Econ. 8311, L. Jones
Fall 2005

Class Notes: Part 11

1 Knowledge as a Public Good

This section is meant to capture, in some loose sense how one might try to model
knowledge as a public good, what the difficulties are with different approaches, and,
to some extent, what the difficulties are with ALL approaches.

The loose idea that people are trying to capture in models like this is the idea
that one person using an ’idea’ or a 'piece of knowledge’ does not prevent others from
using it to.

It is NOT clear how the A(k, h) model does NOT fit into this category. That is, if
we interpreted this as meaning that there is a once and for all give stock of ”Potential
Knowledge” (i.e., " Truth”) out there, and interpret h;; = h* as i's attainment of that
by date ¢, does this prevent other agents from also attaining h* as well? It’s not
clear that it does. In this sense, that knowledge is 'freely’ available to all. (Well it’s
costly for any individual agent to attain it, but having one person attain it does NOT
prevent others from attaining it.)

A second, related, idea is that while it is costly for any agent to attain it, it is
more costly for it to be attained the 'first’ time. The most extreme version of this
is that it is costly for the first agent, but then free for any subsequent agent. Other
possibilities can easily be imagined.

Let’s Try:
An equilibrium is:

a sequence of prices: {(p¢, 1, we) }72,

Quantity decisions for the households: {(ciz, ki, Tapes Pty Ting, bit, 2it) } 520 = 28 H
Quantity decisions for the output firms: {(cft, chkt, chht, kft, zjft)}fio = zjf,
SUCH THAT:

1) For each i € [0, 1], zFH is the solution to:
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M Az { (e fooeoippshie sromesic i) 1og ot 3 U(Caty Lithir)
subject to:

Y20 Pt [Cit + Tigt + Ting] < 220 [Pekie + wizig] + 115
kitr1 < (1= 6p)ki + Tie

hirrr < (1= 8n)hie + G (Tpt, 1)

zit = nithit

ni +Lig < 1,

(]{IZ‘(), h1,0) fixed.

2) For each j € [0,1], zf is the solution to:

Max{(c]ft,mf ol k2 e >0 {pt(cjft + x;'ckt + ﬂU;'cht) - Ttkgft - wtzﬂ

et ine i) It

subject to: cft + xfkt + tht < F(kgft’ njt)

AND
Jy candi = [ ¢lydj
I zaedi = [3 xfktdj
Iy kaedi = [§ kldj
Jy zadi = Jy Zhdj
Jo Wydi = f3 322, [Pt( e+ ﬂffkt + xj'cht) - Ttkft - wtzft] dj

Notice that hy,; depends not only on the investments of ¢ (i.e., z;), but also on
the investments of the other households too, ;. Thus, there is an external effect in
the accumulation of h.

As in the discussion with the A(k, h) model, there are lots of different ways to fill
in the details about how the accumulation of knowledge is modeled and hence, the
exact form of this external effect. For example:

t
Mz ((c;, kv ieohis wini b Zit) 12 >t Bruleit, Lithit)
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subject to:

S0P [Cit + Tigt + Tine) < 220 [Tk + Wizma] + 11
Kitr1 < (1 — 6r)ka + Tike

hity1 < (1 — 6n)hit + G (xhit, 2hit; 33;73@’ Z}:jit)

Zmit = Nmathit, Zhit = NnitNit

Npit + Nmae + L < 1,

(kio, hip) fixed.

ETC.

Both of these share the property that the notion of equilibrium is a mixture
between Walrasian (or Arrow-Debreu) and Nash. The A-D part is obvious, all agents
view themselves as having no impact on prices at the aggregate level. The Nash
part is more subtle. h;+1 depends on the actions of the other agents in the economy
through G, and hence, in the maximization problem, it can be seen that we have
assumed that agent i takes as given the entire time series of :L*g;t when it chooses
the entire time series z;. This is rather an odd way of modelling this (from the
perspective of Game Theory it is anyway) and we will return to this (briefly) below.

Under this formulation, it is the properties of G that determine the 'publicness’
of knowledge.

For example, if G(xp;, a:,jj’t) = Iy, then we are back in the A(k, h) world, where
knowledge is purely private.

Other examples:

1. G(2pit, 21}y) = Tpir, here we are in the A(k, k) world.

2. G(zhit, l'}:;t) = G(l’}:jit), that is literally OG (zpit, x,;;t)/ﬁxhz-t = 0.
3. G(zhit, x}:;t) =13 That.

4. G(zpa, xﬁ;t) = Jr Tpedj or, G(xhitaﬁﬁft) =3 [rzpudj.

5. G(zhit, a:,;;t) =supj{zn} j=1,..,1.

6. G(xh, x}:;t) = esssup;{xn;e} j € [0, 1].



If the idea is supposed to be that once one person has attained a given level of
knowledge, it is freely available to all other households, it seems to me that this is
best captured by formulations 4 and 5.

There are problems here however. First and foremost is that in many of these
formulations (all except #1 in fact) knowledge is VERY public. This is reflected in
the following:

Claim 1 In formulations 2, 4, and 6, zp;; = 0 in equilibrium.

Claim 2 In formulation 3, xri ~ 0 if I is large.

Conjecture 3 In formulation 5, xpy ~ 0 if I is large.

This creates a problem!

Note that these is another one, of a more technical nature, which is alluded to
above. The way this model is constructed, at time ¢ = 0, all agents simultaneously
and independently choose the entire time paths for all of their choice variables. This
is an odd way to construct a game in a dynamic setting. More typically, one would
model the choices in peroid ¢ as being made as functions of the entire history up to and
including period t. Thus, we would have zpi(H") where H' includes, in particular,
all of the past decisions by ALL agents on x4 7 < t. This may seem like only a
technical issue, but it raises the possibility of repeated game equilibria, other than
those described in the Claim’s and Conjecture above. For example, might there be
an equilibrium path in which xp; # 0 which is ’enforced’ through some sort of trigger
strategies? This is almost certainly true for the versions of the models with finitely
many agents. Moreover, there are almost certainly many, many equilibria. Why?
It seems likely (maybe this should go under the category of Conjecture again) that
even with this alternative formulation, the 0/ equilibrium described above will still
be a subgame perfect equilibrium of the new model constructed with this richer set of
strategies. That is, if for all j z,;(H") = 0 for all H" a best response by i is likely to be
Tpie(H') = 0 for all H' as well. But, the presence of this 'bad’ equilibrium is exactly
the kind of thing that gives the Folk Theorem the most bite. Using this equilibrium
as a 'threat’ (and a credible one since it represents a subgame perfect equilibrium
set of strategies), it then become possible to implement almost any feasible outcome
exactly because the outcome under the threat is SO bad.

Thus, Alternative modelling devices need to be explored. Some of the most obvi-
ous are:



1. Abandon Competitive Behavior. ILe., look at equilibrium notions where the
government provides z;; directly and/or requires some minimum level of .
This clearly does away with (some of) the difficulties described in the claims.

2. Alter the form of G to something like:
G (pit; lﬂﬁft) = B(zp)"2' ", where,
T =1 [ pdj.
This will take care of the ’0’ problem since under this formulation, 0G /Oxp; =

oo at (0,Z) as long as £ > 0. Thus, although it may be true that 0’ is still an
equilibrium, it is likely that there is an interior one too.

Note that in these formulations, as in the A(k, h) model with heterogeneity, we
will still have:
.1-67 = 1.67
TFPt :A{nmt f,h;atg;] — A[Inmtht] — A Vlt

[T [Immt] 87

} .67

where h; = -} 7 hirdi.

2 Back to the Examples

I guess we didn’t learn. Maybe we should try some simpler examples first?

Here we go....

Here, we begin to try and integrate the idea that 'knowledge’ is a public good.
We'll begin with the same sort of simple examples to try and anticipate pitfalls/problems
we might encounter in more complicated settings.

To formalize the idea of the public good aspect it is useful to complicate the
model somewhat. Since it is intrinsically a statement about the 'interactions’ among
multiple agents. With this in mind, we’ll look at a series of examples which share
several common features:

1. Continuum of agents of each type— type is consumer, R&D firm, Output firm.
2. Identical Agents within a type.

3. Learning takes place in the first period.



4. The Problem solved by each individual agent is an CRS/convex maximization
problem.

5. Productivity in the second period depends not only own investment, but also
on how much ’knowledge creation’ other agents do.

