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Abstract

This proves Lemma 2 and Proposition 3 in “Selection, Growth and the Size Distribution
of Firms,” Quarterly Journal of Economics, forthcoming, referred to hereafter as “the
paper.” In addition, the selection of the stationary distribution defined in Lemma 2 is

discussed. Some omitted calculations for other parts of the paper are also reported.
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1. DEFINITIONS

The notation is as in the paper, except that the size measure s is everywhere replaced
by z = s — b. Also, A and # appear in this appendix without subscripts, and these are

not the same parameters as the subscripted parameters in the paper.

1.1 The Density of Entrants

The stationary density constructed in Section V.A. of the paper is:
fla) = (e

where z € [0, 00) and:

po 1 ( P ) 1 n
=\ 37Tz Y 1
¢ <02+6)+\/02 et (1)
and recall that equilibrium conditions imply ( > 1. Note that:

2 o’ 2 o i 2
M+§U:_F+ e+ 5 +20%n >0

since 7 is assumed to be non-negative. The density of entrants can be written as:

Jo I f(istuéé) - <1i6g5> Jel) + (ché) fo(@) (2)

where:
fe(z) = e, fyla) = CCae™"

are exponential and gamma densities.

1.2 The Conditional Survivor Function

Section III.A. of the paper shows that the survivor function conditional on the initial

state x is given by:
T+ pa ux —T + ua
A =0 — —— || —F—— 3
ao=e () e () () o
The conditional hazard rate h(a|x) = —DA(a|z)/A(a|x) is:

) 220 (ﬁ‘)
(alo) =~ (22) —exp (—5) @ (2222)

ova o2/2
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This conditional hazard rate is non-monotone in age. One can verify that:

Jim hale) = 5 ([_7“])

This is the underlying reason for (18) below.

1.3 Auxiliary Parameters and Variables

Define the variables:

pia [+ Co?la fia

- - ova w:aﬁ

_U\/a

(5)

Thus v > 0, v > 0if p < 0, and w > 0 if u > 0. Note that (a/u)0u/0a, (a/v)0v/0a and

(a/w)0w/Oa are all equal to 1/2.
Define the parameters:

1 1,
X:? {/H'?T C}
and:
ot
X
and:
1u? —0?
W= -
2 02

Note that w does not depend on a.

The following relations will be used below:

1 1
—ux+§02x2 = <u+§026)C

—p+0o’x = p+o%

and: ) ) .
u—vt 1.,
5 = <u+2CJ)C
and: )
U -1 lw
Z = — ZZ2(1 = )2
v (A+1)2 2)\( A)
and:

2uv = —2wv = —({ + x)pa

(12)

(13)

The parameter \ is only well defined if y # 0. Note that u? = v? precisely when y = 0.

The conclusions about survivor functions and hazard rates derived below continue to

hold in this limit case.



2. MISCELLANEOUS

This section computes the normalizing constant for the stationary density derived in

Section III of the paper. It also computes the exit rate used in Section V.

2.1 Normalizing Constant for the Age-Size Density
Take p > 0 and ¢ > 0. For any T" > 0:
T 2
1 t 1 —/p+T —/p—=T
/ exp <_p+ q ) af — - |:€\/p_‘1(1) (M) _ Vg <M)]
0o V2t 2t NG JT JT
This yields:

* 1 p+qt2) 1
exp [ — dt = —e VP2
/0 V2mt p( 2t V4

From Section III of the paper, recall:

o=tz () e () (2] o

The normalizing constant in (18) of the paper follows from:

> _pe
/ e "Y(a,ylx)da =1 —e */21,
0

e (y—x—pua /ooe"a Y+ —pa
N LR A~

and note that:

ata. (ﬁ)2+ 7 a— o -2 Qo = 7
2 o? a2/2’ o 02)2 " 02/2

where:

Then:

202a

e (W=D L o =l ju+20%
P o2 p2+202n P o o2
2

exp (M) /0°° 1 exp (_(y —x)?+ (p* + 20217)a2> d




and:

exp (—aly + 1))
V2 + 20%n

The last line relies on y + = > 0. Combining these two integrals, gives:

1 a— a,min {e[oﬂra*}y’ e[aJra*]z} -1

e "Y(a,ylr)da = —
| e itaiaae - =02

This determines the shape of the marginal density of size given initial size. Integrating

over y gives:

exy QO

/ / 6‘"“¢(a,y|x)dady=i
0 0 n

This determines the normalizing constant for the age-size density.

oo : [ataxly plataszl _ 1
min {e e .
/ < in { } )dy:a+a et _ 1]
0

Therefore:

2.2 Cohort and Aggregate Exit Rates
Take z > 0 and suppose:
re=x+ ut+oW;

Let y, = x4 as long as z; has never reached zero, and let y; = 0 otherwise. Define p(t, y)
to be the density of 3;. For all positive ¢ and y, this density satisfies the Kolmogorov

Forward Equation:
1
Dip(t,y) = —iDyp(t,y) + 50" Dyyp(t,y)
Also, p(t,0) = 0 and lim,_, p(t,y) = 0. The fraction sample paths that has not reached

zero by time t is:

S(t) = /Ooop(t,y)dy
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Then:

DS(t) = /0 Dip(t,y)dy = /0 [—uDyp(t, y) + %O‘QDyyp(t, y)| dy = —%JQDyp(t, 0)
(15)
Thus the probability of a sample path not having reached zero declines at a rate deter-
mined by the slope of p(t,y) at the zero exit barrier.

In Section V of the paper, the size density f(s) is a weighted average of cohort size
densities. The aggregate exit rate is an average of the cohort exit rates, constructed
using the same weights. For each of the cohorts, the rate of exit is determined by the
slope of the cohort size density at the exit barrier b, as in (15). This implies that the
aggregate exit rate is given by %02D f(b).

3. THE CONSTANT HAZARD RATE RESULT

The following proves the first part of Proposition 3 in the paper.

Consider a process z; = x + ut + oW, where z > 0. Let {F;}+>0 be the filtration
generated by {z;}+>0 and define T" to be the first hitting time for 0. The survivor function
is defined as:

S(alx) =Pr [T > a|xg = x]

Let y; be the process x; killed at 0:
Yy = xpt[T > ]

For any a > t, this gives:
S(a —tly) = Pr[T = a|F]

The right-hand side is a martingale. Its drift must be zero. Ito’s lemma implies:
1
D,S(a|x) = uD,S(alx) + 502Dm5(a|$)

Thus S(a|z) satisfies the Kolmogorov Backward Equation. One boundary condition is
S(al0) = 0 and another is S(0|x) = 1 for x > 0. These results can be verified directly
using (3).

