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Abstract

This en try giv es statemen ts of the T arski �xed p oin t theorem and the

main v ersions of the top ological �xed p oin t principle that ha v e b een applied

in economic theory . P oin ters are giv en to literature concerned with pro ofs of

Brou w er's theorem, and with algorithms for computing appro ximate �xed

p oin ts. The top ological results are all consequences of a sligh tly w eak ened

v ersion of the Eilen b erg-Mon tgomery (1946) �xed p oin t theorem. The ax-

iomatic c haracterization of the Lera y-Sc hauder �xed p oin t index (whic h is

ev en more p o w erful) is also stated, and its application to issues concerning

robustness of sets of equilibria is explained.



�xed p oin t theorems

The Brou w er (1910) �xed p oin t theorem and its descendan ts are k ey math-

ematical results underlying the foundations of economic theory .

Let f : X ! X b e a function from a space to itself. A �xed p oin t of f

is a p oin t x

�

2 X that is mapp ed to itself b y f : f ( x

�

) = x

�

. A �xed p oin t

theorem is a result asserting that, under some h yp otheses, the set of �xed

p oin ts of f is nonempt y . A simple example with man y applications is:

Theorem 1 (Con traction Mapping Theorem). If the metric sp ac e ( X ; d )

is c omplete (r e c al l that this me ans that every Cauchy se quenc e is c onver gent)

and ther e is a numb er c 2 (0 ; 1) such that d ( f ( x ) ; f ( x

0

)) � cd ( x; x

0

) for al l

x; x

0

2 X , then f has a unique �xe d p oint.

Another example illustrating the imp ortance of the general notion of

completeness, but otherwise based on quite di�eren t principles, is:

Theorem 2 (T arski's Fixed P oin t Theorem). L et ( X ; � ) b e a c omplete

lattic e: � is a p artial or dering of X and every subset of X has a gr e atest

lower b ound and a le ast upp er b ound. If f : X ! X is monotone|that is,

f ( x ) � f ( x

0

) whenever x � x

0

|then ther e ar e �xe d p oints u ; u 2 X such

that u � x whenever x � f ( x ) and x � u whenever f ( x ) � x .

This result is foundational for the theory of strategic complemen tarities (e.g.,

Milgrom and Shannon (1994), Ec henique (2005)) and has b een applied to

gro wth theory b y Hop enha yn and Prescott (1992).

The rest of our discussion is dev oted to results related to Brou w er's

�xed p oin t theorem. A top ological space has the �xed p oin t prop ert y if

ev ery con tin uous map from the space to itself has a �xed p oin t. Brou w er's

theorem states that a nonempt y compact con v ex subset of a Euclidean space

has the �xed p oin t prop ert y . This celebrated result underlies man y of the

adv anced results of top ology , and w as a piv otal ev en t in the dev elopmen t

of algebraic top ology , whic h has in
uenced man y areas of mathematics. In

the half cen tury follo wing Brou w er's pap er the theory of �xed p oin ts w as

extended in v arious directions, yielding sev eral generalizations of Brou w er's

result that are themselv es famous theorems. Early in the p ost w ar p erio d

�xed p oin t theorems w ere used b y Arro w and Debreu (1954), McKenzie

(1959), Nash (1950, 1951), and Debreu (1952) to pro v e the fundamen tal

equilibrium existence results of theoretical economics: ev ery econom y with

�nitely man y go o ds and agen ts has a comp etitiv e equilibrium; ev ery �nite

normal form game has a Nash equilibrium. Fixed p oin t theory con tin ues to
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pla y an imp ortan t role in the extensiv e b o dy of researc h that grew out of

these fundamen tal disco v eries.