2.1 Try #1

Households: i € [0, I]
R&D Firms: jgp € [0, Jrp|
Output Firms: j, € [0, J]
An equilibrium is:
A

S A
Prices: (p,r,w,r{,ri)

h

y HH AHH\ _ _HH.
Lond el AT = z;

19 1 i

Quantity decisions for the households: (¢;, k;, 4;, hy,
Quantity decisions for the output firms: (cj-c, k;]f, e;c, A;-cl) = ij;
Quantity decisions for the R&D firms: (AfP, AP kFP efP) = 2P,
Specifications of profits for HH, output firm, R&D firm: (IT7H, H;-c, wa);
SUCH THAT:
1) zH is the solution to:

Maz ¢, g, g, n,mhmv ere anmU(c, )
subject to:

pei < ki + wel 4 g AFH 4 TIHH,

nh+nf+0<1;

hi < g*(n;n");

e < g?(n¥, hy;nv, hY);

ki <ko ko fixed and identical across households;



AHH < pAHH  AHH fiyeq

2) zf is the solution to:
Mam(cf,kf,ef,Afl) pc;-c — rk]f — we;-c — Tf‘A;-cl
subject to: cf < F(A{j,k:f,ef;fl{; ARDY,
3) zRD ig the solution to:
MCL.T(A(%DyAﬁ_D’k}%D’e?D) r{‘AﬁD — rk'fD — wefD — TS‘A@D

subject to: AﬁD < G(AORjD, ka,efD;flRD, EfiD gRD),

AND
Jedi = [ cfdj;
[kidi = [ kL dj + [ kFPdj;
Jedi = [ eldj + [ efPdj;
[ Aljdj = ] AfPdj:
JA di = [ AFPdj;
I =4[, T dj + [T dj] ;

I — el —ppf _p0f f.
I} =pcj —rkj —wej; —ri"Ay;

RD _ A ARD RD RD A ARD.

nh = [ nidi or n" =1 [nldi;
nY = [nldi or n = % [ nYdi;
W= [hdi or  h=1[hldi;

Al =JAldj o Al =+ [A]

ARP = [ AfPdj or  AFP =Ly AlPd or AP = [ ARPd;



ARD — fA{szdj or ARD — JR;D fAﬁ-de;
ERD = fkf“de or ERD = ﬁfkfl)dj;
e = [efiPdj  or &P = 7;; J eftPdj.
ASSUME: ¢!, ¢2, F, and G are all CRS in the private choices, but may be IRS
in the public ones.
WHAT A MESS!!H!
What is the notion of Equilibrium?

Is everyone choosing 0 an equilibrium?

What if knowledge is truly public — Le., YOUR n” doesn’t affect YOUR h only
a" does? Related questions otherwise.

What about teaching?

What is the ’right’ technology?

2.2 Try #2— Much Simpler

Kill R&D, Only one type of External Effect:

Households: i € [0, I]
R&D Firms: jgp € [0, Jrp)

An equilibrium is:

Prices: (p,r,w, 74, rit)
Quantity decisions for the households: (c;, k;, £;, hy, nlt, n¥, efH) = LHH,
Quantity decisions for the output firms: (cj-c, k]f, e;-c) = zf;

Specifications of profits for HH, output firm: (II7H, H;);

SUCH THAT:



1) zHH 5 the solution to:
Max(ci,ki,fi,hi,nfb,nf,eZ.HH)U<Ci7 liy hy)
subject to:
pe; < rk; +welH + TTHHE,
n+nd+0; <1
hi < g'(nf;n") =b (nﬁ’)y (ﬁh)n :
eff < g*(n, hi) = i) [ha]

k; < kg ko fixed and identical across households.

2) zj-c is the solution to:
! !
Mam(cf,kf,e]f) pcjf — rkj — we;j

subject to: c;-c < F(k:j-c,e;) =A {kﬂa {eﬂl_a.

AND
[ eidi = [ cldj;
[ kidi = [ kL dj;
[eidi = fefdj;

I =1 . 11ldj;

1
1

I — el f f.

= [ nhdi.

ASSUME: ¢, ¢%, F, and G are all CRS in the private choices, but may be IRS in
the public ones. In this case, it follows that H;-c = 0 for all j and so ITFH# = 0 for all 4.

Maz gy UG ko wint]® o ()" (")) "] 1=l = b (nl) (2)")



Assume U(c,?, h) = ¢.log(c) + ¢,log(l) + ¢, log(h).
Maz (pp ) ¢.log [}l) [rko +w[n?])’ [b (nf)y (ﬁh) 77} 1_6”—|—¢glog [1 —nl —n?|+
dnlog [b (nt)” (7")’]
Equivalently:
Ma oclog [rho+ wln]? [ (nt)" (2%)"]'| 6,10 [1 = nl = 0]+
oV log [nﬂ
Assume kg = 0, F}, = 0 to start to get:
Maz (pp ) o.log {w [n!)° {b (nf)y (nhy}l_ﬂ +¢,log {1 —nh— n?{]—l—gbhulog {nﬂ
Or,

Maw (h ) b, {log(w) + 6log(n¥) + (1 — 6)log(b) + (1 — &) log(nl) + (1 — 6)nlog (7

+, log [1 —nh— nﬂ + ¢,vlog {nﬂ
Or,

Mazp )y @, {6 log(n?) + (1 — 6)Vlog(n§‘)}+¢e log [1 —nh — nﬂ+¢hy log {nﬂ :

FOCs:
nis (61— O+ ok = b

NOTE THE PUBLIC GOODS PROBLEM: If v = 0, then n? = 0, no matter
what others pick!

So,
[¢c<1 - 6)” + ¢hy] ;L]; = ¢c5;3;77
n! = Dnl

79

D= —2%8
[¢.(1=0)v+¢v]
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From FOCn? :

nd: ¢ |[L—nl—n!] =omt;

nf: ¢ [l—nl—Dnb| = ¢,Dnl;
n{:  ¢0x1=[¢D+ .81+ D)n};
nis ol = garetaoy X I

and,

6D

Yy _ h 6D
ng =Dni =550 5oy < -

Thus,
’ﬁ,h — _4265_1
(¢ D+¢.6(14+D)]"
and so,

hi=b(nf)" (0")" = b (GoredoDy) (Foretmonl) =? (wwwﬁuwn)wn I".

Note that the size of h; depends on the size of the external effect which in turn
depends on the size of the population, I. If we had used the other form of the
externality, the I’s would have cancelled out. Part of this came about because of the
log/Cobb-Douglas formulation. It implied that the optimal choice of n? didn’t depend
on what others chose, or the size of the population, etc. Other (more realistic?)
formulations would not have this property.

From this, we can see:

HE _ s =6 _ [ ésp V5[ (_es vt 10
e =i ] = [[¢eD+¢66(1+D)}} {b ([¢ZD+¢05(1+D)}) In} ;

H _ 1o+ 6.6 S+(A=0)(tm) )
= DV | e L

()

And so, give that we killed capital meaning that:

c=we,
we have:
o S1u ) 6+(175)(V+77) -5
¢ = wD b | GBS D) 1.

This implies that larger ’countries’ will have higher ¢, other things equal.

11



2.3 Planner’s Problem Version

This equilibrium allocation is typically not efficient. What would the Planner’s So-
lution be?

Max{ci,nf,ng,ei,zi}iel 1 U(¢, 5, hy)di
subject to:
Jeidi = w [ e;di;
n+nf+0; <1,
hi=0b(nl)" (7")";
e = [n¥)” [ha) ™
= [ nldi.
Impose symmetry and substitute:
Max (cph e IU(c, 4, h)
subject to:
I xc=1Xxwe;
nh 4y <1,
h=b(nt)" (1nh)" = b1 (nh)"™"
e=[nv]° [A]°.
More substitution and drop I’s where not needed:

v+n

).

Assume U(c, ¢, h) = ¢.log(c) + ¢,log(¢) + ¢, log(h) and substitute to get:

Max ph oy U(w [ny]'5 [b[" (nh) VM} o 1 —nh—ny b (nh)

v+n 1-6

Max h ¢, log(w [n¥]° {b[“ (nh)

Equivalent to:

12

)+¢,log(1—n"—n¥)+¢, log(bI" (nh)

v4n

)



Max gh o [log(w) + (1 —6)log(bI") + 6log(n?) + (1 — 6)(v + 1) log(nh)}

+rlog(1 — n' — nY) + ¢, log(bI") + ¢ (v + n) log(n™).
Simplify:

Mazx g b, [cﬂog(ny) + (1 =6)(v+n) log(nh)} + ¢, log(1 —n" —n¥) +
on(v +1n)log(n").

