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1 Summary

Commodity Space (RL)

!
Consumption Space(X;) «—Physical constraints
X, = Ri C RE
!

Budget Set(B;(p, e;)) = Set of feasible consumption bundle «Economic Constraints
B;i (p,e;) ={xi € Xi |p-z; <p-ei}
!
Consumer’s maximization programming problem:
choosing 7~ —maximal consumption bundles from B; (p,e;) «we can summarize information

given p and e; € RJLr for V4 of preference using utility function
|
Demand Correspondence(z; € Dj (p,e;) for Vi) —Finite intersection property
Consumer’s maximal utility value «—Maximum theorem

Value function(indirect utiliity function)



2 Preference

2.1 Preference-based approach(Rationality)

1. Preordey Sp 1999 I11.2.(a)

On aset X = R, = is a preorder on X, that is, a binary relationship satisfying

(a) reflexivity : for Ve e X, x Z
(b) transitivity : for Va,y,z€ X, [x yandy D 2] 22 2

2. Complete Preorder] Sp 1999 IIL.2.(b)

Onaset X = Ri, a preorder 7 is complete on X,

ifforVe,ye X,z Zyorx Syorx ~y

3. Continuous Complete Preorderf Sp 1999 I11.2.(c) |

— (with monotonicity) Continuous Utility Function

On aset X = R{ﬁ, a complete preorder 77 is continuous on X,

eiffor Vye X, {xre X |2z zy}and {x € X | 2z 2y} are closed subsets of X
e if [for any sequence of pairs {z",y"},~; with 2™ = y" for Vn and = = limp e 2™,
y=limp.oy", ¢ 2y

4. Monotonicity = Increasing Utility Function(u () > u (y) if z >> y)

(a) local nonsatiation
Onaset X = Ri, a preorder 77 is locally nonsatiated on X,
if for Voe X,Ve>0,Jyst |l[y—z||<ecand y =z
(b) monotone
On aset X = Rﬁ, a preorder 77 is monotone on X,
° iffoereX,VyeRiJr, rty=zx
o ifforVa,yeX, [y>>z] — [y > 1]
(c) strictly monotone = Strictly Increasing Utility Function(u (z) > u (y) if z >y and = # y)

Onaset X = Ri, a preorder 7~ is strictly monotone on X,

o ifforVaoec X,Vyc RIN{0},z+y>-x
e ifforVaoyeX, [y>xandy#z| — [y = x]



(d) weakly monotone
On aset X = R%, a preorder = is weakly monotone on X,
if for Va,ye X, [y >z] — [y £ 2]

5. Convexity = Quasiconcave Utility Function
{(The set {x € X | uw(xz) >u(y)} is convex for V y € X)
or (u(Az+ (1 —XNy)>min{u(z),u(y)} for any x,y € X, YA €[0,1]

(a) convex set
A set S C R"is convex if for Va,b € S, Aa+ (1 —X)b e S for VA € [0, 1];
that is, if a1, a9,...,ap, € S and Ay > 0, A > 0,..., A, > 0 s.t. Zle)\k = 1, then
Zlile Agai € S.
(b) weakly convex
On aset X = Rﬁ, a preorder 7 is weakly convex on X,
o ifforVao,ye X withe £y, z -y, A€ [0,1], e +(1—-XN)y
o ifforVye X, {xe X |z Zy}isaconvexset on X
e ifforVye X, {z e X|x>y}isaconvex set on X

(c) convex Sp 1999 II1.2.(f)
Onaset X = Rfi, a preorder 7 is convex on X,
o ifforVao,yec X withe #y, x>y, A€ (0,1), e+ (1—-N)y >y
(d) strictly convey Sp 1999 I11.2.(g) | = Strictly Quasiconcave Utility Function
{(The set {x € X | u(x) >u(y)} is convex for V y (# z) € X) or
(uAx+ (1= XN y) >min{u(z),u(y)} forany z,y (x #y) € X, VA € (0,1)
On aset X = R%, a preorder 7 is strictly convex on X,
e ifforVaoyeXwither#y, -y, A€ (0,1), x+(1-Ny>=y

ZY

~

6. Homotheticity{ (with continuity) <= w(z) is homogenous of degree 1, that is, u(azx) =
au(z) for a > 0}

Onaset X = Ri, a monotone preorder 7~ is homothetic on X,

if, for Va,y € X, [x ~y] — [ax ~ ay] for Va > 0

7. Quasilinearity{ (with continuity) on R X Ri_l with respect to the first commodity <=
u(@) =z + Pz, ..., x1)}

On a set X = R%, a preorder 7= is quasilinear on X,
ifi)forVa,ye X, [x~y] — [z +ae1 ~y+ae] for Va € R and e; ={1,0,0,...,0} and
ii) Good 1 is desirable; that is, z + aej = = for Vo, > 0 and e; = {1,0,0,...,0}



Lexicographic Preorder
On aset X = R%, a preorder 7 is lexicographic on X,

x =y if [z1 > y1] or [x1 =1 and x2 > Yo

Choice-based approach(The weak axiom of revealed preference)

. Choice structure(8,C (+))

B : a set of nonempty subsets of X s.t. B(an element of B) C X is a budget set
C(+) : a choice rule(correspondence) C: B — C (B) C B

. Weak axiom of revealed preference

For some B € B with (z1,25), (z],25) € B s.t. (x1,x0) # (2], 25),

[[(x1,22) € C(B)] and [for any B’ (x},z5) € C(B')]] — (x1,22) € C(B')
Revealed preference relationship

(z1,22) 75 (2}, ) — I some B € B s.t. (z1,22), (2}, 25) € B and (z1,x2) € C(B)

>~ does not have to either complete or transitive.
Relation between preference-based and choice-based
e [~ is complete and transitive] — (8,C (+)) satisfies the weak axiom

o [(%B,C()) satisfies the weak axiom] and [B includes all subsets of X up to 3 elements|
— [ is complete and transitive]

. Demand of Law| ProS IV-1]

Suppose an agent with (,C (-)) which satisfies the weak axiom faces a decision between
(21,72) and(z],25) .

Those satisfy budget constraints p1-x1+p2 - @2 < I and p| - ) +ph - 25 <1

By the weak axiom,

pr-T1+p2-m2 <p1-x) +p2-wh —pr (w1 —2)) +p2 (2 —a5) <0

Py @y b h <phx +ph g — —ph (T — @) —ph( — 2h) <0

(p1 —py) (21 —27) + (p2 — Ph) (22 —25) < 0

Suppose pa = ph,.

Then (p1 —p}) (1 —27) <0

It means that along the indifference curve, changes in the price of the first good and changes

in the quantity of the goods move in opposite directions. The weak axiom means the negative
substitution effects.



3 Relationship between Preorders

1.

If = is strictly monotone, then it is monotond ProS 1.5

Assume that 7~ is strictly monotone.
[z >>y] — [z >y and z # ]
By the definition of strict monotonicity, [z >y and = # y] — [z > 1] .

Therefore, [z >> y] — [z > y]; that is, it is monotone.

. If 7~ is monotone, then it is locally nonsatiated.

Assume that 7~ is monotone.

Let [m €X,e>0,e=(1,1,1,..1) € R, and Iy ==z —I—T/%e] — [y >> z]
Then it implies y >> x and by the definition of monotonicity, y > x.

From the assumption, we also have ||y —z|| = 7 <e

If 7~ is weakly monotone, l.n.s., and transitive, then it is monotone.

Suppose that z >> y.

Let ¢ = min{z1 — 1, ..., —yr} > 0, then for all z € X, if ||y — z|| <e, then z >> z.
By lns., 3 2* € X st.|ly — 2*|| < e and z* > y.

By z >> z* and the weak monotonicity,z =~ z*.

x - z*and z* > y implies x > y. Thus it is monotone.

If >~ is monotone and continuous, then it is weakly monotone.

. 7~ is weakly convex,

if forVae,ye X withe £y, z 2y, A€ 0,1, e +(1-NyZy

(a) «ifforVye X, Sy ={z € X |z Zy} is a convex set on X
o Take any y € X, a,b € Sy(wlo.g aZb), A€ (0,1).
Aa+ (1 —X)b b by weak convexity and
b 7 y by the definition of Sy.
Then da+ (1 —-Nbzbzyl —Ma+(1-Nbzy]l—la+(1—-XN)beS,
e Take any a,b € X (w.lo.g. aZb), A€ (0,1).
[az bbb — [a€Sy,be Sy by the definition of Sp.
Ao+ (1 —=XN)be S —[Ma+(1-Nbz b
Therefore, - is weakly convex.

(b) «ifforVye X, S) ={zr € X | x>y} is a convex set on X
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o Take any y € X, a,b€ Sy(w.lo.g azb), A€ (0,1).
Aa+ (1 =) bz b by weak convexity and
b~y by the definition of Sj,.
Then Ma+ (1 =X)bZb=yl —[Aa+(1-N)b=yl—=da+(1-N)beS,
e Use contradiction.
Suppose that for V y € X, S; = {x € X | x > y} is a convex set on X but 7 is not
weakly convex.
Then dz,y € X with x # y, x —y,and INe€ [0,1], \z+ (1 - Ny <y
On the other hand, we have Ax + (1 — \)y >y for x,y € X by the assumption.
A+ (1= ANy > Az + (1 — Ay which is a contradiction.

6. If 77 is strictly convex, (and continuous?), then it is convex ProS L.6].

Assume 7 is strictly convex. We have to show that for V x,y € X with z #y, x > y, A € (0,1),
Ax+ (1=Ny > y.

Ty —oxT DY

From the fact 77 is strictly convex, we have Az + (1 — )y >y for all A € (0,1).

Thus, from the definition, it is convex.

7. If 7~ is convex and continuous, then it is weakly convex.

(a)

Case = > y which implies = =~ y.

Then by the definition of convexity of 7, we have Ax + (1 —\)y > y for all A € (0,1).
And Mz+(1-Ny>=yl—=[M+1-Ny Zvy

Therefore, it is weakly convex.

Casez,y € X s.t. x ~y

By contradiction, 3\ € (0,1) such that y = Az + (1 —\)y

By the definition of Sy, (1—x)y AZ+ (1= ANy & Sxp(1-2)y

Suppose Jz1,22 € X s.t. z1 = Az + (1 — M) yand 2 = Aoz + (1 — N)y s.t. 21 # 22.
If 2~y > 21, then agx + (1 — 1) 21 = 22 > 21 by the definition of convexity.

If x ~ y = 2, then apy + (1 — ) 29 = 21 > 25 by the definition of convexity.

This is a contradiction.

Therefore, there isno A € (0,1) such that y = Az + (1 — )y

8. If =~ is weakly convex, continuous, and l.n.s., then it is convex.

9. Note that - weakly convex, continuous, but not L.n.s., it is not convex

Counter example) Cobb-Douglas with a thick preference curve.



10.

11.

12.

If = is strictly convex and weakly monotone, then it is strictly monotone.

By contradiction, suppose 3 7 strict convex, weakly monotone, but not strictly monotone;
that is, Jz,y € X, [z > y,x # y| but [z S 9.

Let z =< + 4. By strict convexity, [z > z] .

[z > y] — [z > z]. By weak monotonicity, [x > z] — [z 77 2] which is a contradiction.

Even if 7~ is strictly convex and monotone, it is not strictly monotone.
Counter Example)
T1 >
[z = y] < or
T =Y, T2 <Y2

Lexicographic preorder is complete, transitive, reflexive, strictly monotone, and strictly con-
vex, but not continuous.

e Lexicographic preference is not continuous.
Consider a sequence of pairs {2",y"}> | s.t. 2" = (;11, O) ,y"" = (0, 1) for all n.
Then we know [z" = y"| for all n. But at the limit, x = limy, 2™ = (0,0) < (0,1) =
limy oo y™ = .
Therefore, it is not continuous.

e Lexicographic preference can not be represented by a continuous utility function.
By contradiction, suppose not. Then Ja utility function u (z) which represents lexico-
graphic preference.
For all z, we can pick a rational number r(x) s.t. u(z,2) > r(z) > u(z,1).; Ja rational
number between two real numbers.
Let 2/ > x. Then by lexicographic preference,
[/ > 2] = [u(@,2) >r (@) >u(@,1) >u(z,2) >r(z) >u(x,l1)] —r@)>r(x)].
Thus, r () provides one-to-one function from the set of real number which is uncountable
to the set of rational numbers which is countable. This is a mathematical impossibility.



4 Preference Examples

1. Cobb-Douglas is a complete, continuous, monotone(not strict monotone), convex(not strictly
convex), preorder.

2. Leontief is a complete, continuous, monotone(not strict monotone), convex(not strictly con-
vex), preorder.

3. Linear indifference curve is convex, strictly monotone, but not strictly convex.

4. Reversed lexicographic is strictly convex and monotone, but not strictly monotone.
5. Exercise 3.B.2 is convex, l.n.s., but not monotone.

6. Reverse lexicographic is convex(not weak convex), monotone(not strict monotone)

7. Cobb-Douglas with a thick preference curve(weakly convex, continuous, but not 1.n.s) is not
convex(not strictly convex)

8. Weird lexicographic is weakly convex, but not convex.

1>
Counter) [z > y]| < or
1 =Y, To > land yp <1

9. monotone, but not convex
(z1,91) Z (x2,92) if /27 + 9] > /23 + 93

10. not Ln.s

(z1,91) > (z2,y2) if y1=—x1 +aand yo = —z2 +bst. a>1>b>0

(x1,91) ~ (z9,y2) if y1 = —x1 +a and yp = —x9 + bif a,b > 1 and a,b <1
11,z =y if |[xg —yo| > 2

x ~yif [y — o] <2

shows a preference which is not transitive.



5 Preference and Utility function

1. Utility function

A function u : Rf‘r — R is a utility function

if it represents individual’s preference on consumption allocation;

for Va1, 20 € X = Ri, x1 =22 S u(xr) >u(xe) and 1 ~ 22 < u(zrr) = u(w2)
2. Summary of Relation

Restrictions on preferences translate into restrictions on the form of utility functions.

(a) Continuous Complete Preorder = (with monotonicity) M4Continuous Utility Function

(b) Monotonicity = Increasing Utility Function (u (z) > u (y) if x >> y)
strictly monotone = Strictly Increasing Utility Function(u (x) > u (y) if x > y and = # y)

(c) Convexity = Quasiconcave Utility Function{(The set {z € X | u(x) > u (y)} is convex

for Vy (# x) € X)}

strictly convex = Strictly Quasiconcave Utility Function{(The set {z € X | u(z) > u (y)}

is convexforVy (#x) € X)or(u(Ax 4+ (1 —A)y) > min{u(z),u(y)} forany z,y (z #y) €

X,VAe (0,1)}

e Concavity: forVA € (0,1)andVz, y (z #y) € X, Au(x)+(1 — N u(y) <u(Az+ (1 —-N)y)

Convexity of 7 does not imply the stronger property that u (-) is concave.
When is the strictly increasing transformation f of a quasiconcave function u s.t.
fou concave?
It depends on the curvature of the indifference surfaces.

(d) Homotheticity{ (with continuity) <= u () is homogenous of degree 1, that is, u (ax) =
au(x) for a > 0}

(e) Quasilinearity{ (with continuity) on R x Ri_l with respect to the first commodity <=
u(z) =1 + P2, ...x1)}

3. Continuity of Function

(a) ws.c.
e A complete preorder 7~ on Ri is uppersemicontinuous if for any 2’ € X = RY,
{re X |xma}is closed(& {z € X |z~ x'} is open)
e A function u: RY — Risus.c. ifforall a € R, {z € X | u(z) < a} is open in RY.
—if for all o € R, {x € X | u(x) > o} is closed in RE
(b) Ls.c.
A function u: RY — Risls.c. iffor all « € R, {x € X | u(x) >} is open in RE.
ifforall @ € R, {z € X | u(z) < a} is closed in R%.
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(c) Ifit is us.c. and Ls.c., a function u : RY — R is continuouq ProS I1I-5(a)

Proof

NTS: for any open(closed) subset of a, u™! (a) is an open(closed) subset of RE

Divide R by three parts;(—oo, o, (a, ), [3,00)

For an open set (o, 8) € R, u ! (o, 8)) = {z € X |a<u(x)}n{ze X |u(z) < B}
which is an intersection of two open sets known from l.s.c. and u.s.c. of u so that
u™ ((o, B)) is open.

For a relatively closed set (—oo,a] € R, u™! ((—o0,0]) = {z € X | u(z) < a} is closed
by ls.c. of u

For a relatively closed set [3,00) € R, u 1 ([8,00)) = {z € X | 3 <u(x)} is closed by
u.s.c. of wu.

Therefore, u : Rf_ — R is continuous

(d) Relationship between u.s.c 7 and ¢f Sp 1997 II.1

i. If 7 is w.s.c., then a function u : Ry — R exists.
Proof
ForVxe X =R;,Ja(z) € Ryst. a(r)e~zx
Because 77 is upper semi continuous, for V o’ € X, {z € X | x 77 2’} is closed.
Hence, for Vo' € X, Ay ={a € Ry | a(z)e Zz' and a(x)e € Z} is nonempty and
closed.
Therefore, for V 2/ € X, 3 a(2') € Ry st. a(z)e~ 2
Furthermore, because 7~ is monotone, (a1 > ag) — (a1e = aze).
Take o () as the utility function; that is, for Vo € X = R, let a utility value be
u(z) = o (z)
This utility function does not have to be continuous.

ii. If 77 is u.s.c., does a function v : Ry — R exist which takes values only between -3
and -27
Yes,
[x>=2]—x>0and y <0
[t ~y] = x,y>0o0rz,y<0
u(x) = { :g g i i 8 can represent the above u.s.c. preference relation.

iii. If 7 is u.s.c., does a continuous utility function u : R4 — R exist?
No, the same as 7.

iv. If Zisuws.c.,p € Ry4+, e € Ry, does a competitive demand function D : Ry — R
exist?
No, if the utility function is not continuous, demand correspondence does not have
to exist. Even 7~ is not strictly convex so that we do not know whether demand
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correspondence is single-valued or not(the same as Deman Correspondence chapter
4).

4. Existence of Continuous Utility Function/ Sp 1998 11.3.(c)

Theorem

Suppose that 7~ is a (monotone), continuous, complete preorder(reflexive and transitive) on
X =RE,

Then there exists a continuous utility function u () representing - .

Proof

Denote the diagonal ray in RY by Z and e = (1,1,1,...,1)T € RZ,. Then ae € Z for all
a > 0.

e Claim 1: ForVz € X = R, Jaunique a () € Ry s.t. a(r)e~zx
Because 77 is continuous, for V 2/ € X, {zx € X |z 7z 2/} and {x € X | < 2/} are closed
subsets of X.
Hence, for Ve e X, Ay ={a € Ry |a(z)e Zz and a(x)e € Z}
and A_ ={a€ Ry |a(x)e Zx and a (x)e € Z} are nonempty and closed.
Because 77 is complete, R, C (A, UA_)
(The nonemptyness and closeness of A, A_ and the connectness of Ry) — [(A4 N A_) # ()]
Therefore, for Vx € X, Ja(z) € Ry s.t. a(z)e ~x.
Furthermore, because 77 is monotone, (a1 > a2) — (e = age).
Therefore, for Vo € X = RY, 3 a unique a (z) € Ry st. o (z) e ~x.

Take o () as the utility function; that is, for Vo € X = R, let a utility value be u (z) = « ()

e Claim 2
(a) [Of(w) > a(2)] < [z 2 2]
' « (a:) >a(2)

By [(continuity and monotonicity) — weak monotonicity] of 77, a (z) e 7 o (2/) e
By the proof of Claim 1, a(z) e~ z 52’ ~ a(z') e
By transitivity of =, z = 2’
il
x - a
By the proof of Claim 1, a(z) e~z 77 2’ ~ a(z')e
By transitivity of 77, a(x)e = a(2')e
By [(continuity and monotonicity) — weak monotonicity| of -, a () > « (/)
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(b) w(x) is a continuous function
Note that the range of u () is [0,00) which is relatively closed.
WTS that for any 2 € X = R% and Va € [0,00), v ([0, a]) and v ([, 00)) are
closed subsets of RE.
u ! ([0,0) ={zeX|u@)<a}={reX|zIa()e}
v o,0)={zeX|u@@)>a}={zeX |z zal)e}
These are closed by continuity of 77 .

5. If a continuous utility function w : Ri — R represents 7, then = is continuous.

By continuity of u(-), u™ ((—oc, ¢]) and u™! ([or,00)) are closed for any a € R and 32’ € RE
s.t. u(2') = «a for any o € R.

ut (o0 0]) ={z e X |u@) <u(@)}t={re X |z I}
u ! ([o,00)) ={z € X [u(z) >u(@)} ={z € X [z '}
Thus {z € X |z Z 2’} and {z € X | x 7 2/} are closed.
Therefore, 7 is continuous.
6. Even though 7~ is a complete, continuous preorder on X = Ri which a utility function
U Ri — R represents, u does not have to be continuous.

<ra discontinuous utility function can represent a complete, continuous preorder - on X = Ri

| Counter example | Sp 1999 II1.2.(e) | ProS I11-3

In order for u to be continuous, we need monotonicity of 77 .

[z; + vi] is equal to the integer part of x; + ;.
(z1,01) = (w2,92) if [21 + 1] > [22 + 2]
(z1,01) ~ (@2,92) if [21 + 1] = [22 + 2]

7 is complete because (x1,y1) 7 (22, y2) or (z1,y1) 3 (x2,y2) or (x1,21) ~ (z2,y2) for all
(z,y) € R

and is continuous because for all (z,y) € R2,

{(,y) e RA| («,¢/) Z (z,y) }and {(«/,y') € R2 | (2, ¢/) 3 (%)} are closed subsets.
But - is not monotone obviously.

We can represent this preference relation with w; (x;,y;) = [; + y;]

But the utility function is not continuous.

e This preference relation also show an example for nonsatiated but not L.n.s., not convex.\

e A similar preference relation is (z1,y1) 77 (22, y2) if [x1y1] > [x2y2]

12



7.

10.

Does a strong monotone preference have a utility function? Sp 1998 11.3

No, lexicographic preference is strict monotone, but not continuous so that there is no utility
function representing 77 .

If > is convex, and u: RY — R represents =, is u(-) convex?| Sp 1999 IIL.2.(h
~Y + ~Y

No, the utility function can be strictly concave.
Forallz,y € Ry, x =y~ > yand s~y Vr = Jfy

Thus for all A € (0,1], AWz+ 1 =X Jy=y+ Nz —y)> /] — PDa+(1-Ny >y
shows that it is convex.

The utility function u (z) = \/z represents -, but for all 2,y € Ry,  # y, and all A € (0, 1),
Au(z) + (1 =N u(y) < u(Ax + (1 —A)y) which shows w (+) is strictly concave.

Other Properties of Utility Function

(a) Additivity
w (1, 2y oy xr) = u(x1) +u(z2) +... +u(zL)
(b) Differentiability
What is required is that indifference sets should be smooth surfaces that fit together

nicely so that the rates at which commodities substitute for each other depend differen-
tiably on the consumption allocation.

If we can summarize the consumer’s preference by means of a utility function, then mathe-
matical programming problem(Utility Maximization problem) can be used to find maximal
consumption allocations out of budget set. The utility function w (-) that represents a prefer-
ence relation is not unique. Any strictly increasing transformation of u (-), v (z) = f (u (z)),
where f (+) is a strictly increasing function, also represents the preference.
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6 Endowments and Budget Set

1. From “complete market” and “given price” assumption, we have a price vector p = (p1, p2, ..., pL) €
R determined by auctioneer and it determines agents’ wealth(income) and the rate at which
commodities can be exchanged.

2. We assume that all agents have something of some commodities, the initial resources of an
individual(the means of exchange), given by a bundle in R%. Given p, an agent can try
to decide which bundle of commodities he will consume. FEvery agent faces an economic
constraint: his consumption choice is limited to those commodity bundle within his possible
wealth.

3. Correspondence

A correspondence ¢ : X — Y is a rule which associates to every elements x € X a nonempty
subset ¢ (x) CY

Graph of ¢ : given a correspondence ¢ of X into Y, the graph G4 in X x Y defined by
Go={(@,y) X xY |y € 6 ()

4. Budget Correspondence
Given p € Ri and initial endowments e € R%, an agent’s budget correspondence is B :

(p,e) = X [@)A-Ri HRﬂ s.t. the budget sets will be B (p,e) ={r € X |p-x<p-e}

5. Budget correspondence is nonempty and compact-valued if p € RJLr L and e € Ri

Later we will try to show that demand correspondence do behave continuously and to prove
it, we need to know if the budget correspondence is continuous, i.e. the budget set changes
continuously for some small changes in prices or initial endowments. The following simple
counterexample shows that it is not always.

e c=(1,0),p, = (‘}wl) —p=(0,1)
For each n, the budget set is compact, but in the limit, B (p,e) = [0, 00) which is not
bounded so that the budget correspondence is not L.h.c. If p >> 0, we can avoid this
problem so that the correspondence will be continuous(u.h.c. and 1.h.c) because his
wealth p- e > 0 =infyex(p - ), the cheapest possible consumption bundle in Rﬁ.

B(p,e)={ze X |p-z <p-e}isbounded for all p € RE (= A) and closed forallp € Rk (=
A) so that is compact for p € RY | (= A)

6. Budget correspondence is HD of 0.on p.

7. Continuous Correspondence(U.H.C. and L.H.C)
How the set ¢ (x) depends on x when z is changed slightly
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XY are subsets of Eunclidean space R”.

e U.HC.

A correspondence ¢ : X — Y is w.h.c. (at z) if the set ¢ (x) does not suddenly become
much smaller with a small change in «

A correspondence ¢: X —Y is u.h.c. (at )

(a) if for every open neighborhood U C'Y containing ¢ (x), 3 a neighborhood V of z in
X st. ¢(x') CU for all 2/

(b) (in case ¢ (x) is compact-valued) if every sequence z,, — x and every sequence yj,
with y, € ¢ () for all n, 3 a convergent subsequence {yn, } — ys.t. y € ¢ (x)

(c) (in case X is compact and Y is closed)if it has a closed graph and the image of
compact sets are bounded.

e LLH.C.

A correspondence ¢ : X — Y is uw.h.c. (at z) if the set ¢ (x) does not suddenly become
much larger with a small change in z

A correspondence ¢: X — Y is Lh.c. (at z)

(a) if every sequence z,, — x and every y € ¢ (x), 3 a sequence {y,} € Y with y, €

¢ (zy) for all n st. {yn} —vy
(b) if for every open neighborhood U C Y with ¢ (z) NU # (), 3 a neighborhood V C X
ofzst. ¢()NU#Dforall 2’ € V

The two concepts of continuity, u.h.c. and Lh.c, which are quite different for general correspon-
dences, coincide and are equivalent to continuity in the case of functions. It is multivaluedness
which plays the crucial role in making these concepts distinct from each other.

. Continuity of Budget Correspondence ProS 1V-2

[:> [p >>0and e € Rﬂ — budget correspondence is continuous]

Let p >> 0(p € A) and e € RY. In the exchange economy, an element of X is price system
and initial endowment.

e UH.C.
From the environment, B (-, €) is compact on A.
Pick a sequence {p,} and {x,} with x, € B (py,e) forn > N.

Because A is bounded, 3 a convergent subsequence {pnq} — p with z,, € B (pnq, e)
and

since B (-, e) is compact, {x,} has a convergent subsequence {mnq} St.p, — T €
B (p,e) . for some p.