Suppose the initial conditions are given by some smooth density g(x) that satisfies
g(0) = 0. We are interested in the hazard rate of:

S(a) = /000 S(a|x)g(z)dz
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Integrate the backward equation for S(a|x) against the initial conditions to obtain:

/000 D,S(alx)g(z)dz = u/ooo D,S(a|z)g(x)dx + %O‘Q /00 D..S(alz)g(z)dx

0

= —u /OOO S(a|z)Dg(x)dx — %02 /000 D,S(alz)Dg(z)dz

* 1
— / S(a|x) |:—,LLDg(£B) + 502D2g(:13)] dz (16)
0
The boundary terms disappear because ¢g(0) = 0 and S(a|0) = 0.
Suppose the density g is smooth and satisfies g(0) = 0 and:

~uDyg(x) + 50°D(x) = ~Ig(a) a7)

for some ). That is, ¢ is an eigenvector of the forward differential operator. Then (16)
and (17) imply:

DS(a) :/0 D,S(alz)g( = —19/ S(alx)g = —19S5(a)

so that ¥ = —DS(a)/S(a) is the constant hazard rate of S(a).

The stationary size distribution must satisfy equation (23) in Section V.A. of the
paper. When 6 = 0, this equation is just (17) with ¥ = e — 7. The resulting hazard
rate is therefore €5 — 7. This equals eg — 7 because all entry attempts are successful in
this case. The limit of (1) as § goes to zero is ( = —u/0?. Lemma 2 in the paper then
gives e — 1 = 3(pu/0)?. Since 1 < 0 in this case, this matches the limiting hazard rate

shown in (4).

4. MiILL’s RATIO AND RELATED EXPRESSIONS

Define:
_emh o) = [ d
o@) =7 o) = [ ol
and: B(—1)
z®(—x
=50
Observe:

- i ()



Mill’s ratio is defined as:

Define also:

Lemma 1: The functions R(z) and V(z) satisfy:
DR(z) <0, D¥(z)>0
and:

lim R(z) =0, lim ¥(z) =1

r—00 r—00

Proof: Change of variables y = 22 — 22 and note that dy/dz = 2z = 2\/y + 2.

Therefore:

00 1 00 e—z/2
R(x) = 69”2/2/ e # /2y = = dz
( ) T 2 0 V 24z

00 0 —z/2
V(z) = a:e’”zn/ /20, = 1 ¢

—dz
2J0 J1+5
The result then follows from the dominated convergence theorem. H
Lemma 2: The function P(x) satisfies P(0) = 1,

DP(z) <0

and:
lim 2?P(z) = 1

Tr—00

Proof: The first two results follow immediately from the properties of ¥(z). Observe

that:
) g % em#/? Sl Va2t g,
z*Plx)=xz"[1— ——dz | = = e **dz
0 2 1_‘_? 2 0 \/1_‘_?




and:

Vit + za? — 22

lim —

T—00 /1+x_22
1 o0
—/ ze %4z = 1
4 Jo

The desired result again follows from the dominated convergence theorem. B

[\CRIRS

Lemma 3: The function P(z) satisfies:

5 (=) >0

and this implies:

for all 6 € (0,1).

Proof: To see the second part, note that:

DP(z) = — (z +a ") [1 - P(a)] +z = —% 11— (1+4%) P(2)]

and therefore:

vDP(z) S 2
P = |pm - 0]
The result then follows from:
9 {P(Gm)] _ [HDP(HQJ) B DP(az)] P(0x)
Ox | P(x) P(0x) P(z) | P(x)

To see the first part, write:

1 1
B M

and observe that:

Thus we want to show that:

(1+2*)R(z) —z —2z[1 — zR(z)]* > 0



or:

822 + (1+a%)°  (1452°\° 3 _ Ra) 14522\ \?
(423)° N 43 202 — 43
This requires that:

1 1
— (14522 = VIF 102 +27) < R(x) < 5 (14502 + VI+ 1027 07

The upper bound is easy to show using R(z) < 1/z. The lower bound is shown in (44). B

Lemma 4: As a function of y,

<1 + % (z—z - 1) [Qy) — (1 + yz)]) Q(y)
is decreasing in y < z and increasing in y > .
Proof: The slope is:
(13 (5 1) few) - (14271 ) D)
% (z“— - 1) (DQ(y) — 2y) Qy) — (y—) [Q(y) = (1+v")] Q)

Note that:
DQ(y) = Q) [y 'Qy) — (y+y "]

Thus for y < x we need to check that:

(1 T % (x—z - 1) [Q(y) — (1 + yQ)}) Qly) [y Q) — (y+y )]

y
+% (y— - 1) QW) [y Qy) — (y+y™H] —2y) Qy) — (%) [Qy) - (1+y*)]Qy) <0
[ R
w3 (5- 1) (@) [0 - (1+39)] ~27) - (5 -1) [ - (1+47)] <0

or:

Canceling a factor (2 — y?)/2 > 0 gives:
3+2y" +y' = (5+3y°) Qly) +2[QW)]" <0
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This is equivalent to:

1 1
(5432~ VITIP +07) Q) < 7 (5+ 30+ VI+ 147 + 1)

This is shown in (45). This condition also implies the result for y > z. B

Lemma 5: The function P satisfies:

i (1 - (1]-1(2) P(x)) = %

Proof: Write this as:

P(x) _ 22P(z)
1—(1+22)P(x) 22(1—22[1—2zR(z)]) —22P(x)

From Lemma 2 we know that z2P(x) converges to 1. The following continued fraction
bounds for ¥(z) = zR(z) hold:

2?2 +5) T Ui < " 2?42
_3:4+6332+3_:1:—|—xli T+ 2 +3

L(x) U(z)

Furthermore:
L(z) € (0,1) and U(z) € (0,1)

This implies:
1-2*[1-L@)] <1-221-V(2)] <1—2°[1-U(z)]

In addition:
1—2?[1—L(x)] >0

and therefore:
2’ (1-21—L(2)]) <2* (1 -2*[1 - ¥(z)]) <2? (1 —2*[1 - U(z)])
Now:

lim 2% (1 — 2*[1 — L(z)]) = lim 2* (1 —2?[1 — U(z)]) = 3

T—00 r— 00

From this the result follows. B
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5. WEIGHTED SURVIVOR FUNCTIONS

The hazard rate of a survivor function that is a weighted average of survivor functions
with downward sloping hazards is downward sloping. To see this, let Sy(a) and S;i(a)

be two survivor functions, and consider the survivor function:
S(a) =wdp(a) + (1 —w)Si(a)

where w € [0, 1]. The resulting hazard rate is:

~ DS(a) _ wSo(a) |:_DSO((1,):| N (1 —w)Si(a) [_DS
S(a) S(a) So(a) S(a) S1

The slope of this hazard rate is:

b [_DS(a)] _ wS(a) (1—w)Si(a) ([_DSO(CL)} B [_DSl(a)])Q

|+
S
~—

S(a) S(a) S(a) So(a) Si(a)
wSp(a) _DSo(a) (1 —w)Si(a) _DSl(a)
S(@) Dl Sola) } S(a) Dl Si(a) }

The first term is negative, and hence the result.

