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Abstract

We characterize the equilibrium for a small economy in a dynamic Heckscher-
Ohlin model with uncertainty. We show that when trade is balanced period-
by-period, the per capita output and consumption of a small open economy
converge to an invariant distribution that is independent of the initial wealth.
Further, at the invariant distribution, with probability one there are some pe-
riods in which the small economy diversifies. These results are in shafp co
trast with those of deterministic dynamic Heckscher-Ohlin models, in which
permanent specialization and non-convergence occur. One keygfedtwr
model is the presence of market incompleteness as a result of the pgriod-b
period trade balance. The importance of market incompleteness, angdinot ju
uncertainty, in achieving our results is illustrated through an analytical ex-
ample. Further, numerical simulations show that the speed of converigence
increasing in the size of the shocks. Thus, our results extend the predictio
of income convergence, standard in one sector neoclassical growgisnod

to the dynamic multi-country Heckscher-Ohlin environment.
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1 Introduction

Will income levels in two countries, which start from difésmt conditions, con-
verge? Traditionally, deterministic closed economy nassical growth models
were used to answer this question. These models predictahddbng as coun-
tries have same preferences, same technologies and samlatrpdynamics,
they will converge to the same level of per-capita incomenfemy positive initial
wealth. So, initial conditions do not matter for the longrincome levels. Brock
and Mirman (1972) extended this result to stochastic enmrent by showing
that countries will converge to the same invariant distidouof income irrespec-
tive of their positive initial wealth. More recently Chen @3, Ventura (1997),
Atkeson and Kehoe (2000) have shown that in deterministiadyc Heckscher-
Ohlin models - that is models with two or more tradeable comlitres which are
produced using neoclassical production functions diffgiin capital intensities
- convergence may not occur. This is despite all countriésgbielentical up to
their initial conditions, and all the production functiobeing strictly concave.
Although the models vary in details, all of them rely on tradéuced factor-
price-equalization which leads to existence of multipkasly states. Initial con-
ditions determine to which steady state a particular econwith converge. This
result has led to a surge of interest in dynamic Heckschdéin@iodels, with the
view that such models can potentially account for the olesivcome differences
across countries without resorting to non-convexitiesiucsural differences be-
tween countries.

It is natural to wonder if the results from a deterministicdabwill carry
over to an uncertain world. We introduce technological utaety in a dynamic

Heckscher-Ohlin model and find that, just as in the one seeoclassical growth



model, we obtain income convergence across countries. Wve thtat when trade
is balanced period-by-period, a standard assumption ermatistic Heckscher-
Ohlin models, the per capita output and consumption of algragding economy
converge to an invariant distribution that is independdrthe (positive) initial
wealth. Furthermore, introduction of uncertainty ovemtianother prediction of
the deterministic model: that countries may permanenticispize, that is, may
never produce all tradeable commodities. We find that in aretain environ-
ment, when income of an economy is within the invariant thatron, there will
surely be some periods in which the small economy diversifies important to
state that in our modelling strategy we are following Atkesmd Kehoe (2000)
in concentrating on the dynamics of a small trading econdrayhias no effect on
world prices of tradable goods.

Why are the results so different in the stochastic versiorhefHieckscher-
Ohlin model from those in the deterministic version? Theesta&o ingredients in
our model which are crucial for our results: uncertainty amarket incomplete-
ness arising from period-by-period trade balance comdtraio understand the
role played by these two factors, first consider the deteastiérversion. In such
models when countries diversify (i.e., when their aggregapital-labor ratios are
within the diversification cone), factor price equalizatimeans that the countries
face same rates of return to capital. Thus, when prefereareeslentical across
countries, there is no incentive for agents in one countctumulate capital if
there is no incentive for agents in the other country to dof$us implies that if
one country is in a steady state, so is the other. In partidgbithe world economy
is in steady state, all capital-labor ratios within the dsication cone can be sus-

tained as steady states. Consequently, any country thest wi#ln a capital-labor



ratio within the diversification cone will remain at that &\of capital forever.
Countries that start outside the diversification cone, witbvacapital-labor ra-
tio, will grow till they reach the lower boundary of the dig#fication cone. Such
countries will never enter the diversification cone and pdimanently specialize
in production of less-capital-intensive tradable goodser€fore, in this case, the
initial conditions determine the fate of the country in tbag run.

In the presence of uncertainty and market incompletenesg\rer, the initial
conditions are eventually irrelevant. In an uncertain @iotlvo small economies
starting from different initial conditions will find thembes in a similar situa-
tion in the future, in which they will surely diversify theproduction - produce
all tradable goods - in at least some periods. Uncertaintitd®}f is, however,
not enough for convergence. The period-by-period tradenua creates market
incompleteness, and that is crucial for the convergenasdtrés the deterministic
model, when all countries have capital-labor ratios withimdiversification cone,
the rental rates are equated across them and so, there isambivwe to borrow and
lend internationally. Thus, the absence of borrowing amdlileg as a result of
the balanced trade in each period is irrelevant. If, howeddfierent countries
face different shocks, then rate of return to capital is hetsame across countries
in each period. Then there can be mutual gains through rskrghif countries
could borrow and lend from each other. Period-by-perioderaalance prevents
that, forcing countries to self-insure by accumulating exxapital when income is
higher than expected, and de-accumulating capital whemmeds lower than ex-
pected. This pattern of capital accumulation in economiésuwncertainties shifts
the policy functions relative to those in economies withauotertainty. This im-

plies that the capital-accumulation policy function in @oomy with uncertainty



no longer coincides with the 45 degree line, as it does inrdetéstic Heckscher-
Ohlin models, and we no longer get multiplicity of steadytesta

The importance of the restriction on risk sharing oppottagimposed by the
balanced trade condition is illustrated through an anadytxample. In this ex-
ample, we retain the period-by-period balanced trade cainsbut assume away
any risk sharing opportunities. We assume that a small engramd the rest of
the world economy both face the same realization of shoctls pariod. In this
case, when there are no gains to be made from borrowing adohtefrom each
other, there is no income convergence and the small econenmygmently spe-
cializes if it starts from outside the diversification coriEhus, in this example,
despite uncertainty, results are very similar to what weeolesin deterministic
models.

One point to note here is that if, instead of setting borrgnand lending to
zero, we allowed for limited borrowing our results would @munchanged as
long as the limit on borrowing was sufficiently low.

We also simulate our model to understand how the speed okogence de-
pends on the size of the shocks that the economy faces. Wénénthe bigger the
shocks are, the faster is the convergence. In the limit, wimeertainty vanishes
the convergence disappears. This suggests that, if umtgrgasmall, initial con-
ditions play an important role in the development of a counit takes a long
time for initially capital poor countries to catch up witkchier countries. For
higher levels of uncertainty, however, initial conditionsl quickly cease to have
an effect on per-capita income levels across countries sirhelation also lets us
see the actual shape of investment policy functions andtteibn of the support

of invariant distribution of capital vis-a-vis the divefisation cone.



Our paper encompasses various strands of the literaturgt, iEigeneralizes
the dynamic Heckscher-Ohlin model in an important way byoeiicing uncer-
tainty. It shows that deterministic dynamic Heckscheri®hiodels studied by
Chen (1992), Ventura (1997), Atkeson and Kehoe (2000) ane spcial limit-
ing cases of the stochastic environment. On the other haagéper also ex-
tends to the open economy setting the convergence resutslosed economy
stochastic growth model studied by many researchersrgjairtom Brock and
Mirman (1972). Our paper also relates to the long literaturencome fluctua-
tions problem, which studies savings decisions under nhamkempleteness in
environments with many agents facing idiosyncratic shodksparticular Clar-
ida (1987), Chamberlain and Wilson (2000) and Aiyagari (994 just a few
examples that fall into this category.

