{ < Aktf.

AND
Ct = th
Ty = x{
ky =k



II =3, {pt(C{ + %{) - Ttkﬂ

Since this is a standard convex model with a representative household and a
representative firm, the equilibrium is unique (if it exists *****What do you need for
this?****) and will solve the planners problem:

Max{(ct,kt,mt)}fioU((Ct)fio)

subject to:

[ + 2] < Aky

ki < (1—06)ky + x4

ko fixed.

Assuming that U(c) = 3, f'u(c,), we have:
pe = B/ (c,) /8% (co), and 7, /p, = A for all .

As you have seen in the past, and assuming that u(c) = ¢!79/(1 — ), this model
features constant growth at the rate v where

y=1801 -6+ A7

10.0.1 Differences in kj in the Ak Model

1. What is ij‘?
t

Y Ak MK K
AR T A R

Thus, it’s possible to have as wide a dispersion in y as wanted, but it must be
exactly matched by an equal dispersion (in relative terms) in k’s in any period.

2. Relationship between y! and future ¥? The growth rate does not depend
on initial conditions. So, if differences in levels in period t are due to differences in
k;s then the future growth rate will not depend on the period ¢ level. Thus, this
relationship should be flat.

3. Interest rates on loans (e.g., consumer borrowing) would be given by
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1+R=1-6+r,=1-6+A

This does not depend on either initial conditions, or the current level of k;. So,
the observed interest rates should be the same for all observations.

4. What is measured TFP?
log(TFP}) =log(y!) — .331og(k%) — .67 log(0) = —o0

Not a very interesting answer! (This is just because we have assumed that labor

doesn’t enter the production function, we will get a more interesting answer when we
look at the A(k,h) model below.

10.0.2 Differences in A in the Ak Model

1. What is f&‘?
t

¥ AR A Al
y) Aik] Alytk) Ayl

Where v, solves:

(v:)7 = B[L — b6+ AT

Thus, countries with larger A”s will have larger y”s and this difference will grow
larger over time.

Thus, it’s possible to have as wide a dispersion in y as wanted, and this is even
true without any initial differences in &’s, but it must be almost (because of the A?/A7
term) exactly matched by an equal dispersion (in relative terms) in k’s in any period.
Moreover, this dispersion grows over time.

2. Relationship between y! and future v? Countries with high 3° are those coun-
tries with high A®. These countries also have higher 7, and so there should be an
increasing relationship between 3% and .

3. Relationship between 3! and interest rates? Interest rates on loans (e.g., con-
sumer borrowing) would be given by

1+ R =1-6+rj=1-6+A"
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Countries with high 7* are those countries with high A*. These countries also have
higher R and so there should be an increasing relationship between vy} and R'.

4. What is measured TFP?
log(TFP}) =log(y;) — .331log(k}) — .67 log(0) = —o0

Not a very interesting answer! (This is just because we have assumed that labor
doesn’t enter the production function, we will get a more interesting answer when we

look at the A(k,h) model below.

10.0.3 Differences in 3 in the Ak Model

Countries with high §’s have higher +'s.

1. What is £7?
Yt

g A _ Ao Ay
oAk Avg A

Where v, solves:

()7 = B[ = 6+ A]

Thus, countries with larger 3”s will have larger y”s and this difference will grow
larger over time.

Thus, it’s possible to have as wide a dispersion in y as wanted, and this is even
true without any initial differences in k’s, but it must be exactly matched by an equal
dispersion (in relative terms) in k’s in any period. Moreover, this dispersion grows
over time.

2. Relationship between y} and future v? Countries with high y* are those coun-
tries with high °. These countries also have higher v, and so there should be an
increasing relationship between yi and .

3. Relationship between 3! and interest rates? Interest rates on loans (e.g., con-
sumer borrowing) would be given by
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1+ R =1-6+ri=1-6+A

Countries with high 3* are those countries with high 5. But, there is no relation-
ship between y; and R'.