6. THE UNCONDITIONAL SURVIVOR FUNCTION

The survivor function implied by the entry density (2) and the conditional survivor

function (3) is:
fooo A(a|x) f(z + 6)dx
fooo flz+6)dz

Afa) =
This can be written as:

M) =1 [ M@+ g [ Al e

The unconditional hazard rate is therefore:

DA helo) (555) Acla) +hyla) (Hgp) Aola)

Ala) (ﬁ%) Ac(a) + (ﬁ) A,(a)
where:
Ae(a) = /0 " Malo) fu(e)de,  ho(a) = 2o }‘Laj‘iﬁxyg)gdx
e = /owwa)fg(x)da:, byla) = & ;cfo“/'ﬁg}xzi)éﬂ;)dx

12



The following two sections will show, respectively, that h.(a) and h,(a) are downward
sloping. The same must then be true for the unconditional hazard rate. In addition, it
will be shown that:

a—0o0 a—00

lim ho(a) = lim hy(a) = % ({_—“r)z (18)

which then proves the limit shown in Proposition 3 of the paper.
Detailed calculations are reported in Appendix A for the survivor functions and in

Appendix B for the hazard rates.

6.1 Exponential Initial Conditions

6.1.1 The Survivor Function

Integration-by-parts gives:

_pa_ _pa_ _lpto’da _lpto?da
v R e () () e ()] 1 e
+(a) = p+ 102 ® (_La ) N ¢ (_[u+02da) ¢ ova
2 ova ova ov/a
This can be written more compactly using v and v:
M) = — L [0(0) — W) 2 o()
T+ s02¢ u
or, using w and v:
p $(w)
Ae(a) = —FF——=1+ [V (v) - U —
@ = i {1 e - v 257

If 4 < 0 then u > 0 and Lemma 1 implies lim, .o, Ac(a) = 0. If 4 > 0 then w > 0 and
Lemma 1 implies lim, .o Ac(a) = p1/(pn + 506°¢). A non-zero fraction of entrants will

survive if g > 0.

6.1.2 The Hazard Rate

A differentiation yields:

he(a) = w (” +f02) q,lufsﬁ()@ (19)
o L (*H +Co?\? 1—¥(v)
hela) = < o ) V(v) — U(w) + 5 (20)

13



Recall from (8) that w > 0 if and only if u*> > v?, and that p > 0 implies w € (0,v) and
w < 0. Together with Lemma 1, this confirms that the expressions in (19) and (20) are
positive. For p < 0:

w (MY w (M)Q w <g+402>2 ) ,
. . . o o 1%
lim he(a) = lim ———* = lim = - <_)
oo © a—00 —U(u) a—00 v2 u?N(u) v)2
1 - 1-¥(v) L- w2 v2N(v) 1 - (5) 2 \o

by Lemma 2. From (20), the hazard rate converges to zero when p > 0 and age grows
without bound. This shows (18) for exponential initial conditions.
Since ¥(0) = 0, it is immediate that h.(a) — 0o as a goes to zero. This implies that

the same must be true for the unconditional hazard rate —DA(a)/A(a).

The Case ;1 <0 Define § = u/v. Then (19) yields:

1/ pu+co®\® 6>—1
he(a):§< - )1_N(9U)

N(v)
Suppose § > 1. Lemma 2 implies 1 — N(6v)/N(v) > 0 and Lemma 3 implies that

N(6v)/N(v) is decreasing in v. Hence h(a) is decreasing. Alternatively, suppose that
6 € (0,1). Then Lemma 2 implies that 1 — N(6v)/N(v) < 0 and Lemma 3 implies that
N(Av)/N(v) is increasing. Hence h.(a) is decreasing.

The Case p >0 Define § = w/v = pu/(u+ (o?) € (0,1). Then (20) yields:

L (m) (1 p?)

-1
[¢(9U)N(U)} I N@Bv) _ 4

he(a) =

Ov N(v)

Lemma 2 states that N(v) is decreasing, and so is ¢(fv)/v. Lemma 3 implies that

N(Av)/N(v) is increasing. Hence h.(a) is decreasing.

6.2 Gamma Initial Conditions

6.2.1 The Survivor Function

Integration-by-parts gives:
1 na
Ag(a) = GI\(/Ia(ﬁ (U—\/a) X

14



_ s g (&) t¢o?la gy (_ [u+<02]a)
o2 | S 00 () | ey

2 o2la
w+Co ¢ ([ul—f/a} )
[pt¢o?lag [ [ptlo?la
1_ ova ® < ova )
2]a
& ([uj;f/a ] >

This can be written more compactly using v and v:

Agla) = (1= X°) [¥(u) = U(v) —w (1 = (1+0°) [1 = U(v)])] %

or, using w and v:

Agla) = (1% {1 — [W(w) = V() —w (1= (1+0%)[1 = ¥(v)))] M}

w
If 4 < 0 then u > 0 and Lemma 2 and Lemma 5 imply lim, ., Ac(a) = 0. If > 0 then
w > 0 and Lemma 1 and Lemma 6 imply lim, . Ac(a) = 1-X* = p(p+0%C) /(p+302¢)2.
A non-zero fraction of entrants will survive if p > 0.

6.2.2 The Hazard Rate

A differentiation yields:

N AN R (ORI
= (05 ) 1 e e (21)
| it 1y ) - vw) ]
hg("’)_‘”( - ) BT (22)
For any v > 0 and 6 > 0, define:
U(v) — ¥(bv) P(6v) — P(v)

[1]

Sy ey 7on R e ey

~
—

S
N

Lemma 2 and Lemma 5 imply that for any 6 > 0:

1 (6v)2 P(6v) .
lim =(v) = lim 621 v2Pl) ! _1 % -1
V—00 V—00 o) (1 + U2> 2\0

Define 0 = u/v. If p < 0 then u > 0 and so § > 0. Then (21) yields:

2
. w( +GU2> 1 H 2
Jim o) = =2y = 5 (5)
2w \ 9

15



Alternatively, define # = w/v. If g > 0 then w > 0 and so # > 0. Thus Z(v) still
converges if © > 0, but w/¢(w) grows without bound and (22) then implies that hy(a)
converges to zero. Thus (18) holds for gamma initial conditions.
The Slope of =Z(v) The derivative of Z(v) is proportional to:

D [P(6v) — P(v)] [1 = (1 +v*)P(v)] — [P(6v) — P(v)] D [1 — (1 + v*)P(v)]
and this equals:

[(DP(6v) — DP(v)] [1 — (1 4+ v*)P(v)] + [P(6v) — P(v)] [20P(v) + (1 4 v*)DP(v)]

Note that: )
DP(v) = -~ [1— (1+2%) P(v)]
Therefore:
DE(v) o« - <% [1— (1+6%°) P(6v)] — % [1— (1+72?) P(v)}) [1—(1+0*)P(v)]

+ [P(0v) — P(v)] (QUP(U) — (14 UQ)% [1 — (1 + ’U2) P(v)})
This can also be written as:
D=(v) [(92 -1) [1 — (14 ’U2)P(U)} + 2P(’U)] P(Ov) —2 [P(v)]2

or:

o 1150 0]

1

DE(v) ox (1 -, (H - 1) [K(y)— (1+ y2)}> K(y) ~ K(z)

or:

Yy
where x = fv and y = v. Lemma 4 implies that the right-hand side attains a minimum
of 0 at = =y, and hence D=(v) > 0.

