Convex sets and convex functions
Definition 1 In R", if x,y € R™ and A € R, then
r+y= (1 +y1, T2+ Y2, Tn + Yn)
A = (Az1, Aza, ..., Axy,) .
Definition 2 (Convex set) A set S CR"™ is convex iff Yo,y € S and A € [0,1]:
A+ (1—-Nyes.

Remark 3 Any finite set S € R™ with 2 or more elements is not conver. However, () is convex, as is a
singleton {x}.

Proposition 4 Consider {Sa},c 4 a family of convex sets. Then () c4 Sa is convex.

Proof. Consider x,y € [\, c4 Sa- Since Va € A, x,y € Sy, it follows that Az + (1 — A)y € S,, Va € A,
VA €[0,1]. Then Az + (1 — Ny € yea Sas Yo € A, VA € [0,1], and therefore (¢ 4 S is convex. ®

Remark 5 The union of convex sets is not necessarily convez.

Example 6 Consider S, = {1}, So = {2} inR. Each element is convez, but their union is not (see Remark
Proposition 7 Let S C RY be a convex set. Consider {z1,x2,...,xr} € S. If {\i}tiz1, ., Ni >0 Vi€
{1,..,n} and X1 | N =1, then My + Aoxa + ... + Apzn € S.

Proof. The proof is by induction.

For n =1, consider z1 € S, Ay = 1. Then \jz; = z; € S, which is convex.

For n = n+1, we assume that the property is true for families of n elements. Consider {z1,...,z,41} C S
and {\;}i=1,.. nt1 where \; > 0Vi e {1,...,n} and ;" ; A; = 1. We now set up 2 cases, depending on the
value of A\, 41.

(a) Apt1 = 1. Then it follows that

AT+ o+ AT+ A 1Tl = A 1Tng1 = Ty € 5.

(b) Apt1 # 1. Note that in this case,

A An
M1+ o+ A1 g = (1= Apg1) T /\1 1$1 + .+ T .. lxn + A 1Tn41
- \n+ — A\n+

and the resulting structure resembles an expression of the type (1 — X)a+ Ab, where a = #}Hlxl +ot

ﬁ:xn and b = z,41. We need to check that the above is an element of S.
(b.1)
We claim that 3= )\ +1w1 + ot = )\ —Tn € S. Note that since {z1,...,2,} C S and —L - >0, then
n i 1 n 1
i = A= ——— (1= Apy1) = L.
Zi:1 1-— )\n-l—l 1-— /\n—i-l Zi:l 1- )\n-l—l ( +1)

Then, by induction hypothesis, :—+— ’)\\ ~T1+ .+ T )\ —n € S.
(b.2)
Since = i %1+ .+ T A —Tn € S and z,11 € S by hypothesis, it follows that

A
(1= Apt1) |:71£L’1 + ...+ + Apt1ZTny1 € 5.

1- /\n+1 1- )\n-l-l xn:|

Proposition 8 Let S CR™. If S is convex, S is convex.



Proof. Consider z,y € S. If x € S, then either x € S or x € S’. In either case, there exists a sequence
{@n}nen such that x, — x, and a sequence {y, }nen such that y, — y. Then Az, +(1=A)yn, — Az +(1-N)y.
But since S is convex, we know that {A\z,, + (1 — AN)yn},cny € S. It follows that Az + (1 -MN)y € S. =

Definition 9 Let A, B CR". Then A+ B is defined as
A+ B={zlx=a+b for somea € A, b€ B}.
Example 10 Let A =1[0,1], B =1[2,3]U(4,5). Then A+ B = [2,6).
Proposition 11 Suppose that the sets A and B are convex. Then A+ B is also convex.