The paper is organized as follows. In the next section wertesour model’'s
environment. In section 3, we give the equilibrium resutis this model, in-
cluding those on convergence and diversification. In sectiove simulate this
model and discuss the speed of convergence. In section 5 ngdeo another
version of the model with productivity shocks that are ecopavide rather than
sector-specific. We show that the convergence and divetdicresults still hold,
but the range of capital-labor ratios observed in the imvdrdistribution is much
bigger. In section 6 we provide an analytical example whiobwss that the con-
straint on risk sharing opportunities are important iniggtour results. Finally

we conclude in section 7. All the proofs are collected in thpemdices.



2 The Environment

The economic environment consists of two economiesmnall economynd the
rest of the world economyPopulation is fixed in both the countries. We assume
that the population size in the small country is of measure eative to the rest
of the world. Motivated by this assumption, and for brewtg refer to the rest of
the world economy as simply tiveorld economy

The two economies are assumed to have identical preferamcketechnolo-
gies (up to the stochastic productivity factors), though tlature of uncertainty
faced by the economies might be different. In each econormsethre two in-
termediate goods; andm, and one final goody’. The intermediate goods are
produced using capital and labor in each intermediate gectds Technology for
producing good: is less capital intensive than the technology produeingrhe
intermediate goods are traded between the economies. EBhgdaod is produced
by combining the two intermediate goods. It can be eitheest®d or consumed
domestically but cannot be traded across economies. Capitblabor are also

immobile across borders.

2.1 Preferences

The agents in both the economies are assumed to have idgnéterences. Rep-
resentative agents in each economy supply labor ineligtead derive utility
from consumption.

Assumption 1

The utility function,u : R, — R has the following properties:

1. u is continuous orR ., bounded below, and (without loss of generality)



u(0) = 0.

2. u Is twice continuously differentiable and strictly concaie.,u'(c) > 0,

u'(c) <0V ce€Ryy

3. lim._ u/(c) = 0.

2.2 Production

Each economy has access to three technologies: two intextegmod technolo-
giesa andm, and one final good technolog¥. All the production function are as-
sumed to be standard neoclassical production functiomsolgeneous of degree
one in all inputs, twice continuously differentiable witbgitive and diminishing
marginal products of each input.

Final good is produced by combining intermediate goodadm:
Y = H(a,m), (2.1)

H(a, m) satisfies the following assumptiohs
Assumption 2

H(a, m) exhibits constant returns to scale, and foma#t 0 andm > 0,
1. H(0,m) = H(a,0) =0

2. Hi(a,m) >0, Hy(a,m) > 0, Hy1(a,m) < 0 andHaz(a, m) <0

IHere we usd; to represent the partial derivative of H with respect to itst fargument. We

do so for all other first and second derivatives.



There are two distinct production functions, which comlxzaeital and labor
to produce intermediate goods. The technology for produtitermediate good
a IS given by,

a = \F(K,,L,) (2.2)

where) is the productivity factor and is potentially stochasti, and L, are
capital and labor employed in sectar

The technology for producing intermediate goads given by,
m = 0G(K,, L) (2.3)

whered is the productivity factor and is also potentially stoci@asSimilarly,
K,, andL,, are capital and labor employed in sector

Assumptions on both production functioAsandG are similar to that on H —
they are constant returns to scale, and their marginal pteai capital and labor
are positive and strictly diminishing. In addition the imteediate technologies
satisfy the following boundary conditions.
Assumption 3

Inada conditions for intermediate technologies:
1. ForallL > 0, thHU Fl(K, L) = th*}O Gl(K, L) =

2. ForallL > 0, lim oo F1(K, L) = limg oo G1 (K, L) = 0.

We also assume, as standard in Heckscher-Ohlin modelsththagoodm

technology is more capital intensive than the gaochnology for all relevant



factor price ratios (i.e., there are no factor intensityersals). More formally, we
have the following assumption,
Assumption 4

F( 9
Forall K > 0andL > 0 Ff(K’L

2.3 International Trade

As we said above final goods, capital and labor are not tradatioss the coun-
tries. The only commodities that can be traded between tbrosaies are the
two intermediate goods. Thus, the quantities of interntedi@ods utilized in a
small economy for the production of final goods can be diffefeom the quan-

tities produced in the small economy. We assume, as is sthnddeterministic

dynamic Heckscher-Ohlin models, that trade is balance@ah @eriod for each
economy.

Assumption 5

In all periodst, and for both countrie§ = s, w)

pat(ai’d —al) + pmt(mi’d —mi) = 0. (2.4)

Where variables with superscrigtare quantities demanded in the country
7, variables without superscript are quantities produced in the countryand
Pat, Pt @re the world prices of intermediate goods. This assumtaanno im-
plication on the equilibrium outcomes in deterministic Kether-Ohlin models
when both the economies produce both intermediate goodsatrrase balanced
trade is an equilibrium outcome. With country specific pratdity shocks, how-

ever, the period-by-period balanced trade constraintidibg and precludes risk
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sharing opportunities through borrowing and lending. Aswil see later, this
constraint plays an important role in determining the elguim outcomes. Bal-
anced trade implies that countries cannot borrow or lendsThe balanced trade
constraint will also be reflected in the budget constrairat cdpresentative house-
hold.

2.4 Uncertainty

In this paper, except in section 5, we assume that the woddauy faces no
uncertainty. Further, productivity factors in the intedise technologies used in
the world economy}’ andd;” are both normalized to be equal to one fortalThe
small economy, however, faces uncertaintyf andd; are stochastic. We assume
the following distributions for these productivity terms:

Assumption 6

1. Both); and; are i.i.d. random variables drawn from their respectiveetim

invariant distributions.

2. The support ok: is A = [\, \], whered < A\ < )\ < oo, while the support
of 0l is© = [0, 0], whered < § < 6 < <.

3. E[A\] =1andE[d] = 1.

The last part of the assumption above ensures that the expeaiductivity of
each sector in the small economy is equal to productivithefworld economy’s

sectors.
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Let  be probability measure for the joint distribution of= (), ), defined
on the Borel subsets ¢f = A x ©. The assumption that and© are full supports
imply thatn(A) > 0 for any non-degenerate rectangledn= A x © space.

At this point it is useful to state the timing of various ev&ahd decision pro-
cesses in the economy. At the beginning of every period tloerntminty about
current productivity levels is resolved. The consumerslfgood producers, in-
termediate goods producers all take their decisions dfter t The consumers
choose how much to consume and save. The savings decisiensiaes the next
period’s capital. The intermediate goods producers dedmsv to allocate the
capital and labor available in the economy between the twtose Notice here
that the aggregate capital in the economy is decided beferaricertainty for the
period is resolved (it is decided a period earlier), but thecation of capital and
labor across sectors takes place after the uncertaintgaved. Also, the final
good producers decide the amount of each intermediate goatsmand, which
in turn determines the quantity of exports and imports oheatermediate good.
With this timing, the subscript on a variable signifies that the variable is mea-
surable with respect to the information available up togeétj including period

productivity terms in both sectors.

3 Equilibrium in the World and the Small Economy

In this section we characterize the equilibrium of the waidl the small econ-

omy. We begin with the world economy.
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3.1 Equilibrium in the world economy

Our assumption that the small economy’s population is af meeasure compared
to the population of the world economy implies that the watdnomy behaves
as a closed economy and the prices of the intermediate goedketermined by

the world economy’s equilibrium alone.

In the absence of uncertainty the world economy will congeia unique
steady state. In the steady state the prices of the inteatgegibods, andp,, and
the interest rate in the world economy will be constant ativse.

In our analysis of the equilibrium for the small economy wdl assume that
the world is in the steady state. The world economy’s equilibh determines the
intermediate good priceg, andp,,, prevailing universally in both the world and
the small economy. So, in our analysis the prices of interateadjoods are given
and constant across time. Also, since we are concentratinigeoequilibrium of
the small economy only, we will drop the supersciifrom all variables. We will

distinguish world variables with superscriptwhenever necessary.

3.2 Decision Problems in the Small Economy

In the small economy the representative household maxarhee lifetime ex-
pected utility subject to the period budget constraint akdng prices of labor,
wy, and capitaly,, as given. Thus the representative household’s decisial- pr

lem is to choose the consumptiop investmentr, and capitak; to solve:
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o0

max EiY 8 u(cr)]

{ct,@e,ke 352, py

s.t.
Ct + X < Wy + Ttkt,1 (31)
k’t = (1 — 5)kt_1 + Ty (32)

given initial level of per-capita capitat.

