Sequences and convergence

Definition 1 (Sequence) Let p1,pa, ..., Pn, ... denote a sequence of elements of a metric space (S,d). We use
{Pn},en to denote such a sequence.

Example 2 Let S = RY and d(x,y) = Ziil |z; — yi|. Then, the first elements of the sequence {%}nEN are
{1,3,3.13....}.
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Definition 3 (Convergence) Let (S,d) be a metric space andpy € S. Then {pn}, o converges to pg (denoted
by pn — Po, limy 00 P = po) iff Ve > 0, there exists some N € N such that Vn > N, d(pn,po) < €.

Example 4 Let S =R, d(z,y) = |z — y| and {p,} L. Prove that {pn},cy converges to zero.
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Proof. Consider £ > 0. Note that:
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d(pn,0) = ‘ﬁ -0

Therefore, we need that d(p,,0) = % < g. Consider N = Ii—], the "first" natural number above % Then
vn>N, i<t <1 andd(p,,0)<c =

€

Proposition 5 (Uniqueness of the limit) Let (S,d) be a metric space. If p, — po and p, — p, then
Po = Pp-

Proof. Consider € > 0. If p,, — po then there exists some N € N such that

d(pn,po) <eVn > N.

If p,, is also converging to pj, then there exists some N’ € N such that
d(pn,po) < e Vn > N’

Now, consider n > max{N, N}, and note that:

d(po, o) < d(po,pn) + d(pn, Py)
but, by definition, d(pg, pn) < € and d(p,,p}) < €. It follows that
d(po,py) < 2¢

so the only possibility is that d(po,p;) = 0 and pg = pj. =
Proposition 6 Let (S,dy) be a metric space. Suppose that py, dy po- If di is equivalent to do, then p, 43 Po-

Proof. By definition, Ve > 0 there exists some N € N such that Vn > N, di(pn,po) < €. Consider € > 0.
Then there exists some N € N such that Vn > N,

5

dl(Pn,po) < C

where C' is such that da(pn,po) < Cdi(pn,po), which exists because d; and dy are equivalent. Then

consider N = N, and Vn > N,
d2(pnap0) <Cdy (pnapO)
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and so da(pp,po) <. W



Some results in R

The following results are stated for S = R and d(z,y) = |z — y|.

Theorem 7 Let S =R and d(z,y) = |v —y|. Consider the sequences {pn},cns 1qn}nen. Then:
(a) If pn — po and gn — qo, then pn + Gn — po + qo-
(b) If pn — po, then cp, — cpy Ve € R.
(¢) If pn — po and g — qo. then ppgn — Podo-
(d) If pn — po and g, — qo # 0, then 2= — B2

Proof. (a) Consider £ > 0. Now, by the triangular inequality,

|(Pn + @n) — (Po + 90)| < [Pn — pol| + |an — Qo]

and note that if [p, —po| < § and |g, — go| < § the proof would be done. Consider N; € N such that
Vn > Ny, [pn —po| < §. Also, consider Ny € N such that ¥n > Na, |¢, — qo| < 5. (This follows from the
fact that € can be made as small as desired.) Then, set N = max{Ny, Na}, and Vn > N,

€ €
|Pn — pol| < 3’ |gn — qo| < 3
Therefore,
|(Pn + qn) — (Po + q0)| < [P — pol + |gn — qol
€ €
< 5 + 5
=ec.

(b) Assigned for homework.
(c) Note that:

|(Pngn) — (Pogo)| < |(Pn — Po) (4n — q0) + Po (an — g0) + qo (Pn — Po)| -
Using the triangular inequality and the fact that |ab| = |a| - |b|, it follows that:
|(Pn = P0) (90— 40) +Po (90 = 0) + o (Pn = Po)| < |Pn = pol - g — ol + |pol - g — qo| + 40| - [Pn — ol
Note further that:
(c.1) There exists Ny € N such that Vn > Ny, |p, — po| < %

(c.2) There exists Ny € N such that Vn > Na, |g, — qo] < i
(c.3) There exists N3 € N such that Vn > N3, g, — qo] <
(c.4) There exists Ny € N such that Vn > Ny, |p, — po| <
Consider N = max{N;, Ny, N3, Ns}. Then Vn > N,

3|P0\'
3|<10|'

|(Pnan) — (Poqo)| < |Pn — pol - lan — qo| + |Pol - |an — qo| + |go| - |Pn — Po]

<(75) (%)~ () + ! (arar)
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(d) Assigned for homework. m

Definition 8 (Bounded sequence) A sequence {pn},,cy is bounded if there exists some M such that |p,| < M
Vn € N.

Example 9 Let {pn},cn = (—1)". The sequence is bounded since |[p,| < 1.

Example 10 Let {p,},cy = n. This sequence is not bounded.



Theorem 11 FEvery convergent sequence is bounded.