Proof. Consider z,y € A+ B. Since x € A + B then there exists a; € A, by € B such that a; + b; = x.
Since y € A + B then there exists as € A, by € B such that as + by = y. Then:

Az + (1 =Ny = Aap + 0]+ (1 — A)[az + b
= [Aa1 + (1 = N)ag] + [Aby + (1 — )b
=a-+b,
and since [Aa; + (1 — N)ag] =a € A, and [Aby + (1 —A\)by] =b€ B, then Az + (1 - Ny € A+ B. m
Definition 12 (Convex function) Let f : S CR™ — R, and S be a convex set. The function f is convex iff

Vz,y € S and YA € (0,1):
fQz+A=Ny) <A (@) + (1 =) f(y).

Definition 13 (Concave function) Let f : S CR™ — R, and S be a convex set. The function f is concave
iff —f is convew.

Definition 14 (Strictly convex function) Let f : S C R™ — R, and S be a convex set. The function f is
strictly convex iff Vo,y € S and VYA € (0,1):
SOz 4+ 1 =N)y) <Af(@)+ (1 =)f(y).

Definition 15 (Strictly concave function) Let f : S C R™ — R, and S be a convex set. The function f is
strictly concave iff —f is strictly convez.

Definition 16 (Epigraph of a function) Consider S C R™, and let f : S C R™ — R. The epigraph of f is
defined as:
€pl(f) = {(3717 '“7xn7y) \Z/ > f (5517 7xn) ’ (xla 7xn) € S} .

Proposition 17 Let S CR"™, S a convex set. f:S CR"™ — R is convez iff epi(f) is convex.

Proof. "="
Consider (21, ..., Tpn,y) € epi(f), (w1, ..., wn,v) € epi(f) and X € [0, 1]. Now:

AZ1y oo Ty y) + (1= X)) (Wi, eee, Wy, ©)

= Az + (1 = Nwi + . + Az + (1 = Nwp, + Ay + (1 — M)

But note that
FOz1+ (1 =Nwr+ ..+ Az + (1= Nwy)

S Af (21, eezn) + (1= X) f (w1, .ocywy)
<M+ (1= M\

where line two follows from the convexity of f, and line three because (z1,...,2n,¥y), (W1, ..., wp,v) €
epi(f). Then
Az1 + (1= Nwr + oo + Az + (L = Nwy, + Ay + (1 — o) € epi(f).
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Assume that epi(f) is convex. We know that (z, f (z)), (v, f (y)) € epi(f). Then,

Az, [ (@) + (1 =) (, f (v) € epi(f) VA€ [0,1],

Then
Az + (1 =Ny, Af(z) + (1= A) f(y)) € epi(f).
Then
fAz+1=Ny) <Af(x)+(1-A)f),

and f is convex. m

Theorem 18 Consider {fi},_y . fi : S CR" — R and f; convezr, S convexr. Then f:S C R" — R
defined by
f(z) = max fi(z)

1=1,...,n

18 also convex.

Proof. The proof is done in 2 steps.

(a) We claim that epi(f) = (,_; ., epi(fi). To see that this is so, note that (z,y) € epi(f) & f(z) <
y o maxi—i . fi(z) <y e filz) < yVie{l,.,n} e (z,y) € epi(fi) Vi € {1,..,n} & (x,y) €
nizl,m,n epi(fi).

(b) It follows that epi(f) is convex, since it is the intersection of convex sets. Then, by Proposition 17,
fis convex. m

Proposition 19 Let f : S C R® — R, S is a compact and convex set, and f is continuous and strictly
concave. Then there exists a unique x* € S such that f (x*) > f(x) Vx € S.

Proof. The proof is done in 2 steps.
(a) The existance of x* € S is guaranteed by the fact that S is compact and f is continuous (Theorem
40 in Compact sets).
(b) To see that x* is unique, consider 2* € S such that f (z*) > f(x) Vz € S, and suppose there is a
y* € S is such that f (y*) > f(x) Vo € S, and 2* # y*. Then, VA € (0,1) and using the strict concavity of
f:
fQz"+ (1 =Ny*) > Af(2") + (1= M) f(y")

But then, using that z*, y* are maximums:
FQa"+ (1= Ny") > Af(a") + (1 =N f(y")
2 A Az + (1= Ny") + (1 =2 (Az" + (1= N)y")
="+ (1 =Ny,

which is a contradiction. m