FOC’s:

n"c [0 (1= 8) (v +n)+ du(v +0)l 7k = S
nY Od = P T

So,

¢ L = (9 (1=0)(v+n) + du(v+n)] 5,
n{ = Dppn},

where,

_ .6
Dpp = G5t tonel:

I think that:

o es _ 6.5
D= g wian = PP =g asemiacm:

That is, less n goes into output production and more n goes to h in the planner’s
problem than in the equilibrium allocation.

True for sure if ¢, = 0. And true for sure as a fraction of total work too. Not sure
if there is leisure too.

From the FOC for n¥ :

nv : ¢.0 {1 —nh— ny} = ¢,nY;

nY: 0 {1 —nh— Dppnh} = ¢,Dppnl;
n?: ¢.6 x 1 =[¢,Dpp + ¢6(1+ Dpp)| "
n’: n" = [¢erp+$:§(1+DPP)} x 1

13



and so,

¢.6Dpp

_ h —

n¥ = Dppn™ = (¢, Dpp+¢.8(1+Dp p)] x 1.
Thus,

_h o) .

n-= [ngDper(f)ctS(lJrDPP)]I’
and so,

B 6.5 v+n n
h="0 ([¢4Dpp+¢85(1+Dpp)]) .

Note that the size of h; depends on the size of the external effect which in turn
depends on the size of the population, I. If we had used the other form of the
externality, the I’s would have cancelled out. Part of this came about because of the
log/Cobb-Douglas formulation. It implied that the optimal choice of n* didn’t depend
on what others chose, or the size of the population, etc. Other (more realistic?)
formulations would not have this property.

From this, we can see:

o §rpql—6 $.6D 6 b.6 vt 1_6,
e= [n']"[A] *[[¢ZDPP+¢C£D+DPP)]} {b([@Dppwca(HDpp)]) [77] )

Jn-=6)

. 6 8+(1-6)(v+n)
€= DPPb K |:[¢£Dpp+¢cé(1+DPP)]i|

And so, give that we killed capital meaning that:

c=we,
we have:
- R 5.6 S+(A=8)(vtn) 4 _s
Cc = wDPPbV K [¢eDpp+¢.6(1+Dpp)] In( )

This implies that larger ’countries’ will have higher ¢, other things equal. And
also they will have higher ¢ than in countries that are ’less centralized.’

14



3 The Romer Model

3.1 Equilibrium in the Romer Model

There are a continuum of households indexed by i € [0,1] and a continuum of firms
indexed by j € [0,1]. They are all identical, the households have the same utility
functions, initial endowments and labor supplies. The firms all have the same tech-
nology. For simplicity, we will assume that each consumer has an equal share in each
of the firms.

An equilibrium is:

a sequence of prices: {(p, rs, wy) 132,

Quantity decisions for the households: {(ci, Kz, Tins, Lty Mit) 1520 = 21
Quantity decisions for the output firms: {(c, Cit jkt, kgt?”gt)}tooo = zf
SUCH THAT:

1) For each i € [0, 1], zF# is the solution to:

Mz (e, e mintn)}izo 2ot B u(Cits Lir)
subject to:

Y20 Dt it + Zige] < Yo [k +wmg) + 11
ki1 < (L= 6p)kis + Tige

ni + Ly < 1,

kiO ﬁXGd

2) For each j € [0,1], 2! is the solution to:

Max s o1 g uf o 2120 [pt(cj-ct + xfkt) - rtk:j’; - wtnft

jt? ]kt gt Jt t

subject to: ft + xjkt < F<k]t7 3t Kz).

AND
fol cipdi = fol Cftdj

15



Jo Tiwdi = 3 xfktdj
Jo audi = [y kf,dj

Jo nadi = [ nlydj

Jo Widi = J§ 2 [pi(cly +2ly) = rikly — wind, | dj

K = Jy kldj

NOTE: K; affects the period ¢ output of firm j, but it is NOT one of j's choice

variables. Thus, it is an external effect!

We will assume that F' is CRS in (k;ft, n}ct

) that is, F'(

)\kf )\f.

it> Ajts

Ky) = AF(

kft, nj-ct;

K,)

Assuming that u(c,£) = ¢'=7/(1 — o), i.e.,, CES and inelastic labor supply, and
since each individual firm has a CRS production function (in own inputs), the problem
for the representative household can be rewritten as:

Max{(c’it,kit) 120 Zt ﬁtu(cit)

subject to:

Soizo Dt [Cit + kie1 — (1 — Ok)kir) < 22820 [rekie + wi

kiO fixed.

The FOC’s are standard:

Cy - ﬁtul<cit) = Ap;
Ky e = (1= 0k)pe1 + T
Or,

U (cr) = Pu'(cre1) {1 — b+ ﬂ“ﬂ} ;

P41

or

7= B1- 6+ 2=

Pt+1

This is the standard relationship.

The FOC’s from the firms problem give:

16



ff: = Fn(k?unt;Kt)

and,
= (ke e Ky).

Dt

Using this in the EE of the household, we get:
v%G = B1 — 0k + Fr(kig1, nuy1; Kig)]
So far, everything is just like normal.

Now, assume that for each firm, the production function is a time-invariant Cobb-
Douglas form:

F(k,n; K) = Ak®n' K"

In this case, it follows as usual that
F, = -(lf—na)}—? and
F =4k

Thus, in any SYMMETRIC equilibrium we have that:

a,l—aem a, l—a n _ —
Fk:g,kE:aAknk K:aAK?( K = aAKotn lnla

since in symmetric equilbrium, k£ = K.
Since n; = 1 for all ¢t we have that
Fu(t+1) = aAK" | and hence,

G = B[1— 6+ A

3.2 Romer Equilibrium: a+n <1

Assume that o +n < 1. In this case, the arguments given above imply that it is not
feasible for the economy to grow.

17



3.3 Romer Equilibrium: a+n=1

Assume that a+n = 1.
In this case, the Euler Equation becomes:
7% = B[l = b6k + a4

This looks just like the EE from an Ak model, but it is oA that appears rather
than A.

Can we guess and verify that the equilibrium is the same as the relevant Ak model,
but, with a4 in place of A?

This can’t be completely right because the feasibility constraints for this artificial
aAk economy is:

¢+ ki1 = aAky + (1 — o) ke
and, for the true economy it is:
¢+ ki1 = Aky + (1 — 64 Ky
What is the equilibrium?
Let’s conjecture that there is a BGP for this economy with ¢; = v'co, etc.
We know for sure that if it is symmetric and interior this growth rate is give by:
77 = B[l — b + 4]
Feasibility for this economy is given by:
c +kipr = Ak + (1 — b))kt = {A+ 1 — di}ke
Under our conjecture, ki1 = vk, and hence:
¢ +vky = {A+ 1= 6}k, or,
¢ ={A+1—06p— 7}k, or,

#={A+1-6r—~}, and so,

<p

Zfz:%{fl—f—l—ék—v}
And,

18



_ _ 41
i‘—fg—l—A{Ale—ék—’y}
I think this completely determines the equilibrium.

Check conditions!!!!

Thus, comparing it with the normal Ak solution, consumption is higher, and
growth is lower.

ek Write down completely what the conjectured equilibrium path is!
Note that it is quite possible that:

y=[B[1- & +aA] <1,
i.e., the economy shrinks toward zero in equilibrium even though

B[l — 8 + aA] > 1!

ok ko skok ok ok stok sk ok ok ok ok ok

THE ROLE OF POPULATION SIZE AND THE FORM OF THE EXTERNAL
EFFECT

NOTE NICE TRICK- IRS BY CRS AND EXTERNALITY

3.4 Romer: The Planner’s Problem Version, a+n=1

The Planner’s Problem for the Romer Economy is:
max fol YD ﬁtu(cit, Ciz)di
s.t.
[lei] di +x < F(Ky, 15 Ky)
Ky < (1 —6,) Ky + ay
That is, the planner recognizes that k = K.

Under symmetry, under the assumption that o + n = 1, this is simply an Ak
model, so that the Planner’s solution grows at the rate:

19



Ypp = [B[1— 6 + A7
Note that since o <1, ypp > 7.