Useful b o oks dev oted to �xed p oin t theory include Border (1985), whic h

emphasizes results used in economic theory , Bro wn (1971), whic h dev elops

the theory of the �xed p oin t index using the metho ds of algebraic top ology ,

and Dugundji and Granas (2003), whic h comprehensiv ely surv eys the topic

from the p oin t of view of applications to analysis and top ology . The latter

b o ok features extensiv e historical information concerning the dev elopmen t,

and the dev elop ers, of the sub ject.

Pr o ofs and A lgorithms

Since Brou w er's theorem is a breakthrough result, one should exp ect

pro ofs to rev eal deep mathematical principles, and in fact Brou w er's w ork

w as a ma jor stim ulus to the dev elopmen t of the sub ject that is no w kno wn

as algebraic top ology . Ev en tually Sp erner (1928) distilled a relativ ely simple

com binatoric argumen t out of the top ological fermen t of that era. Although

this argumen t is the most p opular in graduate education in economics, in

the author's opinion the exp osition in Milnor (1965) of an argumen t due

to Hirsc h is w orth whatev er additional e�ort it en tails, b ecause the studen t

also learns Sard's theorem, whic h is another fundamen tal result of the last

cen tury with imp ortan t applications in economic theory . Although the sub-

stance of the argumen t in Milnor (1978) app ears to b e less useful, its brevit y

and elemen tary c haracter are stunning. The pro of of McLennan and T ourky

(2005) is also relativ ely simple, and displa ys ho w Kakutani's theorem fol-

lo ws easily from the existence of Nash equilibrium for a sp ecial class of t w o

p erson games, whic h is one of the simplest manifestations of the �xed p oin t

principle.

Computation of appro ximate �xed p oin ts has man y applications in eco-

nomics and other �elds, and is an imp ortan t topic of researc h. Iteration of a

function is only guaran teed to w ork when the the function is a con traction,

as in Theorem 1, but this metho d is often practical for functions that do not

satisfy this condition. Other metho ds are deriv ed from pro ofs of Brou w er's

theorem. The metho d pioneered b y Scarf (Scarf (1973), Doup (1988)) is a

metho d of mo ving through the simplices of a simplicial sub division of the

simplex. It is justi�ed b y a re�nemen t of the pro of of Sp erner's lemma. The

pro of deriv ed from Sard's theorem p oin ts to w ard homotop y metho ds, whic h

ha v e a h uge literature (Garc � �a and Zangwill (1981), Algo w er and Georg

(1990)). The pro of in McLennan and T ourky (2005) also p oin ts to w ard al-

gorithms in whic h the equilibria of certain t w o p erson games giv e rise to

appro ximate �xed p oin ts.
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V ariants

W e will giv e statemen ts of the main forms in whic h the �xed p oin t prin-

ciple is applied in economic theory . Let X and Y b e metric spaces. A

corresp ondence F : X ! Y assigns a nonempt y F ( x ) � Y to eac h x 2 X .

When Y = X , a p oin t x

�

is said to b e a �xed p oin t if x

�

2 F ( x

�

). If P is

an y prop ert y of sets, then F is P v alued if eac h image F ( x ) has prop ert y

P . It is upp er semicon tin uous (u.s.c.) if it is compact v alued and, for

eac h x 2 X and eac h neigh b orho o d V of F ( x ), there is a neigh b orho o d U

of x suc h that F ( x

0

) � V for all x

0

2 U . It is not hard to sho w that if Y is

compact, then F is u.s.c. if and only if its graph

Gr( F ) = f ( x; y ) 2 X � Y : y 2 F ( x ) g

is closed. W e think of a function as a singleton-v alued corresp ondence, in

whic h case upp er semicon tin uit y coincides with the usual notion of con tin u-

it y .

Economic mo dels frequen tly giv e rise to sets of optimal individual c hoices

that are con v ex, but ma y ha v e more than one elemen t. F or this reason the

most prominen t �xed p oin t theorem in economic applications is:

Theorem 3 (Kakutani (1941)). If X is a nonempty c omp act c onvex sub-

set of a Euclide an sp ac e and F : X ! X is an u.s.c. c onvex value d c orr e-

sp ondenc e, then F has a �xe d p oint.

