grlén

Economics 8101 Problem Set 1
Fall Semester 2007 Due: Thursday, September 13
Jan Werner
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39

1. (10 points) Prove that the properties of constant, increasing, and decreasing returns -

to scale for a production function f : #} — R, with single output and » inputs imply
that the corresponding production set Yy, as defined by (2) in Course Handouts,

exhibits constant, nondecreasing, and nonincreasing returns to scale, respectively.

2. (10 points) Consider production set given by

-y +1

Y = {(y1,¥2):91 <0, g2 < max{ln( 3

),0)}.
Find the profit function 7* and the supply function (or correspondence) s* associated

with Y. Clearly specify the sets of price vectors for which n* and s* are well defined.

3.. (10 points) Consider productioh function of two inputs given by
f(xlazZ) =z + ln(:vz + 1)1

forz; >0 and z5 > 0.
(a) Verify whether this production function exhibits decreasing returns to scale, in-

creasing returns to scale, or neither one.

(b) What is the range of prices p > 0, wy > 0, and wy > 0 for which there exist

profit-maximizing input quantities? Find these quantities as functions of prices.

4. (10 points) Let Y be a production set in RZ. Assume that Y is closed and 0 € Y.
Production set Y C R is said to be additive if y + ¢’ € Y for every y,y’ € Y.
For each of the following two statements A and B, if it is true, then prove it; if it false,
then give a counterexample'.
(A) IfY is convex and additive, then Y exhibits constant returns to scale.

(B) IfY exhibits nondecreasing returns to scale, then Y is convex.



DY sk T

| PROBLEH Ser 1

SRR A pe 1 el S o
il L R o

Brian Adamg

?Gp 2007 0

{  cum F‘IKPK exhibiting conshnt  rehms fo scale > = GoeR "] xe R 0¢ae F( )}
\ -, 0€z¢flx
odbibds  concland  retus fo sl

Pof et (xo)et/ (Wi Y420 (g )€V > 0<z € Fl-x) 5 024z Mts) ¥e0
F exbits  constant  rebums o scaly = AFlx) = ;F(‘r\x) VJZ:f? 044z ¢F (—)X) Vidzo =
/(Ax, N2)eY yizo. =

aam FR =R, edibing  merzsing tehms o sl Y= [(X,z)gg"*'{ x‘,g_"l 0¢z¢FEn)}

Lxhinis mnalecreagmﬂ retums to rSta/é’,

et et lDed (ARt (s )] 0L < 5 0ghz €ATER) 1Az
b ingussing retums o sale % i)z AR A2t 27 (4dz & FAx) YAzl <

/‘r exhib
(k) e tAztn

amt FR]+R, exhbting decrazsing vehirns bo scale ¥ - {(x,z)eﬁ"” | xR, Oczéfl)}

oxfibids  nomincEsing retums o scale. |
(xzlef (s VAeLod] (i )e) 0¢rer) = 04dz § M) ) ¥Az0
F okl decessing tchers to sale Fpd) 4pfl) Ypzt o ld yeh VMl Lt -Ax
/ If(;%f\)()é SRl SE(A) = MO LF (), Ths O¢haé FEAX) VAe(01] > |
(AX,)Z)GV VAé(O,i]. (0,0)6(// so [Axl,}z)e(/ vde[o1], @ I

P Lot

e e o - Lo



2

Ay,
oot findion 1 (p) = (&3 PY
Y {044 y.<0, 4 h(%)]
Y= f ) 9204 0} —,
o =Y / /
pe 1 y*s max pig P such hat -4, 20, 1,,(:&3*."),/%2;0

c. & =A+ LT /
) F' ' * g PI = "lI’Pz. Y-
O:gfz Pz = ,\2
(se la 4 €0 v A=0 A (e 1b y~=0 < A0
1
P‘='P2_‘;j P.'——,\"gﬁ
=_-E- P. +3Fz :‘”\)
Yot = P

=Bl g-wlf) !