4. What is measured TFP?
log(TFP}) =log(y!) — .331log(k}) — .67 log(0) = —o0

Not a very interesting answer! (This is just because we have assumed that labor
doesn’t enter the production function, we will get a more interesting answer when we

look at the A(k,h) model below.

10.1 Adding Policy in the Ak Model

New version of the model, TDCE only:
Here the equilibrium version of the model is:
An equilibrium is:
a sequence of prices: {(pg, 7, wy) }52,
Quantity decisions for the households: {(ct, k¢, 74)}22, = 21
Quantity decisions for the output firms: {(c{, m{, k:tf)};’io =27
SUCH THAT:
1) 271 s the solution to:
Maz (e, kyaoyse,U(c)iZo)
subject to:
Y2ope[a + ) <20 [(1 = Th)rike + Ty + 11
ki < (1—08)ki + x¢

ko fixed.

2) 2/ is the solution to:
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Mat(f ot tyye, To [Pe(el + ) = mik]]

subject to: ¢f +xf < Ak].

AND

gt +c = C{

xp = a)

ke = ki

=37 {pt(cf +af) - Ttkﬂ
i pege + T =y mireky

NOTE: What if taxes were on UNDEPRECIATED capital instead? L.e., T'ax; =
Tt(T‘t — 5)kt?

Assuming that U(c) = ¥, f'u(c;), we have:
pe = B/ (c) /3% (cp), and 7, /p, = A for all t.

As you have seen in the past, and assuming that 7, = 7 for all ¢, this model
features constant growth at the rate v, where

7= [0 =6+ (1= 1) A"

10.1.1 Differences in 7 in the Ak Model

Countries with high 7's have lower 7’s.

1. What is 5}7
t

Yo Ak Ak o
vi Akl AYE

Where ; solves:
(7)7 = B[ = b+ (1 —73) Al
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Thus, countries with larger 7¥s will have smaller 3”s and this difference will grow
larger over time.

Thus, it’s possible to have as wide a dispersion in y as wanted, and this is even
true without any initial differences in k’s, but it must be exactly matched by an equal
dispersion (in relative terms) in k’s in any period. Moreover, this dispersion grows
over time.

2. Relationship between ! and future 4? Countries with high 3’ are those coun-
tries with low 7*. These countries also have higher 7, and so there should be an
increasing relationship between y; and ~.

3. Relationship between g} and interest rates? Interest rates on loans (e.g., con-
sumer borrowing) would be given by

I+ Ri=1-6+ri=1-6+A
oristhis 1—6+ (1—7)A

focoieiellk T think that

100% [(1 — 64 A) — 1]

is the interest rate paid by firms on loans, but
100« [(1 =6+ (1—7)A)—1]

is the amount received (after tax) by consumers.

Countries with high 3 are those countries with low 7¢. There no relationship
between y; and and the interest rates paid by firms, but those countries with high y*
should be those countries with a low 7* and hence a high R".

4. What is measured TFP?
log(TFP}) =log(yi) — .33log(ki) — .67 log(0) = —oc0

Not a very interesting answer! (This is just because we have assumed that labor
doesn’t enter the production function, we will get a more interesting answer when we

look at the A(k,h) model below.
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10.1.2 Differences in p in the Ak Model

The rate of inflation is different. For concreteness, have 2 goods, one with a CIA
constraint. Feasibility is:

it + Cop +xg < Ak
ki1 < (1= 6p)ki +
HH problem is:
max Y Bru(ca, ca)
Where u(cis, cat) = {0c, + (1 — 0) &, } /7.
There is no relationship between 7's and pt.
1. What is £
2. Relationship between y% and future v? none
3. Relationship between y; and interest rates? none for real rates at least.
4. What is measured TFP?
log(TFP}) = log(y}) — .331og (k%) — .67 1log(0) = —o0

Not a very interesting answer! (This is just because we have assumed that labor

doesn’t enter the production function, we will get a more interesting answer when we
look at the A(k,h) model below.

