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QUESTION 1: (a) The maximization problem for the odd individual, denoted by superscript 1, is:

21 1 1 2t 1
| max Z B [In(cg 1) +4(1 —ny )] + Z B [In(cy;) + 4]
Cot—1C20 M2t -1 ¢ t=1
s.t. - .
Z(pzt—w%zeq + parcy, + par—1(1 — ndy_4) Zp%—l
t=1 t=1
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(1) ey ét_l —AMpy1 =0
(i) ch ﬂ% —AMpy =0

(i17) md,_ | —45% r + AMpoy 1 =0

Similarly, The maximization problem for the even individual, denoted by super-

script 2, is:
, max Zﬁ% Hin(cq,_y) +4] + Zﬁ% In(c3,) +4(1 — n3,)]
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s.t. - -
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The Market Clearing conditions are:

1 2 _ .1
Copq T Co1 = Mgy

1 2 9
Cop 1 Cp = Ny



From the above FOC’s we have the following consumption levels for both agents:

Odd agent-
1
Cop—1 = 1
1 P2t—1
C =
o = 1o
Even agent-
2 _ Dot
271 ABpg
1
C%t 1

Using market clearing and odd agent’s budget constraint, we have

1 Pz 1 1 1 2
Copq T ——Co = Mgy = Cy_1 + Cyq
P2t—1

substituting in the values for ¢}, ;,c},, and 3, |,

1 g 1 1 D2t
— —_ = _ — 1
1T T TG, )
Solving for ’%, we have
Pa—1 _ 1
P2t B2
Odd agent-
1 1
Ct-17
1
1 —
C2t 4/8
Even agent-
s P
Cot—1 = 1
1
Chy = 1
And, aggregate consumption becomes:
1 1+
Coy=Jcs, |+ Jc5, | = Jo+ J% = JTﬁ



|
Co = Jeb, + I, = J + J—ﬂ - J%ﬁ

(b) From part (a), we have
par—1 1

P2t - @
therefore, the interest rate going from odd periods to even periods
(le.t=1—-t=2)1is

Pat—1 1
Tat—1 = —-l=—=-1
P2t 5
In order to obtain the interest rate for even periods going to odd(t =
consider )
Pat+1 1 Pat—1
=B = =
D2t C2t+1 1Bpa: 1 Pat
and since 22=1 = L we have

pae | B2

D2t+1 1 Dat

D2t P2t+1
Thus, the interest rate is
Py = 22 1=1-1=0
D2t+1

2 —t=3),

(¢) Since 7 enters only into the budget constraint of the agents, the FOC’s are unaf-
fected. Using market clearing and odd agent’s budget constraint, we have

1 2 1 1 P2t 4
Cop—1 t Copq =Ny = Cypq + T+ Cot
Pat—1
substituting in ¢, ;, ¢3, 1, and ¢},
1 Dot 1 1 ﬁ
(1+ ) =Ny =+ T+ —
Bpai-—1 ey 4
Solving for p 2=l " we have
Pat—1 1

px  B(B+47)



Similar to part (b), we have

D241 oP2t-1 5

D2t P2t B B+ 4r

or
Pat B+ 4t

P2t+1 B

In order to determine what 7 will give constant interest rates, set the interest rates
for opposing periods equal to each other and solve for 7. That is,

Pat—1 _ Dot
Dat Dat+1
1 _ ptAr
B(B + 47) B
Then,
(B+471) =1
and,
_1-p
Ty

QUESTION 2: (a) The FOC’s for agent j’s problem are the following:

1
7 a
ﬂ¢s
. —a

2s
C{ + ZpQSC;S = 1+ Zplsygs

S

= N

= )\ijS

Market clearing condions:
Se=
J
D h= D Vs
J

J

From the first order conditions, we find

(c;s - a)pQS = ﬁqss(ci - (I)

Summing over j,
J—Ja
J

p2s = BOs
Z]’ Yas — Ja



Inserting the first two FOC’s into the budget constraint,

1 1—a+3pas(yp, —a)
N 1+ 3

— 1 1
Define 0; = 17 5—7.-

Now it is verified that ; > 0 and >, 6; = 1.

By assumption, a < 1 and a < min, ), y3./J. This implies 0; = 0 iff ¢ —a = 0.
But given the log utility function, 6; = 0 would contradict optimality. Hence we
have 0; > 0 for every j.