The Case ;1 <0 Define # = u/v. The hazard rate (21) can be written as:

(
hy(a) = w (“ i §“2)2 l1 4 55(1})} B

o
The slope of this hazard rate is:
2\ 2 -2
1
Dhy(a) = — (“H" ) [1+ (v)] DE() 2"

o w Oa

[1]

which has the same sign as —DZ=(v). Thus Dhy(a) < 0.
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The Case 1 > 0 Define § = w/v and note that —w = (1—6%)/2 and § = pu/(u+Co?) €
(0,1). So —w > 0. The hazard rate (22) can be written as:

) 4 U (v) — U(w)
hg(a) = %<E> (i_1> _1+%(1i92)1¢i()1+v2) 1—¥(v)]

B }(H)2 (i—l) 1 %-FP(QU)—P;U) _1]1

-1

2%/ \6* ) |30-6") 1-(1+})P(
Thus we need to examine:
b | P(v) — Pv) /1 ) .
W)l )— (1+v2)P(v) <5¢(90> < [1-(1+ U2)P(v)}) + Z(v)

We have already shown that Z(v) is increasing. Note that ¢(6v)/6 is decreasing for
v > 0. Observe:

D % [1—(1+ 02)P(v)]] = —% [1—(1+v*)P(v)] - %D [(1+v*)P(v)]
= S [1- (4 )PW)] ~ 1 [20P) + (1 +)DP()
— _% [1—(1+0*)P(v)] - % |:2UP(’U) - (1 2“2) [1— (1+v*)P(v)]
Thus:
—v?D E [1—(1+ ’U2)P(’U)]:| = [1—(140*)P@0)] 4+ 2v°P(v) — (1 +2°) [1 = (1 +v*)P(v)]
= v* (2P(v) — [1 — (1 +v*)P(v)])

1
D {; [1—(1+ 02)P(U)}] =1—(3+v*)P(v)
The continued fraction bounds discussed in Appendix C imply:

(o) = v®(—v) v 2407
 9(v) U+Ui2_3+v2

Hence 1 — (3 + v?)P(v) < 0 and therefore Dhy(a) < 0.

7. PROOF OF LEMMA 2 IN THE PAPER
Define ¢ : C — C:

1
q(z) =n— |uz+ 50222 +epe
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Consider the characteristic equation g(z) = 0. Suppose 6 = 0. Then the solutions are:

1% (u>2 n—EaA
-4 /(L
? o? \/ o? * o?/2

The only value of €5 for which the two roots coincide is ep = 17+% (f)Z, and the resulting

root is z = —pu/o? = (.

Now suppose ¢ > 0. Recall that p < én and 5 > n. We want to show that there is
a unique £5 > 7 for which the characteristic equation ¢(z) = 0 has only one solution in
C. Although the characteristic equation is not a polynomial, if it has a solution z that is
complex, then the complex conjugate z will also solve the characteristic equation. Thus
we can restrict attention to values of €5 for which ¢(z) = 0 has only real solutions.

When restricted to R, the function ¢ is strictly concave. Define:

vlea] = maxq(2)

This maximum is attained by the unique solution z € R to the first-order condition:

z

bene™ =+ 0%z
Let z[ea] denote the solution. Note that p < én and e5 > 1 imply:
dne % < depe ™ = p+ 02z < bn+ o’z

Thus z[ea] > 0. The envelope condition implies that v]ea] is strictly decreasing. Thus
v[ea] = 0 can hold for at most one value of €4.
To construct this value, note that the first-order condition implies €e %Al = (1 +

02z[ea]) /6 substitute this into the expression for ¢(z) to conclude that e must satisfy:

1 1
n = pzleal + 50222[%] + 5(# + 0%z[ea))

This condition only depends on €4 via z[ea]. Solving this quadratic equation for z[e,]

gives two possible values for z[ea]. The fact that p < 61 implies that the only positive

Y (. AN L
zlea] = <02 + 6) + \/<02) tat 272
Thus z[ea] = (. The associated value of €, follows from ¢(z[ea]) = 0:
1
EA = (77 - lué + §U2C2}> e’ (23)

This shows that the entry rate described in Lemma 2 of the paper is well defined.

solution is:
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8. OUT-OF-STEADY STATE CONSIDERATIONS

Throughout this section, size is assumed to evolve according to a Brownian motion with
drift ;2 and local variance o2, as long as the zero exit barrier is not reached. Entry
and population dynamics are described when entry rates are not necessarily constant
and initial conditions are not necessarily consistent with a steady state. This is used to
examine stability in the special case of 6 = 0. Along the way, more detailed derivations

are given of (14) and (23) in the paper.

8.1 Non-Stationary Entry and Population Dynamics
Let n(t,a,y) be the date-t density of firms of age a and size y. Let n(t,y) be the date-t

density of firms of size y:
ty) = [ n(t.a.9)da
0

The size of the population at time ¢ is denoted by:

Nt:/ n(t, z)dz
0

Note that n(t,-,-) is not assumed to be a probability density. The date-t probability
density of firms of size y is f(t,y) = n(t,y)/N;.
The density n(t, a,y) satisfies the Kolmogorov Forward Equation:

1
Din(t,a,y) = —Dan(t,a,y) — pDyn(t, a,y) + §J2Dyyn(t, a,y) (24)

Exit at zero implies n(t,a,0) = 0. Suppose there are I; entry attempts per unit of time
and let G(t,y) describe the size distribution among potential entrants. Size draws below
zero result in failure to enter. The measure of age-0 firms should correspond to the
measure I[G(t,y) — G(t,0)]:

y

liﬁ)l i n(t,a,z)dz = I [G(t,y) — G(¢,0)] (25)

The number of successful entries per unit of time is I;[1 — G(¢,0)].
Suppose that G(t,y) has a density g(¢,y). Integrating (24) over all ages using (25)
gives:

1
Dtn(ta y) = _NDyn(t7 y) + §U2Dyyn(ta y) + Itg(t7 y)

Take some ¢ > 0 and suppose now that for all y + 6 > 0:
g(t,y) = f{t,y+6)
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Potential entrants draw a random incumbent and are then set back by 6, as in Section

V of the paper. This process of imitation gives:

1
Dyn(t,y) = —puDyn(t,y) + §J2Dyyn(t: y)+ Lf(ty+9) (26)

Recall that I; is the number of entry attempts per unit of time. The number of successful

entry attempts is then:
Et = It/ f(t, Z+ 6)dZ
0

per unit of time.