11 Convex Models of Endogenous Growth: The
A(k,h) Model

11.1 A(k, h) Models, Inelastic Labor Supply

Here, the equilibrium version of the model is:

In this version of the models, we identify A from the previous discussion with k
in the math. Le., £ = knowledge.
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Here the equilibrium version of the model is:
An equilibrium is:
a sequence of prices: {(p¢, re, wr) }2

Quantity decisions for the households: {(c;, k¢, he, Ties The, 2) 1520 = 270 H

Quantity decisions for the output firms: {(c{, :rit, xit, Kl ztf)}fio =27,
SUCH THAT:
1) zfH is the solution to:

Maz (e ey, U ((c)Zo)

subject to:

SoDele + e +xne] < 720 [reke + weze] + 11
ki1 < (1 —Op)ke + Tre

hipr < (1= 0p)hy + oy

zt < mghy, ny <1

(ho, ko) ﬁxed.

2)  2f is the solution to:

Max{(cf ol ke, 220 {pt(c{ + fEIJ:t + xit) - Ttk{ - wtzﬂ

t27t)

subject to: ¢f +af, +af < F(k/,2]).

AND
c=cl
Tt = xit
Tht = xit
ky = ki

Zt:Z{
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IT =3 {pt(C{ +afy + xfy) — ikl — wtztf}

Since this is a standard convex model with a representative household and a
representative firm, the equilibrium is unique (if it exists *****What do you need for
this?****) and will solve the planners problem:

Maz{(ee pouhowre a2, U(€)20)

subject to:

[ 4 @ + Tpt] < F(Ky, 24)

ki1 < (1 —6p)ke + g

hipr < (1= 0p)hy + e

ze = hy

(ho, ko) fixed.

Assuming that U(c) = ¥, 'u(c;), we have:

pe = B/ () /3% (co), and 7¢/py = Fr(ke, 2¢), we = F.(kt, z) for all t.

As you have seen in the past, and assuming that u(c) = ¢'77/(1 — ), this model
features the two Euler equations:

(BEK)  [22]" = 8[1— 6 + Fi(ke, 2,)], and

(EEH)  [22]” = B[1 — 65 + Fa(ke, 2))-

Ct

Thus,
Bl — 0k + Fr(ki,ze)] = B [1 — On + Fr(ke, 2)], or,
Fi(kt, z¢) — 6 = Fy(kty 2) — O

There is typically a single k/z ratio satisfying this constraint since the LHS is a
decreasing function of k/z and the RHS is an increasing function of k/z.

For example, assuming that F(k,2) = F(k,h) = Ak*h'~® and that &, = Ok, we
see that in this case Fj,(ky, z;) = F,(ky, z) for all ¢ which reduces to:

%‘:ﬂforallt
t (6

on any interior path. We’ll assume that there is no issue about non-negativity of
either 23, and ;. (This is an assumption about (hg, kg).) Given this, we have that
Fy, is given by:
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Fy(ky, hy) = Fy(ky, hy) = aF (ky, hy) /Ky

1—a 1—a
= A hiT* = aA H’;ﬂ =aA [J;J} = Aa®(1 — a)t™@
Substituting this end we find that, in any interier equilibrium:
(2] =81 - 65+ Aa®(1 — @)1~ for all ¢

Since the RHS does not depend on ¢, it follows that in any interior equilibrium,
there is constant growth in all factors at the rate:

¥ =[A(1— &+ Aa®(1 — a)=)'/".

11.1.1 Differences in Initial Conditions in the A(k, h) Model

Properties:

1. This does not depend on initial conditions. So, if differences in levels in period
t are due to differences in kjs and/or h;s then the future growth rate will not depend
on the period t levels.