15



Now we need to show that € B(p,e).
From the fact z,,, € B (Pp,»€) s P, * Tny < Pn, " €-
By {pnq} — p and {an} — Z, and the continuity of dot product, p- Z < p - e.
Therefore, = € B (p,e)
e LH.C.
Assume {p,} = peAand T € B (p,e).
Pick a sequence {xy} with =, € B (pn,e) for n > N.
We need to show that {z,} — z.
(@) p-x=p-e
From the assumption, Z € B (p,e) and x,, € B (pn, €).
Thus,p-T =p-eand p, -z, =pn- e
Let z, = M\z.
[pn'mn :pn'e] <~ [pn')‘x:pn'e]
)\:ﬁ% andxn:%ﬁ'—;x.
Then lim,,—oo®n zlimnﬂoo%:_'—;x =lim, 0t = €= Z.
(b) prz<p-e
From the assumption, Z € B(p,e) and z,, € B (pp, €) .
Thus, p-Z <p-eand pp - Tp < pn-e.
as.t. a € B (pn,e) forn < N
T forn> N
Therefore, limy, _,coxn = .

Let x, =

We will use the continuity of Budget correspondence for the Maximum theorem.
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7 Mathematical Stuffs

1. Cantor’s Intersection Property
diam Ap =sup, e 4, ||l2" — ||
[heorem

Let X be a complete metric space and {A,} be a decreasing sequence of nonempty closed
sets, i.e. A1 D A2 D...D A, D .... with diam A, — 0.

Then N, A, = {z}.

Proof

Choose a sequence {z,} s.t. z, € A,.

For any n,m with n > m, x,, z,, € A,,. Therefore, ||z, — x,,|| < diam A,,.

Since diam Ay, — 0, this sequence is Cauchy and X is complete so that it converges to some
limit z.

Also, since x,, € A, for all n > m and since A,, is closed, x € A,, for all m.

Thus, x € N7 Ap.

Suppose 3z’ s.t.2’ £z, ||of —z|| =¢, 2’ € M2, A,.

But for n large enough, diam A, < ¢ so that it is impossible for 2/, 2 € A,, together.
Therefore, N2, Ay, = {z}.

2. Compactness and Finite Intersection Property
Theorem
A topological space X is compact
iff
every set of closed subsets of X with the finite intersection property has a property that the

arbitrary intersection over the entire sets is nonempty.

Proof

° =

Suppose X is compact. Then Jan open cover of X, a set { Ay} .7 of open subsets of X
st. X =Uger Ao = X = UY_| A,

It means {UperAn}“ =0 = {U,]LlAn}c = 0.
Mg AG # 0 = Noer A # 0
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o =

Suppose a set of closed subset {B,},.; satisfies the finite intersection property that is
3 m’fl\[:]. Bn 7'&@ :>ma€IBa ?é @

By contraposition, Nyer By = 0 = 3 ﬁév:l B,=10

{NaerBa} = User BS = X = {NY_1B,} = U B = X

Therefore, X is compact.

3. Maximum Theorem

Let ¢ : S — T be a continuous correspondence where S is a metric space and T is a compact
metric space.

Let f: S xT — R be a continuous function.
Then the function m : S — R defined by m (x) = max{f (z,y) | y € ¢ (x)} is continuous and

the correspondence p: S — T defined by u(z) = {y € ¢ (z) | f (z,y) =m(x)} is nonempty,
compact-valued, and u.h.c.

18



8 Demand Correspondence

1. The rule that assigns the consumer’s set of optimal consumption allocations(the solution
set of the utility maximization problem) to each price, endowment pair (p,e) >> 0 given
consumers’ preference, is denoted by  (p,(,€)) € RE which is called as the Walrasian

Demand Correspondence.

2. Continuity of Demand Correspondence

If the budget set B (p,e) is compact, then the demand set x (p, (7, €)) is nonempty and com-
pact. Furthermore, if the budget correspondence B (-) is compact-valued, then the demand
correspondence z (-) wh.c. for V p or e where B (-) is continuous.

The continuity property says if in a particular environment p or e, a bundle z is preferred to
another y then after a sufficiently small change of the environment from p or e to p’ or ¢ and
a sufficiently small change of the bundle = to 2’ and y to ¥, respectively, the agent will still

prefer 2/ to ¥/.

3. Existence of Well Defined Demand Correspondence Sp 1999 I11.2.(d)

Theorem

(a) Let = is a complete, continuous preorder on X = R and |e € RY|.

(b) And with

L
pe Ry,

, B(p,e) ={z € X |p-x <p-e}is a nonempty and compact set.

Then 3 7-maximal element in B (p,e) , i.e., Idemand correspondence which is nonempty (well-
defined) and compact-valued

Proof

N.T.S.: 32* € Nyep(pe) {7 € B (p,e) | x Ty} for Vy € B(p,e).

e ForVy e B(p,e),{z € B(p,e) |z 77y} is closed and bounded.
Note that for Vy € B (p,e),{x € B(p,e) |z Zy} ={x € X |z 7 y}NB(p, e) which is an
intersection of a closed set by continuity of preference(we just need u.s.c. of utility func-
tion) and the budget set which is compact by the assumption so that .{x € B(p,e) | z = y}
is closed and bounded.

e Cantor’s intersection property

Using the cantor’s intersection property, if we want to show Nyc gy {2 € B(p,€) | * Ty} #

0, we have to show for some finite set of y, {y, }2_, , Nyl {x € B(p,e) |z 7y} #0.

(a) [[z is complete] — [3 a function 7 : {1,2,,,, N} = {yrv) Z Yn(n—1) T - Z Yx(1) }] ]
=>{zeB(pe)|zZy:} C{zeB®,e) | 2Zyrn-1} C.. C{z€Bpe)|zZy
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= Nyeyyy (& € Bp,e) |z 2y} # Obecause Jyrq) €Ny v {w € Bpe) |22y}
by reflexivity of =~ .

(b) By the cantor’s intersection property,
Ny, @€ B @) |22y} #0] = [¢(p.(2.0) = Nyenipo f € Bpie) |2 5y} #1

e Furthermore, the infinite intersection of compact set is compact so z (p, (22, €)) is com-

~)

pact.

4. Counter Examplel ProS IH—1|

(a) 7 is not continuous.
3 two goods #1, 2, e = (0.5,0.5), p=(1,1) € R? .
Define B (p,e) = {(xl,scg) eX= Ri | 21+ a2 < 1} which is nonempty and compact.
x1- T2 > Y1 - yo for xy,x2,y1,y2 > 0 s.t.x1 # 29 and y1 F£ Yo
Define z > y iff x1 # 2 and y; =y for x1,z2,y1,2 >0
x1 # wa for 1,29 > 0 and (y; =0 or y2 = 0)
x1 -T2 = Y1 - Y2 for w1, 22, Y1, Y2 > 0 5.t.21 # 22 and y1 # o

and z ~ y iff x1 = x9 and y; = 1y for x1,z2,y1,y2 >0

x1 = xa for x1, 29 > 0 and (y1 =0 or y2 =0)
If ~ is not continuous, then utility function representing it is not continuous.

We can represent - using the following utility function.
x1 - x9 for z1,22 > 0 s.t.x1 # 22

u (1, 22) = { 0 otherwise
In the case, there is no 7, —maximal allocation on B (p, €) = [z (p, (7, €)) # (]
(b) B (p,e) is not compact.

i. Suppose p € R% # R%, .
Let 7 be astrict monotone, complete, continuous preorderon X = R% and B (p, €) =
{(z1,m5) € X = R? |2y < 1} which is not bounded.
Then for V(zy,z9) € X, we can find (z1,25), L.e. (21,24) = (z1,29 +1) > (21, 22)
st. (x1,29+1) € B(p,e).
Therefore, there is no 77 —maximal allocation on B (p,e) = [z (p, (7, €)) # (]

ii. Suppose e € R? # R%
Let 7 be astrict monotone, complete, continuous preorderon X = R% and B (p, €) =

0.
Therefore, = (p, (Z,e)) = 0, too.

~)

5. Property of Demand Correspondence

20



Environment

E={I,

(Zis €i)ier b

X, = Ri for Vi and X = {X;},o;

7iis a (strict monotone(l.n.s.)), (strict convex), complete, continuous preorder

e; € Ri for Vi and e = {e;};¢;
Bi(p,ei)) ={zi€ Xi |p-zi<p- e} for Vi

p € R, (or 1)

e Individual Demand Correspondence
Di (p, €i) = i (p, (Zir €i)) = {zi € Bi(p,e:) | wi Z yi for Vy; € Bi(p, ei)}

(a)

nonempty, compacted-valued, u.h.c. for Vp € R{t 4

Since p € Ri+, e; € R_LH and 7—;is a complete, continuous preorder,

B; : (p, ei) — X; is continuous where (p,e;) is a metric space and B; (p, €;) € X is
compact.

u: (p,e;) x X; — R be a continuous function.

By the maximum theorem, the function m : (p,e;) — R defined by m(p,e) =
max {u ((p,e;) ,xi) | xi € B;i (p, e)} is continuous and

the correspondence D; : (p,e;) — X; defined by

D; (p,ei) ={xi € Bi (p,ei) | wi((p,e;), xi) = m(p,e;)} which is nonempty, compact-
valued, and u.h.c.

HD 0 inpe RY,

Budget Correspondence B; (p, ¢;) is HD 0O inp € RJLFJF and 7~;maximization problem
does not change, so D; (p, e;) = D; (Ap, e;) for VA > 0

Walras’ law if >—; is l.n.s.

For Vp € RY, (or A)[z; € D; (p,ei)] — [p-xi = p- €]

Proof

Suppose not. 3z} € D; (p,e;) s.t. p-x;, <p-e;.

By lns. of 77, for ¢ > 0, 32/ € N (z}) with.||z] —2f|| <ecandp 2! < p- ¢
st > af.

It contradicts «} € D; (p,e;) -

Bounded from below

Js > 0s.t. D! (p,e;) > —s+¢ foralll € Landall p

Direct from X; = R%

Boundary condition

If{e; € R% |, iis strictly monotone,

then [p, — p € 0A] — [HDZ (p,€i)|| is unbounded < SUp,ic z,(p, ey 1Zi (Pn, €)] = oo]
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Proof
Suppose not. e; € RY | ;s strictly monotone, [p, — p € dA], but || D; (p, e:)|| is
bounded.
For Vn, because D; (pp, ;) is HD 0 in p,, € RJLrJr, we can represent the price system
pn € A for Vp, € Ri+.
Since, for p, € A, D; (pn, € ) is compact-valued, 3 a convergent subsequence {an} —
x with pp (€ A) —p € A st. x,, € D; (pnq,ei) )
Then py, - Tn, < pp, - € for Vng.
In the finite space, by the continuity of dot product, [pnq “Tn, < Pn, - ei} —[p-z<p-e
with x € D; (p,ei)
W.lo.g, let p¥ =0, k =1.
Let ©’ =z +(1,0,0,...,0) and then p-z=p-2/ < p-e¢;
By strict monotonicity of 7, ' = x.
Because 7Z;is continuous, N s.t.for n > N, 2, € N (z) and z,, € N (2').
And .pp - Tn, = Po - Ty, < Pn - e with z7, - @,
It contrdicts y, € D; (pnq7ei)?!.
(f) HD 1 in p-e; if 7; is homothetic
(g) Convex-valued if =;is weakly convex
7iis weakly convex —for Va;,z’; € X; with z; # «f, [z 7 «f for YA € [0,1]] —
Ar; + (1 =N 2/; 24
Suppose not; D; (p, ;) is not convex-valued.
Then Jp € A with z;, 2, € D;(p, e;) for A€ [0,1] s.t. Az + (1 — N 2's & D; (p, e;)
By the definition of demand correspondence, x; ~ .
By weak convexity of 77;, A\x; + (1 = \)a/; Doy ~2;
Therefore, Ax; + (1 — \)2'; ¢ D; (p, ¢;)?!(contradiction)
(h) Singled-valued(function) if 7;is strictly convex
Suppose not;3xz;, z; € D; (p,e;) and then z; ~ x.
By strict convexity of 7, Ax; + (1 —\)2/; > x; ~ /.
We have to make it sure that Az; + (1 — \) 2/; is feasible.
From z;, 2} € D; (p,e;),
p-x;<p-e;—=Np-x; <X-p-e; for VA€ [0, 1]
pai<pe—(1-=N-p-a,<(1—N)-p-e; for VA € [0,1]
p-Azi+(1=XN-z] <p-[Ae+ (1= ¢ for VA € [0,1]
Therefore, x;, z; ¢ D; (p, €;)?!(contradiction)
o [FP 1994 ITI-1]
Assumption on X;, 7=, e;, p
to satisfy that a excess demandl functionl Z is continuous, HD of 0, bounded from below,
Walras’ law, Boundary condition

E={I,(Zi ei)ies}
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X; = RY for Vi and X = {X;};¢

strict monotone(l.n.s) — boundary condition(walras’ law)
ey, strict convex — single-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, e;)

— R,

. € RE —  for all the other conditions
! R, — Boundary condition

p € RY | (or A)|—for every condition

e Aggregate Demand Correspondence
® (p, €) = > ier Di (p; i)
(a) nonempty, compacted-valued, wh.c. for Vp € RE
Sum of compact-valued and u.h.c. correspondences is compact-valued and u.h.c.
(b) HD 0 in p € RY,
(c) Walras’ law if =, is L.n.s
For Vp € RY | [xi € Di(p,e;) forVie Il —[p-az=p-¢
(d) Bounded from below

(e) Boundary condition
At least one agent satisfies it is sufficient

(f) HD 1 in p-e; if Z; is homothetic for Vi
(g) Convex-valued if =;is weakly convex for Vi

(h) Singled-valued(function) if =is strictly convex for Vi
everyone satisfies it is necessary.

e Counter Example of Boundary condition

Let consider two agents’ pure exchange economy

(a) X; = R% for Vi and X = {X;}

(b) Z;is strictly monotone, complete, continuous preorder
X;= Rt forVi,e; € RY | =((1,1),(1,1)).
If two agents’preference are leontief which is not strict monotone, then Dy ((0,1), (1,1)) =
D>((0,1),(1,1)) = (1,1) which is bounded.

(c) e € Ry
X; = Ri for Vi,—;is strictly monotone, complete, continuous preorder— w; (21, x2) =
x1 + x9 for Vi.
Ife; = (1,0) = ea € R # R2, then D; ((1,0), (1,0)) = D2 ((1,0), (1,0)) = (1,0)
which is bounded.

 [ProS V1]

Show that the boundary condition
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If e; € RY ., =;is strictly monotone,
++ y

then [p, — p € 0A] — [HDZ (p, €)]| is unbounded < SUDL1 €7, (pn.er) | Zi (pn,ei)| = oo]

is not equivalent to the statement “if py — 0, Z1 ((p1,p—1),€) — 00"

| Counter examplel

33 goods. e= (1,1,1)

7 is a strictly monotone, complete, continuous preorder— wu (x1, 29, x3) = Inxy + x5 +
In 23 which is strictly increasing, continuous on R? .

Let the three goods’ price sequence p, = (%,712, %2) —p=1(0,0,1) € 0A asn — o0
From the maximization problem, we get (21n, Z2n, Z3n) = (1,n — 2, ;];2) — r =
(1,00,0).

Therefore, even if py , — 0, [Zl (Pn,€) =x19 — 1] — 0 # oc.

o |FP 1994 1111

(a) Demand function is continuous, HD of 0, Walras’ law

i. Continuous demand function
Existence of Demand Correspondence
B (p, ) is nonempty, compact-valued, and continuous
w (+) is continuous.
— Mazimum T heorem
— Demand Correspondence exists and it is nonempty, compact-valued, u.h.c.
In order to get demand function, we need singled valued, u.h.c. correpondence.
> is stricyly convex or u (+) is strictly quasiconcave.

ii. HD of 0
iii. Walras’ law
7 is Ln.s. or u (+) is weakly increasing(<>Z is monotone).
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9 Competitive Equilibrium

9.1 Definition
9.1.1 Static Pure Exchange Economy

An economy is a pure exchange economy if its only technological possibility is that of free disposal;
that is, if for Vj € J, Y; = —R%Y
1. Environment
Commodity Space=R"
X; =Rl forViel
>~iis a complete continuous preorder defined on X; = R% for Vi € T
e; € R_l|‘_
2. Competitive Equilibrium
In the pure exchange economy F, a Competitive Equilibrium consists of {x;‘}le ;stooaxl €
D; (p*,e;) for Vi € I and p* € RE\ {0} s.t.
(a) for Vi € I, x¥ is 77; — maximal in B; (p*,e;) = {z; € Xi | p* - xi <p*-e;}
& T €Argmax, ep;(pre;) Wi (i) s:t. Bi (p* i) ={x € X; | p* -2 <p* e}

(b) D icr @ <D ierei

3. C.E. and Ln.s.z

If ~—;is l.n.s. and 3 (p*, z*) given e, then p* - x
[p* - zi > p* - xf =p* e

*
i

= p* - ¢ for Vi € I and [z; 5 zf] —

4. Free disposal and nonnegative price vector p* >0
e Free disposal
X =Rl
ForVze X, oy > ) forVie L -2’ € X

Theorem
With Ln.s. preference and free disposal technology in the economy, then p* > 0

Proof
Since (p*,z*)isa CE., p*-a; =p*-¢g for Vie I - p*- 2" =p* e
From free disposality, for Ve > 0, 2’ = (1 — €,72,%3,...,2,) € X = RY and p* -2’/ < p* - e
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Suppose p* % O;w.lo.g. p] <0
Given € > 0, p* -2’ > p* - e which contradicts p* - 2’ <p* -e.
Therefore, p* > 0.

5. p* >0 and monotone -

If at least one consumer has monotone preference, then p* >0

6. p* >> 0 and stricy monotone

If at least one consumer has strict monotone preference, then p* > 0

Remark 1. An economy is a pure exchange economy if its only technological possibility is that of
free disposal; that is, if for Vje J, Y; = —R_LIr
9.1.2 Production Economy

1. Environment
Commodity Space=RF
X; :Rﬁ for Vie I
~iis a complete continuous preorder defined on X; = RJLr forVie I
e € Ri
Y; =Rl for Vj € J
i € [0,1] for Vi, j s.t. Y, cp6i; =1 for Vj

2. Competitive Equilibrium

(a) Intheproduction economy E,, a Competitive Equilibrium consists of {{x;“ Yier s {yj}jeJ}
and p* € R\ {0} s.t.
i. forVi € I, z} is 77; — maximal in B; (p*,e;) = {ml €Xi|p -z <peit+p Y e by y;‘}
& Tf € argmax,, ¢, (pre;) Ui (i) 8.t By (p*, €;) = {ﬂfz €Xi[pa; <preei+pty i b
ii. for Vj e J y; €Y, p*-y; <p*-yj for Vy; €Y
. D e a; <D erei+ ZjeJ y;
(b) Inthe production economy E,, a price equilibrium with transfers consists of {{:Jc;"} iel > {y}-‘}jg}
and p* € R\ {0} s.t.
L 3(wr, we, . wr) st Yo wi =50 p e+ Y P Yy
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ii. for Vi € I, o7 is 7; — maximal in B; (p*,e;) = {z; € X; | p* - z; < wi}
iil. for Vj € J y; € Y, p*-y; < p* -y for Vy; €Y
Vo Y e <D ereit Zje] Y5

(c) Intheproduction economy Ej, a price quasiequilibrium with transfers consists of {{x:‘}ze I {y]*}
and p* € RE\ {0} s.t.

i 3 (wi,we, ey wr) st Y cqwi = e Pt e+ Y e Pyl
ii. for Viel, zf € X, =RE st. p* -z <wj,
and z; € X; = RJLF and x; =; xf s.t. p* - x; > w; for Va; € X, x; # xf
iii. forVjeJy; €Y, py; <p"-y;forVy; €Y;
V. Y e @ S er6t ZjeJ Yj
(d) Relationship among concepts

i. In order to relate the idea of pareto optimality to supportability by means of price
taking behavior, it is useful to introduce a notion of equilibrium that allows for
a more general determination of consumer’s wealth levels than that in a private
ownership economy. By way of motivation, we can imagine a situation where a
social planner is able to carry out (lump-sum) redistributions of wealth, and where
society’s aggregate wealth can therefore be redistributed among agents in any desired
manner.
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9.2 Excess Demand Correspondence

o We charaterize C.E. as solutions to a system of aggregate excess demand equations
Given ¢; € R for Vi and e = {eitier >> 0 and p € RE, Zi (p,ei) = zi(p,ei) — € st
T (p,ei) e D; (p,ei)
Given ¢; € R% for Vi and e = {e;};c; >> 0 and p € RY, Z(p,e) = Sic; Zi (p,e;) =
> ier @i (po&i) = > icrei st mi (p, &) € Di(p, &)
Therefore, p € RL is an equilibrium price system iff Z (p, €) = Sier i (pses) = > e < 0.
Note that if p is an equilibrium price system in pure exchange economy with locally non-
satiated preferences, then p > 0, Z(p,e) < 0, and p - Z(p,e) = 0. Thus for every [ € L,
Z' (p,e) <0, but also Z! (p,e) = 0 iff p > 0. It means that at an equilibrium, a good [ can be
in an excess supply(Z (p,e) < 0) iff it is free(p; = 0)

e Furthermore, with strong monotonicity assumption, p >> 0; otherwise agents would demand
an unboundedly large amount of all the free goods which is not feasible. We can conclude
that with strong monotone preferences, p an equilibrium price system iff it clears all markets;
that is, iff it solves the system of L equations in L unknowns.

[Zl (p,e) =0 for VI eL] —Z(p,e)=0

o Aggregate Excess Demand Correspondence

L
1. nonempty, compacted-valued, u.h.c. for Vp € RY |

Sum of compact-valued and u.h.c. correspondences is compact-valued and u.h.c.
2. HDOianRJLrJr
3. Walras’ law if —; is L.n.s

For Vp € RY, | [x; € D;(p,e;) for Vi€ I] — [p-z=p-¢]
4. Bounded from below

5. Boundary condition

At least one agent satisfies it is sufficient

6. HD 1in p - e; if 7; is homothetic for Vi

7. Convex-valued if 7—;is weakly convex for Vi

8. Singled-valued(function) if 7;is strictly convex for Vi

everyone satisfies it is necessary.
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e Assumption on X;, 7, e;, p

to satisfy that a excess demand [function| Z is continuous, HD of 0, hounded from helow,
Whalras’ law, Boundary condition

E={I,(Zi ei)ier)
X, = Ri for Vi and X = {Xi}ief

strict monotone(l.n.s) — boundary condition(walras’ law)
=i strict convex — single-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, €;)

e € { R£ — for all the other conditions

L
RY¥, — Boundary condition — Ry

p € Rk (or A)|—for every condition

 [197 Final]

Define Z (p,e) =3 ey @i (p.ei) — Y ier € st i (p,€i) € Di (p,eq)

1. Let Z: A\~ RerJr — RE be a continuous function.
Answer
Prove E = {(p,e) € A-RIE | Z (p,e) =0} is closed.
Under a continuous function Z (+), the inverse image of a closed set through a continuous
function is closed.

Because Z (-) is a continuous function, the inverse image of {0} which is closed as a
singleton set, Z~1 ({0}), is closed on A - RAL .

2. If Z (p, €) is the aggregate excess demand at price vector p € A and endowment e € R
then provide economic interpretation of E.
Answer
If Z (p, e) is the aggregate excess demand at price vector p € A and endowment e € R
Z (p,e) = 0 means that z* is the equilibrium allocation and it is possible that there
are more than one equilibrium so that for each equilibrium allocation, we can find a
equilibrium price system p* given e € RIE, .
Therefore, £ = the set of pairs of equilibrium prices and endowments which support
equilibrium allocations.

3. Suppose that the aggregate excess demand in a pure exchange economy in which each
consumer ¢ € I has a continuous utility function wu; : Ri — R.

Are there any additional assumptions needed to guarantee that Z(-) is a continuous
function?
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Under the assumption from C, prove that Z(-) is a continuous function.

Answer

Given (p, e),

First, for Z (+) to be a function, the demand correspondence D; (p,e;) for Vi € I has to
be a function, which means that a single-valued correspondence. For this, we need 7-;to
be strictly convex for Vi € I and the equivalent property of utility function is that wu; is
strictly quasiconcave for Vi € I.

Second, we know from mathematical fact that a upper hemi continuous single-valued
function is continuous so that we need D; (p, e;) for Vi € I to be upper hemi continuous.
In order to show it, we need to use the maximum theorem so that we have to show the
assumptions for the theorem to be satisfied.

D;: A-Rfﬁr — Rﬁ s.t. D; (p,ei) C B; (p, €;) which is nonempty-valued, compact-valued,

and continuous by the condition .p € A and e € RiLJr

(a) A-RIL :a metric space, D; (p,e;) C B; (p, €;) is a compact.metric space.

(b) B;: A RIE — RE is continuous

(¢) wi: — R is a continuous function for Vi € T

(d) By the maximum theorem, D; : /- RI — RfL is nonempty-valued, compact-valued,
and u.h.c.

Therefore, the only additional assumption we needed is that u; is strictly quasiconcave
for Vi € I
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9.3 Existence of C.E.

9.3.1 A pure exchange economies with finite commodity spaces

Question

e Given the fact that the behavioral assumption of price taking and the institutional assump-
tions of complete markets hold,

under what conditions does the L system of equations have solutions?

Now, we will argue that under the assumption above for the excess demand function to have
the five properties, Jan equilibrium price p s.t. Z(p,e) =0

Conceptually, the assurance of existence of an equilibrium means that our equilibrium notion
passes the logical test of consistency. It tells us that the mathematical model is well suited
to the purposes it has been designed for.

9.3.2 L =2(Two commodities case)

1. For this case, we do not need any complex mathematical theory to show Jan equilibrium.

E = {Iv (i’u ei)iEI}
X; =R2 for Vi and X = {Xi}ier

strict monotone(l.n.s) — boundary condition(walras’ law)
i strict convex — single-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, e;)

e € { R_Q,_ —  for all the other conditions R R%r .

R?2, — Boundary condition

p € R% | (or A)|—for every condition

Define Z; (p,e;) = xi (p,ei)—eis.t. xi(p,e;) € D;(p,e;) and Z (p,e) = >, xi (D, €)= icr €
st. Z(p,e) ={Z1(-), 2% ()}

(a) Byl homogeneity of degree O| of Z(-), we can normalize p; = 1 and look for equilibrium

price vectors of the form (1, p2)

(b) By , an equilibrium can be obtained as a solution to the single equation
ZQ (17172) =0
This one variable problem can be represented by Figure.

(c) When p§ is very small, Z2 (1,p9) > 0; if p4 is very large, then Z2 (1,p4) < 0

In particular,l boundary conditionl,l bounded from belowl, andl Walras’ lawl imply that
the value of intended supply(sale) and demand(purchase) are bounded. Because by
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boundary condition, intended demand become unbounded for good 2 as po — 0. Hence
Z2 (1,pg) > 0 for pg sufficiently small. By symmetry, as po — oo, for large enough pf,
72 (1,p5) <0

Because the | function Z2 (1,p,) is continuous(u.h.c. and single-valued)|, by the interme-

diate value theorem there must be an intermediate value pj with Z2 (1, p3) = 0 and hence,
an equilibrium price vector must exist.

Of course, from the figure, we know it is possible that there are more than one equilibrium;
that is, it is possible that there are finite(odd) numbers of equilibria in L = 2 case.

9.3.3 L commodities space

In the general case of more than two commodities, the proof that a solution exists is more compli-
cated, and involves the use of some powerful mathematical tools.

Fixed point theorems
1. Fixed point of weakly increasing function
Theorem
If f is a weakly increasing function from [0,1] to [0,1], then f has a fixed point.
Proof

o If f(0) =0, then f(-) has a fixed point on [0, 1]
e If f(1) =1, then f(-) has a fixed point on [0, 1]
e f(0)>0and f(1) <1
Define a sequence [ap, by s.t.
Given ag =0 and bg = 1,
an—J;rbn—g if f (arz—lgbn—l) < ap_1+by_1

an = ap—1,bp =

— 2
an :%an—l’ by, = bp_1 iff (an—lJZrbn—l > an—l;bn—l

Then we have shrinking sequences of closed sets s.t. [ag,by] D [a1,01] D ... D [an, b,] D ...
s.t. {a,};2, is an increasing sequence and {b,} 7, is a decreasing sequence, so that
b, —a, — 0asn—

Note that [0, 1] is a compact set in a metric space and every convergent subsequence has
a limit point in this set so that it is complete.

