Some examples
Example 1 (Completion of a o-algebra) Consider (S,%, 1), a measure space. Define the set C as
C={C CS|C C A for some A € ¥ with u(A) =0},
where the sets in C are not necessarily in the o-algebra. Now define the set ¥/ as
Y ={B' € S|B' = (BUC,)NCS for some B€YX, C;,C2 €C}.
Prove that ¥/ is a o-algebra.

Proof. We need to prove that ¥’ satisfies the properties of a o-algebra.

(a) 0,S € ¥ since §, S € ¥ = 0,3 € ¥ (note that (), S € ¥, and that for any A € X, (AUD) NP° =
Ael).

(b) Suppose that B’ € ¥'. Then we can express B’ as

B'=(BUC)NCY
where B € X, C1,C5 € C. However, note that
(B¢ = (BUC) U (Cf)”
= (B“NCY)UCy
= (BUCy) N (CYUC,)
= (BUC) N (CinCY).

In this case, notice that B¢ € ¥ and Cs € C, so it only remains to prove that (C’l N CZC) € C. To see
that this is so, note that since C; € C then C; C A € X with pu(A) = 0. It follows that C; N Czc CAecX
with z(A) = 0, and then C; NC§ € C. Then (B') € C.

(c) Note that if {A4,} ~, C X', then

A, = (B,UCy1,)NCY,,,

where B, € ¥ and C ,Cs,, € C. It follows that:

Uzozl An = UZ; [Bn U Cral 1 U:°:1 CZCv”

- {(Uzo:l B") Y (U:O:1 Cl’"ﬂ M [ﬂzozl 02’"]0’

where |2, B, € ¥ and )~ C2,, € C. It only remains to prove that (J -, C1, € C. To see that this
is so, note that if C;,, € C then Cy,, C A € ¥ with p(A,) = 0. Then,

UZO:I Cin C U:;l A, € 3 with p (Uj; An) < Z:O:l u(A,) = 0. (1)
Then J,—; C1,n €Cand |~ A, € X',

n=1
(In (1) we stated that p(Up—q An) < Yoo u(Ay). Take any 3 non disjoint sets Ay, Az, A3. Then
w(A1UAUA3) = u(A1U(Ax\A1)U(A3\(A1UA2)). Since this is a union of disjoint sets, then u(A;UAsUA3) =
(A1) + p(A2\A1) + 1(As\ (A1 U Ay)). But note that p(As) > pu(A2\A41) and u(Asz) > u(As\(A1 U A4z)).
Then it follows that pu(A; U Ao U A3) < u(A1) + p(A2) + u(As).) =

Example 2 Let (S,d) be a metric space, and E C S. Define pp : S — Ry, © — inf.epd(x,2). (a) Prove
that pg is continuous. (b) Prove that E = {z|pg(z) = 0}.



Proof. (a) We need to show that Ve > 0, there exists some § > 0 such that d(z,y) < 6 = |pg(x) — pp(y)| <
€.
Consider € > 0, and suppose d(z,y) < 0. Then:

pe(r) = inf d(z,2)

< Zuele {d(z,y) +d(y,2)}
<0+ inf d(y, 2)

=0+ pr(y),

and it follows that pg(x) — pg(y) = 0. Reverting the roles of z and y we get that pg(y) — pg(x) = 4,
and then |pg(z) — pg(y)| < 0. Taking & = €, we prove the continuity.

(b) We need 2 steps.

il

Suppose that = € E. Then there exists a sequence {zn}, ey € E such that z,, — 2. Consider ¢ > 0.
Then there exists some N € N such that d(x,,z) < e. Then:

pr(z) = zlngd(:E,z) <e.

Since the operation is done Ve, we know that pg(z) = 0.

"D"

Suppose that pg(x) = 0. Then

inf d(z,z) =0

zelR

and it follows that {z,}, .y € F and d(z, z,,) < <, therefore d(z,z,) — 0 and 2, — x, thenz € E. m

Example 3 Let (X,d) be a metric space, A, B C X, A closed, B compact. Then the distance between A, B
18
A, B) = inf inf d
p(A, B) = inf, inf d(z,y)

Then ANB # 0 < p(A,B) = 0.