8.1.1 Steady State

In the paper, the number of entry attempts grows exponentially according to I, = Ie™.
In a steady state, this yields n(t,a,y) = m(a,y)le™. Hence Din(t,a,y) = nn(t,a,y).
Equation (14) in the paper follows from this and (24) above. Write:

mi) = [ mla.y)da
0
for the size marginal scaled by the entry rate. Then:
Ny = Ie”t/ m(z)dz
0

is the steady state number of firms. In a steady state, f(¢,y) becomes:

The imitation dynamics (26) can now be written as:

wnly) = —pDimy) + 30°Dm(y) + fly +9)

Normalizing to replace the density m(y) by the probability density f(y) yields:

-1

nf(y) = —uDf(y) + %02D2f(y) + UOOO m(Z)dZ} fly+06)

As a fraction of the number of incumbent firms, the number of entry attempts per unit

20

of time equals:



Hence: ]
nf(y) = —uDf(y) + 502D2f (y) +eaf(y+9)

which is equation (23) in the paper. As a fraction of the number of incumbent firms,

the number of successful entry attempts per unit of time is now:

. Et . It fooo f(Z+(S)dZ o >
£s = N, N, —5A/0 f(z+6)dz

as expected.

8.2 Further Interpretation of Lemma 2 in the Paper

Consider an infinitesimal “industry” that starts at some initial date 0 with a certain
initial size density n(0,y). Suppose that entry into this industry takes place at a constant
rate €4 > 0 and suppose that new entrants can perfectly imitate. That is, 6 = 0.

The size density of this industry then evolves with age according to:

1
Dan(aa y) = _IUDSn(a7 y) + §U2Dssn(aa y) + SATL(CL, y) (27)

and exit at the boundary 0 implies the boundary condition n(a,0) = 0. If n(0,y) is
a point mass at x, then the solution is n(a,y) = e*4%)(a,y|r). This has a spectral

representation, mentioned in footnote 15 of the paper, given by:

2 o —50°W"—75 2 € a — . .
n(a,y) = %/ e{ s =3 (5) 4l W=7 gin (wy) sin(wz)dw (28)
0

1
2
defined by the right-hand side of (27). The corresponding eigenfunctions are e¥*/ o8 sin(wy).

The coefficients —302w? — 1 (11/0)?+€4 are eigenvalues of the operator acting on n(a, -) as
The largest eigenvalue mentioned in footnote 15 is —% (u/ 0)2 + €A, which corresponds
to the w = 0 term in the integral (28). As a becomes large, small-w terms in (28) decay
more slowly than large-w terms, and the small-a terms will come to dominate the shape
of n(a,y).

For any = > 0, the density e®2%)(a,y|x) converges in distribution to the gamma
distribution of Lemma 2. This is not difficult to show directly, without reference to (28),
using the expression for ¥ (a,y|r) given in Lemma 1 of the paper. This convergence
result generalizes to compactly supported initial distributions. Both results are proven
in the next subsection. Convergence to the gamma density cannot hold without some re-
strictions: if the initial size distribution is one of the alternative stationary distributions,

then convergence to the gamma density must necessarily fail.
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To interpret this further and motivate the construction of the equilibrium entry rate
in Lemma 2 of the paper, consider solutions to (27) of the form n(a,y) = exp (ga — hy).
For a given candidate eigenvalue g, the coefficient h must solve the characteristic poly-
nomial:

g=ph+ %0%2 +ea (29)

1% BN\? | g—€a
et (2
= o2 \/ o? * 0?/2

The difference between two solutions with the same eigenvalue ¢ satisfies the boundary

The roots in C are:

condition n(a,0) = 0. The solutions to (27) that satisfy this boundary condition are
therefore:
e h+y _ e=h-vy
n(a,y) = e | —————
where normalization is chosen so that the h, = h_ case can be interpreted as a limit.
Define 7y to be the unique value of g for which the characteristic polynomial (29) only

has a single real root:
2

=3 (5) e
This gives rise to the solution n(a,y) = €’%ye~%Y, where ( = —u/o?. This is proportional
to the solution given in Lemma 2 of the paper. The population of firms is supposed to
grow at a rate 7, and so the entry rate e5 must be such that v = 7, as in Lemma 2 of
the paper.

For g > v, one obtains the alternative stationary distributions described in the second
paragraph following Lemma 2 of the paper. For g < «, the solutions to the characteristic

polynomial are of the form h. = ¢ & iw and this yields n(a,y) = 9% sin(wy). Note

[ N\% g—éa
w:z\/<g> + 0?/2

1 2 1
9=—5(5) +ea—go%

Letting g range through all g < v corresponds to letting w range from 0 to oo. The

that w is given by:

and thus:

eigenfunctions e~ sin(wy), w > 0, are the ones that appear in the spectral representa-
tion (28). The supremum of the eigenvalues g associated with these eigenfunctions is

obtained by letting w go to zero. In sum, we obtain convergence to the eigenfunction
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corresponding to the supremum of the eigenvalues associated with the eigenfunctions
that appear in the spectral representation (28).

The characteristic equation for 6 > 0 is:

1
g = ph + §a2h2 +epe7h

Although this characteristic equation is no longer a polynomial in A, the solutions to this
equation are similar to the ones obtained for 6 = 0. As shown in the proof of Lemma
2 of the paper, there is again an eigenvalue g = ~ that has the gamma density as an
eigenfunction. For g > v one again obtains the alternative stationary distributions. And
for g < ~, the roots of the characteristic equation again come in complex pairs. These
now give rise to solutions of the form e~*“¥ sin(wy), where alw] is an oscillating function
that converges to ( as w grows without bound. If these eigenfunctions can again be used
to construct a spectral representation like (28), then one would expect convergence to
the gamma density shown in Lemma 2 of the paper. The question remains whether or

not this is indeed the case.

8.3 The Gamma Limit
Recall the definition of ¢)(a, y|z) in (14) and note that:

[~ o152 -on(-25)o(+522)
) e )
Tn particular:

A(alz) = /Ooow(a,b’\x)ds ) (x;/%a) ~ exp (_UI;_Z) o <—3;7\J;aua)

For any x > 0, define:

1 Y
Aafr) /0 ¥(a, s|x)ds

This is the size distribution among survivors at age a of a cohort with identical initial

Pla,ylz) =

conditions.