The CE of this model has inefficiently too low growth. This follows directly from
the fact that it has inefficiently too low an interest rate:

1+ Reg=1—-6p+aAvs. 1+ Rpp=1—-6,+A

This is because the individual firms fail to take into account the extra benefits
that other firms obtain when an individual firm increases its capital stock.

3.5 Romer when a+7n>1

This one is more difficult and less is known about it as a result. The only things that
are known (as far as I know) are partial statements of the form:

IF k; — oo, THEN a bunch of other things must be true too.
As above, we have that:
Ve =05 [1 — b+ aAKAT

But, here notice that since a +n > 1, if K, grows over time it follows that
aAKtofl"*l does as well, and hence, so do v, and R;. Indeed they both go to infinity.

Thus, if there is an equilibrium with growth, it occurs at an accelerating rate.
This was actually one of the things that Romer thought was a plus about the effort.
He thought that it matched up well with a slow growth in growth rates, and an
acceleration in knowledge accumulation that many people have said is a part of the
data over long history. But, it seems to have been lost over the years. Probably
because there seems to be no indication that +’s are increasing over the last 50 years,
which is the only time good data has been available.

3.5.1 Planner’s Problem Again

The Planner’s Problem for the Romer Economy is:
max Jo X i Brulca, i) di
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s.t.
Jlei di + 2 < F(K, 15 Ky)
Kip1 < (1 —6p) Kt + g
That is, the planner recognizes that k = K.
Under symmetry, this becomes:
max > Buler, b)
s.t.
¢ +a < F(K, 1 Ky
Ki1 < (1 —6k) Kt + 2t
Letting G(K) = F(K,1; K) + (1 — 6x) K, we can write this problem as:
max > Buler, b)
s.t.
¢ + K < G(K)
Thus, this is a DP in standard form. But, G(K) may not be convex.

However, it does follow that V(K), the value function for the problem is strictly
increasing.

Assuming that labor supply is inelastic and that the solution is interior we still
get a version of the standard Euler Equation for the model:

¥ =B = b+ Fy(t +1)] = 8|1 — 8+ a Ak

3.5.2 Log preferences with 6, =1

The special case of u(c) =log(c) coupled with the assumption that ¢, =1 is special
(as always). In this case, a closed form solution for the problem can be found. It
is of the usual variety for problems of this form with V (k) = Do + D1 log(k) and
g(k) = 6k. You should go through the guess and verify routine for yourselves with
Bellman’s equation to find that the usual expressions for Dy, D; and 6 apply in this
case.
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In particular, it still holds that:
g(k) = (a +n)BG(k)
where G (k) is as defined above, G(k) = Ak*™.

Note that in this case, G'(0) = 0 and G’(00) = oo however. It follows from this
that there is a unique interior steady state satisfying G'(kss) = 'é
This steady state is globally unstable however as can be seen immediately from

the description of g give above. In contrast, both 0 and oo are stable steady states.
Thus, we have the following:

1) If ko = ks, ki = kys for all ¢,

v =0 for all ¢.
1+ R =1—6p+ AKX =1 6 + Ak for all ¢.

2) If kg < kg, k; converges monotonically to 0.

o7 (e3 ot
— Ml Ak _ Al(atn) BART 7T
7t Yt Ak‘t"+’7 Akttl-&-n

= [(a+mBAP* "k 0

1+ R =1—6p+ A} =1 -6

3) If ko > kss, ki converges monotonically to co.

Y= = (a4 ) BA R oo

14+ Ry =18k + aAk{ ™ — o0

In all three cases,

i A AR
TFPt = (kti)sg("i)‘m = (kf)ﬁs(ni)ﬁ?

= Ak

3.6 Alternative Methods for Including the Externality?

e.g.,
firms have k, not households and k’=(1-d)k+x*X?

ete
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3.7 Multiplicity in the Romer Model

There is a small literature on the relationship between externalities and the presence
of multiple equilibria. Boldrin has a series of papers on this topic with a series of
co-authors. The one with Rustichini deals with the Romer model in the case that

a+n <1 (so that output is bounded). Check out his web page, or look at the work
by Benhabib from NYU.

The easiest way to see the kind of thing that can happen is to consider the full
depreciation case, 65, = 1.

4 Heterogeneity Across Countries in the Romer
Model with a+n =1

4.0.1 Romer Model, a +7n = 1, Equilibrium: Initial Conditions

Suppose that the only differences in countries is in kg. What would the Heston-
Summers data set look like?

yi = F(ki, 1, k7) = Ak = Av'ky,

1+R =1—6p+aA

TFP} = —— — — 5 — A (ki)™
t (kg).33(n%>.67 (kz).:i?,(n%).e‘? < t)

Thus, this looks a lot like that A(k, h) model.
5 The Lucas Version

An alternative model based on the same ideas is the one developed in Lucas. Here,
there are formally two types of capital, h and k. The external effect is just like that
in Romer, i.e., it is multiplicative in output that depends on total or average h in
the economy. As an added tweak, it has a separate sector for producing h. It is an
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unusual modeling assumption, which could be called ’learning by thinking’ in that
only time and old h enter into the production of new h.

A quick and dirty outline of the details is:

There are a continuum of households indexed by ¢ € [0,1] and a continuum of
firms indexed by j € [0,1]. They are all identical, the households have the same
utility functions, initial endowments and labor supplies. The firms all have the same
technology. For simplicity, we will assume that each consumer has an equal share in
each of the firms.

An equilibrium is:

a sequence of prices: {(ps, 7, wy) }$2,

Quantity decisions for the households: {(cit, kit, Tikt, Lit, iy, nlh, hit) Y220 = 212
Quantity decisions for the output firms: {( Cit, jkt, kjt, Jt)}t 0= zf
SUCH THAT:

1) For each i € [0, 1], z#H is the solution to:

Mz (e, hypintis bl oy 322 ot B 0(Cat, L)

subject to:

S ot lcit +min]) < 0% [k +wezly] + 11

kity1 < (1 — 0k)ka + Tint

nY +nl + 0, <1,

28 =nlhy

hity1 < E(nl)hy

kio fixed.

2) For each j € [0, 1], zf is the solution to:

f f f f
Max Lok Iy, 220 {pt(cjt + Tjp) — Tik — wizg

{(cjt’ et

subject to: —i— SE]kt < F(k]t, 3t

Ht)
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AND
Jy cadi = [} chdj
Jo Tinedi = [o
Jo kiedi = [y kludj
o Zhdi = fol zftdj
Jo Widi = o 252 [pa(chy +wd) — rikdy — wizd)] dj
Hy = [ hydi

NOTE: H; affects the period t output of firm 5, but it is NOT one of j's choice
variables. Thus, it is an external effect!

We will assume that F'is CRS in (kf,, z4)) that is, F(Ak!,, A2d; H,) = AF(k,, 21, H,)

Jtr ~jt gt =gty gt ~jts

Indeed, let’s assume straight out that u(c,¢) = ¢=7/(1 — o) and F(k,z; H) =
Akazl—aHﬁ

If a+ 6 < 1 there is no growth.
If a4 6 = 1 there is balanced growth, but it is inefficiently low.

If a+6 >1 but a < 1, there is also balanced growth and it is inefficiently low.
Thus, unlike the Romer model, this version of the external effect does not exhibit

explosive growth dynamics in the case where there are IRS in the two reproducible
factors. Why is this?

6 Productive Government Spending: The Barro
Model

A second and related point is to consider the possibility of having some of the goods
for which there are external effects be produced directly by the government. This is
at the heart of what I will call the 'Barro Model.” This is of course, an old idea, Barro
is the person that introduced it explicitly into Endogenous Growth models though.

The basic modelling change is to include the idea that government spending is
productive. There are two ways to do this, directly into the utility function and as a
productive input in the firm side.
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One of the main motivations for this is that, empirically, it is NOT true that
countries with low growth rates, or low levels of output are those that have high
levels of taxation and spending. Indeed Walker’s Law says that it is the opposite.
This connection has been explored extensively empirically with important distinctions
drawn between government ’consumption’ and ’investment.’

We begin with a couple of simple examples.