The follo wing v arian t is tailored for applications in general equilibrium

theory , where one is searc hing for a price v ector that equates supply and

demand in all mark ets.

Theorem 4 (Debreu-Gale-Kuhn-Nik aido Lemma). L et

� := f p 2 R

n

+

:

n

X

j =1

p

i

= 1 g

b e the n � 1 dimensional simplex. If Z : � ! R

n

is an u.s.c.c.v. c orr esp on-

denc e satisfying p � z = 0 for al l p 2 � and al l z 2 Z ( p ) , then ther e is a

p

�

2 � and z

�

2 Z ( p

�

) such that z

�

� 0 .

The follo wing result of Shapley (1973b,a) (see also Herings (1997) and

references cited therein) generalizes the famous K-K-M theorem of Knaster

et al. (1929). It has imp ortan t applications to the theory of the core and

other asp ects of co op erativ e game theory and general equilibrium theory .
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Theorem 5 (K-K-M-S-Theorem). L et N = 2

f 1 ;::: ;n g

n ; , and for S 2 N

let �

S

:= f x 2 � : x

i

= 0 for al l i =2 S g . If f C

S

g

S 2N

is a c ol le ction of

close d sets such that �

T

�

S

S � T

C

S

for al l T 2 N , then ther e is B � N

and numb ers �

S

� 0 for S 2 B such that

P

i 2 S 2B

�

S

= 1 for al l i = 1 ; : : : ; n

(such a B is c al le d a balanced collection ) and

T

S 2B

C

S

6= ; .

The original K-K-M theorem is the sp ecial case in whic h C

S

= ; when-

ev er S has more than one elemen t. That is, C

1

\ � � � \ C

n

6= ; whenev er

C

1

; : : : ; C

n

� � are closed sets satisfying �

T

�

S

i 2 T

C

i

for all T 2 N .

Gener alizations

During the �rst half of the last cen tury there emerged a sequence of

increasingly general v ersions of Brou w er's theorem. Let X and X

0

b e metric

spaces, and let ' : X ! X

0

b e a homeomorphism. A p oin t x

�

2 X is a �xed

p oin t of a con tin uous function f : X ! X if and only if ' ( x

�

) is a �xed p oin t

of ' � f � '

� 1

, so the �xed p oin t prop ert y is in v arian t under homeomorphism.

Compactness and con tin uit y are in v arian t prop erties, but the assumptions

of con v exit y and �nite dimensionalit y in Brou w er's theorem seem to o strong,

as do es the assumption of con v ex v aluedness in Kakutani's theorem. One is

led to searc h for w eak er, top ological assumptions that imply the �xed p oin t

prop ert y .

Let Y b e another metric space. A con tin uous function

h : X � [0 ; 1] ! Y

is called a homotop y . F or eac h 0 � t � 1 let h

t

= h ( � ; t ) : X ! Y . W e think

of \con tin uously deforming" h

0

in to h

1

, with the v ariable t represen ting time,

and w e sa y that h

0

and h

1

are homotopic . The space X is con tractible

if the iden tit y function on X is homotopic to a constan t function. If X is

con v ex, then for an y x

0

2 X the function

h ( x; t ) = x

0

+ (1 � t )( x � x

0

)

is suc h a homotop y , so con v ex sets are con tractible. It w as conjectured

that nonempt y compact con tractible sets ha v e the �xed p oin t prop ert y , but

ev en tually coun terexamples w ere disco v ered b y Kinoshita (1953) and others.

A retraction of X on to a subset A is a con tin uous function r : X ! A

whose set of �xed p oin ts is A , so that r ( a ) = a for all a 2 A . In this

circumstance w e sa y that A is a retract of X . One p oin t of in terest is that

if X has the �xed p oin t prop ert y , then so do es A : if g : A ! A is con tin uous,
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then g � r : X ! A � X has a �xed p oin t x

�

, and x

�

= g ( r ( x

�

)) = g ( x

�

)

b ecause x

�

m ust b e in A .