And

1 J—Ja+ O b, — Ja
Z o ZspQ (E] Yo ) —J—Ja
J

N 1+

Which implies > 0; = 1.
In this way we have the following:

=% +a=0;(J—Ja)+a

Co = ,\ﬁjﬁ +a:0j(2jy%s_‘]a)+a

(b) An equilibrium is a tuple {(c], (c},)s), (Ag);’:l);]:l, (P;)_,} such that:
(I) Given (P))]_y, (ci, (ch,)s, (A%)7_) solves agent i’s problem
max In(c. —a) + 3 Z ¢sIn(ch, — a)
A+ >0, PA <1
s.t. Cés S yés + Zj Azyés Vs

nonnegativity for consumption

(IT) Market clearing
Zcﬁ = J
Zcés = Zygs’ VS
YA = 0,

In this setting, we only have J different risky assets which means we can not con-
struct S state-contigent claims from those J assets.



(¢) The FOC’s for the agent j’s problem are the following:

1 .

_— = J

i My
ﬁg'bs — ,Uj
C‘;S 2s

If @ = 0, then we have ¢ = #7J and ¢, = ¢/ > Yhs
Define:

{A{z@jifiyéj, Al =07 —1ifi=

Claim: If a = 0, prices and asset holdings as defined above, together with the allocations
define in part (a), constitute an equilibrium.

First we check the market clearing condition for assets (here we use Z}]:1 67 =1):

S A= -1+ =0 —1+(1—0)=0Vi
j i

Next we check the sufficient FOC’s:

Notice that the FOC’s hold with multipliers p] = A, and pj, = NMps,. Also by con-

struction P, = 3J% 3 Yo — B >, Yos ..

7 7
s Z] Yos Cos

In order to check that the budget constraint holds, we do the following algebra:

J
A+ AP =+ > puh A =+ (0 = 1)) posth A0 D D pasth, =
7 =1 s s

s i
. . i J . . . J L.
=l =Y o Y Y pasth, == > pasth + Y o Vs =
s i=1 s s s j=1

C{ - Zp%ygs + ZPQSC%S =1

Where the result in the last line comes from the budget constraint in the complete mar-
kets economy.



(d)

(e)

(f)

Finally we need to check the state-s constraint in the agent j’s problem. The following
equation will be useful:

J

Z s = 0 Zyzs -1) y25

i=1 1#£]

Now consider some state s:

J
C%s =0’ Z yQS = eijS + Z yQSej = Z AijS (1 - ej)y%s + ejy%s =
i#] =1

= Z A]y2s + y?s

Hence the state-s constraint is satisfied.

The proof breaks down when we are checking the state-s constraint: If a # 0, then
Ay =075 ys + (1 — 67 J)a. So the problem in the proof would be to construct a
portfolio that pays off a constant amount (risk-free) in all states.

An equilibrium is a tuple {(c], (c},)s), (A))7_))1, ¥, q, (P,),} such that:

(I) Given (P;)7_; and ¢,(c}, (c5,)s, (A%)7_;,b7) solves agent j’s problem

maxIn(c] — a +ﬁz¢sln ) — Q)

Aq+YPAl <1

nonnegativity for consumption

(IT) Market clearing
ddo=J
ZSCES = D B Vs
XZ:A;‘. = oj Vj
> bz =0

The FOC’s for the agent j’s problem are the following:

d—a
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Bos

C_é's_a*,u%

Py = 1,

gl =Y b,

Define:

Al =i if i#4, Al=0¢—1ifi=j
Py =), P2syas

q= ZSPQS
V=a(l—67J)

Claim: Prices, bond holdings and asset holdings as defined above, together with the
allocations defined in part (a), constitute an equilibrium.

First we check the sufficient FOC’s:

Notice that the first two FOC’s hold with multipliers ] = M, and i, = Mpy,. Also
the pricing equations hold:

Bos(J — Ja)ys,
Pi - Z ( 2 ZPQSyQS
Z y2s —Ja

_ 2. 895(J — Ja)
Z y2 ZpQS

The market clearing condition for goods is trivially satisfied, and the condition regarding
assets can be showed exactly as in part (c). Since > ;67 = 1, also the market clearing
for bonds is satisfied.

Next we check that the budget constraint holds for any agent j:

c7+ZAJP+qb] o - szsyger@JZszsygerZpas (1-67) =

J
— C{ + Zp%[gjzyés —+ a(l — QJJ)] — Zp%y%s -

=1 s

- CJ + Zp2s ZPstzs -

Again the last line comes from the budget constraint in the complete markets economy.