6.1 First Example, g in the Utility Function

A continuum of identical households, i € [0, 1], one representative firm producing
output, no k.
An equilibrium given g is:

Prices: (p,w)
Quantity decisions for the households: (c;, ¢;,n;) = 277,
Quantity decisions for the firm: (¢, g/, n/) = 27;
Specifications of profits for HH, output firm: (ITZ# 117);
SUCH THAT:
1) zHH 5 the solution to:

Maz (e, 0;n)U(ci, i; g)
subject to:

pe; < (1 —7)wn; +T2H;

n; +4; <1,
2) 2/ is the solution to:

Maz (s gs i) p(cf 4+ g7) —wn/

subject to: ¢/ + ¢/ < F(nf) = yn’.
AND
fcidi = ij;
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[nidi =n;
s — 4,

IV =p(c! + g7) —wnt;

9 =y
wanzfdi = pg.

ASSUMED: F is CRS. It follows that IIY = 0, and so IT## = 0 for all 7.
Assume symmetry across i's.
From Firm’s problem:

Maw s p(ynt) — —wnf;

s-v

From Government BC:

Twn! = pg;
g= TL;nf;
g =TpI(1—0);

From Household Problem:
Maa:mU(zl)(l — T)wny, 1 —ny; 9)
(1 =7)Uelc, b5 9) = Us(c, £ 9);
(1 = 7)Uc(c, 4; g) = Ur(c. 4; g);
(1 = 1)Uc(e, (7 I(1 = £)) = Uyle, ;7 I(1 = £));
LHS(t) = RHS(T).
Note dependence on 1.

Picture?
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What is Uy, U.y? How do LH S(7) and RH S(7) change with 77 What is optimal
choice of 77

Assume Ulc, ; g) = a.log(c) + aplog(f) + a,log(g).

LHS(1) = (1 = 7)Uc(c, &; I (1 = £)) = (1 — 7)%=

:¢(1 —T)m = ﬂ;l‘
RHS(7) = Uyc,l; 7l (1 —0)) = 7%=

(1-n)

So:

g=Imyn = It
This gives:
U(r) = aclog(¥(l — 7)75%57) +aelog(5557) + aglog(Imy 355 );

U(T) = (ac + ag) log(
o log(7);

=) + aplog(=2) + aglog(I) + aclog(l — 7) +

ac.+ay ac.+oy

U(r) = D + aylog(I) + a.log(l — 7) + a4 log(7).

NOTE: Increasing in I. Should we have modelled this differently? Is there ’con-
gestion’? etc.

Optimal 7:

U'(1) = —acts +ag2 =0;

T

1

QT = Oy
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Qg
Qc _
[1+ ag} =1,
* 1 . __Cg
T = 1+2¢ ™ aetag
g

Qg Q [0 (64 .
Cc= w(l - actoyg )ac—l-ag = ¢ac+ag actay’

_ Qg Qe
g= Iwachag actoay”

Comparative Statics?

First Best?
MazcngU(c,t; )
subject to:
Ic+g < Iyn;
n+ ¢ <1.
OR,
Maz (. gnqaUl(c ;)
subject to:
c+$ < yn;
n+{¢<1.
NOTE: ’price’ of g is —} times the price’ of c.
OR,
Maz(cpgU (c, t; g)
subject to:
c+i+l=1x1
FOC’s:
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¢ c+9+yYl=9 x1

2
c @ .
c P
(%)
Qg _ _¢ .
g Ig_ )

OR

oo mem
D .

9 Q/I_ag’

OR

c c= ﬁ;&[};

g =3

14 g;&b—i—%‘;ﬁzﬂ—l—z/%:wxl.
So,

A il |kt

— 1 _ Qy .
¢ t= [mc—i—ﬂ—i-l} C actagtag’
X
— —Qc /.
¢ €= ac—i-ag—l—agdj’
— J—Cg
9 9 ac+ag+azw'

How do these compare with those obtained above?
How would you implement this?

When do you use LS taxes and when do you distort margins? I.e., compare this
with Human Capital, R&D solution from above?
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6.2 What if it is in Production?

How would we even do this? One way:

A continuum of identical households, i € [0, I], two sectors, one to produce g, one
representative firm producing there, one sector to produce output, one representative
firm there, no k.

An equilibrium given g is:

Prices: (p, pg, w)
Quantity decisions for the households: (c;, ¢;,n;) = 217,
Quantity decisions for the g firm: (g9, n9) = 29;
Quantity decisions for the ¢ firm: (¢/,nf) = 2/;
Specifications of profits for HH, output firm: (IIZ# 119, 11/);
SUCH THAT:
1) 21 5 the solution to:

Ma:v(chgi’m)U(ci, %)

subject to:

pei < (1 — 7)wn,; +I1HHE;

n; +4; <1,
2) 29 is the solution to:
Maz (4o 1) Pgg? — wnd

subject to: ¢9 < F9(n9) =ymf.
3) 2/ is the solution to:

Mazx s pef —wnf
subject to: ¢/ < F(n';g) = ¢(g)n’.

NOTE: This is IRS in (g,n7).
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AND
[e;di = cf;
[nidi =n' 4+ n9;
i =4[+ 19 ;
19 = p,g9 — wn¥;

IV = pc/ — wn/;

97 =g;
JTwndi = pgg.

ASSUMED: F is CRS. It follows that II/ = I19 = 0, and so IT7H# = 0 for all 4.
SOLVING:
Government firm’s problem gives:
Y=
Output firm’s problem gives:

og) =3
So,

Pg _ 2(q)
P P

SEkE

Consumer’s Problem is:
Mame(i(l —T)wn;, 1 —n;)

FOC:

¢ =y =y

c  petw(l—71)=(1—-T1)w;

(1 =7)p(g)Uc = Us;
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¢ cte(g)l—7)=(1-T)d(9g).
Assume that U(c, ) = ac.log(c) + arlog(?).
t A =7)plg)% =%

( e=(1-T)pg)t:

(o) = 29 (1 - 7)olg(r)).

From the government budget constraint, we have that:

Peg = Tw [ n;di;

assuming symmetry, we get:

g(1) = Tﬁ;n(T)[ =7yl [1—4(7)] = waa s

Ramsey Problem:

Maz,
Maz,

Maz,

Maz.,

Maz,

Assume ¢(g) =

U(c(7),6(7)) = aclog(e(r)) + aelog(€(7));
aelog(z25 (1 = 7)¢(g(7))) + aelog(525);
aclog(Tom (1 = T)e(rpIT5)) + arlog(TA5):
o log(72 )+ oy log (2 )+a. [log(1 — 7) +log [¢(riT—2-)) ||
[log(1 — 7) + log [p(rvI725))] ] -

Ag" to get:

log(1 — 7) + log [ A [ryT2=]"] ;

log(1 —7) + nlog[7].
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T=n(l-71);

* 1.
T = T4’

* M o .
g - 770]14'77 actoy?
e* — Qg .

actay?

O — —ae 1 [ _VI_J;TI.
ac+ay 141 14+n actay]

—_—c 1
nf* ¢ actay 1+n¢(g*) .« 1

bg*) #(g%) = aetag L4

gk _ 1 _px o fx 1 _qr _a. 1 _J(z_{ _]_}
n?* =1 4 n’* =1 actay ac+ag1+17_1 Qetay 1+1+77

— ] — — 247
actae 1+1n°

Note that 7* and ¢* are independent of pretty much everything, but that ¢* is
increasing in I and ¢ is increasing in both A and I.

What is the first best?
Maz(cgnt noyU(c, £)
subject to:
¢ < ¢(g)n’;
g < Iypn?;
nf +n9+0<1.
OR,
Maz (s nayU(o(Ivn9)nf |1 — nl — n9).
Assume U = a, log(c) + aylog(?) to get:
Maz (1 ) a,log {gb([@/mg)nf} + aylog {1 —nf — ng} .
Assume ¢(g) = Ag" to get:
Mazx (st 9 aclog {A (Iypn?)" nf} + aylog {1 —nf - ng} :
Maz (s o) Qe {log [A(I)"] +nlog (n9) + log(nf)} +aylog [1 —nf —n9|;
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Mazx (s o) a,nlog (n9) + a, log(n’) + a,log {1 o el
FOC’s:

This gives:

Qo _ Qen.
nf T n9o
aun (1 —nf - ng) = ayn?;
ocn (1 —nf - nnf) = amn’;
Qe (1 —nf — nnf) = apn’;
ae — ae(1 +n)nf = apn/;
e = ae(1+n)nf + am’ =nf [ac(14+ 1) + ad;
O A —

PP [ac(l4+n)+ay]’

) —_mac .