By cantor’s intersection property, in [0, 1] which is a complete metric space and {[an, by |}
be a decreasing sequence of nonempty closed sets, i.e. [ag,bo] D [a1,b1] D ... D [an, bp] D
... with |b,, — a,,| — 0, Iz* s.t. lim,, ,a, =lim, . b, =z;ie,, N2, [a,,b,] =z*.
Therefore, [ f(2*) < z* and f(z*) > 2*] — f (z*) = a*
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2. Brouwer’s fixed point theorem

If S ¢ RE is a nonempty, convex, and compact set, and f : S — S is a continuous function,
then f (-) has a fixed point; i.e. Iz* € S s.t. x* = f (a*)

3. Intermediate Value Theorem

e L =1and S =[0,1] so that the graph of f is in R?
Then Brouwer’s fixed point theorem is a consequence of Intermediate Value Theorem.

e Let f bea function s.t. f : [a,b] — R. If f(a) < f(b) and ¢ € R s.t.
fla) <e< f(b), then 3z € [a,b] s.t. f(x) =c

4. Kakutani’s fixed point theorem

If S,T c R* is a nonempty, convex, and compact sets with S = T, and ¢ : S — T is
a nonempty-valued, convex-valued, u.h.c(=has a closed graph because S is compact) corre-
spondence for Vx € S, then f(-) has a fixed point; i.e. Iz* € S s.t. * € f(z¥)

Existence proof

e There are two ways to follow. The proof of the second case has to deal with the fact that
excess demand is not defined when the prices of some commodities are 0. The first one
contains a very easy proof for the case of excess demand functions defined for all nonzero,
nonnegative prices.

1. (Very) Easy existence theorem

To facilitate a clear understanding of the nature of the fixed point argument, it is helpful
to consider the easy existence proof first in which boundary conditions are eliminated by
studying continuous, HD of 0 functions Z (p, e) satisfying Walras’ law and defined for all
nonnegative, nonzero price vectors.

Within the framework of | continuous and strictly convex preferences|, this type of excess de-

mand function is not compatible with monotone preferences but can arise Withl L.n.s | prefer-
ences. Recall also that the equilibrium condition when zero prices are allowed is Z (p,e) <0

Theorem

Ifa function Z : RY(A) — R, Z(p,€) = Y ier i (p, (Tivei) =D ier € = {21 (), Z2(-) s ZL ()}
satisfying continuity, HD of zero in p, and Walras’ law for Vp,

then Ip* € RE(A) st. Z (p*,e) <0
Proof

(a) Because Z (-) is HD of zero in p, we can restrict p € A = {p € RL | Zlel P = 1}
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(b) Define f : A — A st f(p) ={f1(), f2() e Sr ()} s fi(p) = promstlainaly
for Vie L

Corresponding to intuition, this fixed point function tends to increase the price of com-
modities in excess demand.

iz 1 (pmax(Zi(p.e) 0)

(c) To use Brouwer’s fixed point theorem, we need to show all assumptions satisfied.

A C R nonempty, convex, and compact set

f: /A — Ais a continuous function because Z (p, €) is continuous.
therefore, f (-) has a fixed point; i.e. Ip* € A s.t. p* = f(p*)

(d) We need to show Z (p,e) < 0 for the p* € A with. p* = f (p*).

Let A =

L.

ii.

i (v +maX Z(p*,e),0)

A=1

L (97 + max(Z (57 ) ,0)) =

—For Vi € L, pf = f1(p*) = 1} +max(Zl (p*,e),0)

—For vVl € L, max(Z; (p*,e), ) =

—ForVi e L, Z; (p*,e) <0

— Z (p*,e) <0

A<

S (F + max(Z (9" €) ,0)) > 1

— >p max(Z; (p*,e),0) >0

Furthermore for V I € L, pj = f1 (p*) = A (pj + max (Z; (p*, e),0))
—For Vi € L, pj < (pf + max(Zl (p*,e),0))

—For VIl € L,max(Z; (p*,e),0) >0

—For Vil € L, Z; (p*,e) >0

Because p* # 0, p*- Z (p*,e) = 11, - Z1 (p*,€) > 0 which contradicts to Walras’
law.

o [Fall 98 TI1-4

Let A denote the unit simplex in RE, {p € RL | Elelpl = 1} )

Let f : A — R! be a continuous function satisfying p - f (p) = 0 for every p € A
(a) Prove that Ip* € A s.t.f (p*) <0

Very easy existence theorem

(b) Does there necessarily exist some p* € A s.t. f(p*) = 0?

Noll!
Counter-example)

Let 3two goods in this economy, L = 2 and p* € A = {p ER | p= 1} :
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Let f(p): A — R%*s.t.f (p1) = p2 and f (p2) = —prwhich is linear and continuous

satisfying p1 - f (p1) +p2- f (p2) =0 for Vp € ;

In this case, f (p*) = (p2,—p1) # 0 for Vp* € A

Suppose not; f (p*) = (p2, —p1) =0.

Then (p5, —p}) =(0,0) — p}+ p5 = 0 ¢ A which is a contradiction.

Therefore, it is necessary that Ip* € A s.t. f(p*) =0

Frequently, existence theorem differ from very easy existence theorem in that they

assume

i. Free disposability(the only feasible technology is free disposal)

ii. The function f is defined on A

iii. The function f is continuous on A

iv. A boundary condition such as if p* belongs to the boundary of A, then for any
sequence of pF € A with p* — p*, ||Z (p9)|| = S, Z (p%) = 0

State conditions on consumer preferences, endowments, and consumption sets that

in the preference of assumption (7), (i), (i4¢) which imply a boundary condition

such as (iv)

To satisfy that a excess demand Z is continuous and Boundary condition

E= {I, (Zis ei)ie]}

X; = RE for Vi and X ={Xi};¢;

strict monotone(l.n.s) — boundary condition(walras’ law)
i strict convex — single-valued correspondence — function
continuous(+monotone) — continuous utiity function — existence of D; (p,

6 c { RJLr —  for all the other conditions . RJLr+

RJLF+ —  Boundary condition

p € RY | (or A)|—for every condition

Boundary conditionl

Proof

Suppose not. e; € RE | ris strictly monotone, [p, — p € dA], but || D; (p, ;)|| is
bounded.

For Vn, because D; (pp, €;) is HD 0 in p, € RJI;JF, we can represent the price system
pn € A for Vp, € RL_.

Since, for p, € A, D; (pn, €;) is compact-valued, 3 a convergent subsequence {an} —
x with pp, (€ A) —p € 0A st. z,, € D; (pnq,ei) )

Then Dng " Tng < Pn, € for Vn,.

In the finite space, by the continuity of dot product, [pnq “Tn, < P, - ez} —[p-z<p-e]
with x € D; (p,ei)

W.lo.g., let p¥ =0, k =1.
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Let 2’ =2 +(1,0,0,....,0) and then p- z=p -2’ < p-¢;

By strict monotonicity of =, 2’ = x.

Because Z;is continuous, 3N s.t.for n > N, x,,, € N () and a:élq e N(2).
And .p, - Tp, = pn -ac’nq < pp - €; with :U;]q = Ty,

It contrdicts @y, € D; (pnq,ei)?!.

e | Spring 1997

(a) Sketch a proof showing that Ip* € A s.t.fi (p*) < 0 only if pj = 0 and give a brief

economic interpretation.

E={I,(Zi ei)er §

X; = RY for Vi and X = {X;},.;

ln.s — walras’ law
) strict convex — single-valued correspondence — function
continuous(+monotone) — continuous utiity function — existence of D; (p,

e € RY
p € RY\ {0}
By very easy existence theorem, we know that under certain assumptions like above,
Fp* € REN{0} s.t.f (p*) <0
It implies not only for Vi € L, .f; (p*) <0 but also f; (p*) =0if p; >0
Thus we can see that at the equilibrium, a good ! can be in excess supply( f; (p*) < 0)
but only if the good is free, p; = 0
As a simple example, a good [ might be a “bad.” Then we would expect that the
good I’s price p; = 0 because consumer’s demand is 0 and there will be f; (p) =
Sier(DHp*) —el) = 3, (—€l) < 0and it will be dumped by free disposal tech-
nology.

e [Prob V-2
(a) In a pure exchange economy E = {I,(Zi,€i);cs} s-b.
X; = Rl for Vi and X = {X;},.,
| strict monotone|

| strict convexl

continuous(+monotone)
complete

6 €RY, = e>>0

Preference represented by w; : Ri — R
ui () = Zlel aé . lnmé
for Vi and VI € L, ot > 0 and for Vi, Zlelozéz 1
In this environment, V EET is not satisfied because

boundary condition(walras’ law)
convex-valued correspondence
continuous utiity function — existence of D; (p,

Ll

demand function can not be well-defined on p* € A

36



We need to show Z (-) is a continuous function and to show it, we need a well-defined
continuous function on p* € A.
But with the utility function defined above

demand function can not be well-defined on p* € A|.

Let p} = 0 w.lo.g.

Suppose demand is well-defined and 3z; € D; (p*,e;) s.t.

D; (p,e;) ={xi € Bi (p, &) | z; i x} for Yzl € B; (p,e;)}, that is

T; solves

st. Bi(p,e;) ={xi € Xi | p* - @i <p*-e;}

Consider z; = z; + (1,0,0, ..., 0).

Then p* - Z; = p* - &; < p*-e; but by strict increasing w;, u; (Z;) > u; (Z;) .
Therefore, z; ¢ D; (p*, e;) which is a contradiction.

In a pure exchange economy F = {I, (Q,ei)iel} s.t.

X, = RJLr for Vi and X = {X;},o;

f |strict monotone . ,
— boundary condition(walras’ law)
convex
i ) — convex-valued correspondence
continuous(+monotone) . .t . .
continuous utiity function — existence of Dj (p,
complete

Preference represented by u; : Ri —R

L 1. .1
i (Ti) =D 0 - &

for Vi and VI € L, o} > 0 and for Vi, S5, o = 1
In this environment, V EET is not satisfied.

because | demand function can not be well-defined on p* € A

We need to show Z (-) is a continuous function and to show it, we need a well-defined
continuous function on p* € A.
But with the utility function defined above

demand function can not be well-defined on p* € A|.

Let p; = 0 w.lo.g.

Suppose demand is well-defined and 3z; € D; (p*,e;) s.t.

D; (p,e;) ={xzi € B; (p, &) | i i «} for V! € B; (p,e;)}, that is
T; solves

st. Bi (p,e;) ={zi € Xi | p*-x;i <p*-e;}

Consider z; = z; + (1,0,0, ..., 0).
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Then p* - Z; = p* - Z; < p* - e; but by strict increasing w;, u; (Z;) > u; (Z;) .
Therefore, z; ¢ D; (p*, e;) which is a contradiction.
In a pure exchange economy E = {I,(Z;,€;);c7} st
X; = RY for Vi and X = {X;},;
( — boundary condition(walras’ law)
- { -

. convex-valued correspondence
continuous(+monotone) . . . :
continuous utiity function — existence of D; (p,
complete

& €ERY =Y e >>0

Preference represented by wu; : Ri —R
L
i)l:l

In this environment, V E ET is not satisfied | because demand mapping is not a function |.

Counter-example

u; (z;) = min (z

Let L =2.
X:Ri.
e=(1,4)
pi=0,p5=1

Then & = {x € B(p,e) | min (z},22)} = {z € B(p,¢) | 21 € [1,00], 22 = 1}
SoD:p— Ri is a correspondence in p* = (0,1)
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2. General existence theorem(Proposition 17.c.1.)

p € RY | (or ) |—for every condition

In an economy E = {I,(Zs €i)icr | s-t-
X; = R for Vi and X = {X;},¢;

strict monotone(l.n.s) — boundary condition(walras’ law)
=i strict convex — single-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, €;)

{ R£ — for all the other conditions
e; €

L .
R, — Boundary condition =Ry =D e 6 >>0,

a function Z : Ri-l—(A) - RL’ Z(p, 6) = Zz’e[ €T <p7 (ibei))_ZieI € = {Zl () ’ zZ? () ) "'7ZL ()}
satisfies

Bounded from below
Js > 0s.t. D!(p,e;) > —s+el foralll € L andall p

(e) Boundary condition

[pn — p € OA] — [HDZ (p€i)l| is unbounded < sup.icy, (p, ;) |Zi (Pn, €)| = 00

and then Ip* € Rl (A) st. Z(p*,e) =0

For notational clarity, in defining the set  (p) C A, we denote the vectors that are elements
of pu(p) by q.

(a) Construct a fixed point correspondence for p € A
Define j1: A — A = (AUIA) s.t.

i Forpe A, np)={q€D]|q-Z(pe) :maxq_,eAq’-Z(p,e)}
={qeA|q-Z(p,e)>q - Z(pe) for V¢ € A}
ii. For p € 9A, pu(p) = {qe A | q-p:()}
(b) Check assumptions for Kakutani’s fixed point theorem

i. A is nonempty, convex, and compact in RJLr
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ii. 11 (-) is nonempty-valued, convex-valued, and wh.c. in R

e nonempty-valued
peA
q-Z(p,e) is a linear transformation of a continuous function Z (p,e) so that it
is continuous, and a continuous function attains a maximum on a compact set;
ie. 3g€ Astqg-Z(pe)= max, A q - Z(p,e)
p €0A
JgedANCAstg-p=0

e convex-valued
pEAN B
let q1, @ € A st q-Z (]976) = MmaX A q/ ’ Z(p7 6) =q2- Z(p7 6) :
For VA € [0,1], A-q1-Z (p,e) +(1 = A) @2 - Z (p,e) = max,cx ¢ - Z (py€) -
Hence, A-q1+ (1 —X)-q2) € u(p)
p EIN
let i, € Ast. 1 - Z (p,e)=0=¢q2-Z(p,e).
ForvVA € [0,1], A-q1-Z (p,e) +(1 =) -q@- Z (p,e) =0
Hence, (A-q1+ (1 = A) - g2) € p(p)

e uwh.c.(=a correspondence u: A — A has a closed graph)
Given p, — p and g, — ¢q with g, € p(py) for all n, we need to show ¢ € 1 (p)
peEA
pn >> 0 for sufficiently large n. From ¢, € pu(p,) for all n, ¢n - Z (pn,e) >
q - Z (pn, e) for V¢ € A.
By the continuity of Z (:), ¢ - Z (p,e) > ¢ - Z (p, e) for V¢ € A
Hence, g € u (p).

p €9A
case 1) p, € OA infinitely often

Take a subsequence {pp;} s.t. pn; € OA for Vn;.

Along the subsequence, 3¢, € p(pp,) so that g, - pn, =0 for Vn;.

By the continuity of dot product, ¢-p =0 as n; — oc.

Hence, g € 11 (p)
case 2) p, € OA only finite times

dN st. forn > N, p, € A.

Suppose q ¢ p(p). It means for p € AN, q-p# 0

Then w.l.o.g. 3 at least one [ € L s.t. ¢'-p' > 0.

Because p; > 0, de > 0 s.t. pfl > &> 0 for Vn > N.

Because Z (-) is bounded from below, 3s > 0 s.t. Z!(pn,e) > —s for all
l € L and all py,.

Because Z (-) satisfies Walras’ law for Vp € A, pl, - Z! (p,, €) < s for suffi-
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ciently large n.
s

! =
Z" (pn,ye) < o <=
Let 3k € L s.t. in Z (p,,e), Z* (p,,e) = maxjer, Z' (pp, €) .

s < Z' (pn€) < 2" (pn,€) <

It implies that when p, — p € 9A, ||Z (p,,e)|| is bounded which is a
contradiction.
Hence, g € i (p) .

(c) Apply Kakutani’s fixed point theorem

A correspondence i : A — A in which
i. A is nonempty, convex, and compact in RJLr
ii. g1 (-) is nonempty-valued, convex-valued, and w.h.c. in R%

then 1 (-) has a fixed point; i.e. Ip* € A s.t. p* € p(p*)

(d) Restriction on p*
Recall that we define the correspondence p (p) at p € A s.t p(p) = {q € Alg-p= 0}
Because p - p > 0 when p € 0A, p* ¢ OA.
Therefore, we can restrict p* € A

(e) Z(p*,e) =0
For p* € A, if Z(p*,e) # 0, by Walras’ law we have Z! (p*,e) < 0 for some [ and
ZV (p*,e) > 0 for some I # 1.
Thus, for such p*, any ¢* € u(p*) has(¢*)! = 0 for [ and then ¢* € d/\. which is
incompatible with p* € p (p*) and p* € A.
Hence, if p* € p (p*) and p* € A, Z (p*,e) =0

3. General existence theorem with excess demand correspondence
If a correspondence Z : R£+(A) — RE, Z (p,e) = Sicr i (D (Ziv€i))=>ierei =121 (), 22 (), ..., Zi
satisfying

(a) wh.c. and convex-valued,

(b) HD of zero in p,

(c) Walras’ law,

(d) Bounded from below(3s > 0 s.t. D!(p,e;) > —s+ el for all [ € L and all p)
)
)

e) Boundary condition(If|e; € Rer , 7iis strictly monotone)

(
(

then Ip* € RY_ (A) s.t. 0 € Z (p*,e)

f) [pn — p € 0A] — [||DZ (p,ei)l| is unbounded < sup.icz,(p, ;) |Zi (Pn, €:)| = 00
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Previous Problem

e [ Spring 98 HI—3|

1. In a pure exchange economy F = {I, (ii,ei)iel} s.t.

Commodity space (RL )
X; = RE for Vi and X = {X;},¢;

(

— boundary condition(walras’ law)
convex
. — convex-valued correspondence
continuous(+monotone) : .. , :
— continuous utiity function — existence of D; (p, €;)
complete

e; € R£+ = Zie[ e; >> 0

Excess demand function Z : A — R satisfying

Walras’ law

bounded from below

boundary condition

(2)
(b)

Walras’ law

ForVpe A,p-Z (p)=0

N utility maximizing consumers with consumption sets RL, e; € Rfr +, and utility func-
tion u; : Rﬁ — R

Which conditions do we need for Z to be continuous?

First, we need demand correspondence is well-defined.

For it, the utility function has to be continuous and it comes from that —;is continuous
and monotone.

Once demand correspondence is well-defined, we need it to be u.h.c. and single-valued.
Given the conditions, we have a continuous budget correspondence and a continuous
utility function. Using maximum theorem, we have demand correspondence is u.h.c.,
convex-valued, nonempty-valued

Last for single-valued correspondence, we need w; (-) is strictly quasiconcave which is
equivalent to that 77;is strictly convex.

Therefore, for Z to be continuous, we need 77;is monotone, strictly convex, and contin-
uous.

| Maximum Theorem |

Let ¢ : S — T be a continuous correspondence where S is a metric space and T is a
compact metric space.
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Let f : S x T'— R be a continuous function.

Then the function m : S — R defined by m (z) = max {f (z,y) | y € ¢ (x)} is continuous
and

the correspondence p : S — T defined by p(z) ={y € ¢(x) | f(z,y) =m(z)} is non-
empty, compact-valued, and u.h.c.

(c) Easy Existence Theorem
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9.3.4 Production Economy

e The applicability of the existence proof is not limited to exchange economies. If we allow for
production sets that are closed, strictly convex, and bounded above(and if a positive aggregate
consumption buncle is producible from the initial aggregate endowments), then the produc-
tion inclusive convex-valued, upper-hemi continuous excess demand correspondence Z (-)(or
a continuous function) satisfies the properties of excess demand correspondence. Hence, Ja

C.E.
1. Easy Market equilibrium lemma

(a) If a function Z : R£+(A) — Rl Z (p) == {Zl ), Z22()), ..., ZF ()} , satisfying
i. continuity,
ii. HD of zero in p € A,
iii. Walras’ law in p € A\
iv. Bounded from below(3s > 0 s.t. Z! > —s for alll € L and all p)

v. Boundary condition(If|e; € RY, |, Zis strictly monotone)
[pn — p € 0A| — [HD (p, ei +Z]EJ ij yJ)H is unbounded < sup,icz, () | Zi ()| = }
then Ip* € RY_ (A) st Z (p*) =

2. Extended Market equilibrium lemma

Lemma

e If a comespondence Z : Rk, (8) — RE, Z(p) = {Z1(), 22(), o ZH ()} 5.2 (p) =
Zzel i(p) - Zzg i - Z]g yé satisfying

(a) i. wh.c. and convex-valued,
ii. HD of zero in p,
iii. Walras’ law,
iv. Bounded from below(3s > 0 s.t. D! (p, &+ 2 s 0ij y]> —s+é foralllelL
and all p)

v. Boundary condition(If| e; € RY, |, ;s strictly monotone)

[pn — p € 0A] — H‘D (p, i+ ey bij- yJ>H is unbounded < sup,icz, () | Zi ()| = }
then 3p* € RY (A) s.t. 0 € Z (p¥)
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3. Existence Theorem with Production

In E= [{I, (7, ei)i61}7 {Jv (Y}')jej}] s.t.
Xi = R% for Vi and X = {Xi};¢;

strict monotone(l.n.s) — boundary condition(walras’ law)
i (weakly)convex — convex-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, ;)

RL — for all the other conditions
616{ + —>R£+Z>ZZ€IQ>>O

R, — Boundary condition
Y; =Rl for Vjand Y = {Y;};c; satisfying

0eY;

Y is closed and convex
YNRY =0 ’
Yn-Y=»0

the Market Equilibrium Lemma is applicable and

dJan equilibrium with production.

(a) The set of feasible allocations is compact
Define A = {(az,y) cII_ X; x H5-721Y3 | for Vi, j,m; € Xy and y; €Y}, ey @i <D ieréi +2 ¢
(b) Truncate the economy

Let f/} be the projection of A on producer j’s coordinate; the compact set of feasible
production plans for j. Choose a compact convex set K C Rl s.t. Y; C intK for Vj
Define YjK =Y; N K which is closed, convex, and 0 € YjK.

(c) Existence of equilibrium in YjK

i, Define Zi (p) = {Zk (-, Z& () o ZE ()} 8.6 2k () = Lier o (p) — Dier el —
> jes Yix for Vi
ii. Check assumptions for Market Equilibrium Lemma

® Yicrtig(p) €D (p*,e + Zje]y;)
is nonempty-valued, convex-valued, u.h.c.,
satisfies HD of 0 in p,
satisfies Walras’ law,
is bounded from below,
satisfies boundary condition
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l K
> jcsYik €Y
is nonempty-valued, convex-valued, compacted-valued

iii. Therefore, Zx (p) satisfies all assumptions for Extended Market Equilibrium Lemma
then Jp* € RY (A) s.t. 0 € Z(p*) and

for Vi € I,z € D; (p*7€i+ > jesbij - yj)
for Vj € J,y; GY;K

(d) Equilibrium for truncated economy Y% is also al equilibrium for the original economy
Y

We need to show y* € Y is also profit-maximizing with p* in Y.

—forVj € Jy; € Y) st p*-y; <p*-yf for Vy; €Y

Suppose not. Then Ely§- €y st p* -y} >p*y;

Consider Ay} 4 (1 — A) o; =y for A € [0, 1]

For A < 1, p* -y/ > p* -y and A close enough to 1, y7 € K and yj] € Yj so that
Yy €Y;NK = Y;K

It implies y% ¢ Y;* which is a contradiction.
9.3.5 L=

9.3.6 Conclusion

e Although the following tells us that 3 an equilibrium, it does not give us the equilibrium price
system and equilibrium allocation explicitly. The issue of how to actually find equilibria was
first considered by Scarf(1973). By now, a variety of useful techniques are available.
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10 Properties of C.E.

10.1 Local Uniqueness

1. The Competitive Equilibrium Theory is not completely deterministic. The uniqueness of
equilibria is assured only under special conditions. That is, it is possible there are multiple
equilibria. From the theoretical point of view, if uniqueness is not achievable, the next-
best property is local uniqueness. We say that an equilibrium price vector is locally unique
or locally isolated, if we can not find another price vector arbitrary close to it. The local
uniqueness property is of interest because it may not be difficult to complete the theory in
any particular application. For example, we may determine the region where equilibrium lies.

e Assumption

L E={I,(Zie)ics}
X; = Ri for Vi and X = {X;},c;

strict monotone(l.n.s) — boundary condition(walras’ law)
i strict convex — single-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, e;)

e € { Rf_ —  for all the other conditions R R-LH

RJLr . — Boundary condition

p € R%, (or A)|—for every condition

Define Z; (p,e;) = i (p,ei)—eis.t. zi (p,ei) € Dj (p,ei) and Z (p,e) = . ;v (D, €)= e €
st Z(poe) = {21 (), 22 (), Z5 ()}

Then the aggregate excess demand correspondence satisfies

i) continuity

ii) HD of 0 in price

iii) Walras’ law

iv) Bounded from below
v) Boundary Condition

Additionally, we assume that Z (-) is continuously differentiable.

e We hope to determine relative prices, we normalize pr, = 1 and denote Z (p) = {1, 72(),23(),... 2"

A normalized price vector p = (1,p2,...,pr) constitutes a CE equilibrium iff it solves the
system of L — 1 equations in L — 1 unknowns; Z (p) =0
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1. An equilibrium price vector p = (1, pa, ...,pr.) is regular if the (L — 1) - (L — 1) matrix of
price effects DZ (p) is nonsingular, that is, has rank L—1. If every normalized equilibrium
price vector is regular, we say that the economy is regular.

2
. Every equilibrium in the graph is regular because the slope of excess demand a%a;—lfﬂ is
nonzero at every solution.

The significance of the technical concept of regularity derives from the fact that a regular
equilibrium price vector is isolated, and a regular economy can only have a finite number
of price equilibria. Typically(generically) there is a finite number of equilibria, and each
equilibrium is therefore locally isolated. Even more, this number is odd, and the equilibria
fall naturally into two categories according to the sign of their index.

1. Any regular equilibrium price vector p* € A is locally unique; that is 3¢ > 0 s.t. if

p* #p and |[p* —p|| <e, then Z (p) #0.
Moreover, if the economy is regular, then the number of equilibrium price vector is finite.

In the above figure, the boundary conditions on the excess demand function Z2 () necessarily
imply that for a regular economy, there is an odd number of equilibria and the slopes of the
excess demand function at the equilibrium must alternate between being negaitve and being
positive, starting with negative. If we say that an equilibrium with an associated negative
slope of excess demand has an index of 4+1 and that one with a positive slope has an index of
-1, then no matter how many equilibria there are, the sum of the indices of the equilibria of a
regular economy is always +1. With appropriate definitions, it turns out that this invariance
of index property also holds in the general case with any number of commodities, where it
has some important implications for comparative statics and uniqueness questions.

1. Suppose that p = (1,p2,..., pr) is a regular equilibrium of the economy. Then we denote
index p = (—1)F"'sign|DZ (p)|
where |DZ (p)| is the determinant of the (L —1) - (L — 1) matrix DZ (p).
2. For any regular economy, we have
Z index p = +1
{p;Z(p)=0,p1 =1}

(a) It implies that the number of equilibria of a regular economy is odd. In particular,
the number cannot be zero; so the existence of at least one equilibrium is a particular
case of the proposition.
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(b) The index concept provides a classification of equilibria into two types. The type
with positive index is more fundamental because the presence of at least one equilib-
rium of positive type is unavoidable. In fact, it is typically the case that any search
for well-behaved equilibria can be confined to the positive index equilibria.

(c) The index result has implications for the uniqueness and the multiplicity of equilib-
ria.

(d) Without imposing additional strong assumption, the index theorem is all we can
hope.

e Typically(generically) economies are regular. The solution to the excess demand equations
are locally isolated and finite in number, and the index formula holds.

Essence of genericity analysis rests on counting equations and unknowns.

Suppose IM equations and N unknowns.