2. Interest rates on loans (e.g., consumer borrowing) would be given by
I+ R=1-0+m=1-6+Aa*(1—a)™™

This does not depend on either initial conditions, or the current level of k;. So,
the observed interest rates should be the same for all observations.

11.1.2 Differences in A’'s (or ¢ or ¢;) in the A(k, h) Model

This gives rise to higher growth rates and higher interest rates in the high A countries.
It also gives rise to higher accumulation in higher A countries, of both k and h so it
gives a positive correlation between y's, v's, and h/y, k/y.

v =11 =6 + Aja*(1 — a)l—a)]l/cr

1+ Rl = (1 -6+ Aa*(1—a)™®)
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11.2 Adding Fiscal Policy to the A(k, h) Model

New version of the model, TDCE only:

Here the equilibrium version of the model is:

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }$2,

Quantity decisions for the households: {(ct, ki, he, Tit, Tht) }i20 = LHH
Quantity decisions for the output firms: {(cf, ], z}, kI, 2[)}2, = 2/,
SUCH THAT:

1) zHH is the solution to:

M (e, o, husne aon) Yoz U ((€6)20)

subject to:

Ytopela + e +xne] < 2720 (1 — Toe)reke + (1 — Top)wihe + Ty + 11
ke < (1 —0k)ke + Tre

hipr < (1= 6p)hy + 2

(ho, ko) fixed.

2) 2/ is the solution to:

Moaz s .1 o1 K 2D P {pt(c,{ - xit + xﬁt) S —l

1Lt 7P Rt 21

subject to: ¢ + xit + x{n <A (k{)a (zbl_a-

AND
gt t+a = C{
f

Tt = C(}kt

_,f
Tpt = Tpy
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1= 3%, {pt(C{ + ozl + ) — k] — wtzﬂ
St [pege + Ti] = 224 [Thereke + Trewihy

NOTE: What if taxes were on UNDEPRECIATED capital instead? L.e., Tax; =
Tt(rt — (S)kt?

Assuming that U(c) = 3, f'u(c;), we have:

p: = B (¢i) /3% (co), and 7 /py = A for all ¢.

As you have seen in the past, and assuming that u(c) = ¢!77/(1 — ), this model
features the two Euler equations:

(EEK)  [22]" = B[1— 6 + (1 — 73) Fu(ks, )], and

(BEH)  [22]" = B[1 =6+ (1 — 7,) Fu(ky, 20)].

Thus,
BIL = 6k + (1= 7r)Fulke, 2)] = B[1 = 6+ (1 — 7n) Fa(ke, )], or,
(1= 7%) Fi(ke, 22) — 6, = (1 — 7)) Fulky, 2) — 6n.

There is typically a single k/z ratio satisfying this constraint since the LHS is a
decreasing function of k/z and the RHS is an increasing function of k/z.

For example, assuming that F(k,2) = F(k,h) = Ak*h'~® and that &, = Ok, we
see that in this case (1 — 7x) Fi(k, 2¢) = (1 — 7)) Fx(kt, z¢) for all ¢ which reduces to:

%‘ = l=al-ta fo; gl ¢
+ a 1-7g

on any interior path. We’ll assume that there is no issue about non-negativity of
either zy; and zps. (This is an assumption about (hg, ko).) Given this, we have that
Fy, is given by:

Fk(kta ht) = O[F(l{?t, ht)/kt

— AT = aA [B]'77 2 qA [Ee =] T 2 aae(1 —a)toe [l

« 177—1@ 177—]@

Substituting this end we find that, in any interier equilibrium:
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{gw_lr =0 {1 — b+ (1 —7pA®(1 —a)t™™ |:l;’£n.:| 1-a

Ct 1_Tk

=01 =6+ (1 —711)%1 — 7))@ Aa*(1 — )] for all ¢.