Npp = Mbp = it rad

éPP:l_n%P‘”éP:1_(1+77)”£P:1 el

™ Tae(ln)+ad)’
ac(l“l‘n) Qy 5%
trp =1 iinta] < auter = ¢
if and only if
1 < — ac(14m)

actor T [ae(ltn) g’
[ac + Oég] [ac(l + 77) + a@] < Qy [ac(l + 77) + aﬂ] + [ac + a@] ac(l + 77);

Oy [ac + Odg] <y [ac +ayp + 04c77] )

This is always true— there is always less leisure under the PP.
Other comparisons?

Implementing the Optimum? LS taxes... etc....
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6.3 A Dynamic Version

Here, the public good is provided by the government:

An equilibrium given a sequence of fiscal policy choices {(gt, 7¢) }20:

a sequence of prices: {(ps, rs, wy) 122

Quantity decisions for the households: {(cit, kit, Tikt, Lit, Mit) } 29 = zZHH
Quantity decisions for the output firms: {(c, Cit ]kt, k:]t,n;;)}?io = zjf,
SUCH THAT:

1) For each i € [0, 1], 2 is the solution to:

Max{(cit,kit,mm,nit,eit)}ggo Zt ﬁtU(Cit, git)

subject to:

Yot lcit +ming] <2520 [(1— Tre)rekae + (1 — The)wemie] + 11
Kirr1 < (1= 6p)kic + Tige

ni +Lig <1,

kiO ﬁxed

2) For each j € [0, 1], z; 7is the solution to:

Maz (o1 o1 18t yee 220 { t(Ce £+ a?fkt + gjt) - Ttkf wtnj'ct

]t’ jkt? ]t’

subject to: f + T m{kt + gjt < F(k“jf;ﬂ i

G).

AND
fol cipdi = fol Cftdj
fol Tipedi = fol xfktdj
fol g]t
Jo kadi = fol kldj

36



Jo nadi = J3 nlydj
fol I;di = fo1 >0 [pt(c;t + x{kt) - Ttk’ft - wtn}ct} dj
SoiPeg = g [Trere ST kiedi + Trpwe [ nipdi]

Gip1=(1—-00)Gt+ gt

NOTE: ¢ is produced in period t— 1 and effects the period ¢ output of ALL firms
J, but it is NOT one of j's choice variables. Thus, it is an external effect, but one that
is 'resolved’ by the government. Accordingly, we take gy as given to the government
to start out and not a part of the GBC.

We will assume that F is CRS in (kf,, nf,) that is, F(Akf,, M,; G,) = NF (kS ni;: G,).

gt 'o9t gty gt gt 'Ot

Assume further that 7, = 7,; = 74 for all t and that p,g;, = 74 [y [7 kirdi + wy [ nydi],
i.e., there is a balanced budget for each period. Finally, assume that all households
are identical as are all firms and that 7 = 7 for all ¢.

Assuming that u(c,£) = ¢'79/(1 — o), i.e., CES and inelastic labor supply, the
problem for the representative household can be rewritten as:

Maz (e, k,) 300, 2ot Bru(cit)

subject to:

S0Pl + kier — (L= 0p)kie) < 3220(1 — 7) [rekie + wi]
kio fixed.

This gives the standard results:

ct Ape = B (t)

ki1 Dt = Pit1 {1 — 0+ (1 — T)Lpttfﬂ

Using the FOC’s for the firm we get the usual expression:

[22]" = B[1 =6+ (1= T)Fp(t+ 1)].

Ct

Assuming that F(k,n;G) = Ak®n'~*G", we see that F} = QkE = ‘LAW. Since
labor is inelastically supplied, we have that Fj = %{1%

In equilibrium, since the government is balancing it’s budget period by period
gt = Ty—1. Substituting, we obtain:
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2] =g [1- 6+ (1 - )

c ke

From here, things depend on the size of a+7 as in the Romer model. If a+n <1
growth is not feasible. If a+n > 1, there are increasing returns, even in the planner’s
problem version of the model, and not much is known about the solution (unless
probably 6;, = 1 and preferences are logarithmic).

The one simple case is that when a +n = 1. Further, let’s assume that ég = 1
so that Gy = ¢—1, and conjecture that %, £, %k 24 and v are constant along the

First, note that, from feasibility, we have:

¢+ Ty + g0 = AkP g

c _ et

L fy 1 — & 4y :A[ﬂrﬁ“a

This will determines 4 given v and g‘?j after these are determined below (but this
will never be used here).

From the EE, we have:

v =0 [1 — 0+ (1 —71)aA {%ﬂ l_a} =4 [1 — 0+ (1 —7)aA [92—:1} 1—(1
From the Government Budget Constraint, we have that:

g = Ty = TAk{ g1,

11—«
& _ gt—1
kt—TA{kt} , Or,

l1-«
t—1 _ it—1
V-q—kt =TA {-q—kt } , or
o
2]
7[ ™ } = Ar, or,

=l
t Y
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Substituting this into EE, we obtain:

’7025[1—@4-(1_7)%4 {%}1_(1}

Bl1=6k+(1—7)a A[[%‘}l/ﬂl_j

|
B [1 — &+ (1 —7)aA {Ifyﬁ}(l—a)/a}
=5

1— 65 + aAl/o(1 T)T(l—a)/a,y(a—l)/a}
Or, LHS(y) = RHS(7v).

LHS(v) is an increasing function of v, while RHS() is a decreasing function of
v. Thus, if there is an intersection, it is unique.

Further, LH S(y) does not depend on 7, while RHS(y) does, but in a non-
monotone way. Any change in 7 that shifts up RHS(y) will increase v while the
opposite is true for any change in 7 that causes RHS(7) to shift down.

Thus, the issue is how does the function w(7) = (1 —7)7¢, where ¢ = 1=¢ depend
on 77

First, note that w(0) = w(1) = 0. Second, w(7) > 0 for all 7 and finally,
w(r) = 76+ (1 —7)r¢ L,
Thus, w is maximized where:

¢ =C(1—7)r¢t

1=¢1—7)r !
T=((1-71)
T(1+¢) =¢

o =2 ==

=1

Thus, for 7 € [0,1 — @, increases in 7 cause RHS(7) to shift up, and so v is

increasing in 7 in this range. For 7 € [1 — a, 1], increases in 7 cause RHS(7) to shift
down and so 7 is decreasing in this range.
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Note that growth maximization is NOT NECESSARILY equivalent to welfare
maximization even with this restricted set of instruments.

Note that here, we have:

Ak> l—aGl—a
TFPt: Yt — P .67)‘ — AGiG?

33,67 33
Koy komy

6.4 The Barro Model — Planner’s Version

The Planner’s Problem Version of the Barro Model with Productive Government
Spending is:

M Az ((c, v,zrem £090.G0) )32 o 2ot Bu(cit, lit)
subject to:

ct+ xi+ g < F(ke,ne; Gi);

ki1 < (1 —6p)ke + xp;

Gi1 < (1-66)Gt+ g1

ng+ 4 < 15

ko, Gy fixed.

This is a standard one sector, two capital good model of growth. Assume that
labor is inelastically supplied so that n; = 1 for all ¢ and further assume that ¢ =
0r =1 for simplicity.

Then we have the familiar results:

(EEK) v = BF(t+ 1);

(EEG) 97 =pFg(t+1);

Assuming that F(k,n; G) = Akn!=*G'= we have:
Fu(t+1) =Fg(t+1);

which becomes:
aF(t+ 1)k = (1—a)F(t+1)/G1;

40



we

or,

% = 1?* for all ¢.

Substituting, this gives:
Vp = BAa(1 - )l

How does this compare to that from the Tax Implemenation above? From above,
have:

’YU — ﬁ {1 — Ok _'_aAl/a(]_ _ T>T(1—a)/a,y(a—1)/a} :
or,

LHS(y) = RHS.(7).
And from above, we have that:

Ve = BA(1 =)'
or,

LHSpp(vy) = RHSpp(7).
And note that LHSpp(y) = LHS, () for all ~.
Also note that
1) 0<(1-7)<1;
2)  0<7<1l=0<7"9/* <1 since 1=¢ > 0;
3) 0 < ~leD/e <1 if 4 > 1 since %1 > 0.
Thus, for any « such that v > 1, it follows that RHSpp(y) > RHS (7).
Draw picture.

