Finite, countable and uncountable sets

Definition 1 (Injective function) Let f : S — T be a function. We say that f is injective if f(z) = f(y) =
T =1.

Remark 2 f is injective iff x £y = f(x) # f(y).

Definition 3 (Onto function) Let f : S — T be a function. We say that f is onto iff Vy € T, there exists
some x € S such that f(x) =y.

Definition 4 (Bijection) Let f : S — T be a function. We say that f is a bijection iff f is injective and
onto.

Definition 5 (Cardinality of a set) Let S be a finite set, S = {s1,$2,...,8,}. Then the cardinality of S is
|S] = n.

Proposition 6 Suppose that S and T are finite. Then |S| = |T| iff there exists a bijection f : S — T.

Proof. "="

Suppose that |S| = |T| = n, S,T are finite sets. Then S should be of the type S = {s1, s2,..., 8, } and
T = {t1,t2,...,t, }. Consider the function f:S — T, s; — t;. This function is a bijection.

"<:"

Suppose that f : S — T is a bijection. We need to show that |S| = |T|. Suppose not. Then we have 2
alternatives:

(a) |S| > |T|, where S = {s1,52, ., Sny Snt1s s Sm} and T = {t1,¢a,...,tn}. Then f(s1) # f(s2) # ... #
f(sn), since f is injective. But f(sp41) =t; = f(s;) for some i € {1,...,n}, which is a contradiction with
the injectivity of f.

(b) |S] < |T|, where S = {s1,82,....,8m} and T = {t1,%2,....,tm,tm+1,-.-,tn}. Then Vi € {1,...,m},
t; = f(s;) (V5 € {1,...,m}), else the function is not onto. But then ¢,,41 # f(s;) for any j € {1,...,m}.
Then f is not onto, which is a contradiction. m

Example 7 Consider a set A = {a1,as,...,a,}. Then the power set of A is defined as
P(A) = {B|B is a subset of A}.
Then, |P(A)| = 2".

Proof. Consider the set X = {0,1}", X = {(z1,...,xs)|z; € {0,1}}. (A typical set has the form X =
{0,1,1,0,...,1}). Then |X| = 2". Now we find a bijection between P(A) and X, f : P(A) - X, B —
f(B) = (z1, 22, ..., x,) with z; = (1) ﬁ Zz ; g .

(For example, consider A = {1,2,3,4}. If B = {1,2,3} then f(B) = {1,1,1,0}; if B = 0, then
f(B) = {07 0,0, O})

(a) f is injective.

Counsider By, By € P(A). Suppose that f(B1) = f(Bz2). We need to show that B; = Bs. Note that
a;, € By & [f(Bl)]z =1& [f(Bg)]Z =1 (since f(Bl) = f (BQ)) < a; € By. Then By = Bs.

(b) f is onto.

We need to show that Vo € X, there exists some B € P(A) such that f(B) = z. Consider z =
(z1,22,...,2n) € X, and B = {a;|z; = 1}. Then f(B) = z.

Since f is injective and onto, then f is bijective, and therefore |P(A)| = |X|=2". m

Definition 8 For infinite sets, we say that |A| = |B| iff there exists a bijection f : A — B.

Definition 9 (Denumerable and countable sets) If |A| = |N| then we say that A is denumerable. If |A| = |N|
or A is finite, then A is countable.

Proposition 10 |N| = |Z|.



n .
Proof. Define a function f: N —Z, n — { _(nz_H) 1if7;1158 G;iie;l .

(a) f is injective.

Suppose that f(n1) = f (n2).
)
)

(n
(a.1) Let f(n1) = f(n2) > 0. Then & = 22 = n; = ny.
<0.

(a.2) Let f(n1) = f(na Then w = @ = ny = Na.
(b) f is onto.
Consider any z € Z.
(b.1) Let z > 0, and consider n = 2z, which is an even natural number. Then f(n) = § = (222) =z.
. et z < 0, and consider n = —(2z 4+ 1), an odd natural number. en f(n =
b.2) L 0, and consid 22 + 1 dd I number. Then f —(ntl)

SRz _
= =2
Then |N| = |Z|. =

Theorem 11 Any subset of a countable set is also countable.

Proof. Assigned for homework. m

Theorem 12 Let S1,S55,... be a countable family of countable sets. Then Ui21 S; is countable.

Proof. S,, is countable for m > 1. Then it can be put into a bijection with a (possibly proper) subset of N

Sm = {(m, 1), (m, 2), (m, 3), (m,4)...}.

Then:
Sl - (1,1), (172)7 (1’3)’
52 = (2a 1); (2,2>v (2’3)a
3,1, (3.2), (3,3),

Sm': (m,1) (m,2) (m,3)

And (1,1) can be assigned to 1, (2,1) to 2, (1,2) to 3, (3,1) to 4, (2,2) to 5, and so on, so all elements
can be covered without repeating.

Now consider f : {(m,n)|m,n € N*} - N*/ (m,n) — MW + n. Then f is an injection, but
not necessarily onto (since some S;’s can be finite and some elements of some S;’s can be dropped because
of repetition). However, for S = {(m,n)|m,n € N*} then f : {(m,n)|m,n € N*} — f[S] is onto. Then,
there is a bijection between | J,~, S; and f[S]. Since f[S] C N, then f[S] is countable, because of Theorem
11. Then J;~, S; is countable. m

Corollary 13 |Q| = |N]|.