Notice that markets are incomplete, there are no contiragsets available to
the households to insure themselves against risk. Morgihvebudget constraints
above do not allow for borrowing or lending. Capital accurtialais the only
available instrument to transfer resources across peaindstates of nature. The
lack of borrowing or lending is a reflection of the period4bgriod balanced trade
constraint described earlier.

The above maximization problem results in the following ayric optimality

conditions:

W(c) = BE[W(cer1)(1 =0+ 1)) (3.3)
o+ ke = wtriki+(1—0)k_y (3.4)

These are the equations which determine the dynamics afgpeta capital and
per-capita wealth in this model.

On the production side, there are two kinds of firms in the eoon final good
firms and intermediate goods firms. We assume each firm operaseperfectly

competitive environment. The representative final good fakes the prices of
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the intermediate goods as given and solves the followinglpro:

: d d
(ad il Patte T DmTy
s.t.
Y, < H(af,m) (3.5)

As mentioned earlier, variables with superscrre the quantities demanded in
the economy, while variables without the superscripts la@eguiantities produced

in the economy. The first order conditions for the final gooah fare,

Pa = Hl(afamf) (36)

Pm = Ha(a,mj) (3.7)

Given world prices of intermediate goods, these equatietsrdhine the rela-
tive quantities of intermediate goods demanded in the sacalhomy.

The representative intermediate goods firm in each econdrgses how to
allocate the total capital and labor available in that ecaypacross the two sectors.
It takes world prices of intermediate goods and domestiofgarices as given and

solves,

min Te(Kat + Kt) + wi(Lat + Lint)
{KatyLathmtaLmt}
s.t.

Pally + PmMy S pa)\tF(Katy Lat) + pmetG(Kmta Lmt) (38)
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Let us define the intensive form of the intermediate productunctions as :

fb) = F(70) 39)
(k) = G(%,l). (3.10)

The following equations give the first order conditions imms of the intensive

production functions,

parif (kat) < 1y (3.11)

Pari [f (Rat) = [/ (kat)kat] < wy (3.12)
Pmbeg (kpy) < 1 (3.13)

Pl [9(kme) — o (kmi)kre] < we. (3.14)

Inequalities (3.11) and (3.12) hold with equality whenesectora is oper-
ated with positive inputs, while inequalities (3.13) andL@ hold with equality
whenever sectat: is operated with positive inputs.

Thus it is the intermediate firms which decide whether or agiroduce both
intermediate goods in positive quantities, or in other vgondhether or not the
country will diversify. Their first order conditions can bgad to define the bound-
aries of the “cone of diversificatiori®, andk? ,. Whenever, the aggregate capital-
labor ratio of a small economy belongs to the interior of thise k; € (kb,, k),

it is profitable to produce both the intermediate goods insthell economy. The

boundaries:®, andk® , are defined as a solution to the following equations

S (KY) = pmbid (KD, (3.15)
Pat [f(kgt) - f/(th)k’gt} = pmb [g(kfnt) - gl(kfnt)kgzt} (3.16)
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The above two equations are the optimality conditions whighate marginal
products of capital and labor in two intermediate sectotseylmust be satisfied
whenever both intermediate sectors are operated, i.en et@nomy’s aggregate
capital-labor ratio is within the cone of diversificatiom this case, the optimal
capital-labor ratios in intermediate secterandm arek,; = k%, andk,,; =
kb . respectively. This allows us to dispense with the supessariwith k,, and
k¢ signifying both the boundaries of the cone of diversificatgnd the optimal
capital-labor ratios in the two sectors of economies withencone. Observe that
the boundariesk,; andk,,; are stochastic, they are functions xfandég;. In
appendix A we show that whenevey, andk,,; are positivek,; < k,,;. Further,
k.. andk,,; are increasing ip = ;’72

A crucial point is thatk,, andk,,; are independent of the domestic capital-
labor ratiok; ;. As long as the aggregate capital-labor ratios of two (orapor
economies, that face same realizations of both produgshibcks)\; andd;, fall
within the cone of diversificatiofk,,, k..;], the economies will have the same
capital-labor ratios in both sectors. Further, these ecoe® will have the same

factor prices, as is evident from the following equations:

re = paAtf,(kat) (317)
wy = pa)\t[f(kat) - f/<kat>kat] (318)

This is the essence of factor price equalization effect tdérimational trade in
goods. It plays a crucial role in creating multiple stea@dyest and non-convergence
in the environment without uncertainty, the focus of thetrsection.

The allocation of capital and labor between two intermedsatctors, however,
does depend on the domestic capital-labor ratio. Countaeigd a higher capital-

labor ratio devote a larger fraction of capital and labortte tapital-intensive
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sectorm.
Finally, in any equilibrium the following market clearingmditions must be

satisfied:

ar = MNF(Ku, La) (3.19)

my = 0,G(Kpmp, Lint) (3.20)

Ci+ X, = H(a!,m?) (3.21)
C, = ¢L (3.22)

X, = =xL (3.23)

Ko+ K = K, (3.24)
Lo+ Ly = L (3.25)

The market clearing conditions are standard. Observeritiaeimarket clear-
ing condition for capital, equation (3.24), aggregate s determined a period
earlier than when it is allocated between the two interntediactors for produc-

tion, a consequence of the timing assumptions mentionexddaef

3.3 Equilibrium in the Small Economy without Uncertainty

Before we proceed to talk about convergence in a stochastimement, let us
first understand why there are multiple steady state egaijimon-convergence
and specialization in the economies without uncertaintyp@®se a small econ-
omy faces no uncertainty and has= 1(= \}"), andd, = 1(= ;") for all t and
in all states of nature.

Since )\, andd, are fixed, the boundaries of the diversification cang,and

k¢, are constant over time. Further, since the technologyeistidal across the
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world and the small economies, the boundaries of the diveaion cone in the
two economies coincide:, = k¥ andk,, = k".

There are two possible scenarios for the small economy, yt stert with a
capital-labor ratio within the diversification cone, or iaynstart with a capital-
labor ratio outside the diversification cone. First suppbseinitial capital in the
small economyky, is within the diversification cone, i.eky € [k,, kn|. Then,
sincek, = kY, we have

Tt = patf,(kat) = ,,,,ZU' (326)

Similarly, w, = w}’ Thus, there is factor price equalization across the ecoemmi
The fact that interest rates are equal across countries thaathere is no incen-
tive for cross-economy borrowing and lending, and tradealarced period-by-
period in the equilibrium. Further, identical rates of retun both economies
mean that the incentives to accumulate capital is the satmatineconomies, and
since the world economy is in the steady state, the smallaugrwill also be
in the steady state at the initial capital-labor ratio. Tharsy capital-labor ratio
within the diversification cone can be sustained as a stdatly. s

Now consider the case where the small economy starts at @kkgiior ratio
that is outside the diversification cone. In particular,mge that the economy
starts with a very low capital-labor ratiéy < k,. In this case, as long ds_; <

k., itis optimal to produce only the less capital intensivedjaad we will have

re = paf' (k1) > 1 = paf'(ka).

The interest rate in the small economy will be larger thanwbed interest
rate and the small economy will accumulate capital till &elees (asymptotically)

the lower boundary of the diversification cone, i.e., ti#t {point where:; | = £,,.
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Once it reaches the boundary, once again there is fact@ @geaalization and the
economy will stop accumulating capital any further. Hertbe, small economy
will be at a steady state at the lower boundary of the diveegifin cone and will

produce only the less capital intensive good. Thus, the tcptimat starts with a

very low level of capital will permanently specialize in piiecing good.

In the case where the economy startskat> £,,, the economy will de-
accumulate capital till it reaches the upper boundary ofdiersification cone
and it will remain there forever producing only good

Hence economies starting at any capital-labor ratio withendiversification
cone will remain at that capital-labor ratio and those stgrfrom outside the
diversification cone will reach steady state at the bouedasf the diversification
cone. This implies that there will be no convergence in @gite capital stock or
income levels if various economies start with differentialicapital-labor ratios.