From this it follows that IF v > 1, vpp > 7,.
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6.4.1 Variations

1. b <1

2. For a given 7, is the growth rate increasing in /7 It seems like it should be.
3. Crowding of G — in response to 2.

4. Two kinds of G one that is productive, one that is purely consumption?

5. High taxes are here associated with HIGH growth rates, at least up to a point
(given by 1 — a) and LOW growth rates beyond that. Assuming we are always
on the left hand side of this relationship, we see that increases in 7 are associated
with increases in 7.

6. Implementation of PP solution?

7 Models with R&D or Innovation in Their Title

There are a lot of these and so I'll just give you a short list of the best known ones:

1. Romer

2. Grossman and Helpman
3. Aghion and Howitt

4. Stokey

5. Boldrin and Levine

Mostly these papers are about trying to fill in the gaps between our loose discussion
about how one would try to model Knowledge, or R&D, or Innovation as a public
good, and what actually appeared in both the Romer and the Lucas models. Because
of this, they make a variety of special assumptions about how knowledge creation is
carried out. They typically assume that this is done at the firm level, so that 'firms
own knowledge,” it is NOT embodied in people. The competitive structure usually
adopted is some sort of monopolistic competition, often along the lines of Dixit-
Stiglitz aggregators. Grossman and Helpman are a noted exception in that they
developed a ’'quality ladder’ approach to the problem, so that new goods are strictly
‘better’ than old, already existing goods.
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The emphasis is on the drive to make improvements as an attempt to monopolize
a market and make profits in this way, either through ’inventing’ a new good, or
‘innovating’ in the production process and lowering costs, etc. However, these are
models with large numbers of firms, and they always (?) have as an equilibrium
condition that profits are, in fact, equal to zero. (Perhaps only in an ex ante, expected
sense.) Thus, in the end, they share that feature with perfectly competitive models
(even the ones with external effects), i.e., firms strive to make profits as high as
possible, but, because of competition, they end up earning 0.

Many of the papers deal with the publicness of knowledge in a fairly ad hoc way.
Because of the results above, privately maximizing agents have little incentive to
produce knowledge that is a public good. Thus, they will do something like new
processes are private for 7 periods, after which they become publically available.

Because of this emphasis, the discussion in the literature centers around questions
of patent length, copyrights, etc., as methods for making these goods "less public’ and
increasing efficiency. (The equilibria are almost always inefficient, and sometimes
there is too much ’innovation’ sometimes too little.’)

It is not clear what this line of research adds to our set of tables. For example,
should we try and make a table in which country level heterogeneity is based on the
degree of enforcement of patent rights in different countries and then compare that
with the Heston-Summers data? In the end, the literature seems to suffer from a
lack of strong empirical foundation and direction. Rather, it’s more a theoretical
discussion about what the ’right’” description of the production side of the economy
should look like with special attention paid to ’innovation.” Maybe some empirical
basis could be gotten out of some of them.

The Boldrin and Levine series of papers are quite different from this, but they are
primarily focused on the policy recommendations part of the debate. That is, what
should patent law be, etc. Equilibria in the above described set of models is inefficient
because it is assumed to be inefficient. This does not come from some deep, precise
set of factual observations that are being matched. It is more loose, and qualitative—
innovation seems to have a public nature to it, etc. The B&L papers attack this
head on. They provide a series of models of innovation which is perfectly competitive
in it’s nature. They do this in such a way that they reproduce much of the loose
qualitative discussion of the literature above, but, because it is A-D in nature, the
policy conclusions are exactly the opposite. The equilibrium is efficient, patents etc
might redistribute, but they do not increase welfare, etc.

I personally find the details of the papers a bit confusing. So I made up my own
example of a similar kind of thing, which is what’s next in the notes.
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8 An Ak Model of Innovation

These notes outline a framework for a simple example on 'Innovation and Growth’.
The idea is to build something after the ideas of the Boldrin and Levine papers, but
which has a tighter connection to the standard growth literature.

We want to preserve two features of their model

1) that there is a 'minimum effective scale’ for innovation, and,

2) Past that scale, the production set is a cone.

8.1 Notation, and etc.

Frontier Knowledge at date ¢: H, this is supposed to represent the absolute frontier
of what ’society’ knows at date t.

Average 'worker’ knowledge at date ¢: h; this is supposed to represent the average
knowledge of those workers that work in the final goods sector.

Final Goods at date t: ¢; this represents the production of final goods at date t.

Workers: There are two types of workers, researchers,” and 'workers.” For now,

I will assume that these are assigned once and for all. Assume that there are L;
researchers, and Lo workers, where L = L; 4 Lo is total labor supply.

We will assume that the level of knowledge of researchers is given by H;, and that
of workers is given by h;.

8.2 Production Functions

We will assume that:
Hiy=0-6x)H; + In,
ht+1 = (1 - 5h)ht + Ihn

Ty = F*(Ziy, Zi),



Iht = Fh(ZJ’LZItv Zi’zlt)’
G = FC<Z;{t7 Z}CLt)

where Z}t is quality adjusted labor of worker of type j going into the production
in activity .

We will assume that Z = LH, (resp. Z = Lh) everywhere following Rosen and
that the F’s are CRS (typically Cobb-Douglas).

The idea here is that the Iy technology is Research and Development, or Innova-
tion.... it moves out the frontier of knowledge.

Similarly, we think of the I;, technology as Education/Schooling. This is where the
people at the frontier spend part of their time educating the production line workers
on new techniques. The more time the frontier workers spend in [},, the less time they
have to spend in g, and hence workers are better prepared and more productive,
but the frontier moves out more slowly. Note that increasing L2 h;, holding L* H,
constant increases total output of worker productive knowledge (new h) but lowers
the average product of frontier knowledge workers in educating (bigger classes give

more total new training, but less output per student). ***** check that this is right...
kokoskok ko k

8.3 Preferences

The standard thing,
Ule) = Xy Buley), with u(c) = ¢7/(1 — o).

This is the inelastic labor supply version. This is what Boldrin and Levine assume
too.

8.4 Conjectures

This model looks like a fancy version of a (Ag, Ay, A.) - (H, h) model whatever that
means... but so, it should behave a lot like an Ak model in some form.

Conjecture 4 There is a balanced growth rate with the endogenously determined
growth rate depending on A, An, Ac, 811, 6n, 3,0, L1, La. On that BGP, L?, LI Lk L5,
are constant. Whether or not the economy is on this BGP for every t, may depend
on initial conditions, Hy and hg.
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Conjecture 5 The BGP of this model has the same properties with respect to taxa-
tion as do the standrard Ak, models, increases in taxes decrease growth rates, etc.

Suppose that the model is just like above except for the innovation sector which
is instead given by:
Iy, = FH(ZE, ZH) if ZH, > ZH, and ZF > ZH and Iy, = 0 if Z8, < ZH,,

and ZH < ZH. (Or other similar kinds of restrictions.)

Conjecture 6 For choices of the Z's that are “low’ the equilibrium described above is
still an equilibrium. How low the Z's must be depends on the parameters, Ay, An, Ae, 61,61, 3, 0.

This would give a model in spirit like that in B&L, non-convexity, growth in some
cases, etc.....

Also, different countries with different (L1, L2)’s might have different growth ex-
periences. With some of them (optimally) having no growth and others (optimally)
having positive growth.

What other things would we like to get out of this?

8.5 Simple Example 1

8.5.1 Functional Forms

Let’s look at something simple as a first step. An idea would be to look at:
og = op =0,
FH (zg, 2n) = F™ (2w, 2n) = F(2m, 2n) = A2z~

In this case, the sectors aggregate and we can write one overall feasibility con-
straint as:

¢+ Hipy + hiy < A28z + (1 — 8 Hy + (1 — 8)hy.
Thus, the equilibrium solves the following maximization problem:
MaXe g p ¥ [h Lk LS Y Blu(cy)

st o+ Hyq +hypq <ALSLICHERFT 4+ (1 — 8 H, + (1 — 6)hy.
Hjy and hg fixed.

We have ignored non-negativity constraints.
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8.5.2 FOC’s and Solution

In this case, it can be shown that if Ho/ho = /(1 — ), the solution to the problem
has constant growth and shares all along the path. That is, H;/h; = /(1 — ) for
all ¢, etc.