The definition (1) of ¢ reduces to ( = —u/0? when § = 0. Since ¢ > 1 in equilibrium,
we can restrict attention to the case g < 0. This implies that A(a|z) — 0 as a — oo.
Suppose = > 0 so that A(a|z) > 0. Observe:

) - e () - P o () o ()]
. _cb(wa) @ (=zge) - o 7 o (vizpm) — o (e
(a,y|x)— __px _
@(ﬁ%)_e 02/2(1)( :c—l—aga)
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or:

ztpa ) —ytztpa ) _Uu_z —ztpa\ —y—x+ua
o (o) —o (Pave) o [o (k) - @ (B
P(a,y\x) - z+pa - 29; —T+pua
— o< /2 —— B
¢ ( Na‘) ¢ e ( ova )

or:
P (%\%w) e PR (*@/;7\%%)
) =1- z
v (5) - e ()

Both the numerator and the denominator on the right-hand side of this expression go

P(a,y|a (30)

to zero as a goes to infinity.

We want to examine the limit of:

16)) <—y+:c+££a) _ e_ag—Z(I) <—y—:c+ga)

ova ov/a
v(5) e (S)

as a becomes large. Write h = 1/0+/a. Then we need to study f(h,z)/g(h,z), where:

wor-o([e- £J0) o[- 510
oo (o= £ ([ )

Since ¢ > 0, it follows that f(h,z) — 0 and g(h,z) — 0. The limit of f(h,z)/g(h,z)

can be computed using I’Hopital’s rule.

and:

Observe:

Dy f(h,x) = {—y%—aﬂ—%] qb({—y%—:v—%} h)—{—y—zjté] 62@@5({—34—:5—%
Note that:

and so
¢ q—y +ax— %] h) = ¢ qx — %] h) exp (—Cy) exp (y(z — y/2)h?)
"¢ (l—y —z— %] h) = ¢ (lx — %] h) exp (—Cy) exp (—y(z + y/2)h?)



Observe:

o= (e ) (- 810) - Lo 8o (-4

Note that: ¢ ) ) ¢ 9
(e ) =2 (o5
Thus:
Dg(h,z) = 2z¢ <azh — %)

The ratio of derivatives is therefore:

Df(hx) _ e K

y+o-— %) oxp (—y(z +y/2)h%) — (y —T- %) exp (y(w - y/2)1%)

Dg(h, x) 2x
Now:
lim % [(y +z) exp (—y(z +y/2)h") — (y — ) exp (y(z —y/2)h*)] =1 (31)
and:
i 5| (<) o0 (e +/2087) = (=3 ) e (oo~ w/20?)|
¢ o [L—exp(-y(z+y/2)h?)  exp(y(r —y/2)h*) —1
= oot [ B - 02 }
= ol +y/2) gl - y/2)] =Gy (32)
Hence:
lim 282 (1 4 e (33)
h—0 Dg(h, )

By I'Hopital’s rule, f(h,x)/g(h,z) converges to (1 + Cy)e Y. The limits (31)-(32) and
thus (33) are uniform on any compact X C (0,00). In turn, this implies that the
convergence of f(h,x)/g(h,z) to (1 + Cy)e ¥ is uniform on any compact X C (0, c0).
Therefore:

lim P(a,y|z) =1 — (1 + Cy)e ¥ (34)

a—00
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and the convergence is uniform in z € X, for any compact X C (0,00). This is the
distribution function of the gamma distribution with density ¢*ye—¢¥. Write P(y) for
this distribution.

Now suppose the initial conditions are distributed according to a distribution G with

compact support X C (0,00). Let Pg(a,y) denote the distribution at age a. Then:

[ 1Jy ¥(a, s|lz)ds] dG()

Folay) = LT ¢(a, s|z)ds] dG(z)

- / w(alz)P(a,y|x)dC(x)

where:
A(alz)
[ Ala|z)dG()

Clearly, these weights integrate to 1 against the distribution G. Fix some y > 0. Take

w(a,x) =

any € > 0. The uniform convergence in (34) implies that there is a a. such that:
|P(a,yle) — Py)| < e

for all x € X and all a > a.. Hence:

|Pa(a,y) — P(y)| < /XUJ(a, ) |P(a, ylz) — P(y)|dG(z) < e

for all a > a.. Thus:
lim Ps(a,y) = P(y) (35)

Thus Pg(a, -) converges in distribution to the gamma distribution with density ¢*ye=Y,
which is the stationary solution to (27) selected in Lemma 2 of the paper. None of the
stationary distributions that solve (27) have compact support, and so this convergence

result does not apply to these distributions.
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APPENDIX

This appendix shows detailed calculations.

A CALCULATING UNCONDITIONAL SURVIVOR FUNCTIONS

In the following, note that:

) () ()

ova

and: . 2 [ ¢o?] 2 1

pa preotjay -

® (aﬁ) T3 (T) - (“+ 2@2) o
so that:
o (o
A8 (i)
¢(a—¢a>

1.1 Exponential Initial Conditions

The survivor function is:

Gz :L“+,ua)d S _qu)( :1:+,ua)d
o= [ e o Va
Integration-by-parts gives:
ten [T+ pa pa ® e (x4 pa
[ e ()= () + [ re (o) @
Note that:
1 (z+pa\> 1 1 (24 (u+Co?)a)’
oy () = (et ()
Therefore:
o —(xr
[ oo S 22
Hence:

[ (imyue () o (e sfe)s (225")
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Integration-by-parts gives:

X g (—rtma o pa\ [T~z +pa
[ e (T Jar=o () - [ s (Cova)

Note that:

Therefore:

G O (R
Hence:

[oen (55 )= () o ([ ] o) o (A52)
Combining (37) and (38) gives:
Afa) = / ce gzq)<£8+,ua)d __/ ‘e X%( a:+ua)d
() et
S o ([ o] o) o (550

Using (9) and (10):

= ()0 (25) (oo 257)

Using (36):
AN O Il G | Yo
Aca) = | (1- Y ey LT Y pcona) | ¢ ov/a
¢(a¢a) ¢< oVa )
Note that:
1 £ _ " g _ M+02<
X nt30C X pt50%C

This yields:

Acla) = — {“q)(?%) p+ oo <%>]¢<ua)

_l’_
+ 102 _&) ([uﬂ"cr?} ) o\/a
By ¢ ) (0\/a ) P~ va
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Another way to normalize this, as long as u # 0, is:

iy (-gl)
Ae(‘”wéa%l f¢(“‘§r$’§“)f = ‘ﬁf( <)

or, using the definitions of u and v:

Aa) = ez [B(0) - ()] 2 (30)

Another way to write this is:

I {1 T [0(0) - W) 2 } (40)

1.2 Gamma Initial Conditions

The survivor function is:
2 poo B
/ Cre "D (x + ua) dr — (ﬁ) / e X=d <M) dz
Va X 0 ova
Integration-by-parts gives:
_ T+ pa
Cre d ( ) dz
s i
_ z+ pa 1—|—Ca: = (x4 pua
= —(1 H d
(1+ Cr)e ( = o (S )
q)(ua,) e@” ( ) Caze <w¢<x+ua)d
ov/a 0 0 ov/a

[ Cag)
(o) [ ()