The last set of conditions to be checked is the state-s constraint in the agent j’s problem:

y2s+ZAjy2$+bj bj_’_QJZst ]'_QJJ +0jzy2$_ 2s

=1 =1

QUESTION 3: Let J; be the set of agents with the risk-free investment technology and J; be the
set of those with the risky investment technology. Then an equilibrium is a tuple
((¢?,7)22}, (p2s)5=;) such that:

(D

(1)

(I11)

For each j € .Ji, (¢/,) solves

max u(c, +ﬁ27rs

((;J 'LJ

subject to

A+ pach + i Sy + Y R

and non-negativity.

For each j € Jy, (¢, #7) solves

max u( —I—ﬁZﬂs

(CJ 'LJ

subject to

C{ + ZP%C’gs + Z]1 S a1 + ZPQSRSi{

and non-negativity.
There holds

ZC{ +ZZJ1 = 2Ji
J J
and

> =) R+ R

J NS jEJ2

for all s.

Let ¢} € (0,41) solve
1 R - )
RS u'(c}) '

Assuming v continuous and lim. o u'(c) = oo, a solution exists. Also, by strict
e T

concavity of u, the function g(c}) = B% is strict increasing. This implies

1

the existence of a unique solution to the equation above.

Claim : ((¢/,#)%.}, (p2s)i_,) defined by



d=c (v))

C;s = Rf(yl - CT) (v.]7 S)
i =2y —c;) (Vjeh)
H=0 (Vj€.h)

p%:ZBUKwal—CD)

u'(ef) )

(Vs)

is an equilibrium.

Indeed, the market clearing conditions are clearly satisfied. Also, the households’
optimization conditions for j € J; are satisfied because the Kuhn-Tucker conditions
for the Lagrangian

L =u(d])+ 8 mu(d,) + N {zn + Y PRI — ] = pauc, — z‘{}

are satisfied with multiplier M = u/(c}), and the problem has a concave objective
function and a convex constraint set.

Now consider the Lagrangian for j € J:
L =u(d) +6)_ mul(c,)

oo St - S~

Using >, Ryms = RY, we see that the Kuhn-Tucker conditions hold with multiplier
' =0 forjeJy.

Let ¢} € (0,y) solve

u'(Rs(yr = ))
1= Rym,.
R
As in part (a), it is assumed that a solution exists.

Claim: ((¢/,4)L,, (p2s)i_,) defined by
qa=c (v4)
e = Rilyr =) (¥),9)
=0 (Vje.J)
it =20 —ci) (Vj€h)
u'(Rs(y1 — 1))

u'(ef) )

D2s = ﬁ (VS)

10



is an equilibrium.

Indeed, the market clearing conditions are clearly satisfied. Also, the households’
optimization conditions for j € J; are satisfied because the Kuhn-Tucker conditions
for the Lagrangian

L7 = u(c] +ﬁZ7rs +)\]{y1+2pgstl (37 Zpgs —]}

are satisfied with multiplier M = u/(c}), and the problem has a concave objective
function and a convex constraint set. The optimization conditions for j € J; are
also satisfied because the Kuhn-Tucker conditions for the Lagrangian

L =u(d)+ 8 mu(d,)

QRS I L RE DR S

are satisfied with multipliers M = «/(¢}) and g/ = o/(¢})(1 — Y, pasRY) (17 is the
multiplier on the non-negativity constraint of i]), and the problem has a concave
objective function and a convex constraint set.

Here, by the definition of p,, and the condition R, > R/ all s, we have

1= Zp2sRs > Zp2st

SO

Zpls <

Thus the price of a bundle of claims that has payoff 1 in all states of the world is
smaller than 1/R/.

QUESTION 4: Assuming interior solution, it suffices to consider agent j’s FOC’s. Every agent j solves
the following problem for a given {pt}zglz

TJ '
max B (df, Gy)
{Ct }t 1 t=1

S v <= Yo Pes
c7 >0, Gy =1Vt

Then from the agent’s FOC we get p; = %ﬁ“%ﬁ (Cz, 1), implying that

D 1 fe \€
Per1 Bul (1)
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QUESTION 5:

We normalize p; = 1 and guess that pf’;l = % Next we verify the guess. In equilibrium,

from the agents budget constraint we obtain using our guess (assuming (3 € (0, 1):