Since the RHS does not depend on ¢, it follows that in any interior equilibrium,
there is constant growth in all factors at the rate:

v =181 =6 + (1 = 7)(1 —7,) @A (1 — o) —0]]"".
This simplifies to:
7= (81 6+ (1 = 7)Aa(1 - a)' =]
when 7, = 7.
This is decreasing in each tax rate. Alternatively, it is decreasing in 74 and is also

lower (higher) when Jlif: moves below (above) 1. So, there are effects of both the
‘level’ of taxes, and the composition of taxes.

11.2.1 The Effects of Taxes in the A(k,h) model

Properties:

1. This does not depend on initial conditions. So, if differences in levels in period
t are due to differences in kjs and /or hs then the future growth rate will not depend
on the period t levels.

2. Interest rates on loans (e.g., consumer borrowing) would be given by
1+ R =1-06+ (1 —7)*(1 —7p) " %Aa*(1 — a)l=@

This does not depend on either initial conditions, or the current level of (hs, kt).
So, the observed interest rates should be the same for all observations.

This reduces to:
1+R =1-6,+(1—7)Aa*(1 — a)l™™
ifr,=71,=r.

3. However, if by = h¥, ki = ki and 7';'1 =Tt = <7 = v = 74 and 1960 # 0
(i.e., time doesn’t start in 1960), then yig > Yioso and ¥ > 7. So, it the only
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difference in countries is in tax rates and these are PERMANENT, we should see a
pattern between yigg and ~°.

4 FHHFHRIHE There is not a pattern to measured, before tax, interest rates however,
since these are given by

I+ R =1-6+(1—7)%1 — 7)) *4a?(1 — )™

Is this right?

11.2.2 The Effects of Productive Government Spending in the A(k,h)
model

what exercise?

1. gt to h? ie., hiyr < (1 — 6n) + xpe + ge, with prge = T for all periods?
Is there a neutrality result for this one?

or

2. subsidize h? i.e., T p < 0 with T} = py T peps?

Here, we should see h go up. This should increase growth, but perhaps decrease
welfare.

What is the definition of equilibrium in this setting?
Set it up to allow for both:

New version of the model, TDCE only:

Here the equilibrium version of the model is:

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }22,

Quantity decisions for the households: {(c;, k¢, by, Tig, Tnt) 1520 = 2HH
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Quantity decisions for the output firms: {(c{, xit, :L’ﬁt, Kl ztf)}{’io =zf,
SUCH THAT:

1) zHH is the solution to:

Maz{(ee pouhswr a2, U ((€1)20)

subject to:

Scopeler + xre + (1 4 Tone)The) < 202 [k +wihy + T3] + 11
ki1 < (1 —Op)ke + Tre

hipr < (1= 6p)hy + e + g4

(h(), ko) ﬁXGd.

2)  2f is the solution to:

f f f f f
Mazxof of of il Dy, St=0 {pt(ct + @y + Tp) — ik — Wiz

subject to: ¢f + mit + J?{Lt <A (k{)a (Z{)l_a-

AND
G = C{
:L‘t — C(Iit

gt + Tht = xfzt

ke = ki

hy = Zg

I =37, [pt(C{ + 33£t + x{nf) — ek — wtztf}
Xt lprg + T =0

Assuming that U(c) = ¥, f'u(c,), with u(c) = ¢'=7/(1 — o), the FOC’s for the
HH problem are:

Ct: ﬁtuc(t) =\
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Ky A —pe+ (1= 6)peya) = 0

hity Awepr — (L + 7o0)pe + (1 + 720) (1 = 0)pia] = 0
OR

iy : pt = [ree1 + (1 — 6k)prya)

hitt pe(1+ 7o) = [wir1 + (1 + 720) (1 — 6p)pet1]

OR

ki : pe = pry1 [Fr(t+1) + (1= &)

hiya Pe(1+ Ton) = pea [Fi(t + 1) + (14 7o) (1 — 6n)]
httq Dt = Di+1 [(1—+]Tm—h) Fr(t+1)+(1 - 6h)}