— exp<[u+%ga}<a)[ (M+CU] )—[M+Ca2]a<1> <_[”U+—\/%U2]a)]

Now:
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; i i
Integration-by-parts give
[ o (Z2228)
(4 ye)e D (—i\ﬂ;aﬂa) |°° B /OOO (1 +JX\2€ b <_3;\J;aﬂa) dx
() Lo e [
Now
I o (o)
_ exp([_wéxa ] X )/Ooa”f/aqs <x—[i\;axa] )d
— exp (|:—ILL—|—%X0' } X ) {U\/Egb ([“;\X;%) + [p = xola® <[u;\)§f ] )]
Hen

R R (e
—xexp ([—u + %X(;?} Xa) {g@b ([ﬂ ;522]@) i yo?ad ([u ;%%)}

Combining these two results gives:

Agy(a)

< (e oo (o) o ()

oo )P () (2552
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() [ ) o ([ ] ) o ()]

¢
X
() v ([ g ) v (E232) i aoton (B3]

() ()il (25

6o (o asron) v (M7 e ortom (2570

a
o (L) e (k)
(=) (bf#%)f ]+(C +x°) (Mfga) { f(ﬁ([ut%]a)f }
[pt¢o?lag, (_ [ut¢o®la
X (C+ X)) p [1 ﬁ(ﬁ(q[)ugfg}f >]

Using the definitions of u, v and A:

Aa) x |~Lo)] B

- won [ e () [ o -5

By (13), (¢ + x)pa = —2uwv and hence:

o = (00 S - 0ren [ v -5 oo

Observe
o

=
S—
Il
VR
~
>~
|
—
SN—"
| —— |
-
—~
IS
S~—

_
+
—
>~

no
+
—_
SN—
| — |
o | &
S |
\_/\_/
—_
+




= (- w2+ 1) [Y w2 [V e - we) 22
= [Py w - 0 [Y e 2[4 0 - are) n- we)] 22

= [ =) ) - w@] 27 =] (1= @+ ) L - vE)] @
By (12) 2\u/v = (1 — A?) w, and hence:
Ayfa) = (1= %) [#) ~ 0(0) —w (1 - (L4 o)) - w@)] 22

where w is the constant defined in (8). Another way to write this is:

Ay(a) = (1= {1 [0(w) = 0(0) = (1= 1+ ) - w)] 220} o

since w = —u.

B  CALCULATING UNCONDITIONAL HAZARD RATES

2.1 Exponential Initial Conditions

The definitions of 4 and v immediately imply u/v = —u/(u + (o?), and thus:

(o) — W) - o) = F sz @;(—U?

Note that De(v) = —v¢(v), and hence:
o[5S

¢(v) ¢(v)
Therefore:
g | ML o 2]
- P&‘Q o] e
= iy e - GG e o,
- - “@ix] N
- e



The hazard is thus:

_DA(a) [1 - %} $u) (u? —v?) 45, G T ()
Ae(a) (W (v) = ¥(u)] yo(u) 2 Y(u) - ¥(v)

The expressions (19) and (20) follow from the definition of w and v/v/a = (u + (o?)/o.

2.2 Gamma Initial Conditions

Define: o(u)
- u
=(u,0) = [B(n) ~ W(0) ~w (1~ (1409 [1 - (o)) 22
We need to evaluate d=(u, v)/da, which equals:
w2 e D0’ = L ubizw 02 4 oDy ()t
D1=(u, v)% + DQ»_;(U,'U)% = - uD1Z(u, v)u 94 + UD2H(U’U)’U(96L
1
= 3 [uD1E(u, v) + vDaZE(u, v)]
Write: o(u)
Z(u,v) = B(—u) = = [w (1= (14 0°) [L = U(w)]) + ¥(v)]
Note that:

uD [@} = — (1+u?) o(u)
and therefore:

D1l 0) = (0 + (14 07) o (1 (14 07) L~ W) + w(0)]) 22

Next, note that:

DU(v) = D [ ]

and:
D[(1+v*)[1—-T@w)]] = 2v[l—¥(v)]—(1+0*)D¥(v)

_ %pwu_w@n—m+m%u—mww%H—WWM]
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and therefore:

vDoZE(u,v) = w[20?[1=T(v)] = (1+20%) (1= (1+0%)[1 - ¥(v)])] %
—( @) - ) 2
Adding these two expressions gives:
{#} [uD1E(u, v) + vDo=(u, v)]

= v+ (14+u*) [w(@ = (14+0*)[1-T(0)])+ ¥(v)]
4w [21}2 1—Y(w)] -1+ v?) (1 — (1 +%) 1- \IJ(U)])]
—(1-(1+v*)[1-7())

= wW—-v*)(1-1+0)[1-TYO)])+1- (1+u°)[1— T(v)]
Fw20? [1 = U(v)] = (1 = (1 + %) [1 = ¥(v)])

— w(W=0?) (1= (1+v)[1 = T@)]) + 20 {w _— 2;2“ ] 1 — W(v)]

The definition of w implies that the second term in this expression is zero, and therefore:

uD1ZE(u, v) + vD2E(u,v) = w (u* — v*) (1 = (1 4+ v*) [1 — ¥ (v)]) o)
u
Hence:
uD1Z(u,v) + vDoZE(u,v) wu? —v?) (1 —(1+0*)[1—90W))
=(u,v) w1421 =Y 0)]) + ¥(v) — U(u)
B u? — v? _ 202w
- 1 V(v)—¥(u) - 1 Y(w)—¥(u)
O e et A ek v e e )
Therefore:
- u - v -1
~ DiE(y, v)§ + DoE(u, v) 32 _ v’w 1+ 1 U(v) — ¥(u) (43)
=(u,v) a wl—(14+v?)[1—Y(v)]

C COoONTINUED FRACTION BOUNDS

3.1 Bounds on the Normal Integral

The following bounds are based on:

Lee, C.C. (1992): “On Laplace Continued Fraction for the Normal Integral,” Annals of
the Institute of Statistical Mathematics, vol. 44, no. 1, pp. 107-120.
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T+ a

1
N b = =
filz;a,b) z+ -0 22+btaz
1 v +axr+b
N b pr— =
falw;a.0) 4+ d+a?+(b+ Dz +a
x+a
1 2+ ar?+ (b+2)z + 2a
f3($;a’b) = 1 = 4 3 2
T+ > zt+ a3 + (b+ 3)z2 + 3ax + b
m+zia
1 1 1 2 3 -1
flzia,b) = 1 - === ——
a:+w+ v T+ o+ v+ 2+ + ot
S
z+z+xriéa
Ln = fu(z;0,n)

and:

The results presented in Lee (1992) show that:
Li<Liy<---<R(x)<- < Ly< Ly

and:

fox (:B; V2k+1, 2k> < R(z) < far+1 (a:; V2(k+1),2k + 1)

for k=0,1,2,....