Notice, one crucial difference between a one-sector clesetdiomy and an
open economy with two tradeable sectors is that while in tmér the interest
rate is a function of the aggregate capital in the econoniy,itdependent of the
aggregate capital in the open economy within the diversifinaone. As a result,
there is a unique capital-labor ratio for a given interett la a closed economy.
In the case of an open economy, several aggregate caftal+iatios are sustain-
able for a given interest rate, all that differs is the shdrthe two intermediate
goods. This is crucial in delivering multiple steady stdatea deterministic dy-

namic Heckscher-Ohlin model.
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3.4 Equilibrium in a stochastic small economy

We now turn our attention to the case when the small econoogsfancertainty,
i.e., when\; andd, are stochastic.

We assume that for all values of= (), ), the corresponding capital-labor
) andk,, ( 5;;) are strictly positive and finite. This assumption is not
crucial for our results, but ensures that at very low valueaggregate capital-

ratiosk, (£

labor ratiok the small economy will produce only goad while at very large
values of capital, the small economy will produce only geod

Also, notice that since, andp,, are constants angd;, and#, are i.i.d., the
variablesp,\; andp,,0, are also i.i.d. Define the per capita income of the small
economy ag; = w;+riki—1+ (1 —9)k,_1. Itis a function of the small economy’s
capital-labor ratiok;, ; and TFP shocks = (A, 0): v, = y(ki_1,2:). Now the

representative household’s problem can be restated as

maXe, k, E z:i1 ﬁt_lu(ct) (327)
s.t.
e+ ke < ylkie, 2)

y(ko, 21) IS given

where the expectation is defined over the Borel sigma-algebpartial shock
historiesz! = (zo, 21, ...2:) € Z". This set up of the household’s problem makes it
clear that from the household’s perspective the problersssmially the same as
that faced by an agent in an one-sector stochastic growtkeaoth i.i.d. shocks.
Given this setup, the optimal consumption and investmelntypfunctions in any

periodt will be functions of current incomeg; only. For our main result on con-
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vergence we need to establish the continuity and monotgrpcoperties of our
policy functions. To do that we first need to understand theinaity and mono-

tonicity properties of the income function, which is act@éun the next lemma.

Lemma 1. Properties of the income functiony,.

e Income of the small economyis continuous ink, A\, and 6. It is strictly
increasing ink, nondecreasing i\ andf, and strictly increasing in either

A, or 8, or both.

e For everyz € Z the functiony(-, z) : R, — R, is concave, and continu-

ously differentiable. For every > 0 the derivative’ " is continuous in
A, andé.

e There exists the maximum sustainable level of capitalch thaty(k, z) <

kforall k > k andforallz € Z.

Let X = [0, k]. Define the value function(ko, z1) as the maximum lifetime
expected utility attained in the program (3.27). It is a d&nd result that the value
function is unique, bounded, strictly concave, continlypdgferentiable ink (for

k > 0) and solves the following Bellman equation,

o(k,2) = max {u(y(k,z) — k)48 / v(k',z')n(dz')] (3.28)

k' el0,y(k,z

Further, for eachh € Z, v(-, z) : X — R, is strictly increasing and(0, z) =

The investment policy functioh(k, z) is defined so that
olk,2) = uly(h2) = (k. 2) + 8 [ olh(k.) (@) @:29)
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In the following proposition we establish existence, couitly and monotonicity
properties of both, the investment policy functibfk, z) and the consumption

policy functionc(k, z).
Proposition 1. Existence, continuity and monotonicity of the policy funcins

e There exist unigue consumption and investment policyibsst, = c(k;_1, ;)
ky = h(ki_1, z;). They both are continuous with respectto\;, andd, and

measurable with respect to the Borel subsetg 6f A x O.

e Functionsc(ki—1, (N, 0;)) and h(k,_1, (A, 6;)) are strictly increasing in
k:_1, nondecreasing im\; and 6;, and strictly increasing in eitheh,, or

6, or both. Also¢(0, z) = 0 andh(0, z) = 0 for all values ofz.

Now, to explore the dynamic properties of the investmenicgdlnction we
need to be more specific about its shape. Let us start with fixgats of the
function. For any realization, definek, to be a fixed point for the investment
policy functionh(k, z), i.e. k, is such thatc, = h(k,,z). We can also define
the maximum and minimum positive fixed points for any givealimtion z as

follows,

EP® = max{k > 0|h(k,z) = k} (3.30)
Emn = min{k > 0|h(k, z) = k} (3.31)

Let us also define théest Z, and theworst z, shocks in the sense of giving
the most and the least amount of income, for any given levehpital available.

Notice that since the small economy’s income is a nondergésnction of both

A andd, these are uniquely definedz = (X, 0) and z = (), 9).
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In the next proposition we show that for eachminimum and maximum
positive fixed points are well defined and such, that the inwest policy function

possesses certain stability properties.

Proposition 2. Fixed points and stability properties of the investment oyl

function

e Forall z € Z, k™™ > (0 exists and for alk < k™™ h(k,z) > k.
o Forall z € Z, k2 exists and for alk > kI**, h(k,z) < k.

e The functiom(k, z) has a stable configuration, .6} < k2"

These stability properties imply that for all positive ialtvalues of capital-
labor ratiok,, the optimal capital-labor ratio sequengle }:2, will be bounded
away from zero. Thus, without loss of generality, we canrigsthe domain of
possible capital-labor ratios to a compact[get:| , wherek > 0. Let X = [k, k].

Given that we have assumed the shocks to be i.i.d., the goligtion 2 (k, z)
defines a Markov process on the set of capital-labor ratioket B be the Borel
sigma field generated b¥. For all B C B let P(k,_;, B) = Pr(k, € B) be the
transition probability function of the capital-labor @process in the small econ-
omy. LetP'(B) = Pr(k, € B) be the probability measure for small economy’s
capital-labor ratio in period defined on Borel subsefs of X. It is generated by

the transition probability function as
P! (B) = / Pk, B)P'(dk)
X

starting from some initial distributioft, defined on( X, B). The invariant distri-

bution overX then, is any probability measuyresuch that
u(B) = [ Pk B)u(ar)
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The economy is generally assumed to start from a given valubeocapital,
that means”? is a degenerate distribution concentrated on some posiile

of capital-labor ratio. Our objective here is to prove thatmatter which pos-
itive value of capital we start from, the limiim,_., P! is the unique invari-
ant distribution. More precisely, lef,, be a degenerate distribution concen-
trated onkg. Let P%(ko, B) = 0x,, P'(ko, B) = P(ko, B), and P'(ky, B) =

[x P(k, B)P""!(ky, dk) for any setB C B. We need to show théitn; ., P'(ko, B) =
w(B) for all positivek, and any Borel subsé? in 5.

Theorem 1. Convergence
There exists the unique invariant probability measuren (X, 13), such that
lim; .o, P'(ko, B) = pu(B) for all k, > 0. The full support ofu is the unique

non-degenerate compact interval &, , given by[k", femin],

The above theorem says that no matter where different sw@hagnies start
from, their long run average per-capita capital stock wdltbe same. Thus, in
the long run, there will be convergence in the per-capitatabgtock and hence,
convergence in the per-capita income levels across cesntfThis result is in
stark contrast to the result in the deterministic Hecks&igin model, where
two countries with different initial conditions will end upith different levels
of steady state variables.

One key assumption in our model is the balanced trade condifis already
pointed out, in the non-stochastic case the requirementtithde be balanced
period-by-period does not constrain equilibrium when lbé&tradable commodi-

ties are produced in the economy. However, in case with taiogy, there is an
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incentive for the small economy to borrow and lend from theldveconomy. Not
being able to do that, the small economy will try to smoothstonption by saving
more when income is higher than expected and less when thmais lower than
expected. In addition the rate of return in the diversifmatone is determined by
the realization of the shocks (see equation (3.11) and )8.TBus, even within
the diversification cone, the incentive to accumulate oadaimulate capital in
the small economy is different from that of the world econorifius, the small
economy can grow (or have negative growth) inside the divemion cone. This
is an important distinction between the stochastic andstoohastic versions.
Theorem 1 states that support of the invariant distribuisotine unique non-
degenerate interval given B, kmin], The lower boundary of the interval
is the maximum fixed point of the policy function for terst possible shocks,
while the upper boundary is the minimum fixed point of the pofunction for the
bestpossible shocks. As shown in Proposition 2, this intervalds-degenerate,

and since:'™* > 0, its lower boundary is strictly positive.