Proof. If a sequence {p, }, . converges, then it has a limit py. Also, there exists a certain N € N such that
Vn > N, |pn — po| < 1 (since € can take on any value). But |p, —po| <1< —-1<p,—po<lep—1<
Pn < po+ 1€ |pa] <lpo| + 1< |pa| < M. Note that the set {n|n < N} has a finite number of elements.
Then, since the infinitely many points in the range n > N are bounded by |po + 1], it is safe to state that:

Ipn| < max{[po + 1|, [p1],[p2l, ... [pn|} Vn €N
and therefore, the sequence is bounded. m

Remark 12 The converse is not true. The sequence {p,} (=1)™ is bounded but it does not converge.

neN —

Theorem 13 Let {pn},cn: {@n}nens 17ntnen be sequences such that p, < g, < 1, ¥n > N. Suppose that
lim,, oo P, = lim,, oo 7, = L. Then lim,, . q, = L.

Proof. Consider € > 0. Since p, — L then there exists N1 € N such that VYn > Ny,
lpn —L|<ee —ce<p,—L<e&s L—e<p,<L+e
Also, since r,, — L, there exists some Ny € N such that Vn > Ns,
lrn —Ll<ese L—c<r,<L+e.

It is the case that Vn > N, p, < ¢, < ry,. Consider N* = max{N, N1, Na}. It follows that Vn > N*, the
3 conditions are met and
L—5<anQn§7“n<L+€,

which implies that
L-e<g,<L+e& —-<c<qg,—L<es|qgn—L<esq,— L
|
Example 14 Prove that lim, ., {/p =1 Vp > 0.

Proof. There are 3 cases to consider.
(a) p=1. Then {/p = 1 in every case and therefore {/p — 1 (trivial case).
(b) p > 1. Define a sequence {z,} ¢/p — 1. Note that:
(b.1) z, > 0.
(b.2) (1 + z,)™ = p, which is equivalent to:

n 2 n 3 n n
1+ nz, + 9 T, + 3 T, + ..+ n ) e
1—|—nxn—|—<g>x%+<g>xi+...+<z>x22nxn.

Then p > nz,, and z,, < £. Using (b.1) and (b.2), we get that:

neN —

Also note that

p

n

and since {0} — 0 and {£} — 0, then 2, — 0 and {/p — 1.
(c) p < 1. Assigned for homework. m

Definition 15 (Cauchy sequences) Let (S,d) be a metric space. A sequence {p,},cy satisfies the Cauchy
criterion (it is a Cauchy sequence) iff Ve > 0 there exists some N such that Vm,n > N,

A, xy) < €.



Proposition 16 If a sequence converges, then it satisfies the Cauchy criterion.

Proof. Suppose that {p,}, .y converges. Consider € > 0, and note that there exists an N such that ¥n > N,
d(pn, L) < § because p,, — L. Then, ¥m,n > N, by the triangular inequality,

d(Pm,pn) < d(pm, L) + d(L, py)

L€ n €
2 2
=e.
| ]
Theorem 17 (Nested Interval Theorem) Suppose that there is a sequence of intervals I, = [an,by], n =
1,2,..., with In11 C I, and limy,_,oo(an — by) = 0. Then there is one and only one number xo which is in
every I,.

Remark 18 The Nested Interval Theorem is only true if the intervals are closed.

Definition 19 (Subsequences) Suppose that kq, ka, ks, ..., kn, ... is an increasing sequence of positive integers.
Then {xy, }nen is a subsequence of {Tn}, cn-

Example 20 Suppose {x1,x2, 3,24, ...} is a sequence. Then:
(a) {z1, 3, x5,...} is a valid subsequence.
(b) {x10, 25,231, ...} is a valid subsequence.
(c) {x1,23, 25} is not a valid subsequence (the subsequence should go to infinity).
(d) {x1,x7,x3,...} is not a valid subsequence (the elements should be in an increasing order).

Remark 21 Any subsequence is in itself a subsequence.
Theorem 22 (Bolzano-Weierstrass) In (R, |-|), every bounded sequence has a convergent subsequence.

Proof. Since the sequence {x,}, .y is bounded, there exists some interval [a;,b;] such that x, € [a1,b1]
Vn € N. Let (al—;bl) be the average of a; and b;. Now consider the left and right hand intervals defined by:

ai + by ay + by
ai, ) ) ) ;bl .

In either one of them, there are infinitely many terms of {z,} Without loss of generality, set

neN”
[a1, '“TH“] = [ag,ba]. Let (az—;rbz) be the average of as and by. It is possible to define again some new
intervals, ) )
a27a2+ 2 ) g2 2;b2 )
2 2

and to repeat this procedure until the interval [a,y1,b,+1] has been constructed. Define I, = [an, by],
and note that:

(a) In-i-l cl,

(b) b7z+1 — An+1 = %(bn - an) = % (%(bn—l - an—l)) = .= (%)’n (bl - al) — 0.