1. Implict Function Theorem
Suppose that every equation Z! (-) is continuously differentiable with respect to its L+ M
variables and that we consider a solution * = (x1,..., 2} ) at exogenous variables p* =
(pf, ..., Ph,), that is, satisfying Z! (z*, p*) = 0 for VI. If the jacobian matrix of the system

ZM (21, ey TL; P, ey DM)

Z* (1, o, L P1y o pit) = O
ZL (:El? e T P1, 7pM) =0
with respect to the endogenous variables, evaluated at (z*,p*), is nonsingular, that is,
if
92 @rpt) . 92 (*pt)
8171 6CEL
: . . #0
9z (@ pY) . 22N (z*p*)
8561 6£UL

then the system can be locally solved at (z*, p*) by implicitly defined functions z; :
B’ — A’ that are continuously differentiable. Moreover, the first-order effects of p on x

* £ . 0 * o0z *7 11 YA *7 *
at(a:,p)aregwenbyﬂa%l:_[ (gzp)} _ (gpp).
2. Inverse Function Theorem

When L = M and every equation has the form Z! (x,p) = f! (z) — p = 0 is known as
the inverse function theorem
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3. The normal situation should be one in which, with N unknowns and M equations, we
have N-M degree of freedom available for the description of the solution set.
If M>N, the system should be overdetermined and have no solution
If M=N, the system should exactly determined with the solutions locally unique.
If M<N, the system should be underdetermined and the solution not locally unique.
Clearly, all these statements are not always true.
The implicit function theorem provides an answer; one needs the equations which we
assume are differetiable to be independent at the solutions.

4. The system of M equations in N unknowns Z (p) = 0 is regular if rank DZ (p) = M
whenever Z (p) = 0.
For a regular system, the implicit function theorem yields the existence of the right
number of degrees of freedom.
If M>N;, then rank DZ (p) < N < M for Vp. In this case, Z (p) = 0 is regular iff the
system admits no solution.
If M=N, equilibria must be locally unique.
If M<N, we can choose M variables corresponding to M linearly independent columns
of DZ and we can express the values of these M variables that solve the M equations
Z (p) = 0 as a function of N-M remaining variables.

5. Robustness
Suppose there are some parameters p = (p1,..., pp) s.t. for Vp, we have a system of
equations Z (x, p) = 0. The set of possible values is R*. We can then justifiably say that
Z (.,p') is a pertubation of Z (., p) if p’ is close to p. Hence, the notion that the regularity
of a system Z (.,p) = 0 is generic could be captured by demanding that for almost every
p, Z(.,p) = 0 is regular; in other words, that nonregular systems have probability zero
of occuring.
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11 Pareto Optimality

e An allocation is Pareto optimal if there is no waste: it is impossible to make any agent strictly
better without making some other agent worse off.

11.1 Pure Exchange Economy

11.1.1 Definition

1. Strict Pareto Optimal

A feasible allocation {#;} € X = R is strictly pareto optimal if there is no other feasible
allocation {Z;} € X s.t.

for Vi € I, T; 7=; #; and for at least one ¢/ € I, Ty =; &y

~

2. Weakly Pareto Optimal

A feasible allocation {Z;} € X = RE! is weakly pareto optimal if there is no other feasible
allocation {Z;} € X s.t.

forViel, T; =; Z;

3. Equivalence

(2)

(b)

Strict Pareto Optimal—Weak Pareto Optimal

If a feasible allocation {Z;} € X = RJLFI is strictly pareto optimal, then it is automatically
weakly pareto optimal by the definitions.

Weak Pareto Optimal—Strict Pareto Optimal

Suppose for Vi € I, 7;is a strictly monotone, continuous, complete preorder on Xj;.
Then Weak Pareto Optimal —Strict Pareto Optimal

Suppose a feasible allocation {Z;};c; € X = Rf is not strictly pareto optimal; i.e.
Janother feasible allocation {Z;};c; € X s.t.

for Vi € I, &; 7; @; and for at least one ¢/ € I, Ty =y Ty

By strict monotonicity of *;, for at least one I, Z, > il,.

Then from continuity of 77;, we can find another feasible allocation {z}}, ; s.t. 3¢ > 0,
for Vi € I, 7} = z; + (o,..., 0,75,0, ..., 0) i Ty g B o T

for 7/, x!, = 2y —(0,...,0,€,0,...,0) =; &; — x, =; Z;
Moreover, Yo, @ = S Zi+ (I — 1) - (0,...,0,71—1,0,...,()) + 3y — (0,...,0, 2,0, ...,0) =
Zie[fi

Therefore, {#;},.; is not weakly pareto optimal, which is a contradiction.
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4. Conclusion

e Note that the Pareto optimality concept does not concern itself with distributional issues. For
example, in a pure exchange economy, an allocation that gives all of society’s endowments to
one consumer who has strongly monotone preferences is necessarily Pareto optimal.

11.2 Production Economy
1. Strict Pareto Optimal

A feasible allocation {Z,5} € X xY = RI;(HJ) is strictly pareto optimal if there is no other

feasible allocation {z,y} € X xY = Ri(HJ) s.t.
with Y ier & <D iereit D jes U
for Vi € I, &; 7=; &; and for at least one i’ € I, Ty =y Ty

2. Weakly Pareto Optimal

A feasible allocation {z,9} € X x Y = RﬂHJ) is weakly pareto optimal if there is no other
feasible allocation {Z,y} € X xY = RJLF(HJ) s.t.

with Zie[ T; < Ziel e; + ZjeJ gjj,for Viel, T —;
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12 Welfare Theorem

12.1 Pure Exchange Economy
12.1.1 First Welfare Theorem

It provides a formal and very general confirmation of Adam Smith’s asserted “invisible hand”
property of the market.

1. local nonsatiation
Onaset X = Rﬁ, a preorder 77 is locally nonsatiated on X,
if for Vo e X,Ve >0, I’ s.t. ||2' —z|| <eand 2/ =z

It will be satisfied if there are some desirable commodities.

2. First welfare theorem

If preferences are L.n.s., and if (z*, p*) is a C.E. in a pure exchange economy, then the allocation
x* is pareto optimal.

Suppose that (z*,p*) is a C.E. in a pure exchange economy, but z* is not pareto optimal; i.e.,
Janother feasible allocation x € X s.t. for Vi € I, z; 7Z; «F and for at least one i, xy >y .

*

Individual agents’ preference maximization of the definition of C.E. implies that if z; >; x7,
then p* - x; > p* - ¢; for Vi € 1.
L.n.s and continuity of preference implies that if x; 77; «f, then p* - z; > p* - ¢; for Vi € I.
forViel, o 7 xf —p* -z >p*-e
Then for at least one 7', x; =y x, — p*- xy > p*- e =-a contradiction?!
= DD T > Y P 6
But from the definition of feasibility of allocation, ) ,.;z; < ) ,cre; and it implies that
Doier PP < Y e prei.
Therefore, if (z*,p*) is a C.E. in a pure exchange economy, then the allocation z* is pareto
optimal.

12.1.2 Second Welfare Theorem

This theorem gives us conditions under which any desired distributional aims can be achieved
through the use of competitive markets. The second welfare theorem gives conditions under which
a pareto optimum allocation can be supported as a price equilibrium with transfers. It means
that we can achieve any desired pareto optimal allocation as a market based equilibrium using an
appropriate lump-sum distribution plan.
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1. Separating Hyperplane Theorem
Suppose that convex sets A and B C R are disjoint (ANB=10).
Then 3p* € R\ {0} and 3r € Rs.t. p*-a >7 for Va € Aand p*-b<r for Vb e B
It means that Ja hyperplane that separate A and B.

2.
In E= [{I, (ii,ei)iel}] s.t.
X, = R_LH 0 € X;, and convex for Vi

strictly monotone
For Vi € I, 7;is a complete preorder s.t. (weakly)convex: {z; € X; | z; Z; .} is convex for V!
continuous

For Vi € 1, eiERf_

for every pareto optimal allocation (z*), Ip* € RY, p* # 0 s.t. (2*,p*) isa C.E. with & =}
for Vi e I

—>application of the separating hyperplane theorem for convex sets

(a) Find an equilibrium candidate price system p*

i. Define, for Vi € I,V; = {z; € X; | & =i z}} and
V=>eVi= {Ziejl‘i € X=Rl |z1 € Vi, ...,z € V[}.
{ef =2 i i
ii. Convexity
e For Vi € 1,V is convex because 7—;is weakly convex and transitive.
And then V is convex because the sum of convex sets is convex.
{e} is convex as a singleton set
iii. V N{e} =0 «Pareto optimality of (z*,y*)
Suppose not. 3 (z) € VN {e}.
Then for Vi € I, x; >=; xF because (z) € V and (z) is feasible because (z) € Y +{e} .
Therefore, (z*) is not pareto optimal which is a contradiction.
iv. Separating Hyperplane Theorem
By separating hyperplane theorem, 3p* € RY, p* #£ 0 s.t.3r st p*-z > 7 > p* -2/ for
Vz € V and V2’ € {e}
v. p* e Rf_
Let o be the k th unit vector s.t k € L
By strict monotonicity of 77;,{e} + o0, € V.
Then p*- [{e} + oy >r>p*-{e} = p* 0, >0— p; >0 for Vk € L.
Therefore, p* € RY
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(b) Show (x*,y*) with p* consists of a price quasiequilibrium
i. Show [For Vi, z; »=; zf — p* - x; > p* - x¥]
Suppose x; =; T}.
By strict monotonicity and continuity of 77;, for Ve > 0,
Ti= T; — (0, ...,0,e,0, 0) =i JU:
Ty =t + 0,...,0,fj—1,0,...0) i @ for Vil # i
TeVi— ) i€V
el T =1 > p* - wf because {zf} € {e}
==t (0,000,860, ..0) + Yyt at Pt Yo (o, 0,757, 0, 0)
=P @i+ DT = e P
—pt ez zpta
ii. Show [For Vi, x; =; F — p* - x; > p* - ]
Suppose not. 3z; € X; s.t. x; >=; «f and p* - x; = p* -}
By convexity of X; and continuity of 7—;, for A < 1 close enough to 1, I\z; € X; s.t.
Ax; = x
AT = xf — pt ATy > pt o
On the other hand, [z; =; =} and p* - x; = p* - a¥]
— [for A < 1, Ax; >=; a2 and p* - A\z; < p* - x}| which is a contradiction?!
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12.2 Production Economy
12.2.1 First Welfare Theorem

1. First welfare theorem

If preferences are ln.s., and if (z*,y*, p*) is a price equilibrium with transfers, then the
allocation (z*,y*) is pareto optimal.

Suppose that (z*, y*,p*) is a price equilibrium with transfers and the associated wealthes
(Wi, wa, oy wp) 8.8 D wi =D D€ +Zjejp* -y, but it is not pareto optimal; i.e. Ja
feasible allocation (z,y) € X x Y s.t. for Vi € I, x; Z; «} and for at least one 7, z; > .
Individual agents’ preference maximization of the definition of price equilibrium with transfer
implies that if x; >=; z, then p* - x; > p* - 27 = w; for Vi € I. With this fact and l.n.s. of
preference implies that if z; 77; 7, then p* - x; > p* - 7 = w; for Vi € 1.

Y
i

~

i X —=ptox; > w for Viel
Then xy =y xjy — p*-xy > w; for at least one 7’
= DerP T > D e Wi =D e P e+ ey P Y
And from firms’ profit maximization of the definition of equilibrium implies that p*-y; < p* y]*
for Vj € J.

et P T > e Wi =Y e PTGt ey DTy 2 e P it Y e Py
& >k &

S eV T >y e P Y e P Y

It is a contradiction because from the definition of feasible allocation,

we have Y . ;@ <Y e+ Ui = D e P T S P ety iy
j j

2. Interpretation

Therefore,

(a) Although the result appear to follow from very simple hypothetheses, note that we are
already assuming universal price quoting of commodities(complete market) and price
taking by agents. Under a certain circumstances like externality, market power, and
asymmetric information, the first welfare theorem fail to be satisfied.

(b) The first welfare theorem is entirely silent about the desirability of the equilibrium
allocation from a distributional standpoint.

12.2.2 Second Welfare Theorem

There are two ways to prove this theorem.
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A price quasiequilibrium with transfers

1.
InE= [{1, (Zir €i)ier b {J, (Y]-)jEJH 5.t
X, = R%, 0 € X;, and [convex] for Vi
lL.n.s.
For Vi € I, 7;is a preorder s.t.{ (weakly)convex: {z; € X; | z; 77 «}} is convex for Vi
continuous
(w1, w2, ...,wr) € RY
Yj = R for Vj and Y = {Yj} ,; satisfying
For Vj € J, Y} is [convex],
for every pareto optimal allocation (z*,y*), Ip* € RL, p* # 0 st. (z*,y% p*) is a price
equilibrium with transfers.

—>application of the separating hyperplane theorem for convex sets

(a) Find an equilibrium candidate price system p*
i. Define, for Vi € I,V ={z; € X; | z; =i x}}
and V = Zz’eIVi = {Zie[mi € X =RL |21 € Vi,...,21 € V[} .
ForVje J)Y =3 ;Y= {Zjein ceY|yev,..,ys€ Y]} and Y + {e} is the
aggregate production set shifted to {e}
ii. Convexity
e For Vi € I,V is convex because 7—;is weakly convex and transitive.
And then V' is convex because the sum of convex sets is convex.
For Vj € J,Y + {e} is convex because the sum of convex sets is convex
iii. VNY + {e} = 0 «Pareto optimality of (z*, v*)
Suppose not. 3 (z,y) € VNY +{e}.
Then for Vi € I, z; =; x¥ because (z,y) € V and (x,y) is feasible because (z,y) €
Y+ {e}.
Therefore, (z*,y™) is not pareto optimal which is a contradiction.
iv. Separating Hyperplane Theorem
By separating hyperplane theorem, Ip* € R, p* # 0s.t.3r st p*-x > forV (z,y) €
Vand p* -z <r forV(z,y) €Y + {e}
(b) Show (x*,y*) with p* consists of a price quasiequilibrium

i. Show [For Viel, o Ziaf — Y e p* x> 7-}
Suppose for Vi € I, x; 77 xf.
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By L.n.s. of preferences for Vi, 3%; which is arbitrary close to x; with Z; >=; x;. Hence
Z; € V and it implies Y ,c;Z; € Vand p* - > ;@ >
Take the limit as ; — x;, and then ), ;p*-2; > 7
ii. Show [Zie[p* TF =D e P e+ ey Pty = 7’]
[For Vi € I, af Zi af — > ier * - af > 7]
Der T = ieri T2 jesYi €Y +{e} =D eptoaf <r
Therefore, Y e/ p* -xf =D i/ p* it Zjer* Y;=T
iii. Show [For Vje Jp*y <p*- y;'f for Vy; €Y;
Consider for any j € J, 37y +y; +{e} €Y + {e}

p* [Zh;ﬁj Yp+ i+ {e}] <r=p" [Zie[ eit D ey yj*]

Py <pty;
iv. Show [For Vi, z; =; ] — p* - x; > p* - a]

Suppose z; >=; x.

By > ierp" @i =rand 3 p" - af =,

P (xi+2if¢iw2‘f) zr=p (x; +Zz’/7éz'f’3;'k/> —pta 2pt-a]
v. Define w; =p* - a} for Vi € I.

Then ) ey wi =) ;e p* - af =p* - (Zz’el ei + ZjeJ yj)

Therefore, for every pareto optimal allocation (z*,3*), Ip* € RL, p* # 0st. (z*,y%, p*)
is a price quasiequilibrium with transfers

(c) Any price quasiequilibrium (z*,y*, p*) with (w1, ws, ...,ws) € R% is a price equilibrium
(x*,y*, p*) with (w1, wo, ...,wr) € RY |
NTS: z; =i 2] = p* - > w;
Suppose not. 3z; € X; s.t. x; = xf and p* - x; = wy
By convexity of X;, 3z} € X; s.t. p* -2} < w; and 3%; = Awy + (1 — A) 2} s.t. p* - & < wy
By continuity of 7Z;,3e > 0(for A close enough to 1), 37; = A\z;+ (1 — \) 2, € B(x;) s.t.
p*-ZT; < w; and T; =; T}
It contradicts (x*, y*,p*) is a price quasiequilibrium?!

2. Conclusion

(a) The second welfare theorem identifies conditions under any pareto optimal allocation can
be implemented through competitive markets and offers a strong conceptual affirmation
of the use of competitive markets, even for dealing with distributional concerns.

(b) Some limitations on the use of welfare theorem

(c) A planning authority wishing to implement a particular pareto optimal allocation must
be able to insure the supporting prices will be taken as given by consumers and firms.
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(d) The authority must have good information to identify the pareto optimal allocation to
be implemented and to compute the right supporting price vector. For this purpose, the
authority must know at least the statistical joint distribution of preferences, endowments,
and other relevant characteristics of consumers and firms. And moreover, in order to
implement the correct transfer levels for each consumer, the authority must know who
is who, which is unlikely in practice. As a result, most common transfer plan fails to be
lump-sum transfers.

e) Even if the authority observes all the required information, it must actually have the
y Yy
power to enforce the necessary transfers through some tax and transfer mechanism that
individual can not evade.

(f) Because of informational and enforceability limitations, it is practically unlikely that
extensive lump-sum taxation will be possible. If these transfer plan is not possible, then
the second welfare theorem fails in the sense that for a typical economy, only a limited
range of pareto optima are supportable by means of prices supplemented by the usual
sort of taxation plan. For the typical economy, redistribution plans are distortionary;
that is , they trade off distributional aims against pareto optimality.

(g) In summary, the second welfare theorem is a very useful theoretical reference point. But
it is far from a direct prescription for policy practice. On the contrary, by pointing out
what is necessary to achieve any desired pareto optimal allocation, it serves a cautionary
purposes.

12.2.3 Generalized second welfare theorem

1. Nonconvex Production Technologies and Marginal Cost Pricing

The second welfare theorem runs into difficulties in the presence of nonconvex production
sets. In the first place, large nonconvexities caused by the presence of fixed costs or extensive
increasing returns lead to a world of a small number of large firms(in the limit, natural
monopoly), making price taking assumption unlikely.

Although nonconvexities may prevent us from supporting the pareto optimal production
allocation as a profit maximizing choice, under the differentiability assumptions, we can use
the first order necessary conditions derived there to formulate a weaker result that parallels
the second welfare theorem.

2. Marginal cost price equilibrium with transfers

In the production economy FE,, a marginal cost price equilibrium with transfers consists of

{{x:}ze[7{y}k} } and p* € RE\ {0} s.t.
jed
(a) 3 (wr, we, ywr) st Y e wi =3 e P* €+ 2 5es P Y

99



(b) for Vi € I, z is 7; — maximal in B; (p*,e;) = {x; € X; | p* - & < w;}
(c) for Vj € J, p* =, F; (y;“) for some v; >0
(d) Dier @l <Derei+ 2 esY;

For two goods case, p* = ’ijjf <yj’? means that the price of input must equal the price of the
output multiplied by the marginal productivity of the input.

The price of output equals the marginal cost.

. First welfare theorem fails.

because marginal cost pricing neglects second order conditions and it may therefore happen
that the second order conditions for the social utility maximization are not satisfied.

. Generalized second welfare theorem

Suppose u; () is C? and quasiconcave, u} (z;) >> 0, and u; (0) = 0

and Fj (y;) = 0 at transformation frontier, Fj (y;) is C?, F;(0) <0, F(y;) >>0

Then if (2,y) is pareto optimal, then Ja price vector p* and wealth levels (w;),c; with
dierWi = D erP €+ Y iegp" - Y5 st (2,9) is a marginal cost price equilibrium allo-
cation.

—'The firm incurs a loss at the prices that locally support the pareto optimal allocation.
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13 Pareto Optimality and Social Welfare Function

e Given a family of u; (+) of continuous utility functions representing the preferences 7Z;of the
I consumers, we can capture the attainable vectors of utility levels for an economy specified

by E = {{I, (7, ei)i61}7 {J, (Y})jEJH by means of the utility possibility set s.t.
U ={(u1,u2,...,ur) € RY | 3(z, ) st (z;) > g for Vi € I}

e In two consumers’ economy, we can depict the utility possibiliity set which is closed under
sufficient conditions.

e By the definition of pareto optimality, the utility levels of a pareto optimal allocation must
belong to the boundary of the utility possibility set; the pareto frontier U P

UP = {(u1,up,...,ur) € U | # (uj, ,u’I) €U s.tuj > u; for Vi € I and wj, > uy for at least one i’}

e A feasible allocation (z,y) is a pareto optimum iff (u; (z1),...,ur (z7)) € UP.

e Note that if every X; and Y; is convex and the utility functions u; (-) are concave, then the
utility possibility set U is convex.

1. Social Planner’s Problem

(a) Suppose that society’s distributional principles can be summarized in a social welfare
function W (u, ug, ...,ur) = >,y Awu; for some constant A\ = (A1, A2, ..., Ar) s.t. A >0
because social welfare should be nondecreasing in the consumers’ utility levels.

(b) For economies with utility possibility sets, there is a close relation between
pareto optima and linear social welfare optima;
every linear social welfare optimum with weights A >> 0 is pareto optimal and
every pareto optimal allocation is a social welfare optimum for some welfare weights
A>0

(c) Let (z*,y") be pareto optimal.
With A >> 0, define a utility function uy (Z) on aggregate consumption vectors in X by

up (Z) = maxz i - wi ()
el

s.t. x; € X; for all ¢+ and le =ZI

Then (x*,y*) is a solution to the problem
max uy ()

st. z=e+y,ze€cXandygeVY
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2. First order conditions for pareto optimality
With differentiability assumptions, we show how prices and the optimality properties of price

taking behavior emerge from an examination of the first order condition of pareto optimality
problems.

(a) Assumptions
i. w; (w;) is twice differentiable and w/ (z;) >> 0 + preference strictly monotone, and
u; (0) =0
LY = {yERL | Fj (y;) <0}
F (y;) = 0 at transformation frontier, F; (y;) is C?, F; (0) <0, F} (y;) >>0
(b) Problem
The problem of identifying the pareto optimal allocations for this economy can be re-
duced to the selection of allocations that solve the following problem
maxuy (1)

s.t. Uz(33z)>ﬂz for Vi #1 5;
D ici T _Zlelel—kzjejyl forvie L y
Fj(y;) <O0forVjeJ ;

By solving it for varing required levels of utility for these other consumers (ﬂi)fzg, we
can identify all the pareto optimal allocations for this economy.

(c) First order conditions
Under u; > 0 for Vi # 1, all the constraints of problem will be binding at a solution.
<0

yé;uz —;- F} (yé) = 0 for V4,1

At the interior solution,

MRS; (I,I') = MRSy (1,1")

MRT; (L,U) = MRTj (1,I')

MRS; (I,U) = MRTy (1,U)
(d) Interpretations

i. The multiplier y; at an optimal solution is exactly equal to the increase in consumer
17 utility derived from a relaxation of the corresponding constraint that is, from a
marginal increase in the available social endowment ) ;; el; that is, the multiplier
1 can be interpreted as the marginal value or shadow pr1ce of good [ in terms of
consumer 1’s utility

ii. The multiplier §; equals the marginal change in consumer 1’s utility if we decrease
the utility requirement (a;)_, .
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At the optimal interior allocation, weighted by the amount that relaxing consumer
i's utility constraint is worth in terms of raising consumer 1’s utility, the increase in
the utility of any consumer ¢ from receiving an additional unit of good [ should be
equal to the marginal value y; of good I.

iii. The multiplier ; is the marginal benefit from relaxing the jth production con-
straint(the marginal cost from tighting the jth production constraint)
At an optimum, the marginal cost is equated to the marginal benefit u; of good [
for Vj € J

3. Welfare theorem and social planner’s problem

(a) Assumptions

i 7s | strictly monotone|, [convex], continuous, complete preorder on RY — wu; (z;)
is C? and quasiconcave, v (z;) >> 0, and u; (0) =0
ii. Fj(y;) =0 at transformation frontier, Fj (y;) is C?, F; (0) <0, F} (y;) >> 0, and a
| convex functionl(production sets Y; is convex for V)
It means we do not have to check the second order condition for having maximum.
(b) Problem
Let (z*,y*,p*) be a price equilibrium with transfers s.t w; = p* - e; +p* - > e ;0i5 - Y5
for Vi € I iff
max u; (z;)
st. p*x; <w; for Viel

maxp* -y L8
st. I} (y]) <O0forVjeJ

i Y er @i =D ier e+ jesy;
(c¢) First order conditions

ii.

<0 .
mé;ug(wé)—ai.pl{;oﬁxé>0 for Vi, [
ybip— B; - Fj (yé) = 0 for Vj, I

. <0 .
xé;di%z “HY Zoif 2l >0 for V1,1

yhim =, - Fj (y§> =0 for V3,1
(d) Social welfare function

maxz Y iy Ai - i (i)
s.t. Zlez:ci <D ier eﬁ + Zjejyé- forVie L — WU
Fj(y;) <0forVjeJ — @

63



<0 .
xé;)\iué (xi) —\Ill{ Z0if mi <0 for Vi,l

Yl Wy — ®; - F) (yg) — 0 for Vj,1

if o =p =0, 3 =y =5 and y; = 5; = @

Interpretations

i. Since both sets of conditions are necessary and sufficient for their respective prob-

lems, it means that the allocation (x*,y*) is pareto optimal iff it is a price equilibrium
with transfers with respect to some price vector p*. Note that the equilibrium price
p; exactly equal to p;, the marginal value of good [ in the pareto optimal problem.

Conclusion

Under the assumptions made about the economy FE,

in particular u; (-) is concave and Fj (+) is convex for Vi, j,

every pareto optimal allocation (and, hence, every price equilibrium with transfers) max-
imizes a weighted sum of utilities subject to the resource and technological constraints.
Moreover, the weight \; of the utility of the ith consumer equals the reciprocal of con-
sumer ¢’s marginal utility of wealth evaluated at the supporting prices and imputed
wealth.
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14 Core

14.1 Definition
e Given an exchange economy E = {I,(Zi,e:);c; } s.t. X; = RE for Vi and e € R% for Vi,
the core of this economy E is the set of allocation T = (Z1,Z2,...,Zr) satisfying
i) feasibility: > ;& <D icrei
ii) there is no other feasible allocation & = (Z1, Z2, ...,Z1) s.t Ja coalition S C I (S #0) s.t.
T; =i &; for Vi € S and Zies T < ZiGS €

e Given a production economy E, = [{I,(Zi,€i);c 1] s.t. Xi = RE for Vi, e € R% for Vi,
and a publicly available CRS convex technology Y C R

the core of this economy FE, is the set of allocation & = (%1, Zg, ..., T ) satisfying

1) feas1b111ty Zie[ jz S Y + Zie] €;

ii) there is no other feasible allocation T = (Z1, Zg, ...,Z) 8.t Ja coalition S C I (S #0) s.t.
ji = i’l for Vi € S and ZiES Ii'i S Y + Z’LES €;

14.2 Existence

« [Claim]

Given an exchange economy E = {I, (s ei)iel} s.t. X; = RE and ;s a convex, continuous,
and complete preorder on X; for Vi, and e € RY\ {0} for Vi, Core(E) is nonempty and
compact.

1. Nonemptiness
2. Compactness

(a) boundedness
By the definition of Core(E) , every allocation & € RE in it has to satisfy feasibility
condition.
0<> icrTi <Y icr i
Thus, ¥z €Core(F) is bounded and Core(E) is bounded.
(b) closedness
We have to show that if a sequence of core allocations Z™ € Rif has a limit point
e RY, & eCore(E).
Suppose not: Z ¢Core(E) .
Then dnonempty coalition S and another allocation = € Rf s.t.
i) T; =i T; for Vi € S
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)Y e Ti = Y ies€i
By the continuity of preferences, N s.t. for n > N, z; >; ;' for Vi € S which is a
contradiction.

Thus, Core(E) is closed.
(c) Therefore, Core(E) is compact.