The fact that the invariant distribution is unique can besilfated using figure 1.
In that figure we have drawn two policy functions, one for therst shockz and
the other for the best shoek The capital-labor ratio in the shaded region, marked
as the invariant set, is the full support for the invariargtialbution. Notice, first
that any economy that has capital-labor ratio in that reguihalways remain
there - the worst that can happen is that the economy facegdist shock each
period, then its capital-labor ratio will converge to thevéy boundary, whereas it

goes to the upper boundary in the best possible case whemtinérg faces the
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best shock every period. Since, the policy functiat, z), is continuous and
non-decreasing in and the shocks come from a full compact support, every non-
degenerate interval of capital-labor ratios within theaimant set is attainable with
positive probability. Now consider the case when the ihgapital-labor ratio is
below the minimum point of the interv@t**, k=*]. A sequence of good shocks,
that happens with positive probability, will eventuallyirig it inside the interval.
The case when the capital-labor ratio is above the intesvalymmetric. Thus,
[k, k2] will be the unique full support for the invariant distriboi.

This characterization of the support also helps us to deternmvhether the
economy will diversify. To do that we need to find out whetheare is any in-
tersection between the support of the invariant set and itresification cone.
Recall thatk,; andk,,; are the capital labor ratios in sectarandm in the small
economy, whenever it produces positive amounts of bothrrediate goods. In

the Appendix A we show that they are strictly increasing,tcaous functions

)
Pm0

of p = . So the minimum values of,, k,, are the ones corresponding to

z* = (A, 0). The maximum values df,, k,, correspond ta** = (), ).

Theorem 2. Diversification
The fixed points of the optimal policy function satiBfy" > k,(z*) and k> <
l{?m(Z**).z

The above theorem implies that there is a positive measuresofch that
(k2% k2] 0 [kq(2), km(2)] is @ non-degenerate interval. Which in turn implies,
in an infinite horizon setting, that the support of the ingatiset will intersect

with the diversification cone in at least some periods. Thus,small economy

2Note that given constant pricgs andp,,, there is a unique single valued map frems (), 6)

top =

Lot This allows us to writek, (z) andk,, (2).

27



will surely diversify in some periods. This result also diff from the finding
in the non-stochastic version where a small economy staftom outside the

diversification cone will permanently specialize.

4  Simulation of the Small Economy

So far, we have shown that with uncertainty and borrowingt@amt there will be
convergence, but our results do not give a sense about hothéonvergence
will occur. To find out about the speed of convergence, we kitawour model.

In the simulations we assume that there is no uncertaintyamptoduction of the
intermediate goodh, but uncertainty is present only in the production of gadd
We assume that there are two possible states, high and Itwegial probability.
We then simulate our model for different magnitudes of skode fix the mean
of the shocks in sectar, )\;, to be 1 and take different symmetric deviations from
that, A"’ being the good shock and being the bad shock. We find that the bigger
are the possible shocks in the small economy, the fastebwithe convergence.
This is illustrated in the figures 2 and 3 where we report twsesa (i) deviation
from the mean is 1%, (ii) deviation from the mean is 10%.

We also simulate the economy when there is no uncertaintye péth for
the capital is plotted in figure 4. This simulation replicatbe results of the
Heckscher-Ohlin models without uncertainty - a countryt ttart with capital-
labor ratio less that, grows till it reaches the lower boundary of the diversifi-
cation cone and then its capital-labor ratio is fixed at teael. The case with

countries that start with a capital-labor ratio greatenthg is symmetric.

3None of our qualitative results change because of this gssom
4Simulations with continuous state space give similar tesul
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The finding that the speed of convergence is increasing immtgnitude of
shocks relates our convergence result with non-conveegenthe deterministic
version. It suggests that for small degrees of uncertaimijlitake extremely long
for economies to converge. In the limit, when uncertaintglrigen to zero, con-
vergence disappears altogether. Thus, the deterministoks$¢her-Ohlin model
is a very special case of the stochastic model.

Our simulation is useful in another dimension as well, ibak us to see the
actual shape of the investment policy function. A plot of gadicy function in
figure 5 reveals the effect of uncertainty and market incetgpless in our model.
Recall that in the deterministic case the investment poliogfion coincides with
the 45 degree line everywhere within the diversificatione;@very point there is
a fixed point and a steady state. With uncertainty the polircfions for good
and bad shocks shift apart from each other. It is a conseguefitepresentative
agent’s desire to self-insure herself by accumulating njless) capital when in-
come is higher (lower) than expected due to good (bad) ptadlycshock. This
pattern of capital accumulation makes it much less likehtlie small economy to
find itself in a fixed point of the investment policy functiowithout uncertainty
or under complete markets self-insurance would not be sacgsand multiple
steady-states become a possibility.

The above discussion suggests that there is nothing sdaal the uncer-
tainty being introduced by sector-specific productivityesks. Other kinds of
uncertainty, like endowment shocks or the economy-widelyecbtvity shocks
should do. This intuition is correct and in the next secti@naensider a version
of the model with economy-wide productivity shocks. Thexrdowever, another

interesting property of the model with sector-specific mitvity shocks. It is
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apparent from the figure 5 with the simulated policy functi@n that figure we

can see that both policy functions - for the good shock andherbad shock -

tilt clockwise relative to the 45 degree line. The tilt sksrthe invariant set (full

support of the invariant distribution) and, in this partaousimulation, makes it
fit completely within the diversification cone. This effestdue to changes in
comparative advantage induced by sector-specific shoclellRleat changes in
sectoral shocks affect the boundaries of the diversifinatane, thus the small
economy'’s own diversification cone shifts as various vabfesctoral shocks are
realized. To fully take advantage of uncertain changes mparative advantage
the small economy is induced to have capital-labor ratisaldo the intersec-
tion of its own possible diversification cones. This intetgm is smaller than the
world’s diversification cone.

It would be interesting to see what happens in the model wiherehanges
in comparative advantage are absent, and only self-insanaiotives are at work.
In the next section we consider a model with economy-widelpectvity shocks,
and show that in that case the entire world economy’s diffeasion cone is a

strict subset of the invariant set.

5 A model with economy-wide shocks

In this section we assume that both intermediate sectoraffeeted by the same
productivity shock. That is, we impose a restriction that= © and that\ andé

are perfectly correlated. Itis immediately apparent tiex this model is a special

Sltis trivial to show that this set up is equivalent to the -lpgrs more intuitive - environment
with productivity shocks on the final good technology onlye ¥fick with this interpretation for

ease of comparison with the previous sections.
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case of the one with sector-specific shocks. The convergescd of theorem 1
then immediately applies.

With regard to diversification first observe, that with ecaryswide produc-
tivity shock, the boundaries of the diversification conelsd small economy are
fixed and coincide with the ones of the world economy. It is maimtely appar-
ent from the equations (3.15) and (3.16) once you substitfive 6. Thus, in this
case, for alk: we havek,(z) = k¥, andk,,(z) = k. We are now ready to prove

the following proposition:

Proposition 3. If both intermediate sectors are affected by the same pitodiyc
shock, e.g.\;, then the fixed points of the optimal policy function satigfy <

kY and k2 > kv,

This proposition proves that with economy-wide shocks titeediversifica-
tion cone is a proper subset of the invariant set. So, in thari@nt distribution
a small economy may visit not only the entire diversificatbmme, but also some
areas outside of it.