The subspace A is a neigh b orho o d retract if there is an op en U � A

and a retraction r : U ! A . A con tin uous function e : X ! Y is an

em b edding if it is injectiv e and e

� 1

: e ( X ) ! X is con tin uous, i.e., e

is a homeomorphism on to its image. A metric space X is an absolute

neigh b orho o d retract (ANR) if e ( X ) is a neigh b orho o d retract whenev er

e : X ! Y is an em b edding of X in a metric space Y . The class of ANR's

is large, encompassing man y imp ortan t t yp es of spaces suc h as manifolds,

simplicial complexes, and con v ex sets, and there is an extensiv e theory (e.g.,

Borsuk (1967)) that cannot b e describ ed here. One ma y think of an ANR as

a space that has b ounded complexit y , in a certain sense, in a neigh b orho o d

of eac h of its p oin ts

1

.

Eilen b erg and Mon tgomery (1946) ga v e a fully satisfactory generaliza-

tion of Brou w er's theorem: F has a �xed p oin t whenev er X is a nonempt y

compact acyclic ANR and F : X ! X is an u.s.c. acyclic v alued corre-

sp ondence. Acyclicit y is a concept from algebraic top ology that cannot b e

de�ned here; the imp ortan t p oin t for us is that con tractible sets are acyclic,

and that the loss of generalit y in passing from acyclicit y to con tractibilit y is

of sligh t concern in economic theory .

Con tractible v alued corresp ondences that are not con v ex v alued app ear

in McLennan (1989a) and Ren y (2005). There are man y applications in

economics of the sp ecial case of the Eilen b erg-Mon tgomery theorem in whic h

X is con v ex (but p ossibly in�nite dimensional) and F is con v ex v alued, for

whic h relativ ely simple and direct pro ofs w ere giv en b y F an (1952) and

Glic ksb erg (1952). In turn this result is more general than b oth Kakutani's

theorem and the w ell kno wn Sc hauder (1930) �xed p oin t theorem.

The L er ay-Schauder Fixe d Point Index

Consider the �xed p oin ts of the function from [0 ; 1] to itself sho wn in

Figure 1. The p oin ts A and C are qualitativ ely similar, and qualitativ ely

di�eren t from B . In the one dimensional setting one can easily see that if

the function is di�eren tiable, and its graph is not tangen t to the diagonal at

an y of its �xed p oin ts, then the n um b er of �xed p oin ts of the �rst t yp e m ust

1

An example of a space that is not an ANR is the union X of the unit circle cen tered at

the origin in R

2

and the set f (1 � �

� 1

)(cos � ; sin � ) : 1 � � < 1 g . If X w as an ANR, then

there w ould exist a retraction of a neigh b orho o d U � R

2

on to X , and the retraction w ould

tak e small connected neigh b orho o ds of (1 ; 0) in U to small connected neigh b orho o ds of

(1 ; 0) in X , but small neigh b orho o ds of (1 ; 0) in X are disconnected.
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b e one greater than the n um b er of �xed p oin ts of the second t yp e. In par-

ticular, the n um b er of �xed p oin ts m ust b e o dd. These prop erties extend to

smo oth functions f : C ! C , where C is an n -dimensional con v ex set, that

in tersect the diagonal in the \exp ected" manner: the Jacobian of Id

C

� f

is nonsingular. Debreu (1970) used Sard's theorem (e.g., Milnor (1965)) to

sho w that for an exc hange econom y with �xed preferences, the excess de-

mand function generated b y a \generic" endo wmen t v ector has w ell b eha v ed

equilibria, and Dierk er (1972) sho w ed that the qualitativ e conclusions de-

scrib ed ab o v e hold in this circumstance. Mas-Colell (1985) summarizes the

extensiv e literature descended from these seminal con tributions.