Substituting for p; from above gives:

kit [22] = BIAE+1) + (1—6)]
s [22]7 = 8 Fat + 1) + (1= 6)]

Notice that this is just EXACTLY the same as what we had in the section above

on taxes where 7, =0 and (1 —7,) = (1—+]Tm—h)

Thus, assuming that éy = 0, and that the production function is Cobb-Douglas,

we see that we get:

y= {6 [1 — 0+ {(Hizh)}l_a Aa®(1 — a)laH v

Note that ~ is decreasing in 74, and hence a subsidy increases 7.
11.3 Alternative Technologies for 4 Accumulation

Learning by doing, public/private, firms and IRS

LBD as perfect complements, standard A(k,h) as perfect substitutes, things in

between?

It’s easy to imagine alternative, reasonable models of the formation of human

capital:
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1. Suppose that there is learning on the job, i.e., other things equal, you get
more h if you work more. This can be captured by:

hi1 < (1 —6p)he + G(xhe, 2t)
where 2z = nihy as an example. If G(z,2) = Agr®¢2z!72¢ then ag = 1 is the
example above, and ag = 0 says that x;, does not affect the accumulation of A, only
work experience does.
Alternatively, one could adapt the output sector instead:
max (¢ + Tk, 0xne) < F(ky, 21)
and

ht+1 < (1 - 5h)ht + Ty

would give knowledge accumulation proportional to output by assumption. This
is the opposite extreme to our base case. In the base case, we assumed that output
for c+z and z, are perfect substitutes. This makes them perfect complements. But,
once we've said that other alternatives come to mind:

0(c; +x10)? + (1= 0)2fy] "7 < F(ky, )
hipn < (1 —6p)he + e
with p > 1.

is the most obvious generalization that nests both of these extreme cases. And
then sensible discussions can be had about the alternatives: Is new worker ability a
substitute for, or a complement to the production of output?

2. The second obvious kind of qualitative change that one might make is to
formally include a separate sector for the production of Education. In this case, the
feasibility restrictions would look something like:

¢+ < F(K, 2)
ane < G(k], 2]")

K + kP <k
A4+ <=y

and
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hiyr < (1 —=6p)hy +

Obviously, our base care corresponds to the aggregation assumption that F' = G
but other possibilities could be explored. Of particular interest is allowing for the
possibility that G is more labor intensive that F' is, with the idea being that one of the
key inputs into G is the time of the students. Thus, something like F(k, z) = Ak%z™
and G (k,z) = A"k"2177 with n < o would be called for.

One has to be careful with this. This is not the same as having 2 kinds of labor in
the production function, one ’skilled’ i.e., teachers, and one 'unskilled’, i.e., students,
and to do this would require some careful thinking about the relative productivity of
students and teachers with their time aggregated according to opportunity costs (i.e.,
output sector wage rates). It also is not the same as doing a more detailed model
with people of different ages in which the young are students and the old are teachers.

Each of these alternatives (or both) brings with it some special considerations with
respect to the tax code. For example, in the first: Is x; part of the compensation of
workers? IL.e., one of the things that workers take away from the job at the end of the
day is the new knowledge that they have accumulated from working. Should this be
modelled as a market transaction with the income flows taxed at income tax rates?
Or is this a non-market transaction?

Similarly with the second approach, is the second sector taxed at all? Is the time
of students taxed? Etc.

11.4 A(k, h) Models, Elastic Labor Supply

Here, the equilibrium version of the model is:
What should the utility function be?
max > Buler, b)
OR

max >, Bluley, bihy)77777
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12 Individual Heterogeneity Within a Country

There are a continuum of households indexed by i € [0,1] and a continuum of firms
indexed by j € [0,1]. They are all identical, the households have the same utility
functions, initial endowments and labor supplies. The firms all have the same tech-

nology. For simplicity, we will assume that each consumer has an equal share in each
of the firms.