th

)= - e (§)
~Y;20
Case 7 g'=‘/, max [Hz +hYe such that ";1'7’0 4
p L0 ¥ ik 0 sobon  For P <O, F2<O

O ? |'=O

770 ¥ Y

Tp)=0 o pup”©

0= -ppipih| % ) -putpip (5:) e 0< 3005 cp, Ty
. w»( - !) }
p-Bacbu®)  TPTI gl f e

P ad 0(7.0203{», <pa
where P&
{ = p-phls) P

. ' "‘( ):
‘/ . ,7 = 70308/ , 3040 g’ ,? O ,’F;r Ole < ,'SOLWP, and 0( 70902?» <Pl

4( )_- lﬂ (’E_) &rO(?DVOP. <F.,_ < 70?0??;
’ 0 fer 0<Fz <~3oqof. and ¢ 7o?0gP/<fz

1‘% for(< 300y, ¢p, < T.0809p,



306 Foox) =x +h(x+1)

for (%,1) =(1,0) Fll) = A+ h(t)=A

| | AF6) = A2+ (1)<
for ang A>1  AFG) FH) > rehum to sl v not a/ezreghg
AG)LFN) > telums b sale an ot )hcrag,'@

B (4,%) =( 1) Fldx)= | (141)
AFC) = Ay 2

for A=2 20h27#h3 = retums b sale a fot conshant

() #,%)= v+ et

max p-Flx, %) = w X -w,X,  Sdhedt to Xz0, %,20

1
Py W =0

CE-IY KT wep

_{0 .'Fy/,)F

) undefine) w, < P

i

' ﬁoi’n‘ WXI}??/'Z/}iﬁ /h}?r/’l 7@#{*@ exst for WP and O <k p
M?me/g 6(. X,J_ [0, 'EZ'I) for w,7p, (<wy<P
) @70)) e e, wop ,7
undebred  for W, <p @\{Q



4 A aw 71 WR s chsed, v, e andd Oy fen ¥ exhbis - constont
returns o scale.

Foof [t yé (/ | Mad do shou” ,45 eV for ewny Az0)
cAseQ [_Etr‘<0 0(1‘06‘/ Aﬂ ”“”Ph"n'
a1 L gehel, YV conex P xz el ad VOe(01)  Gx+(1-6)z & ¢/

Ye and 0¢4 s Ae(01) 50 Jy+ (D)0 =dyey,
ase 2 {ed AL, /‘llﬁ“ﬁ- ge‘/,

aseS et A1, 77»¢n 7{‘,3*5 where , a<’£.‘)w Efz,' S/(am d,gef=>
) b
aye VY addhie = /fa?g) tay € y.
Thus f:\ti_é vy AzQ © constant rebims to scale,

B IF Y ot nm/&ras:)g retmns fo sk, oo ¥ is comex,

owrenghes - gt o {(&Z)éﬁz/xﬁa O,ézsx’}
Let Axd
(2)e ¥ = (ezext = Oche dy. -

O<dz < A" ¢ ()" = (x,Az) € ¥ = evhis

nona/ecrea;,‘nﬂ retums o scale

(00)ef, (11)e ¥ 000) + (1) (142) = (£ 1) ¢V sie L)
/ ﬂ:erefore y kot convex,



Economics 8101 Problem Set 2
Fall Semester 2007 Due: Thursday, September 20
Jan Werner

1. (10 points) Consider the following supply function of a producer
p% D2
Y(p1,p2) = (——27 —) for p1 > 0,p2 > 0.
b1 b1
The producer produces good 2 using good 1 as input.

Can this supply function result from profit maximization on a production set? Justify

your answer.

2. (15 points) Consider two production sets Y;,Y> C RL. Assume that both sets are
closed and convex and such that 0 € Y7 and 0 € Y5. Let 77 and 73 denote the profit
functions associated with Y7 and Y5.

(i) Prove that
Y; DY, if and only if 7} (p) > w5(p) for every p € RE.