The Lera y-Sc hauder �xed p oin t index generalizes these asp ects of

the theory to corresp ondences, to sets of �xed p oin ts that are not singletons,

and to general ANR's. Supp ose X is a nonempt y compact ANR, U � X is

op en and U is its closure. A corresp ondence F : U ! X is index admissi-

ble if it is u.s.c. and do es not ha v e an y �xed p oin ts in its b oundary U n U .

Let I

X

b e the set of index admissible con tractible v alued corresp ondences

F : U ! X where U � X is op en. A homotop y h : U � [0 ; 1] ! X is index

admissible if eac h h

t

is index admissible.

The next result giv es an axiomatic c haracterization of a n um b er �

X

( F ).

When there are �nitely man y �xed p oin ts the Additivit y axiom allo ws us to

think of �

X

( F ) as the sum of their indices. When X � R

n

, f : U ! X is a

smo oth function, and x is a �xed p oin t in the in terior of X with Id

R

n

� D f ( x )

nonsingular, the index of x is +1 or � 1 according to whether the determinan t

of Id

R

n

� D f ( x ) is p ositiv e or negativ e.

Theorem 6. Ther e is a unique function �

X

: I

X

! Z satisfying:
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(I1) (Normalization) If c : X ! X is a c onstant function, then �

X

( c ) = 1 .

(I2) (A dditivity) If F : U ! X is in I

X

, U

1

; : : : ; U

r

ar e disjoint op en

subsets of U , and F has no �xe d p oints in U n ( U

1

[ : : : [ U

r

) , then

�

X

( F ) =

r

X

i =1

�

X

( F j

U

i

) :

(I3) (Homotopy) If h : U � [0 ; 1] ! X is an index admissible homotopy,

then �

X

( h

0

) = �

X

( h

1

) .

(I4) (Continuity) F or e ach F : U ! X in I

X

ther e is a neighb orho o d

W � U � X of Gr ( F ) such that �

X

( F

0

) = �

X

( F ) for al l F

0

: U ! X

with F

0

2 I

X

and Gr ( F

0

) � W .

The index is closed related to the Brou w er degree of a function b et w een

manifolds of the same dimension. These ideas ev olv ed from the time of

Brou w er's w ork un til O'Neill (1953) ac hiev ed the axiomatic expression of

the concept (for functions) giv en ab o v e.

Theorem 1 has man y imp ortan t consequences. T o b egin with note that

if F 2 I

X

has no �xed p oin ts, then Additivit y implies that

�

X

( F ) = �

X

( F j

;

) = �

X

( F j

;

) + �

X

( F j

;

) = 0 :

Therefore F m ust ha v e a �xed p oin t whenev er �

X

( F ) 6= 0. If f : X ! X

is a con tin uous function, then �

X

( f ) is called the Lefsc hetz n um b er of

f . The famous Lefsc hetz (1923) �xed p oin t theorem states that f has a

�xed p oin t if its Lefsc hetz n um b er is nonzero, and pro vides connections to

algebraic top ology that giv e to ols for computing the Lefsc hetz n um b er.

W e no w use the follo wing appro ximation result to reco v er the w eak v er-

sion of the Eilen b erg-Mon tgomery theorem stated ab o v e, thereb y sho wing

that Theorem 6 em b o dies the �xed p oin t principle. This result generalizes

Kakutani's metho d of passing from Brou w er's theorem to his result, and it

pla ys an imp ortan t role in one metho d of pro ving Theorem 6.

Theorem 7 (Mas-Colell (1974), McLennan (1989b)). If X is a c om-

p act ANR, U; V � X ar e op en with V � U , F : U ! X is an u.s.c. c on-

tr actible value d c orr esp ondenc e, and W � U � X is a neighb orho o d of Gr ( F ) ,

then ther e is a c ontinuous function f : V ! X with Gr ( f ) � W .