14.3 Relationships
14.3.1 (C.E.C Core C PO.)
1. Core C (weakly) P.O.
We do not need any assumption.

For Core, there is no subset of I(coalition S) improving upon the core allocation. It implies
that obviously there is no allocation pareto dominates Therefore, if £ € Core, then T €
(weakly) P.O.

Furthermore, with strictly monotone, continuous, complete preorder of preference, we have
Core C P.O.
2. C.E. C Core
We do not need any assumption.
Suppose not: & € C.E. but T ¢ Core
Then dnonempty coalition S and another allocation Z € RJLFI s.t.
i) Z; = &; for Vi € §
1)) SiesTi = D s €
[Zies T = Ziesei] - [p D iesTi =D Dies et]
On the other hand, because € C.E and i), for Vi € S, p-Z; > p-T; and then p- > ;e T; >
p- Zie g¢€i which is a contradiction.

Furthermore, with l.n.s. of preference, C.E. C P.O.
3. Therefore, without L.n.s. of preference, C.E. C Core but C.E. £ P.O(?)
4. Core ¢ C.E.

It is only true if there are large number of agents.
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14.3.2 Large Economy

1. Rth-fold replica economy E*
# of agents: RI
# of types of agents: R

ER = {RI ((Nzr,ezr)zel)reR}

each R agent in one type has the same preference and endowment.
An allocation in ER, z € RﬁRI

2. CEin EF
Given a replicated economy Ef = {RI ( i€ ZGI) } a CE consists of a C'E allocation
¥ = {(xly, oy TIR) 5oy (51, ., T5g) } and a CE price system p* € RZ\ {0} s.t.
i) for Vi € I and Vr < R, x}, is maximal for 77;,in By, (p*, e5r) = {xir € R+ | p* - xip < p° 'eir}

ii) ZT<R Zze] z;, < ZT<R Zzel Cir

(a) CFE allocation satisfies ETP
Suppose z*e RerI is a CE allocation associated with p* € Ri\{O}, but it does not
satisfy ETP; that is, 3’ € I s.t. I’ € R s.t. z}, # xf., for all other 7 € R.
By the definition of CE and strict monotonicity of preferences, we have p* - z%. = p
and p* -z}, ==p*-e;s for Vi € [ and Vr < R
Because e; = e;,v, for YA € (0, 1), we have p* - [)\x +(1-=X\) W] =p* i =p* e
Therefore, Az}, + (1 — A) z7, is feasible.
W.lo.g. zf. =i «f., and strict convexity of preferences, Ax¥. + (1 — \) zf., = @
It contradicts z

* .
*Cir

+ 1s an element of C'E allocation z™.

3. Equal Treatment Property

Given Eff = {RI (CZirs ”’)z‘el)reR} in which, for each i € I and Vr,r’ € R, =;,=7;»which
is a strictly convex, strictly monotone, continuous, and complete preorder and e;, = e;v €

RE\ {0},

if .2 = {(Z11, Z12, s T1R) » (T21, 8225 o0y T2R) ooos (E11, T 125, 1) } € Core (EF) | then 7, =
Z;v foreach i € [ and Vr,r’ € R.

Suppose not: 3i' € I s.t. I’ € R s.t. Ty # &y for all other r € R.

W.lo.g. assume that the first agent is the worst-off agent in each type(r’ =1) and among
types, the first type does not satisfy equal treatment(i’ = 1).
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Define the average consumption for each type s.t. Z; = -1];5 Zle T

By strict convexity of preferences, Vi € I, Z; 7—; ;1 and for i/ =1 € I, &; =1 11 s.t.

T~

R R R
R 1 - 1 - 1 -

I Py R DRI by ot
; — R ; .
el el r=1 el r=1 r=1 el

R R

1 1
= D cr=D D Gr=) er=) e
r=1 el el r=1 i€l el

In this situation, we will show that a coalition S = {11, 21,31, ..., I1} formed by I members
can attain x so that it blocks the nonequal treatment allocation z.

By strict monotonicity and continuity of preferences, Z; >=1 Z11 implies that Jith goods and
for Ve >0, 1 =21 — (0, ...,0,£,0,...,0) >=1 Z11

By strict monotonicity and continuity of preferences, forVi € I (i #1),x; = ii—l—(O, ,0,757,0, ...

Zil.

in = Z{g:«ﬁ(o,...,o,ﬁ,o,.”,oﬂ+;i:1—(0,...,0,e,0,...,0)

i€l il
= E T = E €l
i€l i€l

Therefore, it contradicts that & € Core (ER) .

. If we replicate the original economy in biased way, then Equal Treatment Property does not
have to be satisfied.

We have a counterexample.

Two type I = 2

Two agents for type 1, one agent for type 2.

L=2

e1=ex=(1,14), e3 = (27,1)

u; () = x129 for Yagents

Then x' = (6,6) # 2% = (7,7) ,23 = (16,16) is in the core.

. Equivalent Treatment Property

Given EE = {RI, ((fﬂ-r, Q'T’)iEI)reR} in which, for Vi € I and Vr,r' € R, Z;,=7i»which is a

convex, strictly monotone, continuous, and complete preorder and e; = €;,s € R{p
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if .2 = {(5611, I12,..., 5613) , (§}21,i22, ...,,f}QR) S eeny (5:‘[1,%[2, ey i’[R)} € Core, then Z; ~ T for
Vi€ I and Vr,r’ € R.

14.3.3 N%_,Core (E®) CCE(E): Debrew — Scar f theorem

The role of Equal Treatment Property

The importance of Equal Treatment Property is that the core of any R™ replica is fully
described by the core allocation consisting one member of each type.

It allows us to regard the core allocations as vectors of fixed size LI no matter which size of
replica we are concerned with. As a matter of terminology, we call a vector (1,...,x1) € RE
a type allocation and for any replica R, interpret it as the equal treatment allocation to
consumers where each consumer of type ¢ get x;. Note that for any replica R the corre-
sponding equal-treatment allocatioin is feasible because ) ; Rr; = R ; e;. Therefore, we call
(z1,...,zr) € RY as a feasible type allocation for any replica.

e [Theorem]

Consider a pure exchange economy F s.t.

Let for Vi € I, 7—;be a strictly convex, strictly monotone, continuous, complete preorder and
. L
i € RI\ {0}

and there is its R*"-fold replica economy E¥ in which all allocations in the core satisfy Equal
Treatment Property.

Let C.E.(E) be the set of C.E. allocation in the original economy E, Core (ER) be the set
of core allocation in E2, and Cg be the set of allocations consisting one member of each type
from Core (ER) :feasible type allocation.

If .:iR = {(?Elhfu, ooy :iu{) 5 (fgh i‘gg,...,ng) g sery (:ﬁ[l, 53[2, ...,j[R)} S Core (ER) y then as
R — o0, Core (ER) shrinks to & = {1, Z2, ...,&;} which is the feasible type allocation of
R'h—replica and 3p s.t. (p,7) is CE in E.

That is, N%_, Core (E®) = CE (E)

Separating Hyperplane Theorem

Suppose that convex sets A and B C R are disjoint(A NB = ().

Then Ip* € R\ {0} and 3r € R s.t. p*-a>7r for Va € Aand p*- b <r for Vb€ B
It means that Ja hyperplane that separate A and B.

e [Proof]
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1. CE(E) —N%_,Core (ER)
Suppose Z € CE (E). Because CE (E) C Core (E), we have £ € Core(E) and using
Equal Treatment Property, we can construct allocations 't = {(Z11 ..., #1g) , .., (Z1,.., Z1r) } €

Core (ER) s.t. Tj1 = g for Vi and VR > 2.
2. N%_,Core (EX¥) — CE (E)
Consider % = {(#11,..., #1R) , ..., (E11,...,Z1R) } € Core (ET).
By Equal Treatment Property, we just have to focus on a feasible type allocation & =
{5?1, .%2, ...,fi}[} from .fR.
We need to show that 3p s.t. (p,Z) is CE}; that is,
)p-Zi=p-eforViel
ii) x; >; & implies p-x; > p- ¢ for Vi € [
(a) Find an equilibrium candidate price system p
Define the set of net trade prefered to Z,
forVie IV, ={z; € X; | x; +¢; =; &;} and
V = co{Uie1Vi}.
i. Vn{o}t=10
Suppose not. 0 € V
By the definition of Covex hull V, 3a; € [0,1] s.t. Y cras =1 and ) o4V =
0.
case 1) oy € Q
Then «; = % st. B;,n(fized) € N for Vi e I.
In order to obtain an expression of a form ", _; 5;,V; = 0, among {oq,9,...,ar}
find the least common mulitiplier of denominator of «;.
Let R = max {3;} and replicate the original economy F to EF.
Then we can find a coalition S C RI with §; agents of type i (worst-off agents)
blocks  with V; +¢;.

Z/Bz (Vi +ei) = Zﬁzvz +Zﬁiei = Zﬁiei

iel el i€l i€l

Then for Vi € I, x; =; &; because x € V and z is feasible

Therefore, & does not belong to the core which is a contradiction.

case 2) «; € Irrational number

we can find an rational approximation of ¢; s.t. 3¢ € Q, lim,, ¢! = o

Then ) ey aiVi =3 e, g (%) Vi=0

(&) vimm| <

Furthermore, we can use the same step as case 1.

By continuity of preferences, for Ve > 0,
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ii. Convexity
For Vi € I,V; is convex because 7;is strictly convex and transitive.
And then V' is convex because it is a convex hull of union of convex set and {0}
is convex as a singleton set.

iii. Separating Hyperplane Theorem
By separating hyperplane theorem, 3p € RV, p #0st.30 st p-x >0 for Vo € V

iv. p € Ri
Let o;, be the k th unit vector s.t k € L
By strict monotonicity of 77;,%; — ¢; + o, =; T; — ¢;.
Then p- [ — e+ ok >p- [T — €] = p-ox > 0—p >0 for Vk € L.
Therefore, p € RY\ {0}

(b) Show Z with p consists of CE
i. Show [For Vi,x; =; T — p-x; > p - ej

Suppose x; = T.
Timi T T —6+e6 T —w—e €V
p-lri—e|>0—p-x;>p-efor Viel.

ii. Show [For Vi,x; =; & — p-x; > p - ej
Suppose not. Jx; € X; st x; = Tand p-x; =p-e;
By convexity of X; and continuity of 7, for A < 1 close enough to 1, I\x; € X;
s.t. Ax; = T.
AT, =T —p-Ax; >p-e forViel
On the other hand, [z; >=; Z and p-x; =P - ¢;]
— [for A < 1, \z; =; T and p - Ax; < D - e; for Vi € I] which is a contradiction?!

o Key difference from the Second welfare theorem

V' does not need to be convex and therefore a nonzero p supporting V' at > ,-; e; may not
exist. The reason for the lack of convexity is that individual set V; need not be convex.
If the sets V; being added are numerous, then the sum ), V; is almost convex. Thus, the
existence of almost supporting prices for core allocations can be seen as another instance of
the convexifying effects of aggregation.

e Intuition

Define Cr C RJLFI be a feasible type allocation for R**—replica of the original economy with
equal treatment property. Note that Cri; C Cr because a type allocation blocked in the
Rth-replica will be blocked also in (R + 1)th —replica by a coalition having exactly the same
composition as the one that blocked in the Rth—replica. Thus as a subset of R, the core
can only get smaller when R — oo.

At the same time, we know that the core cannot vanish because C'E allocations belong to
Cr for VR. The set of CE type allocations is independent of R and contained in all Cg.
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Debrew-Scarf core convergence theorem asserts that C'E allocations are the only surviving
allocations in the core when R — oc.
Claim in Mas-colell

If the feasible type allocation & = {Z1, T2, ..., Z1} satisfies Equal Treatment Property for VR,
that is, x € CR for VR, then z is C'F allocation.

Proof
We need to show that Cr — CE (E) C Core(E); 3% € Cr for VR s.t. £ € CE(E)

Let {Zr}x.1 be asequence with Zr € Cr. We know that Core (E) is nonempty and compact
so that Core (ER) is also nonempty and compact, and so CR is.

Moreover C'r is a shrinking sequence so that {Zr}7., C Ci.

Since C1 is compact, Ja convergent subsequence {Zg, },-, converging & € C1.
We want to see whether z € CE (E).

Let £ > 1 be any natural number. Then C’Rj C CR, for j > k.

Then we have rp, € Cg,.

Since Cg, is compact, ¥ =limj_ g, € Cg,

Therefore, x € N2 ,Cr, = N%_,Cr

From Theorem, z € CE (E)
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1 Summary

Commodity Space (RL)

1
Consumption Space(X;)
Xi= Ri' C RE —Physical constraints
and Production Set(Y;) «Technological constraints
Y; C RL defined Y; = {y; € RY | F (y;) < 0}
orY; = {(—zl,—ZQ,..., —21-1,q) € RE | g — f (21,22, ., 20-1) < O} «—omne output case

Firm maximization problem=- y5 maximizes Il;

! «—Economic Constraints
Budget Set(B; (p,ei, y*)) = Set of feasible consumption bundle

Bi(ny’/uy*):{ﬂJi6Xi|P'l’iSp'ei+p'2j9ij'y}k}

Consumer’s maximization programming problem: «we can summarize information
choosing =~ —maximal consumption bundles from B; (p, €;,y*) of preference using utility function

given p, e; € RY for Vi, and y* o .
l «—F'inite intersection property

Demand Correspondence(z; € D; (p,e;,y*) for Vi) «Maximum theorem

Consumer’s maximal utility value
Value function(indirect utiliity function)



2 Production

2.1

Production Set

2.1.1 Definition

identifying production vector y that is technologically possible
—Production Set Y
the set of all production vector y technologically possible for the firm

2.1.2 Properties

1

=~ W

10.

11

Nonempty

closed

No free lunch: Y N RY = {0}
inactivity: 0 € Y

Free disposal: Y — R{; cY
Irreversibility: y € Y — —y ¢ Y

nonincreasing return: y € Y — ay € Y for Va € [0, 1]
nondecreasing: y €Y — ay € Y for Va > 1
constant return: y € Y — ay € Y for Va > 0

Convex: y,/ €Y —may+(1—a)y €Y for Va € [0,1]
Additivity: y,9' € Y —my+9y €Y
Convex cone: v,y €Y —ay+py €Y forVa >0 and V5> 0

Y is convex cone< Y is nonincreasing return to scale and additive

o —Immediate

o —Let k> max{a,f} and min{a, 5} > 0.
By nonincreasing return and ay = $ky and Sy = -gky, oy, fyeyY
By additivity, ay + By € Y for Va, 5 > 0.



2.1.3 Description of Production Set

1. Transformation Function
Y decribed by F'(y) : transformation function
Y ={yeR|F(y) <0}

So far we need not distinguish output from input

OF (§) 9
— 9,
MRT1 (9) = arta =~
()

QF(7)
at profit maximizing production level, M RT{5 (§) = _]_iz%; = —%”yf

21
b2

2. Production Function
In case that we can distinguish output from input and # of output is 1, we can describe Y’
by f(2)
Y ={(-2,q9 €Rl'|q—f(2)<0,2>0}

26q)
— Iz
MRSTi> (2) = 27 = —gz
&)
MPl - %
q
Therefore, M RST}5 is a renaming of M RT75 in the special case of a single output and multiple
input.

For single output case, properties of production set can be translated into properties of
production function.

(a) constant return: y €Y — ay € Y for Va >0 < f(-) is HD of 1

(b) Convex: ¢,/ €Y —way' + (1 —a)y’ €Y for Va € [0,1] < f(-) is concave
f(+) is concaves f (a2 + (1 —a)2") > af ")+ (1—a) f ()
yeYeqd<f(R)
y// c Y<:> q// S f(zll>
oy +(1l-—a)y"eYead+(1—a)¢" < f(az+ (1 —a)Z") for Va € |0, 1]

2.2 Profit Maximization

2.2.1 Firm’s Problem

IF (4
max, p-y S — o — _dw _ pi
st. y €Y (F(y) <0) MRT3 (y) 2L Iy~ po

when da single output



Q1(q)
maxypq'f(z)_pz'z N _ 8z 0Oz __p1
st. < f(z) MRST2 (9) = 245 = —55 = 1,

O0zg

If Y is convex(f (-) is HD of 1), then these conditions are necessary and sufficient conditions
for profit maximizing,.

2.2.2 Prifit function & Supply Correspondence

m(p) =max{p-y | F(y) < 0}
ylp)={yeY|n(p) =p-y}

properties(PSet #1)

—

(=)

w(p)is HD of 1in p

7 (p) is a convex function.

If Y is convex, then Y = {y € RE | p*- y < p* - y* for Vp* >>0}
y(-)isHD of 0 in p

If Y is convex, then y (p) is a convex set for all p

Moreover, if Y is strictly convex, then y (p) is single-valued

(Hotelling’s Lemma)If y (p) is single-valued, then 7 (p) is differetiable at p and D7 (p) =y (p)
The fact that y (p) is single-valued is from that Y is strictly convex.

ThenY:{yERL |p-y<p-y(p) for Vp >> 0}

Assume y >> 0.

Define g (p) = 7 (p)—p-y (p) . Then g (p) > 0fromY = {ye RE |p-y<p-y (p) for Vp >> 0}
And ¢ (p) =0.

Therefore, g (p) >0 = g (p) so that g (p) takes its minimum at p.

0 =248 — 22n) () — 25—y ()

If y (+) is a differetiable function at p,
then Dy (p) = D?7 (p) is a symmetric and positive semidefinite matrix with Dy (p) - p =0

(a) (Young’s Theorem)Dy (p) = D?*r (p) is a symmetric
From Hotelling’s lemma, we have M{;p@ =y (p).

Then 220 _ 2w _ gu _ 2@
Op1-Op2 op Op2 Op2-0p1
Therefore, D?r (p) is symmetric.



()
(d)

(¢)

EX) y1 (pg,p1,p2) = pq-ﬁ% and y2 (pg, p1,p2) = pq-fz- can not be factor demand functions
1 2

of a profit maximization firm generally.

because %‘p% =pqg- ;1%; ;qu.;l%- :%ﬁ unless p; = po.

Dy (p) is positive semidefinite
Because 7 (p) is a convex function in p, the Hessian matrix H = Dy (p) = D?n (p) is
positive semidefinite.

P D
op?

S

op1 has to be nonnegative.

Therefore, the first order principal minor

it implies the law of supply

When y (-) is a differetiable function at p, we can use revealed preference argument
to show the law of supply.

yr €y (pr) and ys €y (ps)

Then pi -yt > pr - ys and ps - Ys > ps -y

Ap-Dy=(pr—ps) (Y —Ys) =Pt Yo —Pe-Ys + Ds Ys —Ps Y =0

Dy(p)-p=0

By Euler’s theorem and the fact that 7 (p) is HD of 1 in p, D?x (p) - p = 0

2.3 Aggregation

The absence of a budget constraint implies that individual supply is not subject to wealth effects.
As prices change, there are only substitution effects along the production frontier so that the
aggregation is simple.

2.4 Efficient Production

1. A production vector y € Y is efficient if there is no ¢y’ € Y such that v > v,y #y

There is no other feasible production vector that generates as much output as y using as little
as input.

2. If y €Y is profit maximizing for some p >> 0, then y is efficient.

It is valid even if Y is not convex.

3. If Y is convex, then every efficient y € Y is profit maximizing for some p > 0



3 Competitive Equilibrium

3.1 Definition

3.1.1 Static Pure Exchange Economy

Remark 1. An economy is a pure exchange economy if its only technological possibility is that of
free disposal; that is, if for Vje€ J, Y; = —Ri

3.1.2 Production Economy

1. Environment
Commodity Space=R"
X; =Rl forViel
;s a complete continuous preorder defined on X; = R% for Vi € T
e; € R_LF
Y; C RF for Vj € J
0 € [0,1] for Vi, j s.t. Y ,cp0i5 =1 for Vj

2. Feasible allocation
FAlloc = {({mi}iel ; {yj}jej> € WierXi 1esYj | D ier @i <D ier€i + 2 jes ?Jj}

3. Competitive Equilibrium

(a) Intheproduction economy E,,, a Competitive Equilibrium consists of {{95;“ Yier s {y}-‘}je]}
and p* € R\ {0} s.t.
i. forVi € I, x} is 77; — maximal in B; (p*,e;) = {xz €Xi|pai <peit e bij y}‘}
& T € AGMAX, e, (pr e,) Ui (T5) 8:1. B (P, €;) = {ﬂﬁz €X;i|p o <p*eei+ Yy b Pt
ii. for Vj € J, yf €Y, p*-y; < p*-yjf for Vy; €Y
e D eraf <D erei+ e Y5
(b) Inthe production economy Ep, a price equilibrium with transfers consists of {{wj}z I {y]*} _ J}
JE
and p* € RE\ {0} s.t.

i3 (wi, w2, wr) 8.t Y e wi =Y e P e+ Y e 0 Y
ii. for Vi € I, of is 7; — maximal in B; (p*,e;) = {z; € X; | p* - z; < w;}
iii. for Vied yr €Y, oy Spty; for Vy; € Y;

6



Ve D er® <D e+ jes Y
(c) In the production economy E,, a price quasi-equilibrium with transfers consists of

L
{{x;‘}iel , {yj }jeJ} and p* € RY\ {0} s.t.
i J(wr, wa, ..., wr) st Y crwi = P’ e + Zjer* yj*
ii. for Viel, af € X, :RJLr s.t. p* -l <wy,
and z; € X; = RJLr and x; =; xf s.t. p* - x; > w; for Va; € X, x; # xf
iii. for Vj € J, yr €Y, pty <ty for Vy; € Y;
Ve Y ier @i <D ierei+ Y icsYi
(d) Relationship among concepts
i. In order to relate the idea of pareto optimality to supportability by means of price
taking behavior, it is useful to introduce a notion of equilibrium that allows for
a more general determination of consumer’s wealth levels than that in a private
ownership economy. By way of motivation, we can imagine a situation where a
social planner is able to carry out (lump-sum) redistributions of wealth, and where
society’s aggregate wealth can therefore be redistributed among agents in any desired
manner.

4 Pareto Optimality

4.1 Production Economy

1. Strict Pareto Optimal

A feasible allocation {Z,5} € X xY = Ri(p"]) is strictly pareto optimal if there is no other

feasible allocation {Z,7} € X xY = Ri(HJ) s.t.
with Y ier & <D icreit Y e U5
for Vi € I, ; —; @; and for at least one i’ € I, Ty =i &y

2. Weakly Pareto Optimal

A feasible allocation {Z,9} € X x Y = Rim—‘]) is weakly pareto optimal if there is no other
feasible allocation {Z,y} € X xY = Ri(HJ) s.t.

with Ziel z; < Zz’e] e; + ZjeJ yj.for Vi e I, &; =; &;

4.2 Quasi-linear utility function

I consumers
1 firm



Xi=R-RIY

i (x3) = o +vi (2 )

v; is strictly concave and strictly monotone.

Y is described by a strictly convex and strictly monotone transformatioin function F (y)

1. Show that every pareto optimal allocation has the same allocation of all goods other than
good 1.

2. Assuming at least one consumer with differetiable utility function v; has an interior con-
sumption of goods except good 1 in pareto optimal allocation of those goods. Show that the
allocation of goods except good 1 and prices of all goods in an equilibrium are independent
of distribution of endowments and ownership shares.



4.3 Existence of C.E.
4.3.1 Production Economy

e The applicability of the existence proof is not limited to exchange economies. If we allow for
production sets that are closed, strictly convex, and bounded above(and if a positive aggregate
consumption buncle is producible from the initial aggregate endowments), then the produc-
tion inclusive convex-valued, upper-hemi continuous excess demand correspondence Z (-)(or
a continuous function) satisfies the properties of excess demand correspondence. Hence, Ja

C.E.
1. Easy Market equilibrium lemma

(a) If a function Z : R (A) — R, Z(p) == {Z1 (), Z%(), ..., Z¥ (1)}, satisfying
i. continuity,
ii. HD of zeroin p € A,
iii. Walras’ law in p € A\
iv. Bounded from below(Js > 0 s.t. Z! > —s for alll € L and all p)

v. Boundary condition(If | e; € RY, |, Z;is strictly monotone)

)~

[pn — p € OA] — H ‘Di (p, e+ ey bij- yj) ’
then 3p* € RY (A)st. Z(p*) =0

is unbounded < sup.icz, (p,) | Zi (Pn)| = OO}

2. Extended Market equilibrium lemma

Lemma

e If a correspondence Z : R, (A) — RE, Z (p) = {Zl (). Z22(), ... 2" ()} st..2" (p) =
Sier (D) — Yier € — Yo jes Y} satisfying

(a) i wh.c. and convex-valued,
ii. HD of zero in p,
iii. Walras’ law,
iv. Bounded from below(3s > 0 s.t. D} <p, e+ ey bij -yj> > —s+é foralll € L
and all p)

v. Boundary condition(If | e; € RJLr 4 |» Zis strictly monotone)

= <981 [ e+ S0
then Ip* € RE_(A) s.t. 0 € Z (p*)

is unbounded < sup.icz, () 1 Zi ()| = OO}



3. Existence Theorem with Production

In E= [{I, (7, ei)i61}7 {Jv (Y}')jej}] s.t.
Xi = R% for Vi and X = {Xi};¢;

strict monotone(l.n.s) — boundary condition(walras’ law)
i (weakly)convex — convex-valued correspondence
continuous(+monotone) — continuous utiity function — existence of D; (p, ;)

RL — for all the other conditions
616{ + —>R£+Z>ZZ€IQ>>O

R, — Boundary condition
Y; =Rl for Vjand Y = {Y;};c; satisfying

0eY;

Y is closed and convex
YNRY =0 ’
Yn-Y=»0

the Market Equilibrium Lemma is applicable and

dJan equilibrium with production.

(a) The set of feasible allocations is compact
Define A = {(az,y) cII_ X; x H5-721Y3 | for Vi, j,m; € Xy and y; €Y}, ey @i <D ieréi +2 ¢
(b) Truncate the economy

Let f/} be the projection of A on producer j’s coordinate; the compact set of feasible
production plans for j. Choose a compact convex set K C Rl s.t. Y; C intK for Vj
Define YjK =Y; N K which is closed, convex, and 0 € YjK.

(c) Existence of equilibrium in YjK

i, Define Zi (p) = {Zk (-, Z& () o ZE ()} 8.6 2k () = Lier o (p) — Dier el —
> jes Yix for Vi
ii. Check assumptions for Market Equilibrium Lemma

® Yicrtig(p) €D (p*,e + Zje]y;)
is nonempty-valued, convex-valued, u.h.c.,
satisfies HD of 0 in p,
satisfies Walras’ law,
is bounded from below,
satisfies boundary condition

10



l K
> jcsYik €Y
is nonempty-valued, convex-valued, compacted-valued

iii. Therefore, Zx (p) satisfies all assumptions for Extended Market Equilibrium Lemma
then Jp* € RY (A) s.t. 0 € Z(p*) and
for Vi € I,z € D; (p*, e; + Zje]eij . yj)
for Vj € J,y; GY}K
(d) Equilibrium for truncated economy Y% is also al equilibrium for the original economy
Y
We need to show y* € Y is also profit-maximizing with p* in Y.
—forVj € Jy; € Y) st p*-y; <p*-yf for Vy; €Y
Suppose not. Then Ely§- €y st p* -y} >p*y;
Consider Ay} 4 (1 — A) o; =y for A € [0, 1]
For A < 1, p* -y/ > p* -y and A close enough to 1, y7 € K and yj] € Yj so that
Yy €Y;NK = Y;K

It implies y% ¢ Y;* which is a contradiction.