[77(p) and 75 (p) can take value 400 in this inequality.]
(ii) Does the equivalence from (i) hold when sets Y7, Y5 are not necessarily convex?

Justify your answer.

3. (15 points) Consider the following lexicographic preferences on the consumption set
%i: the value of x1 + x5 has the first priority; the value of x5 has the second priority.

. . . . o1 . 2
(i) Prove that this lexicographic preference has no utility representation on R .

(b) Does this lexicographic preference have a utility representation on the set N? of

(ordered) pairs of natural numbers? Justify your answer.

(c¢) Derive demand functions x(p1,p2,w), i =1,2 for p; >0, ps >0 and w >0

. . . 2
for this lexicographic preference on R? .
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Economics 8101 Problem Set 3
Fall Semester 2007 Due: Thursday, September 27
Jan Werner

1. (15 points) Let u: §R£ﬁ — R be a continuous and locally non-satiated utility function.

(a) Show that the indirect utility function u* is quasi-convex in p.

(b) Suppose that u is quasi-linear of the form
w(xy, xo,...,x) =21 +v(x2,...,2L),

for some strictly increasing function v: §Ri_1 — R. Show that the indirect utility u*
is a linear function of income w on the domain of price-income pairs (p,w) where

x*(p,w) >> 0.

2. (15 points) There are two conditions often used to define continuity of preference relation
> on consumption set X = §R£J_:
(a) for every sequences {z"} and {y"} in X such that lim, z" = z, lim, y™ = y, and

x™ = y™, it holds x > y.

(b) For every x € X, the preferred-to-z set {y € X : y > z}, and the lower contour set
{y € X : x> y} are closed.
Assuming that > is transitive and complete, prove that conditions (a) and (b) are equiv-

alent.
3. (10 points) Consider the following utility function of prices and income:

(w+p1)?

U(p17p27w) = 4p1p2

where w is income and the p; represent prices for two goods purchased by this consumer.

Consider only prices and income such that w > p; and p; > 0,ps > 0.

Could this function be the indirect utility function of a consumer who maximizes a

utility function of consumption subject to the budget constraint? Justify your answer.



gr’fﬂ/’l Aﬂ/ﬂﬂ”&
35 97 5o 2007

(5) Lt w R: ~K b conbowms 20 2 /Jzz,u non-satated m[:/ﬁ'g funchion

ks \ )
L] 1T MR conVEX 1D P

<A
Q
=
:,k
g
\
~—

.'/;’

[72%: [wrs S R Vf//‘ N2 '; o comiex iV >
v)‘:,;}’[,,ﬁ).', Vi F wf ~/ \7 3)”/_./ \/[_//91 ,VQ ) é V‘ LZ{ e [0/]] 2/70/

&/éfmf ()5/ ) /O(Pﬂ"(/ J)/’) X+ (| -x) > 9 [/71'*/) 1w 3
contex combed®an 57 [poy) and /N)
(T /‘/N '{" ‘:'-/.l‘\~</z>
S (Pu) e p €T

o~ A )-o) oy
77 P.Xéw, Hen O((T7'X+[I—0()P-x£)<v\/+(.-0()w.

(l\

This iz ither Ap-X< Xy ar //—a)/_A x < (/~—o<)h/)
v b
prew box <

F'X{W = U/)()é V(P’ w) Since V/P"W> i< max U S(/("?/:”v:* to DXéW

A A
7-X < = ,!‘ pl A0 s g . ] 4 A
117 rew = Ui‘.> < vl w ) SR ;’(};, W/\) iomax U ‘s’f/«j,: R /7 Kw

V'/J‘ } 4 V F;‘:;m a}DOVL': SO J(X) < \7



-1

L)

df Fl/‘,pl/' 'FLW):Q?ai( U()(,, Xy, )(L ) Subjpd fo

wm%ﬁﬁj@§m+v&b@,n> subject b

*/ 1 W
N "::ma —_— -
g 020 by Lptcr Mo, )

L
2 pixi =

L
P'Y/'f;PKX‘:W

T:HZ
?o)-
;M~

U(P, u/)" g*mZ){{“"ZFX+V(2/; ‘/L))

L.