Supp ose that F : X ! X is an u.s.c. con tractible v alued corresp ondence.

Applying the last result with U = V = X and W as in (I4), w e �nd that
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there is a con tin uous function f : X ! X with �

X

( f ) = �

X

( F ). If X is

con tractible, so that there is a homotop y h : X � [0 ; 1] ! X with h

0

= Id

X

and h

1

a constan t function, then j ( x; t ) = f ( h ( x; t )) is a homotop y with

j

0

= f and j

1

a constan t function, so Homotop y and Normalization imply

that �

X

( f ) = 1. W e conclude that �

X

( F ) = 1, and that F necessarily has

a �xed p oin t.

Recall that a subset C of a metric space Y is connected if there do not

exist op en sets V

1

; V

2

� Y with V

1

\ V

2

= ; and V

1

\ C 6= ; 6= V

2

\ C . A

subset of Y is a connected comp onen t if it is the union of all connected

sets con taining some p oin t y . Eac h connected comp onen t is connected, and

the connected comp onen ts partition Y .

Supp ose that X is a compact con tractible ANR, that F : X ! X is

in I

X

, and that the set of �xed p oin ts of F has �nitely man y connected

comp onen ts C

1

; : : : ; C

r

. Additivit y implies that eac h comp onen t C

i

has a

w ell de�ned index �

i

that dep ends on the restriction of F to an arbitrarily

small neigh b orho o d of C

i

. Supp ose that it is p ossible to sho w that �

i

= 1

for eac h i . Since additivit y implies that

P

i

�

i

= �

X

( F ) = 1, it follo ws that

r = 1. This st yle of pro of of uniqueness is applicable to man y economic

settings, but usually more elemen tary metho ds are a v ailable. A t presen t

no alternativ e to its application in Eraslan and McLennan (2005) is kno wn.

It is more common to use the index to pro v e non uniqueness: it su�ces to

displa y a connected comp onen t whose index is di�eren t from one.

The �xed p oin t index has t w o other imp ortan t prop erties.

Theorem 8. (Multiplic ation) If X and Y and c omp act ANR's, U � X

and V � Y ar e op en, F : U ! X and G : V ! Y ar e index admissible

c ontr actible value d c orr esp ondenc es, and F � G : U � V ! X � Y is the

c orr esp ondenc e that takes ( x; y ) to F ( x ) � G ( y ) , then

�

X � Y

( F � G ) = �

X

( F ) � �

Y

( G ) :

Theorem 9. (Commutativity) If X and Y ar e c omp act ANR's and f : X !

Y and g : Y ! X ar e c ontinuous functions, then

�

X

( g � f ) = �

Y

( f � g ) :

There is a more general v ersion of Comm utativit y for functions de�ned

on subsets of X and Y , but its statemen t in v olv es tec hnical complications.

In view of the uniqueness asserted in Theorem 6, Multiplication and Com-

m utativit y are, in principle, consequences of (I1)-(I4), but it is not kno wn

ho w to pro v e them in this w a y . In practice these prop erties are treated

8



b

b

0 1

0

1

A

B

Figure 2

as axioms and shepherded up the ladder of generalit y , one rung at a time,

along with ev erything else. In fact Comm utativit y (whic h w as in tro duced

b y Bro wder (1948) for this purp ose) pla ys a critical role at one stage of this

pro cess.

Essential Sets of Fixe d Points

The t w o �xed p oin ts in Figure 2 are qualitativ ely di�eren t. Arbitrarily

small p erturbations of the function ha v e no �xed p oin t near A , but this

is not the case for B . In the terminology in tro duced b y F ort (1950) A is

inessen tial while B is essen tial . Let X b e a compact con tractible AN R ,

let F : X ! X b e an u.s.c. con tractible v alued corresp ondence, and let C

b e the set of �xed p oin ts of F . Kinoshita (1952) extended F ort's ideas to

corresp ondences, and to sets of �xed p oin ts, de�ning an essen tial set of

�xed p oin ts of F to b e a compact C

0

� C suc h that for an y neigh b orho o d

U of C

0

there is a neigh b orho o d W of Gr( F ) suc h that an y con tin uous

function f : X ! X with Gr( f ) � W has a �xed p oin t in U .