TJ TJ T-1

Zﬁt_lcz _ Zﬁt_l _ ZﬁsJ—i—j—l

t=1 t=1 s=0

implying that for all ¢

1_ﬁTJ - 1_BTJ i 11—ﬁTJ
1—5CZ - 1-p —p 1-57
=

which in turn implies that u/ (c/, 1) = w (c/,,1). Moreover,

J J

- 18 1-81-4

C] = 1 — J 1 == J — J - 1
Sd=y[op i)y oot

]:1 ]:1

implying that the market clearing constraint is satisfied too. Thus the guess was correct

TJ
and the equilibrium sequence of interest rates in this economy is {%} )
t=1

(a) First notice that the utility functions are strictly convex: gg > 0, {% <0V =
t t
1,2, t=1,2.

Drawing a Edgeworth box, it is easy to check that the set of Pareto optimal alloca-
tions is the following (it does not contain any point in the interior of the box):

(c1,c3,ch,c3) ={(c,1—¢,1,0)|c €0, 1}U{c 1—1¢0,1)|ce]0, 1}U
L{(1,0,¢,1 = ¢)e € [0, 1} {(0,1,¢,1 = ¢)[c € [0, 1]}

(b) Since the return function is convex, the FOC’s are not sufficient. Additionally, we
know that the solutions are found at the corners regardless the value of w.

The solution will depend on the set in which w belongs in the following partition:
{10,5), G, 1.4z}

1. fwe (5,1 (1,4, ¢, ¢3) =(1,0,1,0)

2. fwel0,3): (cf, ] ¢3,e3) =(0,1,0,1)

3. Ifwe {3} (cf, e, 63, ¢3) ={(1,0,1,0),(0,1,0,1),(1,0,0,1),(0,1,1,0)}

12



(c¢) If U is concave and the feasibility set is convex, then for any Pareto optimal allo-
cation 3 w € [0, 1] such that the Pareto optimal allocation solves the social planner
problem. This question shows a counter example of this theorem in the case that
U is not concave.

Here it is presented a proof of such theorem, and one can figure out exactly why the
proof breaks down in this question. The proof refers to a bit more general social
planner problem (SPP):

maxz Flonu(c}) + aw(c)

; c+<w +w!Vit>0
s.t.
A>0Vt>0, Vi=1,2

Proposition: Assume U’ concave for every agent i. Let {¢7"*};50 be a Pareto
allocation. Then 3 73 > 0 and 7, > 0 s.th. {ct }t>0 solves the SPP with weights
~v1 and vs.

Proof:

Step 1: Let Z be the set of all possible feasible allocations.

Claim: Z is nonempty and convex. That Z is nonempty comes from w! > 0 V¢ >
0,Vi.Hence {c.="*};50 s.th. ¢ = 0Vt > 0, Vi belongs to Z. That Z is convex follows
from the fact that all constraints in the SPP are linear.

Step 2: Define U = {u e R2: 3z € Z s.th. U < Ui(z )}
Claim:_ U is nonempty.Further if U? is concave, then U is convex.
That U is nonempty follows from non-emptiness of Z.
Convexity of U: Take u; and uy € U. Then 3 z1 and zy € Z s.th.:

' <Ui(z) Vi 0.1)
Uyt < U(zy) Vi '

Since Z is convex, z* = Az; + (1 — Nz € Z VA € (0,1). .
Also by concavity of U’, we have U’(2*) > AU*(z1)+(1=A)U'(22) > Aay"+(1—N\)ia
Hence 3 2z € Z s.th. A" + (1 — N)up' < U'(2).

Step 3:Let z € Z be Pareto efficient. B
Claim: U(z) = (U'(2),U?(z)) belongs to the boundary of U.
Suppose that the claim is false. Then 3 & >0 s.th. Vv = (v',v?) with [|U(Z) —v|| <

¢ we havev € U.

Define: U’ = U(z) + 5

Then |U(z) — U|| < ¢ and U € U. But then using the definition of the set U we
have a contradiction of the fact that z € Z is Pareto efficient.

Step 4: By step 3 and the separating hyperplane theorem (using the fact that
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U is convex) we have the following:

3y € R2\{0} s.th. yU(2) > yu VaeU.

Step5:It remains to show that v > 04i=1,2.

Suppose not. Without loss of generality assume 7; < 0. Since U(Z) is unbounded
from bellow by construction, we can pick the first component of u small enough
s.th. vU(2) < yu, contradicting step 4.
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