R

no% d{yp.»‘?ng/én/‘
on W

So .-

RSN

e N

£
i

( JP/)road» from

Wugh Brooe:
wzll Broots)

\



,7
N F( ‘ﬁ\( 7’5\\S .
LY

A 2= b
Z ~N
Lee ity G b ooy s o A3t (32 {ge M g3 a g ey

- ] " i S D )
pﬂﬂhi’ :f‘!’")) = <f,”jf, ;)‘ No{g he “nzr; nd Xn/\ Fﬂ' Sediin T3t 2> )(Kf =

i

comemes 2l s .‘}Iml‘l Pam:’% = {q/{rhz} < c;"_);rj

- . . N B . =
AL PN (PO O ) et S
v ; v ¥ i
Y
rotb e \gw L't*“)“
{
) \ ) ok |
i'_‘: ﬁ‘z? e 3nu o SOl such thad )4‘/,.)} < gjfx,t/f’{;}} - ¢ hm o
B i 4 v 0 npoc v = v
; I Tn s : 1 L, .
Agan dibae 1070 Moz ,/Lm, F=rad Visl, Gondi, 1) = Veir =

{

Ve :?g)(//r«(? } 2’ {‘? G/Y/f{q }) Contains 31/ /,'/'j homt ]70"#5 = ‘Z{EX/I/ \\’4‘ } lis C/ogz:/‘

. e ' , { LT \
1) £ Svp BT /i%u:h; [suitvans)

£ - AR ;
for evecy QCX }lPCf‘X P*gp? 5 closed  snd 1((,95)(’[ % ?} i<

Let $x"3} and g‘j 0 be suumazs i X sy, that //;'7? X = X
pFe

Y
LA f

/nr) u": o Fnd x" 'z é{n. EUWOS’-’ XA g

Sbelsm 7z €X suh Hat xdzdy.
} Suppose ¥z sveh Hat x<z4y. Thy VzeX xzz o YRZ.
S0 z¢€ N pryluipe )i pax ] :X=0?+L
x4y 2 {pex: pz4{ N %’PEX PixX} =¢
E{Pex.‘p;x} and fPeX: pi(j} are closd W,L contans 10 fwe

1 c/oseJ, a/’{/:,-,y% N KL not  comected > 55 Fze)f g,
hat x4z< y.

{PéX-'PS:z} Closed =7 {PC‘X;P4'Z} a7

Tpefs pszi  chis F {peXiprz} open



gl [corﬁ’d)
q>z =7 Ljé gPéX;IVZ} which 15 open. j£’>0 E{g/f,)c {PéX,P}Z}
x4z = x€{peX:p<z} wheh s oprn 1£,70 E[x,fz)c{Pe)(:,ﬁz}

Svynce r{'::’ bjntgl j,\/f Sveh /Az{ Vm’n ‘jméB[y,&)C {Péx:P}Z}
Since '{'QX,, =X | J/\/’2 such Hhat i Koo 53[)(/52) < {peXIID«’zZ
[t k>max//\/,,/‘/2>- ngégpe)(f[ﬂz? => <j,<>z

X € dpex. piz} = K4z,

Bg IL!’ZI%!}Nhlﬁ XK 4 éjz R CONTRAPICTION. 50 L’{ >X,

Y,



Vlp. pw) - p.p:

B% Ro% ‘s I’J'f"’";"}"i

_?u/?F
ﬂtl !./;1-7,“"77. "“/) = P\// -

. z(mp)-zii« ffaf‘/pz
[d77:)

Zwu ’) )
['(P. Fz

8?72 Lwrp> M>
%P. P “2p,

? 1

G (p, Fa,w) = 2\// = — Y W;P‘
'» 2lw+p, ~P2

"-:/P, o,

7.9, con}:num‘/j a’wﬁ‘érxﬂ?z.?/;ﬂ
- Alwp) g

e m E=gtpp) 5 g

i s of
hamogee: w0

ek dlre)