F or an y neigh b orho o d U of C w e can �nd a neigh b orho o d W of Gr( F )

that cannot ha v e an y �xed p oin ts outside of U , so C is essen tial. That is,

without some additional condition, essen tialit y do es not distinguish some

�xed p oin ts from others. F ollo wing Kohlb erg and Mertens (1986), one is

led to consider minimal essen tial sets, whic h exist b y virtue of the follo wing

argumen t. Let B

1

; B

2

; : : : b e a listing of the op en balls of rational radii

cen tered at p oin ts in some coun table dense subset of X . De�ne a sequence

K

0

; K

1

; K

2

; : : : inductiv ely b y setting K

0

= C and, for j � 1, setting K

j

=

K

j � 1

n B

j

if this set is essen tial and otherwise setting K

j

= K

j � 1

. W e

claim that K

1

=

T

j

K

j

is a minimal essen tial set. An y neigh b orho o d

9



U of K

1

con tains some K

j

(the accum ulation p oin ts of a sequence f x

j

g

with x

j

2 K

j

n U m ust b e outside U but also in eac h K

j

, b y compactness,

hence in K

1

) and eac h K

j

is essen tial, so K

1

is essen tial. If there w as

a smaller essen tial set there w ould b e some j suc h that K

1

n B

j

6= K

1

w as essen tial, but then K

j � 1

n B

j

w ould also b e essen tial, in whic h case

K

1

\ B

j

� K

j

\ B

j

= ; .

Kinoshita (1952) sho w ed that minimal essen tial sets are connected when

X is con v ex and F is con v ex v alued. Otherwise one could �nd a minimal

essen tial set C

1

[ C

2

, where C

1

and C

2

are nonempt y , compact, and disjoin t.

Then C

1

and C

2

are inessen tial, so there is a p erturbation of F that has

no �xed p oin ts near C

1

and another suc h p erturbation of F has no �xed

p oin ts near C

2

. The main idea of Kinoshita's argumen t is that these can b e

com bined, using con v ex com bination with lo cally v arying w eigh ts, to giv e a

p erturbation of F that has no �xed p oin t near C

1

[ C

2

, thereb y con tradicting

the assumption that C

1

[ C

2

is essen tial.

Kinoshita's theorem is p ertinen t to the literature on re�nemen ts of Nash

equilibrium that b egan with the in tro duction in Selten (1975) of p erfect equi-

librium. An imp ortan t tec hnique is to giv e a privileged status to those Nash

equilibria that can b e appro ximated b y �xed p oin ts of certain p erturbations

of the giv en corresp ondence. In particular, it has imp ortan t connections to

the notion of strategic stabilit y of Kohlb erg and Mertens (1986).

The �xed p oin t index also has implications for essen tial sets. F or the sak e

of simplicit y assume that C consists of �nitely man y connected comp onen ts

C

1

; : : : ; C

r

. (This condition holds in the application to Nash equilibrium.)

An y C

i

with nonzero index is essen tial, b y Con tin uit y . Since the sum of the

indices is one, some C

i

m ust ha v e nonzero index, so a connected essen tial set

exists. Harder argumen ts, whic h apply the Hopf theorem (Milnor (1965))

to \transp ort" �xed p oin ts of p erturbations to a desired lo cation, and to

eliminate pairs of �xed p oin ts of opp osite index, sho w that an y prop er subset

of a C

i

is inessen tial, and that C

i

is inessen tial if its index is zero. Th us the

minimal essen tial sets are precisely those C

i

with nonzero index.
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