An equilibrium is:

a sequence of prices: {(p¢, 7, we) }32,

Quantity decisions for the households: {(cit, kit, Tikt, Lit, mit) } 520 = 251
Quantity decisions for the output firms: {(cft, xfkt, kft, nft)}fio = zjf,
SUCH THAT:

1) For each i € [0, 1], 2 is the solution to:

Mz {(cip b mmiomni i)}y 2ot 3 (Gt lie) — or Xy Bulca, Lithir)
subject to:

220Dt [Cit + Tige + Tipe] < 220 [rekie + Wizgma) + 11

ki1 < (L= 6p)kis + Tige

hity1 < (1 = 6n)hit + Gi(Zint, hit, Nhit)

Z;? = Nmithit

Nomit + Nopit + L <1,

(hiO s kzO ) ﬁxed .

Here, n,,; is the amount of time working in the market, while, n;;; is the amount
of time devoted to ’learning’ or, augmenting one’s own stock of human capital. It’s
natural to assume that Gi(xint, hit, nhit) = Gi(ZTint, Zrit), where zpie = npighie is the
quantity of ’effective’ labor used in learning. This would make it symmetric with
the formulation above with respect to effective labor in the market activity. Simi-
larly, putting ¢;:h;; in the utility function makes this quality adjusted hours affecting
utility. This has some technical advantages over the alternative of /;; entering the
utility function, since then the problem can be reformalized as a standard concave
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maximization problem. This is, or course, irrelevant in the inelastic labor supply
version.

2) For each j € [0,1], 2/ is the solution to:

o0 f f f f
Maz (o1 ot ot k1 29y 2t=0 {Pt(caft + Ty + Tgpy) — ik — wtzjt}

L5kt T it 0% 5t

subject to: cft + xfkt < F<k]ftv th)-

AND
Jy candi = [ clydj
Jo winedi = [ xhyydj
Jo kadi = [ kdj
Jo nadi = J ndydj
Jo Wadi = [3 532 |pe(cly + @) — rekdy, — wend, | dj
K = fo1 kgftdj

As is standard, in this formulation, we will, for each HH get 2 Euler Equations
governing the dynamics of individual savings/investment decisions. For simplicity,
we assume that labor is inelastically supplied. In this case, we have:

(BEK)  [%=]" = g[1— 8+ 2]

Cit

Since the right hand side of this equation does NOT depend on ¢, it follows
immediately that the growth rate of consumption is the same for all households.
Note that this depends on the assumption that both ¢ and 3 are the same for all
households.

Similarly, there is an EE for the accumulation of h:

o s

FILL IN WHAT x; IS!

Since the LHS doesn’t depend on ¢, it follows that the right hand side doesn’t
either. I.e., The natural condition holds, all investments by all individuals in all assets
(both physical and human capital) are, in equilibrium equal to a common interest
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rate, which can be thought of as the implicit interest rate on loans to consumers for
consumption loans,

L+ By =4[],

Cit

MOSTLY CONJECTURES BELOW HERE:

In some simple cases, one can go further. For example, suppose G; = xp;; for all

Conjecture 4 In this case, the system is always on the BGP after periodt =1, with
ﬁ';f*t‘-l = v where v7 = B[l — i + Fi]. Note that Fy doesn’t depend on j (since it is
the common o for all j). (Does this implicitly ignore non-negativity constraints?)

If this is right, then not only is it true that consumption growth is equal across all
households, productivity growth is also equal across all households. So, the picture is
that some households are initially 'richer’ than others, they have higher initial levels
of ¢ and this ’advantage’ persists indefinitely.

What about a more general form of accumulation in which G; = B;x],(npi by )17

Conjecture 5 If B; = B for all i, the conjecture still holds. Maybe even for CRS
Gs that are identical across households?

What is TFP in an economy like this?