Proof. Note that Q can be expressed as

Q= UQGZ\{O}{ pe }

Call the set {§|p € Z} = By, the set of rational numbers with denominator g. Note that |Bg| = |Z|.
(f:Bg — Z, § — p is a bijection). Then By is countable.
But note that the union is made in @ € Z\{0}, which is countable. So we have that Q is a countable

union of countable sets, so Q is countable. If a set is countable, it can be the case that either |Q| = |N]| or
that Q is finite. Since Q is not finite, then |Q| = |N|. m

Theorem 14 R is not countable.



Proof. It is enough to show that [0, 1] is not countable. Suppose that [0, 1] is countable. Then its elements
can be put in a sequence:

Tr1 = 0.$11$12$13 e
To = 0.£E21£L’22£L’23 ‘e
I3 = 0.£E31£L’32:L’33 ‘e
Ty = 0.1’41.%‘42.%‘43 .

where z;; are the digits of the number. Now we construct a number z such that it is not in the list.
Consider T = 0.Z1Z2Z3... defined as:
“ 1 4 otherwise ’

Then T # x, ¥n € N since Z,, # Tn,. Therefore, no bijection between N and [0, 1] can be established,
and R is not countable. m

Theorem 15 Any family of disjoint nonempty open intervals in R is countable.

Proof. Let {(ax,bx)} cp be a family of open sets. Then there exists x) in (ax,bx) such that z\ € Q.
Consider f : A — Q, A — x). We now claim that f is injective. To see that this is so, suppose that
A1 # Ao, and without loss of generality, suppose that by, < a,, (and the intervals are disjoint). Then
Zx, < Ty, implies that f(A1) # f(A2). Then f: A — f[A] is a bijection, and it follows that |[A| = |f[A]].
Since f[A] is a subset of Q, which is countable, we know that f[A] is countable. Then A is countable. m

Theorem 16 Suppose A1, ..., A, is a finite family of countable sets. Then the cartesian product Ay x Ag X
... X AN is countable.

Proof. The proof is by induction.
For n =1, A; is countable by hypothesis.
For n = n + 1, consider
A x ... X An+1 = {(.’El, ...,$n+1> |$Z € Az}7

which can also be expressed as

Al x ... x An+1 = U {(avl, ...xn,xn+1) |$n+1 S An+1}.
(Il,...,ibn)GAlX,,.XAn

(Example: A= {(L, b}a Ap = {:va}v Az = {ua U, w} Then A; x Ay x Az = {(a’:L'aU')a (a,x,v), (a,x,w)} U
{(a,y,u), (a,y,v), (a,y,w)} U{(b, z,u),...} U{(b,y,u),..}.)

Note that we are taking the union over A; X ... X A, 11, which is countable. Furthermore, note that
{(z1, Ty Tnt1) |Tn+1 € Ans1} = Bayas..z,,- Then:

(a) |Bayzs...w,| = |An+1]. Consider f: Byyuy..z, — Ant1, (X1, ., Tpn) — Tpy1. Then:

(a.1) f is injective. Note that f(z1,...,Zn, Tnt1) = F(T1, s Try Ynt1) = Tl = Ynt1 = (T1, ey Tpp1) =
(Y1, s Yn+1)-

(a.2) f is onto. Consider any element a € A, 4+1. Then f(z1,...,2p,a) = a.

(b) A1 x ... x A, is countable by induction hypothesis.

Then A; X ... X A, 41 is a countable union of countable sets, and therefore it is countable. m

Remark 17 If the finiteness of the family is dropped, then the previous result is mo longer true.

Example 18 Consider A = {0,1} = {0,1}x {0,1} x {0,1} x ...Then A is not countable. Note that A is
a set of infinite sequences of 0s and 1s:

A= {(iEl,iCQ, ) |.CCZ S {0, 1}} .
Suppose that A is countable. Then:

r1 = (211, 212, T13, -..)
Ty = (T21, T2, T23, ...)
T3 = ($317$32,$33,---)



0 ifzy =1 .Then T # xz, Vn € N since

Consider € {0,1}N defined by & = (%1,%2,...), T; = {
Tp # Tpn- It follows that A is not countable.

Remark 19 There is a bijection between P ({a1,...,an}) and {0,1}". In addition, there is a bijection
between P(N) and {0,1}". Then P(N) is not countable.

Theorem 20 If f: R — R is a nondecreasing function, then the set of points where f is discontinuous is
at most countable.

Proof. Consider the family {x},.,, the set of points where f is discontinuous. We need to show that A is
countable. Note that if x is discontinuous at z), then

lim f(x) # lim+ f(x)

T—Ty T—Ty

Since f is nondecreasing,
lim f(z) < lim f(x)

T—Ty T—Ty

It is possible to find @y € Q such that

lim f(z) < Qi< lim+ f(x)

I*)l’)\ CEHCL‘A

Now consider g : A — Q, A — @x. Then g is injective. (Note that if Ay # Az, then either xy, > zy, or
T, < Tx,- In the first case, xx, > zx, = Qxr, > Qx, = g(A1) > g(A2). In the second case, ), < x), =
Qu, < Qr = g(A) < g(As) and it is true that g(\1) # g(ra).)

It follows that g : A — g[A] is a bijection, so |A] = |g[A]|. Since g[A] C Q, then g[A] is countable.
Therefore, A is countable. m