We simulated the model with economy-wide shocks to see wihdtdf dy-
namics and policy functions will the model generate. Figusthows the optimal
policy functions for both high and low productivity shock&s we can see, with-
out sector-specific shocks the entire diversification cenim ithe invariant set.
The figure 7 shows the dynamics of capital-labor ratio for snwall economies -
one initially poor, and another, initially rich - that fadeetsame sequence of real-
ized economy-wide shocks. They do converge, in accordartbeowr theoretical
results. It takes, however, a lot of time. Also in the invatidistribution they
visit not only the entire diversification cone, but also areatside of it, again in

accordance with theoretical predictions.
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The example with economy-wide shocks highlights again the of sector-
specific shocks: they make the invariant set smaller thaditiesification cone,
but they are not necessary for convergence. It is self-ami@ motive due to
income uncertainty and market incompleteness that drihvesdnvergence result.

Are country-specific shocks with market incompletenesgssary for conver-
gence? Do countries have to be different? Could we proveairodnvergence
results with “global” technological shocks that affecttak countries? May be it
is just uncertainty in income that matters, and not the way imtroduced. The
next section presents a model in which all countries arecfteby same pro-
ductivity shocks. We show analytically, that in this pauter example countries
do not converge and may permanently specialize in prodummhg one tradable

good.

6 Analytical example with no convergence

In this example we assume a different structure for ungastaM/e assume that
both the world and the small economy face identical shocks X’ = A, and
0y = 67 for all t.

We use specific functional forms for the utility and the proiilon functions.
The utility function is logarithmicu(c) = In(c), while all production functions

are Cobb-Douglas. The individual production functions avemgby,
e Final good technolog¥f (a, m) = a*m!'~#
e Intermediate good technology\F (K, L) = AK“L'~

e Intermediate goodh technologWG (K, L) = K7L,
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wherel > ~v > « > 0. Further, we assume full depreciation, i€+ 1. Under
these assumptions we can find an analytical solution to thardic problems of
both the world and the small economies. Since, in this exarwgl provide the
dynamics of both the world and the small economy, we will ageie superscript
w for world ands for small economy to distinguish them.

Given the specific functional forms it is easy to show thatie world econ-

omy the allocation of labor across intermediate sectorséslfi

w (1 B Q)M
fat 1=+ (1 =701 - p) (61)

1—a)p+1-7)1—p)
Further, optimal capital-labor ratios in both intermediaectors of the world

economy are proportional to the aggregate capital lalta:ra

1
kY = ki’ 6.3
at La(l o Q) + Q t—1 ( )
Q
kv, = ki’ 6.4
mt La(l o Q) + Q t—1 ( )
where() = g((ll—:‘;‘g > 1. Denoteg, = L(1——19)+Q and¢,, = L(l_—QQ)JFQ Thus,

capital-labor ratio in each sector is a constant fractiothefaggregate capital-
labor ratio. Notice that, € (0, 1), while ¢,,, > 1, a consequence of technology
m being more capital intensive than technolegy

The optimal capital-labor ratio in the world economy evaslaecording to the

following law of motion:

k= A (k) (6.5)
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where, A, = QA?G%‘“ is an aggregate productivity)(is a fixed positive number)
andg = \u + (1 — p). Sinceq < 1 the world capital-labor ratio converges to
a unique invariant distribution. The above law of motion Waorld capital-labor
ratio determines a markov process for intermediate goaskppi.;, p,... Notice
that the prices of the intermediate goods are no longer anhatross time.

Now suppose, at the beginning of perigdhe small economy’s capital-labor
ratioisk; ;, > 0. Let; = % be the capital labor ratio in the small economy

relative to that in the world economy. There are three ptessiises to consider:

o If 1, < ¢y, thenk] | < kY = ¢.k/" . In this case the small economy will
produce only good in periodt. The optimal level of investment in this case

will be k5 = afpa (ki) = aBrepat (K1)

o If ¢ < 7w < ¢, thenk; | € (k%,k",) and the small economy will
produce both goods; andm, in periodt. The optimal level of invest-
ment in this case will bé:f = aB7¢2 pu: (k)" or equivalently,

ki = BT ety (K1)

e Finally, if 7, > ¢,,, the small economy will produce only goad in period

t, and will investk; = 87, puibs (k)"

This investment rule implies that in the next periody 1, the capital-labor
ratio in the small economy relative to that in the world eaogawill depend on
whether or not the small economy is inside the diversificatone. Thus, in

periodt + 1 we have,

@ -1
k? aﬁTf‘pat)\t(kZ“”,l) A\
o If 1, < then% = — =7 (2 > Ty
t < Ga BT apes Tpan (k)" T !
aBridd ™ pahe (ki

. ks
o if 7 € [Ga, D), thenﬁ = TaBel 1p e (ki
a a t—

~—| "
Q|
I
3
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H k3 'YBT’Ypmtet k. K v-1
o if 7, > o, thené = ’Yﬁﬁjlpmt@E(;]g“lz)w =T < T;) < .

Thus, whenever the small economy has an aggregate caghtalatio out-
side the diversification cong., k,.;], the optimal investment policy will push it
closer to the diversification cone. If, on the other hand stimall economy starts
within the diversification cone, it will maintain a constaatio between the do-
mestic aggregate capital-labor ratin and the world aggregate capital-labor ratio
k. Thus, if two small economies started within the diversifmaicone, but with
different capital-labor ratios relative to that of the wbeconomy, they will main-
tain those relative positions. Hence, there is no conveg@ncapital or income.
Also, if any small economy starts with capital labor ratiogside the diversifica-
tion cone, they will always specialize in the production nfyoone commaodity.

Thus we get the same results as in the non-stochastic verktbe dynamic

Heckscher-Ohlin model:

e Multiplicity of invariant distributions of capital,
¢ No income convergence, and

e Permanent specialization in production.

The only difference between this example and the stochestsion consid-
ered earlier is that here both the small and the world ecos®rsice identical
shocks, i.e.zj = z; for all t. As a result of global shocks, there are no risk
sharing opportunities. Inside the diversification cone,gmall economy and the
world economy have same return to capital. There is no ineefdr borrowing

or lending between the economies and the trade balanceaionsioes not bind.
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Balanced trade is an equilibrium outcome in this case, asamtn-stochastic
version.

This shows that the fact that the trade balance constramaisbias countries
realize different productivity shocks, is crucial for oumwvergence and diversifi-
cation results. Itis not just uncertainty that is importaié¢re we have uncertainty
and yet the results are very similar to what we see in detestiainmodels.

On a more technical level, this example also shows the irapoet of i.i.d.
shocks. It is the only assumption that is violated here. Assalt of the world
economy being disturbed by shocks, intermediate good $pigeandp,,,; follow
a markov process induced by the optimal capital accumulatiashe world econ-
omy. It follows that the small economy now faces autocoteelgproductivity
shocks\;p.; andd;p,,;, rather than i.i.d. shocks as in the previous sections. So,
the example shows that with suitably correlated shocketbeuld be multiplicity

of invariant distributions of capital.

7 Conclusion

This paper shows that in an uncertain world, when marketsnatecomplete,
different economies will have the same average long-ruanreirrespective of
where they start from. This reverses the predictions of thrdhinistic dy-

namic Heckscher-Ohlin model. Thus, our results extendithéigtions of income
convergence, standard in one sector neoclassical growtdels)do the dynamic
multi-country Heckscher-Ohlin environment. The resuftsur model differ from

the deterministic dynamic Heckscher-Ohlin model in anofhent. We find that

there will surely be some periods in which a small open econdirersifies, even
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if it starts with a very low capital stock. This is in contr&sthe deterministic ver-
sion, where countries may permanently specialize in priogua subset of trad-
able goods. We find that the restriction on risk sharing ojypities imposed by
the period-by-period balanced trade requirement is crémiaour results. How-
ever, as noted in the paper, our results will remain unchéifgee allowed for

limited borrowing and lending.

The results of the deterministic version and the stochastision seems to
be in two different extremes, but our simulation resultegvsense of continuity
between the two cases. It shows that the smaller the shoektharslower is the
convergence and in the limit when there is no uncertaintsetigeeno convergence.
Thus, how fast will countries catch up with each other depaythe extent of
uncertainty prevailing in the world.