11



4.4 Solving for Equilibrium with Production(PSet #2)
4.4.1 General Case

1. Environment
Commodity Space=RL
I consumers
X; :Ri for Vi € 1
~~iis a complete continuous preorder defined on X; = RJLr forVie I
—represented by u; ()
e; € R£
one firm
Y ¢ Rt
—represented by ¢ < f(2) or F'(y) <0
0i € [0,1] for Vi, j s.t. .., 0;; =1 for Vj
2. Problem
max u; (x;)
st.p-xi<p-e;+0;-p-y

max p -y op MAXPgq—ps -2
st. F(y) <0 st.q< f(2)

Doicr T <D er€ity

3. Checking points

(a) If u; (x;) is strongly monotone at least for one consumer, then p* >> 0

(b) If u; (x;) is Cobb-Douglas or Logarithm function, then x; >> 0 so that there is no corner
solution.

(c¢) If F (y) is linear and one input and one output, divide p be 3 cases.p; § D2
(d) If f(z) is constant return, then 7 (p) =0

4. Solving(ﬂp;L*l} —z* — y*>

(a) Putting 7 (p) =p -y into consumer’s problem.
(b) Solving z*
(c) Check feasibility in order to get y*

12



4.4.2 Example(PSet #2)
1. L=3
I1=2
uy (z1,22,23) =041lnze+ 0.6 Inzs
uz (z1,22,23) =Inxa+ Inxs
e1 = ez =(6,0,0)

J=1
YV = {(y1,92,93) € R* | y1 < 0,y2 > 0,y3 > 0,95+ 2ys < —dy, }
01 - 1,02 :0

e Find an equilibrium of this economy
m%,x%, 3, LIT% > 0 because of property of logarithm function—interior solution!!
—y2>0,y3 >0
Because consumers can not ger any utility from xq, y; = —12.
p2,p3 > 0 because utility function is strictly concave and strictly monotone.

(a) 7 (p*) or p*
max p1-yi1+p2-y2+p3-y3
s.t. Yo + 2y3 < —dy,
2 >0,y3 >0
Lagragian
FOC
p1+4X =0
p2+A=0
p3+2X2=0
pr=4,pp=1,p3 =2
Yy =—12
T(p) = —48 +yo +2y3 < —48 +48 =0
Therefore, 7 (p*) =0

(b)
max,10.4Inzd + 0.6 Inx}
st. 3+ 228 <24 410
FOC

13



MRSy3 (2!) =35 =22 =4

{%i—ggﬁ by stricy incresing utility function
T3 =17,2

r3=9.6

max,. In z3 + In m%

s.t. 23+ 223 <24

FOC
3
2 z 1
MRSQg(.’L' ) ::'2-:%225
3

2 2
15 —225=0 . . . o1e .
{_2_3_x§ orio by stricy incresing utility function

3 =12
r3=6
Feasibility

rl+22=12+y

m%+x§ =0+ 1y

x4+ i =0+ys

y1 = —12, yo = 21.6, y3 = 13.2
r1=0,25 =9.6,25 =7,2

3 =0,23 =12,23 =6

e p1=4,pp=1,p3 =2

What if the firm owned by consumer 27
What if there are two firms with

Vi={(y1,9293) € B? [ 41 < 0,92 > 0,93 = 0,52 < —4y1 }
Yo = {(y1,92,y3) € B3 | y1 < 0,92 =0,y3 > 0,2ys < —dy } ?

5

71 (p*), M2 (p*) or p

max p1-yi1+p2- Y2
st. yo < —4uyy

y2 >0

Lagragian

14



FOC

p1+4X =0

pa+A=0

pr=4p =1

m1(p) =4y1 +y2 <0
Therefore, 1 (p*) =0
max p1-Y1+p3-ys3

s.t. 2yz < —4dy

y3 >0

Lagragian

FOC

p1+42=0

p3+2X2=0
pr=4p3=2

T2 (p) =4y +2y3 < 0
Therefore, w2 (p*) =0
max,10.4Inzd + 0.6 Inx}
st zd+228 <244+1-0+1-0
FOC

MRSQg (331) = ;]c_ﬁ =L :'%

{ Bry—dw=0 by stricy incresing utility function

xl4+2xl=24
ri=7,2
1 =96
max,: In 22 + In 3
s.t. 2%+ 223 <24
FOC
2

MRSQg ($2) == :%g‘:%

F

H

x

W

{ x2 —21723:0
:c§+2:c§:24
2 _
x5 =12
2 __
r5=06

by stricy incresing utility function

15



(c) Feasibility
al+a? =124yl +4}
x+ 25 =0+ y3
zi+ 22 =0+ 43

(d) y2 =21.6,y3 =13.2
y2 = —4y; —yj =54
2y3 = —4y? — 17 = —6.6
r1=0,25 =9.6,25 =7,2
r?=0,23 =12,23 =6

b p1:47p2:17p3:2

2. L=2
I=2
X1 =R%
u (z1,22) = 21 + 2
e1 = (6,2)
Xy =R?
w2 (21,m2) = min {z1, x2}
ex = (6,4)
J=1
Y = {(?/1,.@2) € R? 11 <0, §4\/—_y1}
01 =0,00 =1

e Find an equilibrium of this economy

[ Check]
(a) 7 (p") or p*

max p1-yi+p2- Y2

st. yo <4y

™ (p)

P1-Y1+ P2 Y2
pL-yL D24V

P (—( (—yl))2+% VAT (% : 2>2> +4?P122

opa\?  AP2
fry — . — — — _|_—
2! (\/( Y1) > )

N

IN

16



4 2
When /(—y1) = zpﬂf —y1 = _717%2

7 (p) is maximized ﬂjﬂz—

Therefore, 7 (p*) = 4;

maxmlm% +x3

s.t. P1:B1 + paxs < 6p1+ 2p2

zi+ x

<zl —I—i (6p1 —|— 2p2 — plﬂﬁ%)
<(1- %L)% -+ (6p1 +2p2)
FOC

case 1) x1,24 >0

P1="p2

ri4+2i=38

case 2) x1 =0,z > 0

p1 <p2

case 3) x1 > 0,23 =0

p1 > p2

max,? min{:z:%, x2}

s.t. p12? + poxd < 6p1 + 4pe +£2‘
By the property of utility function, z

2
o = o3 =
case 1) x1,28 >0
p1=Dp2
case 2) x1 =0,z >0
case 3) z1 > 0,24 =0
Feasibility(p* — y*)
rl+22=12+y
ri+ 23 =6+ 1y

4
ri=1,20 =7
r2=a2%=7

p1=p2=1

2 _ .2
1 =23

17



r1=0,25 =15
r?=2%=3

4
Y1 = —-f =—992=2
Is the pareto optimal?
No.

Production makes it possible for consumers to consume (8,14)

The allocation (4.5,10.5), (3.5, 4.5) is feasible and makes consumer 2 better off without
hurting consumer 1’s utility.

18



5 Welfare Theorem

5.1 Production Economy
5.1.1 First Welfare Theorem

1. First welfare theorem

If preferences are ln.s., and if (z*,y*, p*) is a price equilibrium with transfers, then the
allocation (z*,y") is pareto optimal.

Suppose that (z*, y*,p*) is a price equilibrium with transfers and the associated wealthes
(Wi, wa, ey wp) 8.8 D wi =D D€ +Zjejp* -y, but it is not pareto optimal; i.e. Ja
feasible allocation (z,y) € X x Y s.t. for Vi € I, x; 7; «} and for at least one 7, x; >y .
Individual agents’ preference maximization of the definition of price equilibrium with transfer
implies that if a; >; ], then p* - z; > p* - 2] = w; for Vi € I. With this fact and ln.s. of
preference implies that if z; 77; 7, then p* - x; > p* - 7 = w; for Vi € 1.

x; i wp —p* x> w; for Vie
Then xy =iy xjy — p* - xy > w; for at least one 7’

= D erP T > ) e Wi= D e P € +Zje]p* Y
And from firms’ profit maximization of the definition of equilibrium implies that p*-y; < p*-y-
for Vj € J.

Dt Pt T > e Wi = e P e+ Zjer* Y Z D e Pt et Zjer* "Yj
& >k &

S D e P T >y i P ety e P Y

It is a contradiction because from the definition of feasible allocation,

we haVe Zielxi S Z’LEIGL + Zejyj — Zzelp* *Xg S Zzelp* + €5 +Z€Jp* : y]
7 J

2. Interpretation

Therefore,

(a) Although the result appear to follow from very simple hypothetheses, note that we are
already assuming universal price quoting of commodities(complete market) and price
taking by agents. Under a certain circumstances like externality, market power, and
asymmetric information, the first welfare theorem fail to be satisfied.

(b) The first welfare theorem is entirely silent about the desirability of the equilibrium
allocation from a distributional standpoint.

5.1.2 Second Welfare Theorem

There are two ways to prove this theorem.
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A price quasiequilibrium with transfers

1.
InE= [{1, (Zir €i)ier b {J, (Y]-)jEJH 5.t
X, = R%, 0 € X;, and [convex] for Vi
lL.n.s.
For Vi € I, 7;is a preorder s.t.{ (weakly)convex: {z; € X; | z; 77 «}} is convex for Vi
continuous
(w1, w2, ...,wr) € RY
Yj = R for Vj and Y = {Yj} ,; satisfying
For Vj € J, Y} is [convex],
for every pareto optimal allocation (z*,y*), Ip* € RL, p* # 0 st. (z*,y% p*) is a price
equilibrium with transfers.

—>application of the separating hyperplane theorem for convex sets

(a) Find an equilibrium candidate price system p*
i. Define, for Vi € I,V ={z; € X; | z; =i x}}
and V = Zz’eIVi = {Zie[mi € X =RL |21 € Vi,...,21 € V[} .
ForVje J)Y =3 ;Y= {Zjein ceY|yev,..,ys€ Y]} and Y + {e} is the
aggregate production set shifted to {e}
ii. Convexity
e For Vi € I,V is convex because 7—;is weakly convex and transitive.
And then V' is convex because the sum of convex sets is convex.
For Vj € J,Y + {e} is convex because the sum of convex sets is convex
iii. VNY + {e} = 0 «Pareto optimality of (z*, v*)
Suppose not. 3 (z,y) € VNY +{e}.
Then for Vi € I, z; =; x¥ because (z,y) € V and (x,y) is feasible because (z,y) €
Y+ {e}.
Therefore, (z*,y™) is not pareto optimal which is a contradiction.
iv. Separating Hyperplane Theorem
By separating hyperplane theorem, Ip* € R, p* # 0s.t.3r st p*-x > forV (z,y) €
Vand p* -z <r forV(z,y) €Y + {e}
(b) Show (x*,y*) with p* consists of a price quasiequilibrium

i. Show [For Viel, o Ziaf — Y e p* x> 7-}
Suppose for Vi € I, x; 77 xf.
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By L.n.s. of preferences for Vi, 3%; which is arbitrary close to x; with Z; >=; x;. Hence
Z; € V and it implies Y ,c;Z; € Vand p* - > ;@ >
Take the limit as ; — x;, and then ), ;p*-2; > 7
ii. Show [Zie[p* TF =D e P e+ ey Pty = 7’]
[For Vi € I, af Zi af — > ier * - af > 7]
Der T = ieri T2 jesYi €Y +{e} =D eptoaf <r
Therefore, Y e/ p* -xf =D i/ p* it Zjer* Y;=T
iii. Show [For Vje dpt oy <pteyl for Yy € Y]}
Consider for any j € J, 37, vy +y; +{e} €Y + {e}

p* [Zh;ﬁj Yp+ i+ {e}] <r=p" [Zie[ eit D ey yj*]

Py <pty;
iv. Show [For Vi, z; =; ¥ — p* - x; > p* - a¥]

Suppose x; >=; T}.

By > icrp* -xi >rand 3 i p* -l =,

P (xi+2if¢iw2") =r=p (x;'k +Zz’/7éz'f’3;> —p*xi > ptaf
v. Define w; = p* -z for Vi € I.

Then >,y wi =3, p" -2 =p* (Ziel €+ e y;>

Therefore, for every pareto optimal allocation (z*,y*), Ip* € RE, p* # 0 s.t. (z*,y*, p¥)
is a price quasiequilibrium with transfers

(¢) Any price quasiequilibrium (z*,y*, p*) with (w1, w2, ...,w;) € RY, is a price equilibrium
(z*,y*, p*) with (w1, ws, ...,ws) € R,
NTS: z; =i 2 = p* -2 > w;
Suppose not. dx; € X; s.t. x; >=; «f and p* - x; = w;
By convexity of X;, 32} € X; s.t. p* -2} < w; and 3%; = Aay + (1 — A) 2} s.t. p* - & < wy
By continuity of 7Z;, 3 > 0(for A close enough to 1), 37; = A\z; + (1 — \) 2, € B(x;) s.t.
p*-ZT; < w; and T; =; T}
It contradicts (x*, y*,p*) is a price quasiequilibrium?!

2. Conclusion

( a) If 3 a cheaper _consumption
If (w1,w2,...,wr)>>0 and 0€X;

At the example, because there is no cheaper consumption, the price quasi-equilibrium
was not a price equilibrium.

}, a price quasi-equilibrium is a price equilibrium with transfer.

(b) The second welfare theorem identifies conditions under any pareto optimal allocation can
be implemented through competitive markets and offers a strong conceptual affirmation
of the use of competitive markets, even for dealing with distributional concerns.
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()
(d)

(e)

Some limitations on the use of welfare theorem

A planning authority wishing to implement a particular pareto optimal allocation must
be able to insure the supporting prices will be taken as given by consumers and firms.

The authority must have good information to identify the pareto optimal allocation to
be implemented and to compute the right supporting price vector. For this purpose, the
authority must know at least the statistical joint distribution of preferences, endowments,
and other relevant characteristics of consumers and firms. And moreover, in order to
implement the correct transfer levels for each consumer, the authority must know who
is who, which is unlikely in practice. As a result, most common transfer plan fails to be
lump-sum transfers.

Even if the authority observes all the required information, it must actually have the
power to enforce the necessary transfers through some tax and transfer mechanism that
individual can not evade.

Because of informational and enforceability limitations, it is practically unlikely that
extensive lump-sum taxation will be possible. If these transfer plan is not possible, then
the second welfare theorem fails in the sense that for a typical economy, only a limited
range of pareto optima are supportable by means of prices supplemented by the usual
sort of taxation plan. For the typical economy, redistribution plans are distortionary;
that is , they trade off distributional aims against pareto optimality.

In summary, the second welfare theorem is a very useful theoretical reference point. But
it is far from a direct prescription for policy practice. On the contrary, by pointing out
what is necessary to achieve any desired pareto optimal allocation, it serves a cautionary
purposes.
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5.1.3 Failure of Second welfare theorem by Nonconvexity of Y

1. Nonconvex Production Technologies and Marginal Cost Pricing

The second welfare theorem runs into difficulties in the presence of nonconvex production
sets. In the first place, large nonconvexities caused by the presence of fixed costs or extensive
increasing returns lead to a world of a small number of large firms(in the limit, natural
monopoly), making price taking assumption unlikely.

In figure 16.G.1, at the only relative prices that could support the production y* locally, the
firm sustains a loss and would rather avoid it by shutting down.

And in figure 15.C.3, the allocation x* maximizes the welfare of the consumer, but for the
only value of relative prices that could support z* as a utility maximizing bundle, the firm
does not maximize profits even locally.

Although nonconvexities may prevent us from supporting the pareto optimal production
allocation as a profit maximizing choice, under the differentiability assumptions, we can use
the first order necessary conditions derived there to formulate a weaker result that parallels
the second welfare theorem.

2. Marginal cost price equilibrium with transfers

In the production economy FE,, a marginal cost price equilibrium with transfers consists of

{{f{}ie[ , {yj }jeJ} and p* € RE\ {0} s.t.

(&) 3 (wr, we, ywr) st Y erwi =3 e P e+ 2 e P Y

(b) for Vi € I, zf is 7; — maximal in B; (p*,e;) = {x; € X; | p* - & < w;}
)
)

(c) for Vj € J, p* = fij]’. (y;“) for some v; > 0 and Fj (yj) =0
(d) Yier i < Yer€i+ X jes Vi

For two goods case, p* = Vng/' <y§? means that the price of input must equal the price of the
output multiplied by the marginal productivity of the input.

The price of output equals the marginal cost.

3. First welfare theorem fails.
A marginal cost price equilibrium does not need to be pareto optimal.

because marginal cost pricing neglects second order conditions and it may therefore happen
that at the marginal cost price equilibrium, the second order conditions for the social utility
maximization are not satisfied.
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4. Generalized second welfare theorem

Suppose Z;is convex for Vi € I(u; (z;) is C? and quasiconcave, u, (z;) >> 0, and u; (0) = 0)
and F; (y;) =0 at transformation frontier, F} (y;) is C2, F; (0) <0, F} (y;) >>0
Then if (2,y) is pareto optimal, then Ja price vector p* and wealth levels (w;),c; with
DoierWi = D e Pt e+ Zjer* -y s.t. (&,9) is a marginal cost price equilibrium allo-
cation s.t.

(a) for Vi € I, x} is 77; — maximal in B; (p*,e;) = {z; € Xi | p* - & <w;}

(b) for Vj € J, p* =, F; (y}*) for some 7; > 0

(C> ZzEI i < Zzefe + ZJGJyJ

—'The firm incurs a loss at the prices that locally support the pareto optimal allocation.

—If Y} is convex or f; is quasi-concave, condition b is equivalent to the profit maximization.

Marginal Cost Price Equilibrium Examples(PSet #3= Midterm, My case,FP 1998 III1-2)
1. PSet #3=Midterm(MCP is pareto optimal)

1) Is there an profit maximizing equilibrium?

2) Find a marginal cost price equilibrium

3) Verify whether the MCP equilibrium allocation is Pareto optimal
L=2

1=2

X1 = R% ,uy (w1, 12) = 21 + 5zd,e1 = (0,5)

X = R+,u2 (z1,72) = 4ln (x% + 1) + x%, e2 = (10, 0)

J=1Y ={(y1,1) ye R? |y <0,y2 <max (— y2 —2,0)}
01=0,00 =1

e Find an equilibrium of this economy

z2 >0

(a) m(p*) or p*
max pi - Y1+ p2 - Y2
s.t. y2 <max (—y1 — 2,0)
Normalize p; = 1.
case 1) 1 = po
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(b)

(c)

(d)

m(p)<0and y1 =y2 =0
case 2) 1 > po
m(p)<O0and y1 =y2 =0
case 3) 1 < p2

() =pr-yi+p2-y2 <pr-y1+p2-(—y1—2) = (p1 —p2) - Y1 — 2p2 — 00 as

y1 — —00
Therefore, po < 1, 7(p) =0, and y1 =y2 =0

ma,xmml —|—5x2

St z} +p2332 < 5p2

ol + 523 < 5po — poad 4+ +5ad = —p2 (3 — 5) + bay < — (xf —5) + 5ad
T = O,l‘l =5

maxwzélln (m% +1) —}—m%

s.t. m1+p2x2 <10+ 7 (p)

— 22 + paa3 <10

Aln (22 +1) + 22 < 4ln (22 + 1) + 124

2
g( )—41n(:z:1—l—1)—1—10—_%1
( ) x+1 pz_o
22
i
Z’2 o

Feaabﬂfty(p* — y*)

ai+af =104y

xé + x% =5+ 12

1 =0,90=0

22 =10=4p, — 1

Py = 173 > 1 which is a contradiction!!!!

Therefore, there is no profit maximizing equilibrium.

e Find a marginal cost price equilibrium

Note that F' (y {mimlf_-ﬁ_elfy_]_2

(@) y1 <—2
for Vj € J, p* = ;] <yj*) for some v; > 0 and Fj (yj) =0
pr=(11).

Let y=1. Thenpj =p5 =1
TP)=yityp=p+(-yp—2)=-2
for Vi € I, x} is 77; — maximal in B; (p*, ;) ={z; € X; | p* -2 <w;}
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Consumer 1

maxmm% +5x5

st. i+ 2 <5

2l =021=5

max 24 In gx% +1) +23

st. 274+ 23<10-2=8
41n(sc%—|—1)+x§§4ln(:ﬂ%+1)+8—xf
g(x? = 4ln(x% —l—l) —1—8—:10%

Feasibility (p* — y*)
el +a? =104y - 04+3=10+y1 —»y1 =—7

zy+a3 =5+yp —=5+5=5+1p —p=>

:>p>{ :p§ = 17:61 = (075)7‘732 = (375),?/* = (_775)

(b) y1 €[-2,0]

for Vj € J, p* = v, F} (yj*> for some y; > 0 and F} (y}") =0

pr=r (07 1) )
But the utility function is strictly monotone so that p* € R% |

e Verify whether the MCP equilibrium allocation is Pareto optimal

Yes, because consumer 1 consumes his endowment so that in the economy, it seems like
there is only one consumer.

And consumer 2 maximizes his utility with (3, 5).

2. My case(MCP is not Pareto optimal)
1) Is there an profit maximizing equilibrium?
2) Find a marginal cost price equilibrium
3) Verify whether the MCP equilibrium allocation is Pareto optimal
L=2
I1=1
X1 = R%r,ul (z1, ) = ;122,€1 = (6,2)
If e = (6,1), then MCP is Pareto optimall!!!
J=1Y = {(yl,yg) € R? | y1 <0,y2 < max(—2y2 — 6, 0)}

e Find an equilibrium of this economy
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1 or o = (0 is not an interesting case.

utility function is strictly monotone and strictly increasing so that p € Ri e

(a) = (p*) or p*

(b)

max p1- Y1+ p2 - Y2

s.t. y2 <max (—2y; —6,0)

Normalize p; = 1.

case 1) 1 = p»

m(p)<O0and y1 =y2 =0

case 2) é > po

m(p)<0and y1 =y2 =0

case 3) 3 < py

T(P)=y1+p2 Yo <y1+pa (241 —6) = (1—2py) -y1 —2py — 00 as y; — —00
Therefore, py <1, 7 (p) =0, and 4y =y =0

Consumer 1

max, 1212
s.t. ac% —|—p2:z:% < 6+ 2ps

( ) ( ) 2
2122 < (6 + 2p2 — pawa) 12 = —p2x3+(2p2+6)z2 = —p2 <x§ — 2y ( . ) >+

(p2+3)2
P2
when x5 = 1%31, x1 = 3+ po, utility is maximized.

Feasibility(p* — y™)

x% =6+4+y1 =6

3+ po = 6 — po = 3 which is a contradiction!!!
Therefore, there is no profit maximizing equilibrium.

e Find a marginal cost price equilibrium
Note that F' (y) = 12 +2u1+6 if yn <3

(a)

y2 if y1€[—3,0]
y1 < —3
for Vj € J, p* =, F} (yj*> for some ; > 0 and Fj (y}") =0

Let v =1. Then pi = 2,p5 =1
T(p)=2y +tyr =21+ (—2y —6) =6

for Vi € I, x} is 77; — maximal in B; (p*, e;) = {z; € X; | p* -2 <w;}

Consumer 1 |

max, 1% To
st. 221 428 <124+2-6=38
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z1z2 <31 (8 — 221) = —22% + 81y = —2 (2] — 4z +4—4) = —2(21 —2) +38
T =2,20=4
Feasibility (p* — y*)
T =0+y —y=—4

Ty=2+4Yys = yp =2

= pl =2,p5 = 17371 =(2,4),y" =(-4,2)

(b) Y1 € [_27 0]

forVj € J, p* = ijj{ (yj*) for some ; > 0 and Fj (y}") =0

pr=n (07 1)
But the utility function is strictly monotone so that p* € R?H
o Verify whether the MCP equilibrium allocation is Pareto optimal
The initial endowment gives higher utility to consumer.
u(6,2)=12>8=wu(2,4)
Therefore, z! = (6,2),y* = (0,0) pareto dominates MCP equilibrium.

3. FP 1998 1I1-2
1) Is there an profit maximizing equilibrium?
2) Find a marginal cost price equilibrium
3) Verify whether the MCP equilibrium allocation is Pareto optimal
L=2
1=2
X1 = R%r,ul (1, 22) = Inz} +3Inxd, e1 = (8, 4)
Xo = R%F,UQ (901, :Bz) = 3111:3% +lnx%, ex = (6, 4)
J=1Y ={(y1.92) € R?| 91 <0,By2 < —u1}
f1=1,06=0

e Find an equilibrium of this economy

zl izl a3, 23 > 0

(a) m(p*) or p*
max pi- Y1 +p2 - Y2
s.t. \/8_y2 < -y
And like figure 15.C.3, the allocation z* maximizes the welfare of the consumers,
but for the only value of relative prices that could support z* as a utility maximizing
bundle, the firm does not maximize profits even locally.
Therefore, there is no profit maximizing equilibrium.
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e Find a marginal cost price equilibrium
Note that F (y) =51 + /3yz < 0

(a) |for Vj € J, p*:fijjl <yj*> for some 7v; > 0 and Fj (?ﬁ) =0
. _ A2

p _fy<1’ \/y2>' —
Let,yzlThein:17p§:J\/Z;—>y2:-22-7y1:_

Y2
p2=p

)= 4 +3-—

for Vi € I, z} is 77; — maximal in B; (p*, e;) ={z; € Xi | p* - i <w;}

Consumer 1 |

max, Inz} + 3lnal
s.t. 21+ pr <8 +4p—2
max,23 Inz? + Inz3
s.b. 22+ pr3 <6 +4p
MRS}, = MRS}, =1

=2

- 5
L1 =
= p —L
a3 a3
1 __q.1 1_ L

:z:%:?)pxgﬁx%:w

Feasibility (p* — y*)
ai+af =144y =14 -4

—24p—5 +HE =144

— 2+ p*—0.5+4.5p+3p” — 1dp+4 =0
—4p? —T5p+3.5=0

—p=1 or-g

— ! =(2.5,7.5) 2% = (7.5,2.5) ,y* = (-4, 2)

e Verify whether the MCP equilibrium allocation is profit maximizing,.
— 44,2 __2_ _
No,m(p)=—5+2=—2=-2
This firm would be better if shutting down and get 0 profit.
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6 Pareto Optimality and Social Welfare Function

e Given a family of u; (+) of continuous utility functions representing the preferences 7Z;of the
I consumers, we can capture the attainable vectors of utility levels for an economy specified

by E = {{I, (7, ei)i61}7 {J, (Y})jEJH by means of the utility possibility set s.t.
U= {(ul,ug, e U) € R | A(z,y) .t (x;) > u; for Vi € I}

e In two consumers’ economy, we can depict the utility possibiliity set which is closed under
sufficient conditions.

e By the definition of pareto optimality, the utility levels of a pareto optimal allocation must
belong to the boundary of the utility possibility set; the pareto frontier U P

UP = {(ul, ug,...,ur) €U | 7 (u’l, ,u’l) €U s.tuu} > wu; for Vi € I and ), > u; for at least one i'}

e A feasible allocation (z,y) is a pareto optimum iff (u; (z1),...,ur (z1)) € UP.

e Note that if every X; and Y; is convex and the utility functions u; (-) are concave, then the
utility possibility set U is convex.

1. Representative agent’s problem

Under certain circumstances, the model can be justified as representing the outcome of a more
general economy by interpreting the firm as a representative producer and the consumer as a
representative consumer. The former is always possible, but the latter-that is, the existence of
a representative consumer requires strong conditions. If, however, the economy is composed of
many consumers with identical concave utility functions and identical initial endowments, and
if society has a strictly concave social welfare function in which these consumers are treated
symmetrically, then a representative consumer exists who has the same utility function as the
consumers over levels of per capita consumption.

2. Social Planner’s Problem

(a) Suppose that society’s distributional principles can be summarized in a social welfare
function W (u1, ug, ...,ur) = Y ;e Aiu; for some constant A = (A1, A2,..., A7) st. A >0
because social welfare should be nondecreasing in the consumers’ utility levels.