3.2 The First Bound
* 1
R(z) = exz/Q/ ez > =] (1 + 522 — V1 + 1022 + x4>
- x

We want to show:
(44)

Take k = 1. Then the lower bound f,(z;+/3,2) yields:
o) 2
x 34 22v/3+ 3z +/3

1
(1 4522 — VIt 1022 1 3:4>

Observe that:
22+ V3 +2 1
234+ 223+ 3z ++/3  4a?
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looks like:

0.08
0.06

0.04

0.02 |

0.5 1W 3 35 4
Note that: /3
14++v/3+2 1(
- 1+5—\/1+10+1> —0
1+vV3+3+v3 4

So the bound works for all z € [0, 1]. More explicitly:
1 2
(1452~ VI+ 1027 1 27)

:B2+:)3\/§—|—2 s 1
234+ 223+ 3x++/3 43

2
:B2+:)3\/§—|—2 >0
23+ 22v3+ 32 + V3 -

corresponds to:
1+ 102% + 2* > <1—|—5x2—4x3 <

Now:
2
2 2 1 3 1 — 2
141022+ 2% — [ 1+ 527 — 42® s _ 16V (1)
23 +22v/3 4+ 32 + V3 (23 + 22v/3 + 3z + V/3)
and this is indeed non-negative for = € [0, 1].
Next, consider the lower bound L7:
1
—— >0

2 & 2
e® /2/ e ? /QdZ .
. e
m+—3—4

5

To see how this compares with the desired lower bound observe that:
1 2
(1+59: - \/1—|—10:132+:134)

1
T+ L 43
o ——
-+ 45
z+ 5
x4 i
T+
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looks like:
001 |
o 1 2 X 3 4 5

0.01 |

0.02 1

0.03 [

This appears to work for all x > 1. Since we already have a bound that works for all
x < 1, this will give the desired result. The 5th-order continued fraction does not suffice.

The continued fraction can be written as:
28 + 272% + 18522 + 279
28 + 2826 + 210x% + 42022 + 105

1 —
- —
T D e
x+z+—4T
x+x+%
We need to show that for x > 1:

28 + 272* + 18522 + 279 1

>~ (1452% — VIt 1022 4)
28 + 282 1 21024 1 42022 + 105 —4934( +or R

or:
4zt (28 + 272* + 18522 + 279)
V141022 + 24 > 1+ 52 —
AT 2 T T ST 084 1 21027 1 42022 1 105

A sufficient condition is that this holds for the squares of the two sides of this inequality.

Therefore, we need:
Az (28 + 2720* + 18522 + 279) \? -

28 + 2826 + 2102* + 42022 + 105 ) —

141022 4+ 2% — (1+5x2—

for > 1. This simplifies to:
962+ (28 + 3625 + 4142 + 154022 — 315)
(z8 + 2826 + 21024 + 42022 4+ 105)>

or:
2% + 3620 4+ 4142 4+ 154022 — 315 > 0
for x > 1. Equivalently:
y* 4 36y° + 414y% + 1540y — 315 > 0
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for all y > 1. This function has a positive slope for all y > 0. Take y = .2. This gives:
(:2)" +36 (.2)% + 414 (.2)* + 1540 (.2) — 315 = 9.8496
Thus the desired condition holds for all y > .2, or z > V.2 = .44721.

3.3 The Second Bound

We want to show:
1 1

1—1 3 3 7 SM(QZ)Sl—l 2 2 4
1 (54322 — V1 + 1422 + 2%) 2 (54 322 + V1 + 1422 + z)

The function M(z) and its upper and lower bounds look like:

(45)

08 I
06 I
04 1

021

These bounds on M (x) can alternatively be written as:

1
(51 302 — /1 142? + 2%)

)§1—M(ar>§

1
2 (54322 + V1 + 1422 + 24

14322 — V1 + 1422 + 24 14322+ V1 + 1422 + 24
< M(x) <
54322 — /1 + 1422 4 24 54322 + /1 + 1422 + 24

3.3.1 The Lower Bound

or:

Note that:

eccz/Q/ €_Z2/2d2’ > -
x T+

T

It suffices to show that:

x? - 14322 — 1+ 1422 + 24
1+2% 7 54322 — 1+ 1422 + o4
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Note that the required inequality is equivalent to:
22 (5 + 322 — V17 1422 —|—:1:4) - (1 + 322 — V11 1422 +x4) (1+22) >0
since the denominator is always positive. This simplifies to:

22+ V1I+ 1422+ 24 > 1

which clearly holds for all x.

3.3.2 The Upper Bound

Consider:
oot (g:; V20k 1 1), 2k + 1)

for k = 2. This yields:

fort1 <9:; V2(k+1),2k + 1) = fort1 (iB; V6, 5) = : 1

L z
x+z+ pi
x+ 5
z+v6
Then: -
v : - xexzﬂ/ e /2d >0
r+-———— z
T+ 3
T+ I
T+ 5
Ve
Consider:
14322+ 1+ 1422 + 24 x
54322 + /1 + 1422 + 24 QI—F#
x+W
z4+/6

We need to show that:

14322 4+ /1 + 1422 + 24 S x
54322+ V14 1422 + 24 — $+#
z+x+x+#
z+6

28 + 296 + 142* + 9236 + 3322 + 826
26 + 25/6 + 1524 + 10236 + 4522 + 1526 + 15

Clearly, the result is true at 0 and at oo.
The difference:

14322+ V1 + 1422 + 24 B 28 + 2°v/6 + 142* + 9236 + 3322 + 826
54322+ V14 a2 + 24 26 + 256 + 1524 + 10236 + 4522 + 1526 + 15
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is proportional to:

(15— 750% = 192%) + (15 + Tov/6 + 122% + 2*V6 + o1 ) VI + 1407 + o7
— (253:\/6 + 14236 + 2°v6 + 336)

Write this as:

0 < 15— 252v6 — 7522 — 142°V6 — 192* — 2°v/6 — 25
+ (15 + 72v6 + 1222 + 236 + x4> V14 1422 + 24

Or:

—15 4+ 252v/6 + 7522 + 14236 + 192 + 2°vV6 + 2°
< (15 4+ 72V6 + 1222 + 2°V6 + :)34> V1 + 1422 + 24

A sufficient condition is that this inequality holds for the squares of the left and right-

hand sides. This amounts to:
2
(15 + 726 + 1227 + 2°V6 + x4) (1+ 142% + 2%)
2
> (—15 + 2526 + T52% + 142°V6 + 192 + 2°V6 + x6>

Subtracting the right-hand side from the left-hand side and dividing the result by 263
gives:
2z* + 122% + (5 — 2%) 2v6 > 0

Another way to write this is:
y® + 36y — 3y2 +90 >0
where y = 2v6. The left-hand side has slope:
3y — 6y +36=3[(y —1)*+11]

This is always positive. The value of the difference at zero is positive, and hence the

difference is positive everywhere.
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