Then it is possible to apply Theorem 17 (the Nested Interval Theorem) and state that there exists an xg
that is contained in all the intervals.

The last step is to construct a sequence {xy, }nen that converges to xg. Choose xy, € [a1,b1], Tk, € [ag, bo]
such that ko > ki, x, € [as,bs] such that k3 > k2, and up to zy, € [an,by]. (This is not a problem since
there are infinitely many points in all the intervals.) By construction, a,, < z, < b, , and a,, — xg, b, — xo.
Therefoe, zx, — xo. W

Example 23 Let {z,}, .y = (—=1)". This sequence does not converge, but the subsequences {x1,3,xs,...}
and {x2,74,T6,...} do converge. Now consider {xy}, . = n. This sequence does not converge; however,
since it is not bounded, it has no convergent subsequences.



Remark 24 Theorem 22 (Bolzano- Weierstrass) does not tell that if a sequence is not bounded then it cannot
converge.

n if n is odd

. : . This sequence 1s not bounded, but it has a convergent
0 ifn is even

Example 25 Let {:En}neN = {

subsequence.
Theorem 26 In (R, |-|), any Cauchy sequence converges.

Proof. The proof requires 3 steps.
(a) Since {zy, },, ¢ is Cauchy, there exists some N € N such that ¥m,n > N, |z, — | < 1. In particular,
Vn > N, |z, — zn4+1] < 1 (where we fix m = N + 1). Then:

1<z, —any41 <1& |z, <|zyi1| V>N

and
|zn| < max{|za], 22|, ..., [2Nn], 1+ |[2N41l},

so the sequence is bounded.
(b) By Theorem 22 (Bolzano-Weierstrass), there exists some subsequence {zy,, }nen such that xp, — L.
(c¢) Consider € > 0. Then, by the triangular inequality,

|.’L'n - L| S |.'L'n - "L‘krn‘ + |$kn7, - L| .
Note that because of (b), there exists some N7 € N such that Vm > Ny,
€
‘.’Ekm - L| < 5
Also, there exists some Ny € N such that Vm,n > Ny,

€

[T — 2| < B

since k, > m. Then |z, — xy,,| < § because {z,}, oy is a Cauchy sequence. Finally, Vn > N, consider
Tk, such that m > max{Ny, Na}. Then:

|20 — L| < |2n _ka| + |7k, — L]

3

< —
+2

I olm

E.

|
Definition 27 A metric space (S, d) is complete iff every Cauchy sequence converges.
Remark 28 (R, |:|) is complete. (Q,]:|) is not complete.

Example 29 Consider the metric space (Q,|-]|). Let z1 =3, x2 = 3.1, x3 = 3.14, x4 = 3.141, z5 = 3.1415,

Then {xy},cy is a Cauchy sequence that converges to . Note that Ym,n > N, |&y — &m| < 1077,
and by choosing a sufficiently large N, 10~ < e. But although the sequence goes to T, {xn}neN does not
converge to any limit in Q (since ™ ¢ Q).



Generalization to R¥
Consider d3(z,y) = max;—1,.. i ’xi — y’|
Theorem 30 Set (S,d) = (R¥,ds). A sequence {x,}, oy converges to x iff Vi € {1,..., K}, ai, — 2.

Proof. "="
Suppose that the vector z,, — = and consider € > 0. Note that:

i i j j| —
|z}, — 2| < max |z — 2| = d(zn, ).
j=1,...,.K

Since the vector x,, — z, there is some N € N such that ¥n > N, d(z,,z) <e. Then, Vn > N,
|2}, — '] < d(an,z) <e.

H<:ll

Suppose that zf, — x% Vi € {1,..., K}, and consider ¢ > 0. By definition, the following is true:
d(zn,x) = max ’x; —xi|
=1,
Note that for a maximum to be less than e, then every one of its components should be less than e.
By definition, there exists some N; € N such that Vn > Ny, |zl — x1| < e. Also, there is some Ny € N
such that Vn > N, ’x% — x2| < €. This reasoning can be extended up to Ng. Then, consider N* =

max{Ny, Na, ..., Nk}, such that Vn > N*,

ma |:E; — :E’| <e.
i=1,..., K

| ]
Theorem 31 The metric space (RX, d3) is complete.

Proof. It is necessary to prove that a sequence converges iff it satisfies the Cauchy property.

Héll

This is true in every metric space.

H<:ll

Suppose that a sequence {z,},y satisfies the Cauchy property. Then, there exists some N € N such
that Vm,n > N, ds(z,y) = max;—1. kg }xﬁl — aci| < g, or equivalently,

|z}, —a'| <eVie{l,. K}

Then {z,},cy is a Cauchy sequence Vi € {1, ..., K}. Since (R,|-|) is complete, z}, — 2’ Vi € {1,..., K}.
Using Theorem 30, the whole sequence converges and x,, — . &