Further, we show that the assumption that shocks are sgwgific is not
necessary to prove convergence, but play a role in comratte set of possible
capital-labor ratios observed in the long-run.

Finally, we constructed an example that shows the impoetariccountry-
specific shocks and of the balanced trade constraint benirg. We show that

with global shocks affecting all countries the income caogeace may disappear.

37



References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

A. Atkeson and P. Kehoe. Paths of development for earig late-bloomers
in a dynamic heckscher-ohlin modé&ederal Reserve Bank of Minneapolis,
Research Department Staff Repg#s6), 2000.

S. Rao Aiyagari. Uninsured idiosyncratic risk and agaitegsaving.Quar-
terly Journal of Economigsl09(3):659-684, August 1994,

W.A. Brock and L.J. Mirman. Optimal economic growth andcartainty:
The discounted casdournal of Economic Theory:479-513, 1972.

G. Chamberlain and C.A. Wilson. Optimal intertemporal semption under

uncertainty.Review of Economic Dynami|c%365—-395, 2000.

Partha Chatterjee and Malik Shukayev. Note on existeho@m@mum pos-
itive fixed point in the stochastic growth model. Mimeo,Uamisity of Min-

nesota, 2004.

Z. Chen. Long-run equilibria in a dynamic heckscher-ohtiodel. Cana-

dian Journal of EconomigsXXV(4), 1992.

R.H. Clarida. Consumption, liquidity constraints and asseumulation in
the presence of random income fluctuationisternational Economic Re-
view, 28:339-351, 1987.

H.A. Hopenhayn and E.C. Prescott. Stochastic monottynamd station-
ary distributions for dynamic economieEconometrica60(6):1387-1406,
1992.

38



[9] M. Maffezzoli. Neoclassical growth and commodity trad&orking Paper,
2003.

[10] L.J. Mirman and I. Zilcha. On optimal growth under urtegnty. Journal of
Economic Theory11:329-339, 1975.

[11] L.J. Mirman and I. Zilcha. Unbounded shadow prices fptimal stochastic

growth modelsinternational Economic Review7(1):121-132, 1976.

[12] N. Stokey, R. Lucas, and E. PrescdRecursive Methods in Economic Dy-

namics Harvard University Press, 1989.

[13] J. Ventura. Growth and interdependenCarterly Journal of Economic¢s
112:57-84, February 1997.

39



=~

Capital-labor ratio

Time Path of Capital Stock (Mean over 100 simulations with two st.dev. band)

5

4.5

3.5

1 percent i.i.d. shocks in sector "a"

Mean sample path for
initially rich economy

T Two standard deviations band

\ Mean sample path for
initially poor economy

50 100 150 200
Time

Figure 2: Path of Capital: 1% Shock

40

250

300



Time Path of Capital Stock (Mean over 100 simulations with two st.dev. band)
5 L

Mean sample path for 10 percent i.i.d. shocks in sector "a"
|/ initially rich economy
451\

35F

Capital-labor ratio

<> Two standard deviations band

Mean sample path for
initially poor economy

50 100 150 200 250 300
Time

Figure 3: Path of Capital: 10% Shock

41



Capital-labor ratio

3.5

ministic case

Time Path of Capital Stock, Deter

Time path of capital for
initially rich economy

Time path of capital for
initially poor economy

50 100 150
Time

Figure 4. Path of Capital: No Uncertainty

42

200

250

300



k—prime

Policy Functions for High and Low Shocks

5 T T T
45 degree line
The diversification cone
of the world economy
45+
41+
35
3 -
The invariant set
251
| | | | |

2.5 3 3.5 4 4.5

Figure 5: Policy Functions for “High” and “Low” shocks

43



k—prime

Policy functions for High and Low shocks

The diversification cone

5.5

45

h(k, A7)

h(k,Ab)

45 deg

-

ree line

i The invariant set
15E
| | | | | |

5.5

Figure 6: Policy Functions for “High” and “Low” economy-wadshocks

44



Capital-labor ratio

4.5

kW

3.5

Pl

Aggregate capital-labor ratio
over time for two economies

" Initially Rich Economy

!

11 A
’l“ i

v I i '

7Initia||y Poor Economy

1 1 1 1 1
0 1000 2000 3000 4000 5000

Time

Figure 7: Capital dynamics with economy-wide shocks

45

6000



Appendix

A Properties of the boundaries of the diversification

cone

In this appendix we will ignore time subscripts and the copstiperscripts since,
if the small economy produces both intermediate goods, tia¢ysis applies to
both economies.

To simplify notation let’'s denote:

x = k,
Yy = km
O = P
X = pmb
Y
X

We established that when both intermediate sectors protheéollowing

equalities must hold:

r=of'(z) = xd') (A1)
w=of(x) = f(z)r] = xlg(y) — g )yl (A.2)

Dividing the second set of equalities by the first we obtain

flz) = @)z gy) = 9' W)y
f'(z) gy

This is an implicitly defined functioy = Q(x), the derivative of which can be
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found using the implicit function theorem. For that define

f(z) 9(y)
) - -
) =5 " g Y
Then we have:
[f ()] f”( )fx)

U@ = — @y e !
CBy(z,y) _WlP-g"We) | q

[9'(v)]

= >0

f(@)f(x) [9 W)
()] 9" (w)g(y)

Thusk,, is a strictly increasing and continuous functionkf Also from the
above equations it is clear that whenevgr= 0 so isk,, = Q(k,).

From (A.1) and (A.2)we can derive another expression thaviNeeed later

pf(x) —g(y) = pf'(x)x — g'(y)y = pf'(z)(x —y)

Or alternatively

pf (@) = FLLLE (yl__p /() (A3)

Once we havé&)' (x) we can use the equalityf’(x) = x¢'(Q2 (x)) to find x as
a function of sectoral shocks. Itis clear thalepends only on the ratio of sectoral

shocksp = 7. Define a function of: andp :

b(z,p) = pf'(x) = 4 (2(2))

By the implicit function theorem we again can find the dervatf x = w(p)
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function:

_ f'(x)
_ @) (@) lv' )]
pf"(@) = 9" W) T wew
f'(x)
" f” (@)f(2) l9'ly )2
Pf (z) — F@? 9)

_ f@)
pf"(x)(1— g(y) )

B 9(y)
p*f"(@)(y — )

Where in the last two formulas we used the fact Hiﬁﬁg))% = p% andg(y) —
pf(z) = pf'(x)(y — x). The assumption of technology being more capital
intensive thanf technology implies thaty — =) > 0. So we obtaint’(p) > 0.
Hence k, andk,, are strictly increasing functions pfwhenever both sectors are

operated with positive inputs.

B Proofs

B.1 Proof of Lemma 1

Fix somez = (), #) and positivek.

If k € (0, kq(2)) theny = p,Af(k)+(1—0)k. Hence ¥ = p Af'(k)+1—6 >
0. Also & = p, f(k) > 0and%% = 0. Thus ink < k,(z) case monotonicity and
continuity ofy is established. For concavity gf-, z) and continuity 0% observe

2
that |tsgk§’ = puAf" (k) < 0, 24 = paf'(k), % =0.
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If k > Ky (2) theny = p,,0g(k)+(1—6)k. Henced! = p,,0¢'(k)+1—4 > 0.
Also & = 0 and%¥ = p,g(k) > 0. Thus ink > k,,(z) case monotonicity and
continuity ofy is established. For concavity gf-, z) and continuity O% observe
that% = pmB9" (k) <0, % =0, and% = pmg’ (k).

If k& € (ka(2), km(2)) theny = pAf(ka(2))La + 209 (km(2) L + (1 -
d)k. WhereL, + L,, = 1 andk,(z)L, + kn(z)L,, = k. By the assumption of
perfect competition, we know that optimal, %,,,, L., L,, maximizey. Therefore
by the envelope theorem we ha{¢é = p,f(k.(z))L, > 0. Similarly, & =
Png(km)Lm > 0. ltis also easy to see thdt = pAf'(k.(2)) + 1 — 6 =
pmb9' (km(z)) + 1 — & > 0. This establishes monotonicity and continuity results

. . or
for y. From the appendix A it follows that for all,(z) < k£ < k. (2), o)

and 8(1‘3’7’;9) are well defined finite numbers. This along with the fact that

paAf'(ka(2)), implies that the derivativé? is continuous im\ andd. To establish

concavity ofy(-, z) and continuity of% in k£ observe tha% = % = 0 by the
fact that interest rateis independent of in the diversification cone.