Proof. "="
Suppose that AN B # (). Then there exists one point that is in both, z € AN B. Note that since z € A

and z € B,
p(A, B) = inf mf d(z,y) <d(z,2) =0
r€EAyEB

Then p(A, B) = 0.

"<:U

Suppose AN B = (), and define p, : B — R,  — inf,ca d(x,y). Since p4 is continuous, and it is defined
over a compact set, then it attains its minimum at some point x*. We need to show that p4(z*) > 0.

Recall that if 2* € B=a* ¢ A, 2* ¢ A, py(z*) > 0. Then

p(A, B) = inf {mf d(z, y)}

zEB |ycA

= Inf py(e)

=minp,(z) = pa(z7) > 0.
And since p(A, B) > 0, it is a contradiction since p(A4,B) =0. Then ANB #(. ®

Remark 4 Closedness is important. For example, consider A = (0,1) and B = (2,1). Then p(A,B) =0
but AN B = 0. Also compactness of one of the sets is important. Conszder A= { z,y) |y > > T > 0} and
B={(z,y)ly>—L,2>0}. Then p(A,B) =0 but AN B = .



Example 5 Consider (X,d) a metric space, A, B C X, A compact, B closed. Then A+ B={z]z=a+b
for some a € A, b € B} is also closed.

Proof. Consider {z,},cy € A+ B, 2z, — 2. If {z,},cy € A+ B then 2, = a, + b, for some a, € 4,
b, € B. Note that {an}neN C A, where A is compact. Then there exists a subsequence {ag, }, oy € A with
ag, — a € A. Then, since zx, = ag, + bk, , bi,, = 2k, +ag, . It follows that by, — z—a. But {by,}, . C B,
where B is closed, then z —a € B.

Then z=a+ (z —a) wherea € Aand (z —a) € B. Thenz€ A+ B. m

neN =

Remark 6 The compactness of one of the sets is needed. For example, consider A = {(w,y) ly > %,x > 0}
and B={(z,y)|ly > —2,2 > 0}. Then A+ B ={(z,y) |y > 0} is open.

Example 7 Let (X,d) be a metric space, f,g: X — R. Then

sup [f(z) + g(x)] < sup f(z) + sup g(z).
rzeX zeX zeX

Proof. Consider L = sup,¢yx [f(x) + g(z)]. Then, Ve > 0, there exists 7} such that
f@d) +g(a2) > L—e
But f(22) <sup,ex f(2) and g(z7) < sup,ex g(x). Then

sup f(z) + sup g(z) > L —e.
reX reX

Since we can do this Ve > 0, then

sup f(x) + sup g(z) > L = sup [f(z) + g(x)].
rzeX rzeX rzeX

Example 8 Let (S,X) be a measurable space. Consider a sequence of functions f, : S — R, measurable,
and f: S — R defined as f(S) =lim, oo fn(S). Then f is measurable.

Proof. We need to show that A = {s|f(s) < a} € X.
Consider

1
nk:_{8|fn( )<a+z} eXVn,keN
By, = ﬂn:N App€X
By :UN:I By € X

o0
B= ﬂkzl By € X.
We now claim that A = B. Note that

A= UL N{5|fn )<at 1}

HCH
Take s € A. Then f(s) < a, and Vk € N, there exists some N € N such that Vn > N, f,(s) < a+
Then Vk € N, there exists some N € N such that Vn > N,

=

1
seAnk:{s€S|fn(s)<a+E}.

Now, Vk € N, there exists some N € N

seﬂzo_N{seS|fn(s)§a+%}.



And Vk € N .
s€ UN:l ﬂn:N {s € Slfn(s) < a+E},

i ﬂ:;l UjVO:l ﬂzo:N {S € S|fuls) <a+ %}

H:)H
Suppose that s € B. Then

s € ﬂ:; Ujvoz1 ﬂZO:N {S € S|fu(s) <a+ %}

Then Vk € N there exists some N € N such that Vn > N,

fa(s) <a+ %

Then Vk € N, f(s) <a+ 1. Then f(s) < a, and it follows that s € A. m