This model behaves just like an Ak model, in which the effective A is given by
A* = ALYLY “a®(1 — )7,

One way to alter this example would be to require that
Hy oy /Hy > "
or,

Hyoof [AL§LYHEh} = + (1 — 6)H, + (1 - 6)h

or something, with zero change in H if this is not true. Then try and characterize
those settings such that this is not binding and find out what happens if they are.

8.6 Simple Example 2

The following example would be better if we could get it to work probably. Like the
one above, it involves some very special assumptions, but this set is probably closer
to what people would like to see.

8.6.1 Functional Forms

An idea would be to look at:

o = 0, that is, ’society’s knowledge’ never disappears... or the frontier never
moves backword.

Iy = Ag L1 H,,

Int = An(Li H)* (Lhe) 0,
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G = Achthta
LA+ Lh =L,
L+ L5, = Lo.

The idea here is that the Iz technology is Research and Development, or Innova-
tion.... it moves out the frontier of knowledge. For simplicity we have assumed that
it only uses Frontier Knowledge (along with time) to produce.

Finally, the ¢ sector is just standard Ak stuff.

NOTE: There are implicitly a couple of 70”7 assumptions. h isn’t useful in
producing new H, and H isn’t useful in producing c. These could easily be changed.

8.6.2 Finding the BGP

Do some simplification first:
Let ©§ = L$, /Lo, then 1 — ¢f = L% /L.
Let ! = LE /Ly, then 1 — o = I} /L.
Using this, we can rewrite the constraints as:
a < AcLsihy = AcLapihe = AZpihy,

hepr < (1= 6p)hy + ApLELE (1 — {1 )*H,*(1 — §) ~hy' 2

= (1= 6n)he + Aj(1— oy ) Hy (1 — f)'~hs'
Hyy1 < Hy+ Ag Ly} Hy = Hy + Ao H,
Thus, the maximization problem is:

MaX, 11 yH o > Blule)

s.t. ¢ < Azpihy, (6°M\r)
het < (1= )b+ Ap(1 — o) H2 (1 — o) 2R, (8 1)
Hi < Hi + A}ﬂbf]Ht, (B'vy)
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where A% = AgLy, A5 = A, LYLY*, and, AF = A L,.

The FOC'’s for this problem are:

a)Fly fhy + (1 - 5h)}

= 5tﬂt

Ct B = Blu

©f : ﬁt)\tA’c‘ht = (1 —a) /(1= ¢f)

vl BwAyH = B el (1- 9

by s BT N Al + B e [(1-

Hyyy 5t+l’/t+1 [1 + A’f&ﬂ/’ﬁﬂ B +1Mt+104Ft+1/Ht+1 B

where we have used the notation, F"

= A1 =) H (1~

S02}:) -« ht 11—« )

Thus,
57:)\::—4_%‘”‘ htif B, and,
aF ] ty Afhi(1—¢f) aFP _nt aA*hi(1—pf)
Fre=p P a i —olh =0 (1) F} - AfHi(1-9{") g )\t(l—a)A%Ht(l—wf)'
Using these and substituting give:
* c A*h‘t 1 1—p¢ A* 1—c
ﬁt+1)\t+1Ac90t+1+ﬁt+1)\t+1W_) {(1 —a)F b + (1 — 6h)} = ﬁt)\t—%a)—},?‘)
ul  Axh,(1—¢¢) % 1—
GRSy G A P - (1 OE) it {(1 — ) Ffy /b + (1= 5h)H
t+1 t t+1
_’LLQ_ A*ch't 1—£f * c Agh'til(l i:l:])
u:&+1 (170()}7? = /8 Acgpt+1 =+ Ac(l - QOtJrl) + (1— a) o (1 - 6h>:|
ul Azht 1—22 . [ * A% h’t+1 (1 Ii])
E: (- F B _AC T R, (1—6n)
ct (1—a)F} % Ay (1—p¢
(7%) =Pz she(1—¢5) Az + (1i1) FP . (1 5h)]

We will assume that the system follows a BGP, on which:

ht+l/ht = Ct+1/Ct = Ht+1/Ht =

and,

wf = ¢S, @bfl =, Fl /by = F" /h, etc.
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This will probably require some assumption about initial conditions, Hy/hg is
some constant.

Under this assumption, it follows that:

77 = B [E5 + (- 6n)]

On the other...

t+1 aAzhy i (1—¢€ ) t41 Athepi (L—pS JaFl QA% hi(1—¢f)
B N ey (L AR+ e T = A
uj aAfhi(A—¢f) aAthir1(1—¢f, ) Ata(l—pf ) hit1
w, (1—a) Ay, H,(1—yT) _5(1—a)A;{Ht+1(1—¢g1) [1+A ¢t+1} + =i,
Ct4l (1—a) A% He(1— 1/% ) aAzher1(1—pf, 1) )A%Ht(lﬂ/’{{) A)Cka(l_<p§+l)ht+
( ct ) - ﬁ[ aArhi(1-¢f)  (1—a)AlHip (1—pph ;) [1 +Af ¢t+1} aA’ght(l—gaf) (1—a)Heg1
Crpl . Hi(1— ) h’t+1 (1_90$+1) * H Ath (1_”/)5) (1_90?+1 )ht+1
( Ct ) ﬁ |:Ht+1 —th) hy(1—p¢) [1+AHwt+1} + Hyy (1—¢2)hy
Or, on a BGP,
77 = B [14 Agw™ o+ A1 =) or
V7 = B[1+ Ag]

This equation gives us 7 as a function of the basic parameters o, 3, and A}, =
AgL;. In particular, note that it depends on L;.

In particular, ~ is increasing in L.

(NOTE: This would have been 77 = B[1 — 65 + A}, if we had allowed for 6 >
0.)

Since v does not depend on the other parameters, it will probably turn out that
the only way income taxes affect growth rates here is through their effect on the R&D
sector. That is, if we have an income tax that is linear on income generated in the
H sector, and it is used in a Balanced Budget way to buy output from the H sector,
the growth rate will fall to:

77 =B+ (1—7)Ay].

Presumably something similar happens if the tax is uniform across sectors and
purchases are uniform across sectors. Since lump-sum rebates don’t affect FOC’s, the
same will probably be true if the revenue is rebated.

In particular, if income from the h and/or ¢ sectors are taxed, but that from the
H sector is not, there will probably be no effects on growth. This is reminiscent of
the Lucas model and the 2-sector model in Rebelo.
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8.6.3 Finding the other Endogenous Variables on the BGP

From above, we have that:
—Q)Fh N
[+ (= 8] = [+ A

A% +6,
Fi = At () o)

The feasibility restrictions can be rewritten on the BGP as:

c/h = A",
v=(1—=6p)+ F"/h,
y=1+Apv",

From this we get,
Y= [+ AT 1] /Ag
Tl (1— ) =y + 65— 1

C — —Q * 1/o
@ :—gﬁ[fwéh—uﬂz—ﬁ [(BIL+ A" +8,—1] +1

Fl/h=~+8, — 1= (B[L+ A4)Y + 6, — 1
etc.

Notice that since the amount of time spent in R&D is given by Y7Ly, we have
that

Rﬂ[wi})”"—ﬂ

14+ A L)Y 1 o
Ly = LAy (5104 AL))” 1] /A,

L{{ = ¢HL1 =

This is an increasing function of L;.
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8.6.4 Adding Back in the Non-Convexity

Now, turn to the problem of the alternative form of the technology in which the
non-convexity is present. We will assume that output in the R&D sector is given by:

IH=Ap LY if LB > L and IF = 0if LY < L.
In this case, the planner’s problem is given by:
Thus, the maximization problem is:
mas, gt SoBlu(c)
s.t. a < Alpfhe,
hi < (1= 8p)he + AG(1— o) H (1 — )"~ hy' ™,
Hyy < Ho+ Ay Hy o if o' > L)L,

Hyy < H; if  YF < L/Ly.

The solution to this problem is the same as above as long as:
L = [(B[1+ AuLa)Y" = 1] JAn > L.
Thus, in this region of the parameter space, it behaves just like above.

What happens in other cases is much more difficult to guess. One possibility
would be that there is no R&D investment ever. But it does not follow from the
above that this is the equilibrium. Since that assumed non-negativity everywhere,

the alternative is 0 SOMEWHERE, not 0 EVERY WHERE.

Thus, there might be situations in which the solution has R&D spending part of
the time, and no R&D spending other periods.
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