= _? f<dn-;§a?:_’/}f’,"Jf§ " 7 O
, ‘ o o ¥ /sz) az {}7 /7 /V) 12 i
o P, WP
.P' (P PHW) +r’72 ’2‘\//D:. j;' ,,) = P" y:/) * Pz T - V\/

[ wrD ;oD W ow g
O 7) 5] - Jf) 2’ -(-;/ Ee 4 _ﬁs_;_[
! AR Pz APz 2p, PP &

AL{ ﬁa’:ﬁz‘m (2' Z ;

,

o TP < FU

o0k 3 St s >%”5’z/.”! JUestcznca g
5 v

,
there
ines

uth ,/,( Fonchon

y

v et g, 7, grev funzad - Avnchins
g}‘\dl V[}){/sz W) ,5’[';" lf;

- A.&“/_*‘,/)‘

I ] e - 4
i i f g2

= b S(jmm{" tae

Wop

g
/-ir?

+



Ariel Zetlin-Jones
October 2, 2007
Notes on Problem Set 3

One note about your problem sets. In general, I encourage you to be more clear in your exposition
of your proofs. Your understanding of a proof or a problem should be demonstrated by the precision
of your solution. In general, even if your solutions are correct, if your methods are not clear, points
may be deducted.

2 Problem 2

e Many of you proved existence of a z s.t. y > 2z > x by showing that if such a z does not
exist, then you can contradict the connectedness of R. To achieve a contradiction, though,
you need to prove three statements:

. P(y) and L(x) are closed

. P(y) and L(x) are nonempty

. YU L(z) = RE

. YN L(z) =0

<

1
2
3
4
Almost everyone who used this method forgot number 2!

3 Problem 3

e If you provided a guess of the utility function, points were deducted from your score because
you should be able to show how you would develop a guess on your own.

e If you use specific results or theorems, you should cite them directly (eg. “Werner Lecture
Notes Theorem 12.1 says that it suffices to show x* satisfies the following three properties...”).
Points were not deducted this time, but they will be in the future.



Economics 8101 Problem Set 4
Fall Semester 2007 Due: Thursday, October 11
Jan Werner

1.

(10 points) Consider the set of all lotteries with three possible prizes z1, 23, and z3, where
z; € R and 0 < 21 < 29 < 2z3. The set of lotteries can be identified with the unit simplex
A in R3 so that 7 = (71, me, m3) € A represents a lottery for which prize z; obtains with

probability m;. Let U: A — R be a utility function on A defined by
U<7T) = 929 + \/7?17T3(2’1 + 2’3).

Does U have an expected utility representation? Justify your answer.

(20 points) Consider the Allais paradox as described in MWG, Section 6.B.2. One spec-
ification of preferences on lotteries proposed in order to explain the Allais paradox has
been the Rank-Dependent Expected Utility of J. Quiggin (1982). For a lottery with three
outcomes z1, 22 and z3, where z; < zo < z3, with respective probabilities m, w5, w3, the

rank-dependent expected utility is
v(21) f(m1) +v(22)[f(m1 + m2) — f(m1)] + v(23)[1 = f(m1 + m2)],

where v is a utility function on outcomes and f : [0,1] — [0,1] is an increasing function
such that f(0) = 0 and f(1) = 1. Function f is called probability transformation function.
Note that if f(t) > ¢, V t, then the weight assigned by RDEU to the worst outcome z; is
higher than the probability of z; while the weight assigned to the best outcome z3 is lower
than the respective probability. This is a pessimistic probability transformation function.
If f(t) <t, Vt, then f is an optimistic transformation function.

Explain whether the rank-dependent expected utility can be consistent with the pattern of
preferences in the Allais paradox. If so, would the transformation function be pessimistic
or optimistic?

Show that the rank-dependent expected utility satisfies the von Neumann-Morgenstern

independence axiom if and only if f(t) =¢,V t.