Finally, we need to check that whén= k,(z) or k = k,,(z) the left and right
limits of y and its three partial derivatives are equal. But this is tinees., = 1
whenk = k,(z), andL,, = 1 whenk = k,,(2).

Sincek andz were arbitrary we established monotonicity and continoity
bothy and% everywhere on the domain.

Finally the existence of the upper bouhddn the set of sustainable capital-
labor ratios is implied by the Inada conditionsny, ... p,Af' (k) = limy e Py’ (k) =

0.
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B.2 Proof of Proposition 1

The assumptions on the utility functiar{c) place this problem into the domain
of “Bounded Return Problems”, as defined in section 9.2 of $tokecas and
Prescott (1989). It is straightforward to verify that thegsumptions 9.4-9.12 are
satisfied by our model. The results of the first part then volilmm theorems 9.6,
9.7,9.8 and 9.10 in Stokey, Lucas and Prescott (1989).

¢(0,z) = 0andh(0, z) = 0is obvious. Itis easy to show that both policy func-
tions are strictly increasing, continuous functionsySf Therefore, these policy

functions inherit all the continuity and monotonicity pespy ofy.

B.3 Proof of Proposition 2

The proof of the main theorem in Chatterjee and Shukayev (2€84be applied
to show that the minimum positive fixed point for the worst§ibke shocldc;ni“
(wherez = (), 6)) is well defined and stable. Once this is established, the first
two results of the proposition follow trivially from monat@ity and boundness
of the investment policy function.

To prove the last result we will show that < k5 for any fixed points of
h(k, z) andh(k,z) correspondingly. To show that we first will prove the followi
two claims:

Claim 1: For any fixed poinkz of h(k,z) we havel > § [, y/(kz, z)n(dz)

Proof: From the Euler equation we have

c(kz,Z)) ﬁ/ c(kz, 2))y (kz, 2)n(dz)

5For example, see proofs of lemmas 1.1 and 1.2 in Brock and Mir(h972).
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Sinceu/(c(kz, z)) > u/(c(kz, Z)), with strict inequality for some € Z,

W(elha?) > Bulehe2) [ o b 2ndz)

Z

1> 3 /Z (k. 21 (d2)

Claim 2: For any fixed poink, of h(k, z) we havel < § [, v/ (k., z)n(dz)

Proof: From the Euler equation we have

i (c(ks, 2)) = B / i (elb, 2))y (ke 2)(d2)

Sincev/(c(k,, z)) < u/'(c(k,, z)), with strict inequality for some € Z,

d(elks2) < Pu(clhs ) / o (ks 2)n(d2)

Z

1< 8 / (ke 2)1(d2)

The above two claims, along with the fact thétk, 2) is decreasing ik for

every value of:, establish:, < k.

B.4 Proof of Theorem 1

To prove convergence we check that the assumptions of Timed Hopenhayn
and

Prescott (1992) are satisfied and then apply that theorenbrBuity let us define
Yy =5

First assumption that must be satisfied is tNatontains its lower and upper
bounds. SinceX = [5, E] IS a compact set it satisfies this condition. Next we
need to show that the transition probabiliyk, B) is increasing irk in the sense
of first-order stochastic dominance. Sinfgg;, z) is increasing ik for everyz,

P(k, B) is indeed increasing.
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The final condition that must be satisfied is the “MonotoneiktpCondition”,
i.e., it remains to show that there exist some X and an integef/ such that
PM(E, [k, k]) > 0, andPM (k, [k, k]) > 0.

Consider the following sek’ = {k € X| G [,y (k, z)n(dz) = 1}. Continuity
and monotonicity of/(-, z) for everyz guarantee thak’ is nonempty, although
in general it may contain more than one point. lkebe any point ink. Let
the sequencgk, }>°, be generated ak, = h(k, 1,z) with k, = k. By the
monotonicity of optimal policy rule{k, } is decreasing and we know from the
proposition 2 that,, — k'**. For anye > 0, the rectanglé(), 0), (A +¢,0 + ¢)]
has a positive measure undgfThis together with continuity of(k, -) imply that
the probability of entering into any neighborhoodigf™ in finite number of steps
is positive.

From the Claim 2 in the proof of the proposition 2 we have 3 [, o/ (k1™ z)n(dz).
Hencer™ < k. Exactly symmetric line of argument establishes that > k
and the sequencgk, }o° , started fromk, = k enters with positive probability
any neighborhood of " in a finite number of steps. The above results prove that
there exist some intege’ such thatP (k, [k, k]) > 0, and PM (k, [k, k]) > 0.
Thus, all the assumptions of Theorem 2 in Hopenhayn and étg4®©92) are
satisfied, and it establishes the desired convergence.resul

The full support for this invariant distribution ig*, k2*]. To see it ob-
serve that the sequenéé, }>° , generated as,, = h(k,_1, z) started from any
ko > k7', enters with positive probability any neighborhood /gf**. Simi-
larly, {k,}°°, generated a&, = h(k,_1,z) started from any,, < k2" enters
with positive probability any neighborhood &f*'. It is also clear that once in

[k, k2] the Markov proces$” (k, -) cannot leave this set. Thug, and
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k2 must be the boundaries of the ergodic set. To show that théevifmerval
[k, k"] is an ergodic set choose any open intef¥al k%) € [k, k2] of a
certain lengthl > 0, and any point, € k'™, kmin]. Without loss of generality
assumek, < k'. Observe that for any € (kX k™) the imageh(k, Z) is a
non-degenerate intervgl(k, z), h(k, Z)] such that belongs to the interior of this
interval. Then we can construct an increasing sequépee h(k,_1, z,—1) such
that0 < £ < |k, — k1| < € < . Clearly, this sequence will enték’, %) in
finite number of steps, say IiN steps. By continuity of.(-, -) this sequence can
be constructed with a positive measure of shock histaries= (2, z1, ..., 2y) €

Z x Z x ... x Z (N times) Obviously, fork, > k? we can construct a decreas-
ing sequence. So we proved that'(ko, (k!, k%)) > 0 for some finiteN. This

establishes irreducibility, and hence ergodicity/igf®, k2™].

B.5 Proof of Theorem 2

We will prove the following two claims, which together withd claims 1 and 2
in the proof of the proposition 2 establisk?™ > k,(z*) and A2 < ky,(2™).
Claim 3: If k < k,(2*) thenl < [, v/(k, 2)n(dz)
Proof: For allz € Z we havek < k,(z*) < k,(2) andk < k,(z*) < kY.

Hence

8 / J(k2)n(dz) = B / P () 41— 6] n(dz)
- () +1—0] > Blpaf (k) +1— 6] =1

Claim 4: If k > k,,(2**) thenl > 3 [, v/ (k, z)n(dz)
Proof: For allz € Z we havek > k,,(z**) > k,,(z) andk > k,,(z**) > kY.
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Hence

ﬁéy%wmu@:=ﬁjj% B) 41— 6] n(d2)
= 6[pm9 )+1_]§5[pmg/(l€%)+1_5]:1

Now, claim 2 of the proposition 2 and claim 4 here establigh < k,,(2*),

while claim 1 of the proposition 2 and claim 3 here pré&" > k,(z*).

B.6 Proof of Proposition 3

a’'’m

We will prove that for all: € [k2, k2] the following mustbe true: 5 [, v/ (k, z)n(dz) =
1. Once that is established the results of the propositidovioirom claims 1 and
2 in the proof of the proposition 2.

Fixanyk € [k¥, k"]. Then we have

a’'’’'m

ﬁLyw@mw>= @/pa £ R +1 - 6)5(d2)
— Blpaf (k) +1—3) = 1.
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