(b) For economies with utility possibility sets, there is a close relation between
pareto optima and linear social welfare optima;
every linear social welfare optimum with weights A >> 0 is pareto optimal and

every pareto optimal allocation is a social welfare optimum for some welfare weights
A>0

30



(c) Let (z*,y*) be pareto optimal.
With A >> 0, define a utility function uy (Z) on aggregate consumption vectors in X by

uy () = mz?xz Ai - ui ()

1€l

s.t. ; € X; for all ¢+ and le =Z

Then (z*,y*) is a solution to the problem
max uy ()
st.z=e+y,z€e XandyeyY

3. First order conditions for pareto optimality

With differentiability assumptions, we show how prices and the optimality properties of price
taking behavior emerge from an examination of the first order condition of pareto optimality
problems.

(a) Assumptions
i. w; (x;) is twice differentiable and u/ (z;) >> 0 « preference strictly monotone, and
u; (0)=0
i Y = {ye RE | F () <0}
Fj (yj) = 0 at transformation frontier, Fj (y;) is C%, F;(0) <0, F} (y;) >>0
(b) Problem

The problem of identifying the pareto optimal allocations for this economy can be re-
duced to the selection of allocations that solve the following problem

maxuy (x1)

s.b. wi(x;) > w; for Vi # 1 5;
ZiEi JU'IL S Zie[ eé + Zjé] y‘; forvlie L ]
Fj(y;) < 0for Vj € J 75

By solving it for varing required levels of utility for these other consumers (ﬂi){zg, we
can identify all the pareto optimal allocations for this economy.

i. Example(PSet #3-2)
1) Show that every pareto optimal allocation is a solution to this optimization prob-
lem for some ;
A pareto optimal allocation (x*,3*) is a solution to the problem for some
choice of utility level u;
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Suppose not; then (z,7) is P.O., but is not a solution to this problem.
Then 3 (2/,y’) s.t.

feasible; e, @) <> icrei+ e y; and F'(y') <0 for Vj € J

wi (zh) > g (&) for Vi #1

up (x}) >up (21) fori=1

It implies that (2/,y") pareto dominates
Therefore, a pareto optimal allocation (
choice of utility level u;

2) Assuming that utility function is strictly monotone, and continous, show that
any allocation that is a solution to this maximization problem is Pareto optimal.
ﬁProof

) which is a contradiction!!!
)

(4
Z,7) is a solution to the problem for some

y

Suppose not; then (z*,y*) is a solution to this problem, but is not P.O.

Then 3(2/,y’) s.t.

feasible;y ;27 <Y erei+ Y ey and F(y') <0 forVje J

wi () > ;i (xf) for Vi £ k

ug (z,) > uy (z}) for at least one k € T

Because the utility function is strictly monotone and continuous, uy () > uk ()

for at least one k € I means that 2}, 2 z} and 3l € L s.t. x; > x};.

Let 1; be a I*" unit vector.

And because the utility function is continuous, Je > 0s.t. uy (2}, —e-1;) > ug (zf) .

Based on it, let’s construct a feasible allocation (Z,y)which shows (z*, y*) can not

be a solution which will gives us a contradiction.

T = Jf;ﬂ —E&- 1[

i =a, for Vi #1,i #k

T1=a+¢e-1

y;=y; for vj e J

Then 3%, & = @) —e- 11+ 34,0+ 21 +e- 1y

= Zielm; <Y eréit ZjeJ y; which is feasible.

And by strict monotonicity and continuity of utility functions,

wi (Ti) = wi (x}) > wi (zf) for Vi £ 1,0 £ k

u1 (.fl) = ($,1 +e- 11) > up (mf)

ug (Ti) = wg (z), —e - 11) > ug ()

It implies that (z*, y*) is not a solution to this problem which is a contradiction!!!
3) If utility function is just l.n.s., then 2) does not satisfy.

A graph with
zlxd) = (2ff, o) if 1 > 2ff
Ex%,x%% > Eaz/f, 33/223 if 22 > 2

which is monotone so that Ln.s.
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But some solutions to this problem is not pareto optimal.
(c¢) First order conditions
Under @; > 0 for Vi # 1, all the constraints of problem will be binding at a solution.

igif:cg 5o forvil
yé; —; - Fj (yé) = 0 for V3,1
At the interior solution,
MRS; (I,I') = MRSy (1,1")
MRTj (I,I') = MRT; (1,1')
MRS; (I,I') = MRT} (1,1)
(d) Interpretations

l. 5 0uy
b )L
7 Z@xé My

i. The multiplier 1; at an optimal solution is exactly equal to the increase in consumer
1’ utility derived from a relaxation of the corresponding constraint, that is, from a
marginal increase in the available social endowment Y ;; el; that is, the multiplier
1 can be interpreted as the marginal value or shadow price of good [ in terms of
consumer 1’s utility

ii. The multiplier §; equals the marginal change in consumer 1’s utility if we decrease
the utility requirement, (;)i_, .

At the optimal interior allocation, weighted by the amount that relaxing consumer
1's utility constraint is worth in terms of raising consumer 1’s utility, the increase in
the utility of any consumer ¢ from receiving an additional unit of good [ should be
equal to the marginal value 1; of good [.

iii. The multiplier v; is the marginal benefit from relaxing the jth production con-
straint(the marginal cost from tighting the jth production constraint)
At an optimum, the marginal cost is equated to the marginal benefit 1; of good I
for Vj € J

4. Welfare theorem and social planner’s problem

(a) Assumptions

i 7is | strictly monotone|, [convex|, continuous, complete preorder on RY — w; (x;)
is C? and quasiconcave, u} (z;) >> 0, and u; (0) =0
ii. F(y;) =0 at transformation frontier, F (y;) is C*, F (0) < 0, F' (y;) >> 0, and a
convex functionl(production sets Yj is convex for V)
It means we do not have to check the second order condition for having maximum.
(b) Problem
Let (z*,y*,p*) be a price equilibrium with transfers s.t w; = p* - e; +p* - > e ;0i5 - Y5
for Vi € I iff
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st. p*ea; <w; for Vie I

maxp* - y;

st. F'(y;) <0forVjeJ —F
i Y er @i =D ier e+ jesy;

(c¢) First order conditions

ii.

<0 .
mé;ug(wé)—ai.pl{;oﬁﬂ>o for Vi, [
(3

yhip—B; - F' (yé) = 0 for Vj, 1

. <0 .
17@;51%2—;14 ;Oif 20 for Vi,l

Yk — ;- F (y§> = 0 for Vj, 1
(d) Social welfare function
maxy Y ;o7 Ai - Ui (Ti)

St e T <Y ier e+ Y jegyt forvie L — U
F(yj)<0forVjeJ — o

<0 .
Loyt (L) — >
- als A () \Ifl{ —0ifal> 0 for V3,1

Y0, — ;- F (yg) =0 for V7,1
lf,U/l =P :\2[1173]: :aZ:—)\]: and/y]:ﬁ]:(]i)j

(e) Interpretations

i. Since both sets of conditions are necessary and sufficient for their respective prob-
lems, it means that the allocation (x*,y*) is pareto optimal iff it is a price equilibrium
with transfers with respect to some price vector p*. Note that the equilibrium price
p exactly equal to y;, the marginal value of good [ in the pareto optimal problem.

(f) Conclusion
Under the assumptions made about the economy FE,

in particular u; (-) is concave and Fj (-) is convex for Vi, j,

every pareto optimal allocation (and, hence, every price equilibrium with transfers) max-
imizes a weighted sum of utilities subject to the resource and technological constraints.
Moreover, the weight A\; of the utility of the ¢th consumer equals the reciprocal of con-
sumer ¢’s marginal utility of wealth evaluated at the supporting prices and imputed

wealth.
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7 General Equilibrium with Public Good

We only focus on the case that the firm produce only public good h using inputs z. Therefore, we
can describe production set Y by production function f(z).

1. Environment
In E= [{I, (ii,ei)ief} ,Y] s.t.
X, = Ri for Vi and X = {X;}
A Private good x'and

i€l

A Public good z%: nondepletable and nonrivalrous

( l.n.s.
=i {  (weakly)convex
continuous

el € R, =5 c;el >>0 and no endowment on public good

a single firm with production set Y = R? represented by a production function f (z) which is
increasing and concave.

2. Assumptions

(a) s | strictly monotonel, [convex], continuous, complete preorder on RV — w; (z;) is C?
and quasiconcave, u (z;) >> 0, and u; (0) =0
(b) f(2) is concave and C?, f(0) <0: f'(z) > 0,f” (z) < 0(production sets Y is convex)

3. Feasible allocation
((¢2%), (5.0)) st a< f(2), ' +2=¢l, a2 =¢

4. | Personalized prices |

Now we try to reduce public goods to private goods.

Define a personalized commodities z? for Vi € I and then

the single firm’s production set is

Y ={(~z (h1, hg,....,h1)) € R¥ |y =hg = ... =h; < f(2),2 >0}

With the representation, the general equilibrium model with public good is tranformed into
a normal problem with private goods.

N Epublic

5. Equilibrium with private provision of public goods
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e Example of private provision of public good(normal price equilibrium is P.O.)

We can get a result that a normal equilibrium concept with transfers can not be pareto
optimal

(a) A price equilibrium with transfers in E consists of {{z}, b}, , ,{2*, h*} }and {p*, p}} €
R3\ {0} s.t
i. For Vi € I, {x},h]}};c solves
max,, p,)Wi (x4, hi)
st. p*- @ +py - hy <p*oep+ 0 (pp - hF| DT 2Y)
ii. {z*,h*} solves
max, p) pj, - |+ p*- 2
st. h < f(z)
i > er @ S yerei+ 2
S k= b

el '

(b) FOC
i. First order conditions
If the solution is interior,

o 2t

Ghy _ Dn _ _an 1

o = =dF forviel
Bzé ozl

Dy, Quy

Oh; Oh;

Y — _2h 2

By, T OF < Eie] duy

dwi 8zl da:i

Therefore, the normal equilibrium with transfer is not pareto optimal.

6. Lindahl Equilibrium

A price equilibrium with transfers for this artificial economy is known as a Lindahl equilibrium.

(a) A Lindahl equilibrium is a price equilibrium with transfers in EP*%%¢ with personalized
commodities.

It consists of {{z},h; };e;, {2",n*} }and {p*,pj, } € R\ {0} st
i. For Vi € I, {x},h}},; ; solves
max (g, n,)Ui (Ti, hi)
st. p*-xi +pf, - hi < p*eeit 0 (p* -2+ 3 b, - RY)
ii. {z*,h*} solves
maxg, yp* - z+ Y e ph b
st. h < f(2)
i D ier @i <Y erei+ 27
Bt = h* for Vi€ I
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7. Pareto optimality
<<£i, ﬁi)ie[ , (2, ﬁ)) is pareto optimal if Aanother feasible ((m’ B)icrs (2, h’)) s.t. forVi e I,

17"

(xh, hl) 7 (i'i, izl> and for at least one i, (z}, h}) >; (ﬁ:z,fu>
First order condition for pareto optimality

If ((;ﬁz, ﬁz> . (é,iL)) is interior, it satisfies
1€

duy

af
Zie[ g__Zi‘ = 'ﬁf.bl' A Zz'el MRS; (xé’hi) =MRT (zl7 h)
azl Oz
8. Welfare Theorem

(a) Every Lindahl equilibrium is pareto optimal
Suppose 7;is L.n.s. for Vi € 1.
Let [{{z},h}},c; {z% h*}}, {p*,p};, }] be a Lindahl equilibrium with transfers.
Then {{z},h;};cr,{z*,h*}} is pareto optimal.

Suppose not. Then Janother feasible allocation ((.%;, B)icr s (z’,h’)) s.t.
for Vi € I, (2, 1) = (:nh) and

for at least one ', (2f,, If,) =; (3%1/, fzzl> )

Then for at least one 7/,

(s, Bly) =i (wh) = P* @ +ph, W > pTai4ph b = pteeit0i-(Xier R0 -1 2)
By the fact above and lL.n.s. of 7—;, for Vi # ¢/,

~U
(ot hl) i (B0 ) — 9, B> s bl = 9O (Siey )
P Y ier T +/p7;- e >,P* D ier€it D ier i Qierpp, - hi —pt - 2F)
=P Y e Tt P, e e >0 Y e €+ Qe Py, b — 0T 2
P (Yierei +2) 05, Yier >0 Yicrei + Cier i, - b +p* - 2¥)

From the feasibility, — pj, - > crhi+p0" 2" >3 ph - hi+p* - 2"

—=pp Der M D2 > e py R+ Pt 2
It contradicts that {z*, h*} solves firm’s maximization problem.

Therefore,

(b) Every pareto optimal allocation can be implemented using a Lindahl equilibrium with
appropriate wealth transfers.
Because each consumer is large with respect to the market in her personalized good, the
price taking assumption is unlikely satisfied. Nevertheless, the second welfare theorem
may still be of some interest. In particular, it tells us that if the planning authority has
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a means to enforce the prices, then we have a mechanism involving voluntary purchases
of the public good that achieves the desired pareto optimal allocation.
e Further difficulty

i. To calculate the personalized prices, statistical information(e.g. information on
the distribution of preferences across the economy) is not enough but we need
private information. This information is difficult to get because individuals will
often have incentive not to reveal their information truthfully.

ii. For apersonalized market voluntary mechanism to work, individuals must expect
to receive the amount of public good they purchase. This requires that the public
good be excludable. In many cases, it is difficult.

7.1 Example
1. SP 1999 1V-3

L = 2; z is a private good, h is nonrivalrous public good

I1=2
Postive endowment e; = (2;,0) s.t. z >0 for Vi =1,2
J=1

Y ={(-2h) € R?|2>0,h<kzst k>0}

(a) Define Lindahl Equilibrium for this economy(profit function, budget constraints, price
variables)

A Lindahl equilibrium is a price equilibrium with transfers in EPublic with personalized
commodities.

Let the shares of the firm of consumers be ¢; € [0, 1] for Vi = 1,2 and };_; ,0; = 1.

It consists of {{zz, hiticia {z*,h*}}and {pt,pj, } € RA\ {0} s.t

- For Vi =1,2, {2}, h}},_ 5 solves
max;, p.\Wi (2i, M)
st.p*-zi+p; hi <p*rwit6; (Zi:l,Qp*m - h* —p* - 2¥)
ii. {z*,h*} solves
maxp —p 2+ 490, b
st. h <kzfor k>0and z>0

i 3o, 02 <D pwi+27
ht = h* for Vi =1,2
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(b) Pareto optimality

(<§i’ﬁi>iel , (2,?1)) is pareto optimal
if Fanother feasible ((z h)icr» (2 " h)) st

’[,”L

for Vi € I, (2, hl) =i (zh> and
for at least one ¢/, (2, h}) = <2i, IA"LZ)
First order condition for pareto optimality

If ((zz,hl) o (2, iL)) is interior, it satisfies
(S

Qe at
el g = %fh- & et MRS; (2, hi) = MRT (2, h)
Oz; z

(c) Every Lindahl equilibrium is pareto optimal
Suppose 7;is L.n.s. for Vi € 1.
Let [{{zz, ier 125, h*}} {p*,p}"l }] be a Lindahl equilibrium with transfers.
Then {{z},h}},c;. {z*,h*}} is pareto optimal.

Suppose not. Then Janother feasible allocation ((2',h});;, (2, h})) s.t
for Vi € I, (k) =i (zh> and
for at least one ¢/, (¢, hf) >; (%/,ﬁ@v) .
Then for at least one 7,
(/by} =i (s ) — ™2 i Wy > D"y i,y = P e t0s-(Liey i, b —p"+2")
By the fact above and Ln.s. of 77;, for Vi # 7/,
(2, h) 7 (zi,hZ') — p*- 2 + P - b} > p*-x 4 pj, hf = p*-e;+0i-(zi€1p2;-h;‘—p*-z*)
ZZGI % +ph/ doierhi > P Y ierei+ 2 e Oie (Ezelph' hi —p*-2%)
"D ier % +phg Dierhi >0 Y6+ (Zzelph’ hi —p* - 2")
P (Cierei — ) +ph; et > Yerei + (Cier phg hi —p*-2Y)
From the feasibility, — D}/ = > ijer M — D" -2 > > i - b —p* - 2*
sz; e =2 > Zielng hE—pte 2t
It contradicts that {z*, h*} solves firm’s maximization problem.

Therefore,

2. PSet #5-1, Midterm
L = 2; x is a private good, h is nonrivalrous public good
1=2
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U; (J}i, hi) =x; +ai\/h_i forVi =1,2
e; = (10,0) for Vi =1,2
;=1 forVi=1,2

J=1
Y ={(-

h)y€ R? |y >0,h <y}

(a) Find CE with private provision of public good
A CE with private provision of public good in E consists of {{xz, P ier ,{y*,h*}}and

{p*,

i.

ii.

P} € RZ\{0} s.t
{y*,h*} solves

max, )| pp, - h|— D"y

st. h</yandy >0
Since both utility function are strictly monotone, p* € Ri i
Normalize pj = 1

max(, p)| pj, - h|—y

st. h <,/y and y >0
phoh=y<pn y—y=—(Y
7 (p*) is maximized as < when y =
For Vi € I, {x},h}}, ; solves

MaX (g, k)i + az\/lTi

st. p*-x +pj - hi <p*-ei+0; - (pf, - R+ - 2)
Because a; < aq, MU; < MU, so that only agent 2 buys public good and consumer
1 will free ride.

—5) 4 (%)’

)
Lp=2

Consumer 2

maX(127h2)x2+4\/E
st. xo+pr-he <10 —I—‘Qsi
22+ 4/ha <10+ % — pp, - hy +4/hs
= —pn(he — 2R+ — ) +10+ 5

2
=—pn (Vi —2) +10+ 5%
Therefore, he maximizes his utility when hy = ;%
e P A4 "
x2:10+—§"—ph'h2 :10+_8h — =

Ph
Consumer 1

MaX(z; ;)1 )
st. x1 <10+ Bg“
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(b)

2

she maximizes her utility when z; = 10 + Esb'

i | Y ier @y < D ier€i +y°
Dk pi_ 4 pi

1045 +104+7 —5- <205

2
P
B<d —p, <2

ZZEI h;k = "
E < oy >2
Therefore, pp, = 2

m(p*) =1wheny=1,h=1
hy =1,29 =8.5

x1 = 10.5

up (10.5,1) =12.5

up (8.5,1) =12.5

Is it pareto optimal? NO!!!

To find Pareto optimal allocation,
maxxy + 2\/_71
s.t. xo +4vh > 12.5 for Vi £ 1
r1+22<20—y

h<y
First order conditions will be(if the solution is interior)
Qu; 1 ﬂ
D iel 3_; - E + E =—- =%
2\/?/ 9y
\/h =2y =2h
2
h = (2)4
v= 3’

:1:2212.5—4W =12.5—4(3 )3 =7.921
1=20—y—x9 =20 — (2) —7.921 = 10.362

ur (10362, (g)ﬁ) —10.362+2 (3)% = 12.982 > 1255
u (7921, (§)§> = 7.921+4(2)% = 13161 > 125

A Lindahl equilibrium is a price equilibrium with transfers in EP*Y%¢ with personalized
commodities.

Let the shares of the firm of consumers be 0; € [0, 1] for Vi = 1,2 and ) };_; ,0; = 1.
It consists of {{:1:1, hiti_q o y* P} }and {vt, pf,} € RA\ {0} st
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i. For Vi =1,2, {x},h}},_; 5 solves
max (g, )i (T4 hi)
st.p*xi+pp - hi<p'-eit+b;- (—p" - y" + > i—12Ph, * h*)
ii. {y*,h*} solves
max p) —Pp* Y+ 19Pp, b
st. h < yandy >0
i, Y0 <Y imiaei + Y
iv. hf =h*forVi=1,2

3. Fall 1999 III-1
L = 2; x is a private good, h is nonrivalrous public good
1=2
i (x4, hi) = @i +a/hi for Vi = 1,2
a1 = 3,a2 =1
ei = (3,0),e2 = (2,0)
;=1 forVi=1,2
J=1
Y ={(-y,h) € R? |y >0,h < Jy}

(a) r1=22=2,y=1h=1
Is it pareto optimal?
To find Pareto optimal allocation,
maxzy + 3\/7L
s.t. xo+ \/71 > ug for Vi #£ 1
T1+r2<5-y

h <.\

First order conditions for Pareto optimality will be(if the solution is interior)
Bu

J_
Z _ 231}1 + 231h
ze[ 3“

2 _
2\/h 2\/h 2\/__%

_1_:

2\/y

2RER

h=1
y=1
To > ug— 1

When ug = 3, x20 =2
r1=5—-1—220=2
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Because utility function is strictly monotone and continuous, any allocation that is a
solution to this maximization problem is Pareto optimal.

(b) Find CE with private provision of public good
A CE with private provision of public good in E consists of {{x;‘, [ ,{y*,h*}}and
{r*. ph} € R1\{0} s.t

{y"

,h*} solves

max, )| pj, - h|—p* -y
st. h<\fyandy >0
For Vi € I, {z},h} },o; solves

MaX(g; h;)Li + al\/E

st.p*-xi+prchi <p*eei+0i- (- b+ " - y")

DicrTi <D er€ityt

ZiEI h;‘k =h*

L.

ii.

{y*,h*} solves
max p) p, - h|— Py
st. h < fyandy >0
Since both utility function are strictly monotone, p* € Ri 4
Normalize p} = 1
max p)| Py h|—y
st. h <,/y and y >0
ph-h—y<p-Ji-y=—(Vi—-%) +(%)
7 (p*) is maximized as 5 when y = %i,h =&
For Vi € I, {z},h}};c; solves
maX(p, ) @i + i/
st.p*-x;+pi-hy <p*oe+0; - (pf - R Fp" - 2Y)
Because a; > ag, MU; > MU, so that only agent 1 buys public good and consumer
2 will free ride.

Consumer 1

max (g, p) %1+ 3V
st. z14+ph - S3+2§‘

—_— 2 —_—
214 3vh1 <3+ —py - by + 3R
_ Jorh
=i (I _%m;@% — )34k
= —pn (Vi — &) +3 + 2
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Therefore, he maximizes his utility when h; = Z;;L?
h

2 2
xy=3+5 —pp- b =348 5%

4py,

MAX (25, hy) T2

st my <24 B
she maximizes her utility when xo =2 + gg,_
i | D ier @i < Yierei +y
244 434 L4 = <5-

2
By -9 9
T _’ph<

Therefore, P, = (-3)é

2 2 1
2)3 233 233
*) is maximized as LLZIL when y :LﬁL,h: 1-2-2L

™ (p
— 9
2 = 2
4(3)°
x9 =3+ bL 4ph =34+ 1_2.L _%
4(3)°
233 233
x1:5_£2z1L—3—£'2§L+‘%
4(3)°
iv. Therefore, x1 = 22 = 2,y = 1,h = 1 can not be implemented as equilibrium

allocation with private provision of the public good

(c) A Lindahl equilibrium is a price equilibrium with transfers in EP*%%¢ with personalized
commodities.

Let the shares of the firm of consumers be 6, € [0, 1] for Vi = 1,2 and °,_, ,0; = 1.

It consists of {{xz, 3 SR (AN }and {v,p; } € R3\ {0} st
For Vi =1,2, {x},hj},_, , solves

maxy, n,)Wi (Ti, i)

s.t. p*xi+ph chi <pFeei+ 0 (30 ,ph, b =D y)
{y*,h*} solves

Max(y.p) 2:1,21)7% ~h—p* -y
st. h < /yand y >0

Dic12Ti <Y 06 tY”
h¥=h* for Vi = 1,2
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i. {y*,h*} solves
Max(; p) Y ;1 9Pp, - h—P" -y
st. h < fyandy >0
Since both utility function are strictly monotone, p* € R2 .
Normalize p* = 1
max; p) (Ph, + Ph,) b=y
st. h<,/yandy >0

2 2
— ~ (o, +p;) (p}, +15,.)
(ph, +0h,) h—y <, +0h,) VU —y=—Vy——"5= ) + (5 >
* + * 2 sk + * 2 sk + *
7 (p*) is maximized as By tri) 4ph’ ) when y = (7, 4p"’) ,h = (7, Qp"’)

ii. ForVie I, {z},hf}, ; solves
MaX (g, h)Ti +ai\/h_¢
s.t. p* - @i + pp, chi <p*-ei+0;- (Zi:LQPIZ b —p*ey*)
MaX (g, p;)T1 + 3vhi
(75,
s.t. 1+ pry, -h1 <3+ 3

FOC
1'111—)\:0

2 h. — P
~
MAX (7, h,) 22 + v/ha

(B, +p})?
s.t. T2+ pp, - ho §2+—"T}3—

FOC

T9:1—-6=0
hg:é—1—2—5ph2:0
1_1_ _
2\/,1_2_ph2

i [ = 1" for Vi=1,2
DoierTi S ier€i Y

5o 11
2 /p*x 2. /p* _h*
2
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—xh =2

Or )
Ug 1
a_—h;_f',mrﬂ_ L%

i€l duy — 1 1 T L T at
Cr}a:l. 2y Jy
.

81 _9 -

2vh  2Vh 2\/ 2h

h =

y:

iv. Therefore, 1 = ©3 = 2,y = 1,h = 1 can be implemented as Lindahl Equilibrium
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8 General Equilibrium with Externality

1. Externality
An externality is present whenever the well-being of a consumer or the production possibilities

of a firm affected by the actions of another agent in the economy.

2. Environment
In £ = [{I, (?\:i?ei)iel} ,Y] s.t.
X, = R{i for Vi and X = {X;}

el
lL.n.s.
;i { (weakly)convex represented by u; (x;, h) s.t %" <0
continuous

ei ERY = 3 6 >>0

a single firm with production set Y C R represented by a transformation function F () (or

a production function f (z)) s.t. %% < 0,%5 >0

3. Assumptions

(a) 7is | strictly monotone|, [convex], continuous, complete preorder on RY — w; (z;) is C?
and quasiconcave, u, (z;) >> 0, and u; (0) =0

(b) F(y;) = 0 at transformation frontier, F(y;) is C?, F(0) < 0, F'(y) > 0, and a
| convex function|(production sets Y is convex)

4. Pareto optimality under externality
Consider the following social planner’s problem
max » . A (T, h)
S.b. D ier T <D e Y
F(y,h) <0
x; > 0for Viel
e First order condition for pareto optimality

If the solutioin is interior, it satisfies

Qu;

: = ! I
Zie[“iuf‘l-' = 'g.zhl' & Yier MRS; (z},h) = MRT (2, h)
oxl 0z
5. Equilibrium with No regulation
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e Example of No regulation(normal price equilibrium is P.O.)

We can get a result that a normal equilibrium concept with transfers can not be pareto
optimal

(a) An equilibrium with no regulation in E consists of { {z} },¢;, {y*,h*} }and {p*} € R}\ {0}
s.t
i. For Vi € I, {x}};c; solves
maX(wi)ui (xi, h*)
st.p*x; <p*oe+0;-p*y*
ii. {z*,h*} solves
max, pp* -y
st. F(y,h) <0
W Y e @3 < e+
(b) FOC
i. First order conditions
If the solution is interior,

du;

Oz _ pr _ B :
e = p =R for Vie I
oz’

J'ZL’—MFahh* = 0 which is different from FOC.
Therefore, equilibrium with no regulation is not pareto optimal(FWT fails.)

6. Remedies

(a) Pigouvian Tax
Impose a tax to the firm at ¢7, per unit of externality.
An equilibrium with Pigouvian tax in E consists of {{z} Yier s {y*,h*}}and {p*} €
RE\ {0} s.t
i. For Vi € I, {x}}, ; solves
maX(xi)ui (azi, h*)
st.p*-a; <p*-ei+0;-p*-y*
ii. {z*,h*} solves
max., pp* -y —th-h
st. F(y,h) <0
i D eraf <D ieré +y"
FOC

1. First order conditions
If the solution is interior,
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Ozp __ pr _ Fi -
= =T for Vie I

Buy
ozl
K2
OF(y.h*
bn — _ —_an
o OF(y.h*)
9y,
In order for equilibrium with Pigouvian tax to be P.O. with externality, .
Quj 2F
Z. an — an _— _lan
1€l Qug QF n
ol a2l
1

Therefore, if we set pigouvian tax rate to satisfy the above equation, equilibrium
with pigouvian tax is P.O.(FWT)

And any P.O. allocation can be decentralized as an equilibrium with a suitable
pigouvian tax rate on the firm and lump-sum transfer to consumers.