(10 points) Verify whether the following utility functions on §R4L_ are supermodular:

(a) additively separable function, u(x) = Zle vi(z;), where each function v; : R4 — R
is strictly increasing and continuous (but need not be differentiable),

(b) Leontief utility function, u(z) = min; ;.

(c¢) For L =2, u(z1,x2) = g(x1)h(z2) for strictly increasing functions g, h : ®1 — R. Do

not assume that g and h are differentiable.
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Economics 8101 Problem Set 5
Fall Semester 2007 Due: Thursday, October 18
Jan Werner

1. (15 points) Consider the following utility functions on state-contingent consumption with
3 states:
(a) u(cy,ca,c3) =min{cy + 2¢ + 3c3,2¢1 + 2 + c3}
(b) wu(ec1,c,c3) = \/c1 + y/C2 + 2c3.
Show that (a) does not have state-separable representation. Show that (b) does not have

expected utility representation for any probabilities of states.

2. (15 points) Suppose that there are two states, s = 1, 2, with equal probabilities % An agent

has an expected utility function Efv(c)] = 2v(er) + sv(c2) with v(c) = In(c), for ¢ > 0.
(i) Suppose that the agent has deterministic wealth w > 0 and faces risk z = (21, 22)
such that E(z) = 0. Calculate risk compensation for w = 12.5 and z = (—7.5,7.5),

that is, for risk of losing 7.5 in state 1 and winning 7.5 in state 2.

(ii) Suppose that there are two assets: a risk-free asset with return in two states given by
7 = (1,1), and a risky asset with return in two states given by r = (2,0.5). Find the
optimal investment in the risky asset for the agent’s initial wealth w, as a function

of w. Is the optimal investment an increasing function of wealth w?

3. (10 points) Consider a monopolistic firm that produces two output goods, 1 and 2. In
the market for good 1, the firm faces an inverse demand function P;(x1) that associates
market clearing price of good 1 with the demand x; for good 1. Similarly, there is an
inverse demand function Py(z2) in the market for good 2. The firm’s cost of producing
output bundle (z1, 22) is described by cost function with a parameter a > 0. It takes the
form aC'(z1, z2) Assume that C is a strictly increasing function.

The firm maximizes it’s profit

max Pj(z1)z1 + Pa(22)20 — aC(z1, 22).
(Zl,ZQ)ZO

(i) let (27(c),25(a)) denote the solution, assumed unique. Under what condition on
C' (supermodularity, submodularity, or none) is (2] («), 27 ()) non-increasing in cost
parameter a.

Remarks: Function f is submodular if —f is supermodular. Question (i) can be
answered without assuming differentiability of functions Py, P», and C. However, you
are allowed to impose differentiability. If you do so (and only then), you should state

the first-order conditions for profit maximization and comment on their sufficiency.
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Economics 8101 Problem Set 6
Fall Semester 2007 Due: Wednesday, October 24, 1 pm.
Jan Werner

1. (15 points) There are two states, s = 1,2, with respective probabilities 73 = 1/3 and
my = 2/3. Consider two state-contingent consumption plans; z = (8,2) and y = (2,5).
Note that E(z) = E(y).

(a) Does y dominate z in the sense of the First-Order Stochastic Dominance? Justify

your answer.

(b) Is z more risky than y (that is, does y dominate z in the sense of the Second-Order

Stochastic Dominance)? Justify your answer.

2. (15 points) Consider the optimal portfolio choice problem with one risky asset and a
risk-free asset. Suppose that the agent has expected utility function and that her von
Neumann-Morgenstern utility function has constant absolute risk aversion equal to o > 0.
Show that the optimal investment in the risky asset does not depend on the agent’s wealth

w and is strictly decreasing in risk aversion a.

3. (10 points) Consider two random variables y and z with the same expectations, FE(y) =
Show that, if z is more risky than y and y is more risky than z, then y and z have the
same distribution, i.e., Fy(t) = F.(t) for every ¢t. You may assume that y and z take only

finitely many values.
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