TFP, = — —5 .
UI kifdl] ” [f] ”m“dl] "

Note that there is implicitly a GNP accounting assumption here. This is that
none of the np; is counted in hours in the data (as it might be if np; were training
received while at the workplace). Making the standard assumptions that there is a
representative firm with a Cobb-Douglas productin function, F(k, z) = Ak®z!1= we
get:

e = Afy kiedi)® [ zmaedi] ™ = A[fy kadi]® [y nmahiedi]

Thus, we have:

_ A[[I kitdﬂ ; [fr nmithifdi]lia = A [[T nml'thitdi] o

TFF, = oy 5 = - —r— = —
S T R T [y rmind] ™
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This is kind of a mess unless n,,;; doesn’t depend on 7. I think that would hold
under either of the Conjectures given above, but have not tried to show it. Assuming
that this is correct we get:

z] 67 Inmtltlt-‘.a?
[Inmt]ﬁ?

nmt [, hitd
[[nmt] .67

TFPt:A[ :A[

_ 4 Vlt} 67

where h; = —} 7 hydi.

An interesting question would be how does all of this analysis change if B; is
NOT independent of i. This would be a way to capture the idea that some people
are 'better learners’ than others. (Or any other kinds of differences across G;, e.g.,
G; = 0;xp;.) In this case, would it still be true that n,,; and ny; are independent of
1 for example? Or would a planner optimally choose to have good learners do most
of the h accumulation? (And hence it would also occur in equilibrium...)

Although these are interesting discussions that allow us to get closer to some of
the applied labor literature, it is not clear how (or IF'), these considerations affect our
tables.

13 Convex Models: The Two Sector Model

13.1 The Two Sector Model with Inelastic Labor Supply

In this version of the models, we identify A from the previous discussion with k in
the math. Le., k = knowledge.
Here the equilibrium version of the model is:

An equilibrium is:
a sequence of prices: {(pet, Pat, Tt, We) }22
Quantity decisions for the households: {(ct, kt, Txt, nt) }520 = 2717
Quantity decisions for the output firms: {(c,{c, xﬁt, kL kL kL S nl,, nit)}g’io =2,
SUCH THAT:
1)  zHH is the solution to:
Maz (e, owe)yze, Ul(c)o)

subject to:
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S 20 [Pact + Daie] < 020 [k +wyny] + 11

Fipr < (1= 6p)ke + 2y

Tt S 1
ko fixed.
2) 2/ is the solution to:

o [ f / / 7
Maz (ot of 1f kS 1S nf nf, Yoo, im0 PetCh + Puyy — Tek — weny

subject to:

o < F(kf,nl);
$£t < Aka]:t;
kL + Kl < K

nly +ndy < nf;

AND

¢ =d

Tt = xit

by = ki

ng = n{

IT= 372 {pctctf + pazﬂi,g — ki — wtnﬂ

Since this is a standard convex model with a representative household and a

representative firm, the equilibrium is unique (if it exists *****What do you need for
this?****) and will solve the planners problem:

MCLI‘{(Ct Kty Tkt ket Jkat et ,mat ) }52 U( (Ct)fio)

subject to:

a < F(kct; nct);
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Ty < Akigy;

ki < (1= 6p)ke + 2pss
ket + kat < Fi;

Net + Nat < 1

k‘o fixed.

1. Show there is growth.

2. Show you are always on the BGP.

Dot

—
i

3. Find the relative prices of ¢ and x, p; and p,; and show
4. Find an expression for GN P, for the CE implementation above.

5. Show that Labor’s Share of GNP is constant and non-zero in the implementa-
tion of equilibrium given above.

6. Add heterogeneity in a) initial conditions, b) preferences c¢) technologies and
construct tables.

7. Add policy to the model. How does the growth rate depend on taxation across
the 2 sectors?

8. Add policy Heterogeneity to the model and construct tables.
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