(b) Market for externality
Assign Property right v, to consumer i s.t. >, v, =1
Then an equilibrium with Property right Market in E consists of {{z},h}},.,,{y*, h*} }and
{r* i} € RE\{0} st
i. For Vi € I, {x},h}}, ; solves
max (g, ) u; (i, i)
st p xS p*eei+0;- (7Yt —p W) 0P h
ii. {z",h*} solves
max(; p)p* -y —pj - h
st. F(y,h) <0

i. First order conditions
If the solution is interior,

Diel ou; = 2 =7,

31?_ 9zl
Therefore, if we open market for externality, equilibrium with market for externality
is P.O.(FWT)

8.1 Examples

1. PSet #4-2
L=2
I=1

u(x1, T2) = X122
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e=(4,1)
J =2
Vi={(yl.13) € R?*|yi <0,ys < —y{ + 1,51 € [0, 1]}

Yo = {(41,45) € R® |y < 0,5 <~y (2—s1)}

1) Find a CE with no regulation

2) Suppose the consumer decides to shut down firm 1 and operate only firm 2. Find an
equilibrium

3) Verify whether equilibrium allocation a) and b) are pareto optimal. Find all pareto optimal
allocations

4) If two firms merge, for any level of y; <0, find the maximal level of output of y2. Does it
have a convex production set?

5) Find a Marginal cost pricing equilibrium in the equilibrium with merged firm.

(a) Find a CE with no regulation
An equilibrium with no regulation in E consists of {{x*} , {y]*, s;} }and {p*} €

jeJ
RE\ {0} s.t
{x*} solves
max(,)u ()
st ptx <ptoetp oyl +p s
For j = 1,{y},s}} solves
max(, opf - yi + 15 - v
st ys < —yl 451,01 < 0,51 €[0,1]
For j = 2,{y5} solves
max(y opf -yt + s - Y3
st Y3 <~y (2—s1),31 <0
doier T <D ier€i
i. 7 (p)
Normalize p; = 1 and pa = p.
For j =1,{yf,si} solves
rnax(y,s)yl1 +p- y21
st. y3 < =yt +s1,91 < 0,51 €[0,1]
Ay <yi+p (—yi+s) =y (1-p)+p- s
In order to maximize the profit, this firm has to emit s; = 1.
If 1 < p, then as y{ — —o0, 71 (p) — oo which is not possible in equilibrium.
Therefore, p <1.
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ii. |case 1) p=1
m(p)=vi+yd <vyl+(—yl+1)=1land yi = —yi{ +1
For j =2, {y3} solves

max(y gyf +y3

st y3 < —yf, 17 <0
mp) =y +yi<y?—yi=0
Therefore, m (p) = 0 and y3 = —y?

ma,X(m)aclxz
st.x1+29<5+1+0
122 le(ﬁ— xl) = —($1 —3)2 +9

Therefore, 1 = 3,22 =3
A CE with noregulation is {(1,1) ;2 = (3,3) ,yd = —y} + Ly} < 0,33 = —¢?,93 < 0}
iii. |case 2) p<1
() =yi+p v Sy +pe (ol +s) =i (L-p)+p
y; =0and 71 (p) =p,ys =1
For j =2, {y3} solves
Hla:’{(y,s)yl2 +py%
st y3 < —yf 97 <0
™ (p) =y +oys < v —p = (1-p)yi
yi =0and m2 (p) =0,43 =0
ma,X(m)aclxz
st. z1+pre <4+p+p+0
2 2
r1zy <22 (44 2p —pa2) = —p (332 - <2ﬂ>> R
Therefore, x4 = 2;59,331 =2+4+p
Feasibility
1 =e +y} +yf =4=2+p— p=2 which is impossible because p < 1!!!

iv. Therefore, it is only equilibrium {(1,1);z = (3,3) 45 = -yl + 1,4y} <0,y3 = —3},y§ <0}
(b) Suppose the consumer decides to shut down firm 1 and operate only firm 2. Find an

equilibrium
An equilibrium with no regulation in E consists of {z*},{y*, s*}and {p*} € RE\ {0} st
{x*} solves

max,u ()

st.p*-x <p*-e+p*-ys
For j = 2,{y5} solves

max(, opf - yi + 15 - v3

st y3 < —yf(2—s1),7 <0
Dier T S D er€i T UL HY3
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i. m(p)
Normalize p; = 1 and ps = p.
For j =2, {y3} solves
Inaﬂx(y,s)yl2 +py§
st. Y5 < —yf (2 —s1), 97 <0
First, s; = 0.
T () =vyi+pys < i —p-27=(1-2p) 17
If = 1 < p, then as yf — —00, T2 (p) — oo which is not possible in equilibrium.
Therefore p < -1
1
2

ii. [case 1) p=

maX(y,s)y% + éy%
st. y3 < 2917?/1 SO

™2 (p) = yi + 303 <
Therefore, m (p) =0 and y5 = —Qy%

Max ;)T 172
st. x1+ %xg <4540
2
ey < (15— o) = —4 (12— )"+ 3

Therefore, x; = %, Ty :%

:cl—el+y1—4+y1—>y1 —4

m=e+y3=1+1y5 —ys =

A CE with no regulation is {( ) T = (%,g) Y2 = (—i,%)}

iii. |case 2) p <3

For j = 2, {yi“} solves
Ay s i +Py2
st. Y5 < 291’ <0
™ (p) = y7 + py3 S yi —p2y7 = (1—2p) yi
y? =0 and 73 (p) = 0,45 =0
maX(x)xlxz
st. x1+pr2a <4+p+0

2 2
x1wy <xo(4d+p—pre) =—p (:Ug — (%)) 4 )
Therefore, x4 = —":9 , 1 ——'EQ
Feasibility
=€ +yl=4= 2p —p= —7 which is impossible because p < 1'”

iv. Therefore, it is only equilibrium {(1, ) x = (%, %) Y2 = (— -L-%)}

(c) Verify whether equilibrium allocation a) and b) are pareto optimal. Find all pareto
optimal allocations

First, the first equilibrium is not Pareto optimal because it is dominated by the second
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one.

In order to verify whether the second one is pareto optimal or not, we will consider the
merged firm case later.

(d) If two firms merge, for any level of y; < 0, find the maximal level of output of y2. Does
it have a convex production set?

Y1 =
YQ_

{(yl,v3) €R? |yl <0,y3 < —yi + 51,51 € [0,1]} C Y ={(yf,y3) € B> |y} < 0,95 < —y
{(v7,93) € R? |y <0,95 < —yf (2—s1)} C Y3 = {(v],43) € R? | yf <0,y < —2u7}

W2 )ER2 |y <0Oya<—y1+1} if y1€[-1,0
Y = {{(ylyZ ly1 Y2>—Y1 } Y1 ]

{(y1,12)ER2[y1<0,12 <291} if y1<—1

It is not a convex set because (0,1) and (—2,4) included, but (—1,%) is not included.
The equilibrium is the same as only firm 2 case {( ) 2) (%, ) = ( 1 2)}

Therefore, this equilibrium allocation is only pareto optimal.

(e) Find a Marginal cost pricing equilibrium in the equilibrium with merged firm.

e Note that F'(y) = w1 if y€[-1.0

(a)

y2+2y1 if y1<—1
Y < —1

for Vj € J, p* = ;] <yj*) for some v; > 0 and Fj (yj) =0

p=7(2,1).
Let y=1. Thenpj =2,p5 =1
T(p)=2y+yp =21 — 241 =0

for Vi € I, x} is 77; — maximal in B; (p*, ;) ={z; € X; | p* -2 <w;}

Consumer 1|

max,1 ] X2

s.t. 2z} + 28 <9

L1 le (9— 2(1}‘1) =-2 (CCl - %)2 +%
T = %,$2 :%

r=4+y1 -y =—
re=1+y2—y2=73
= =2p=Lz=(13).v=(-113)
Yy € [_170]

=

forVj € J, p* = ijj{ (y]*> for some y; > 0 and Fj} (y}") =0

pr=~(11).
Let v=1. Thenp] = 1,p5 =1
Tpl=ntyp=y-—ypt+l=1

for Vi € I, x} is 77; — maximal in B; (p*, ¢;) = {z; € X; | p* - x; <w;}
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maxgT122
st.zi+ad <5+1
12 S.’L’1(6—l‘1):—($1—3)2+9
r1=3,22=3
r1=4+y—yp=-1
Teo=1+y2—1y2=2
=pi=Lps=1z2=(3,3),y=(-1,2)
(c) But, pf =2,p% —1,:E—( ) =

( -E ) gives higher utility for the consumer so
that it is MCP equilibrlum

e Verify whether the MCP equilibrium allocation is Pareto optimal
Which is verified before.
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9 Choice Under Uncertainty

In previous chapters, we studied choices that result in perfectly certain outcomes. In reality, many
important economic decisions involve an element of risk. Uncertain alternatives have a structure
that we can use to restrict the preferences that rational individual holds.

9.1 Preference over risky alternatives and Expected Utility Theorem

Alternatives with uncertain outcomes are describable by means of objective probabilities defined on
an abstract set of possible outcomes. These representation of risky alternatives are called lotteries.
We assume that the decision maker has a rational preference over these lotteries. We then proceed
to derive the expected utility theorem. This theorem say that under certain conditions, we can
represent preferences by utility function possesses expected utility form. The key assumption to
this theorem is the independence axiom.

9.1.1 Preference over lotteries(risky alternatives)

1. Continuous Complete Preorder Sp 1999 I11.2.(c) |

= (with monotonicity) Continuous Utility Function

On aset X = Rﬁ, a complete preorder 77 is continuous on X,

ifforVyeX, {zeX|xzy}and {z € X |z 3y} are closed subsets of X

2. On the space of simple lotteries L, the rational(complete and transitive) preference - is
continuous
if for any 1,I',l" € L, {a €[0,1] |al+ (1 —a)l 71"} and {a €[0,1] |ad + (1 —a) ' 21"}
are closed.

3. On the space of simple lotteries L, the rational (complete and transitive) preference 7 satisfies
the independence axiom,

if for any [,0',1" € L,and o € (0,1), ' Zl e al+(1—a)l" Zzad'+ (1 —a)l”

9.1.2 Expected utility Form

The utility function U : L — R has an expected utility form
if there is an assignment of numbers (uy, ..., uy) to the N outcomes such that for every simple
lottery I = (pq,...,pn) € L, then U (1) = Zﬁle Uy, P, -
—The utility function U (-) is linear and therefore has the expected utility form.
—UBl+1-=)1")=BU{)+ (1-B)U (') for VI,I' € L and V83 € [0,1]
And a utility function with the expected utility form is called an expected utility function.
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9.1.3 Expected Utility Theorem

The continuity axiom insures that preferences on lotteries can be represented by some utility func-
tion. Because the expected utility form is linear in the probabilities, representability by the expected
utility form is equivalent to these indifference curves being straight, parallel lines.

1. If the preference 7Z; on L is represented by a utility function U (-) that has the expected utility
form, then —; satisfies the independence axiom.

Assume that :7; is represented by an expected utility function U (L) = " u,p, for ¥p =
(p1,.-spN) € L.

Let I = (p1,...,pn), I = (P, D), U = (01, ..., D), and e € (0,1).

U nl e, unpn (= EU (1) >3, unpl, (= EU ()

S ad, uppn +(1— )Y, unplh > >, unpy, + (1 —a) >, upph holds iff adl + (1 —a)l” =
all +(1—a)l”

Hence ' Zl e al+(1—a)l”" Zal + (1 —a)l”

Thus, the independence axiom holds.

2. If the rational preference 7—; on the space of lotteries L, satisfies the continuity and indepen-
dence axioms, then —; is represented by the expected utility form. That is, we can assign

~

a number u, to each outcome n = 1,2,..., N in such a manner that for any two lotteries
. N N
L= (p1,...,pn) and L' = (pf, ...,p"y) , we have L 77 L' iff 7" 4 uppn > >0 unp),

Define [ and [ as the best lottery and worst lottery in L respectively.

(a) Izl and a € (0,1) = I > al + (1 — )" =1’ by independence axiom.

(b) Let a,8€1[0,1].8>a< B-1+ (1 —B)-1= ol + (1 — )l by independence axiom
Note that y=2=2 € (0,1) and 8- T+ (1= B) L =~-T+(1—7)- [al + (1 - a)]

(c) For any | € L, 3a unique oy s.t. oyl + (1 —qy)l ~ [ by continuity axiom and by
completeness of 77 and connectedness of [0, 1]
and the uniqueness comes from (b)

(d) A function U : L — R s.t. assigns U (I) = «; for VI € L represents the preference 7~
I Z 1 — a; > ap from (b) and (c)

(e) The utility function U (-) that assigns U (I) = oy VI € L is linear and therefore has the

expected utility form.

UBl+(1—pB)1)=BU)+(1—B)U () for VI,I' € L and VB € [0, 1]
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Note that Bl + (1 —B)I' ~ [BU () + (1 =) U ()] - 1+ [BU )+ (1 =B U (I')] -1
Then ag g =pU (1) + (1 = B) U(') and from (d) , g1y =U (Bl + (1= B) 1)

3. Examples

(a) Consider the set of all lotteries with three outcomes y1, y2,y3s.t. ¥i € Rand 11 < y2 < y3
I = (p1,p2,p3) €A € R,
LetU:L(=A)— Rst. U(l)=ps3 (22:1 ylpn>
Does U satisfy the independence axiom?
NTS: if for any [,I’,” € L, and a € (0,1),
Uuiy>u(')
szl
sad+1-a)l'zad+(1-a)l”
SUd+(1-a)"y>U(d +(1-a)l")
NO!!!
Counerexample
Let I =(1,0,0), 7 = (0,1,0), and {” = (0,0,1)
Then U(l) =0>0=U(l)
Let a = —%
Then al+(1—a)l” = (3,0,3) and ol + (1 — ) I" = (0,3,3)
And U(al+(1—a)l") =31+ 3ys < 3y2+3ys=U(ad' + (1 — ) l")
(b) Using the independence axiom, show that 3/ and I as the best lottery and worst lottery
in L respectively among all lotteries on a finite set of outcomes.

9.2 Risk aversion and its measurement.

Risky alternatives can have either outcomes in terms of consumption plan or monetary outcomes.
Therefore, x can be either a consumption plan x = (z1, x2, ...,xs) withp = (p1, p2, ...,ps) {= (71, 72, ...
or z = ($500, %0, ..,$100) with p = (p1,p2, ...,ps) . But, from now on, we focus on monetary out-
come.

9.2.1 Lotteries over Monetary Outcomes

1. Denote amounts of money by the continuous variable . We can describe a monetary lottery
by means of a cumulative distribution function F:R— [0,1]. That is, for any x, F (x) is the
probability taht the realtized payoff is less than or equal to x. Note that if the distribution
function of a lottery has a density function f (-) associated with it, then F'(x) = [*__ f (t)dt
for Vz. The advantage of a formalism based on distribution fuctions over one based on density

o7



functions is that we can deal with discrete case set of outcome. The final distribution of money,
F (+), induced by a compund lottery (l1,l2,...,lk; oa, ...,ak) is just the weighted average of
the distributions induced by each of the lotteries F'(z) = Zizl apFy (z) s.t. Fi(-) is the
distribution of the payoff under lottery Ix.Therefore, we take the lottery space L to be the set
of all distribution functions over nonnegative amounts of money.

U(F) :/u(a:)dF(x) — Bu(z)

2. U (+) is defined on lotteries, but u (-) is defined on sure amounts of money.

3. What kind of properties does u(-) have?

(a) w(+) is increasing, continuous, and bounded.
(b) w(-) is concave<risk averse
(c¢) w(-) is strictly concave<strictly risk averse

9.2.2 Risk aversion

1. Risk aversion(Jensen’s inequaltiy)

If preferences can be represented by an expected utility function U (-) with a bernoulli utility
function w (-), then a decision maker is risk averse iff

Fu(z) (: / w (z) dF (x)) < u(E(2)) (: " ( / dF (a:))) for Ynondeterninistic variable z(¥F (-)

«— u (+) is concave; that is, if u (-) is C2, then /' (z) < 0 for Va
—7u(-) is concave. To show it, it is Pratt theorem.

A decision maker is risk averse if for any lottery(risk alternative) F' (-), the degenerate lottery
that yields the amount [zdF'(r) = E(v) with certainty is at least as good as the lottery
itself.

— It means that a risk of gaining or losing a dollar with the same probability is not worth
taking.
2. Risk neutrality

An economic agent is risk-neutral iff Fu (z) = >, un () pp <u (>, 2npn) = uw (E (z)) for V
nondeterministic variable x

If the decision maker is always indifferent between two lotteries, he is risk nentral and it
means that his bernoulli utility function is linear.
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3. FP 1998 IL.3
w = $1000
Two states of the world, head(H) and tail(T) s.t. pg = pr =3

(a)

Expected utility maximizing risk neutral
Suppose an agent in an economy with uncertainty is an expected utilty maximizer with a
Bernoulli utility function « (-) on a nondeterministic variable x which is a final outcome
like either a consumption plan or a monetary outcome.
An economic agent is risk-neutral iff Bu (z) = > w, () p, < u (Y, wupn) = u (£ (2))
for V nondeterministic variable x
i. «u(-) is linear; that is, if u(-) is C?, then uv” (z) = 0 for Vz
7, u() is linear for Vz
ii. iff ¢ (z,u){c(F,u)} = E(x) (: fach ({L‘)) for Vo (VF (+))
iii. iff p(x,2) = 0 for Vo and Vz > 0 with E(z) =0
If the agent is offered a lottery that pays $500= xy in H and $0= z7 in T, how much is
he willing to pay for a lottery ticket?
He is willing to pay the amount of certainty equivalence, ¢ (z,u), s.t. ¢(z,u) = F (z) =
zppm +zrpr = 33500 + $80 = $250
Suppose a lottery ticket costs $300 and that the individual can now buy information,
where information means the ability to know the state of the world before buyinh the
lottery ticket. How much will the individual be willing to pay for the information?
How much the information is worth for this agent?
If the agent buys the information with $z and knows that
i. H will happen, then he will buy the lottery ticket with $300 and he will get $500.
Therefore, his final wealth will be $1000 — $2 — $300 + $500 = $(1200 — z)
ii. L will happen, then he will not buy the lottery ticket and his final wealth will be
$(1000 — )
Then if his final wealth is as much as his initial wealth, he will values the information
s.t. —%(31200 —$z)+ -5(‘351000 — $z) = $1100 — $z > $1000
Therefore, he will pay for the information at most $100.
If we drop the assumption of risk-neutrality, does your conclution to part (a) necessarily
still hold?
No. I will construct a counterexample.
x = ($500,$0) and p = (—%,—%)
Let us assume that the agent is strictly risk averse so that his bernoulli utility function
is strictly concave s.t. u, (z) = \/x_n
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V500 = 22.361, /0 =0

Then E (z) = 38500 +4$0 = $250 and 4 x 22. 361 +4 « 0=11.181
Then his certainty equivalence is ¢ (z, u) s.t. y/c (z,u) = 11.181
and ¢(z,u) = (11.181)? = 125.01 < 250

9.2.3 Measure of intensity of risk aversion

1. Measures

(2)

Arrow-Pratt measure of A.R.A. 7, (2)

A natural candidate for measuring risk aversion is the second derivative, but the second
derivative is not invariant to affine transformation of u (-) so that

T () = — for Vnondeterministic variable

st.u' () #0

Then 7, () is invariant to increasing affine transformation of u (+).

Certainty equivalence ¢ (z,u) {c (F,u)} of x {F (-)}

The certainty equivalence of z {F' (-)}, denoted ¢ (x, u) {c(F,u)}, is the amount of money
for which the individual is indifferent between a risk alternative x { F' (-)} and the certain
amount ¢ (z,u) {c (F,u)};

Eu(z) = /u(w) dF () = ulc(z,u)] (= ulc(F,u)]) for Vo € R(and VF (+))

Therefore, the agent is risk averse iff ¢ (z,u) {c(F,u)} < Y zupn ([@dF (z)) = E ()
for Va (for VF (-) and Vz € R)

c(z,u){c(F,u)} <3 xnpn ([ 2dF (z)) = E ()

— Bu(2) (= [u(2)dF (2) = ule(zw)] (= ule(Fu)) < u(E () (=u [ 2dF (@)])
because u (-) is nondecreasing.

Risk compensation(Risk Premium)

Let z be any random variable s.t. E(z) = 0 with Var (z) = 0% = E (22) - [E(2)]* =
E (zz)

For any = and z, the Risk compensation(Risk Premium) for z at z is p (z, 2) s.t.

Eu(z+z)=u(z—p(x,2))

so that  — p(z,2) = c(x + z,u) of © + 2
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i. For small z with E (2) =0, p(z, z) ~ ro(z)o®

For each realization of random variable z, a quadratic approximation of u (x + z)

22
u(r+2) ~ U($)+UI($)'Z+“”($)E

o2
~ u(x)+d" (2)—
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(d) Probability premium = (z, €, u)
For any fixed amount of money x and Ve > 0, Probability premium 7 (z,e,u) is the
excess in winning probability over fair odds that makes the agent indifferent between
the certain outcome x and the risk alternative between two outcomes = + ¢ and = — ¢;

u(x) = (—; +7r(a:,s,u)>u(a:—|—6)+ @—w(m,e,u)>u(gg—a)

Therefore, the agent is risk averse iff 7 (z, ¢, u) > 0 for Vz and Ve > 0

2. Conclusion

Suppose an agent is an expected utility maximizer with bernoulli utility function w (-) on
amounts of money x which is a continous variable. Then

(a) The agent is risk averse
iff Bu(z)(=[u(z)dF(z)) <u(E@))(=u(fadF (z))) for V nondeterministic vari-
ables z(VF (-));
— u(-) is concave; that is, if u (-) is C2, then "’ (z) < 0 for Va
—" () is concave. To show it, it is Pratt theorem.
(b) iff c(z,u){c(F,u)} < E(z) (= [zdF (z)) for V&(VF (-))
(c) iff p(x,2) > 0 for Vo and Vz > 0 with E(z) =0
(d) iff 7 (z,z,u) > 0 for Vo and Vz >0
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9.2.4 Pratt Theorem

1. Theorem
These measures of risk aversion can be used to compare the risk aversion of two agents.

Let u; and ug be C? with uy > 0 and w) > 0, and p;, 74; be the risk compensation and
Arrow-Pratt measure of ARA respectively for agent i.

Then the followings are equivalent.

(a) an agent with ug (-) is more risk averse than another agent with wu; (+)

(b) 74 (z,u2) > 14 (z,u1) [& re2 (z) > 141 (z)] for Vrandom variable z

(c¢) uz(+) is more concave utility function than wu; (-)
iff ug (z) =9 (w1 (x)) s.t. F () which is a concave and increasing transformation; that
is, " (y) < 0 for Yy € R

(d) py(x,2) > py (z,2) for Vo and Vrandom variable z
& 7 (x, z,u2) > 7 (x, 2,u1) for Vo and Vrandom variable z

(e) co(w,u) < ¢q (x,uq) for Vo

(f) Eug(x) >wug (2') = Euy (z) > wy (z) for Vz and a riskless outcome a’

2. SP 1998 II-1 and Proof in Financial Economics
(a) & (b) & (o)

(a) (a) — (b)
Suppose Ta ($7 u2) > Ta (SC,Ul) [<:> Ta2 (SC) > Tal ('1')] for Vz
NTS: 3¢ () which is a concave and increasing transformation, ¢ (y) < 0 for Vy € R,
st ug(z) =9 (u1 (2)) = ¢ - w ()
Let ui (z) =t
Since u} > 0, Jan inverse function u; .
Define ¢ (z) = uy (ul_1 ().
1
Y (z) = uQ(ul EIE;) > 0 because u5 > 0 also so that 1) (+) is increasing.
2 (1)) 24D

" _ui@® u (t)
v ="y

_ 2 2w (Ta2 (t) —7ra1 ) —"L—L < 0 so that v (-) is concave.
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(b) (b) = (¢)
Suppose us (+) is more concave utility function than uy (-)
NTS: py (z,2) > p; (x, 2) for Va and Vrandom variable z
By the definition of risk compensation, Eu; (z + z) = u; [z — p; (x,2)] for Vi and for any
x and z
ug[x —po (,2)] = Buwg(z+2) = EfY(w (x+2))] < ¢[Eu (x+ 2)] by property of
concave function 1) (-)
Y [Buy (z+2)] = dlug [2 = py (2,2)]] = ug [z — py (2, 2)]
Because ugp is increasing, © — py (2, 2) <x — p; (z, 2)
It implies that ps (x, 2) > p1(z, 2) for Vo and Vrandom variable z
(©) (¢) = (a)
Suppose ps (z,2) > py (z,2) for Vo and Vrandom variable z
NTS: 14 (x,u2) > 1o (z,u1) [ Ta2 () > 101 (x)] for Vo
Suppose not; 3z’ s.t. 749 (') < 7ryq (o)
Since 742, Tq1 is continuous, Ja interval I of 2/ s.t. 142 (2') < 141 (o) for Vol € T
Let z € I.
Te2 () < Ta1 ().
By a contraposition of the above argument (7 (b) — T(a)), we have v (+) is strictly con-
Vex.

Then uz [z — py (z, 2)] = Eug (x + 2) = E ¢ (w1 (x4 2))] > ¢ [Bur (z+ 2)] = ¢ [ua [& — py (2, 2)
wslz — py (@,2)

Sz lo—pa(2,2)] > uzlo — py (z,2)]

<:>x—p2(x,z) >T =P (JC,Z)

& py(x,2) < py(z,2) for z € 1.

But, it contradicts the assumption.

Therefore, (a) < (b) < (¢)
3. Proof in Mas-colell
(a) & (b) & () & (d) & (e)
Furthermore, we can extend what we have done.
(a) (a)— (d)
Suppose uz2 (-) is more concave utility function than u; (-)

NTS: ¢z (x,u2) <1 (x,uy) for Vo
By the definition of certainty equivalence, Fu; (z) = u; [¢; (x,u;)] for Vi and for any x
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uzlca (z,u2)] = Fug () = E(u1 (x))] < ¥ [Eu (z)] by property of concave function

¥ ()

¥ [Bug (2)] = 1 [ur [e1 (2, ug)]] = w

Because ug is increasing, ¢ (z, u2)
b) (@)~ (@

We can use the same argument for the above case((c) — (a))

(¢) (d) = ()

—:

2[e1 (z,up)]
<ec1(x,u) for Vo

Suppose ¢z (x, uz) < ¢ (x,uy) for V.

NTS: Fug(z) > uz(2') — Euy (x) > uy (2') for Vo and a riskless outcome
uz [ca (z, u2)] = Busg (x) > ua (') and ug (+) is increasing so that ca (x, ug) > 2’
Then Eup (z) =y [e1 (z, u1)] > w1 [e2 (x, ug)] > w1 [2'] because u;g (+) is also increasing.
<

Suppose Fug (x) > ug (z') — Euy (x) > wy (z') for Vz and a riskless outcome 2’
NTS: ¢3 (x,uq) < ¢ (x,uq) for V.

[Eug () 2 ug (¢/)] — [Bur (z) = w1 (2)]

& {luzfea (2, u2)] = uz ()] — [ua [er (2, u1)] = wa ()]}

= {lea (2, u2) 2 2] — [e1 (2, 1) > 2]}

— {ca(z,u2) <ecr(x,ur)}

We use here a mathematical fact that {[a > ] — [b > ]} — {a < b}

4. Corollaries

(a) p(x,z) is decreasing(constant) in z for Vz iff r, (z) is decreasing(constant) in .
Here z is the initial wealth.
Let 1 > xo.
[o(1,2) < p(22,2)] & [rqg (11 + 2) <7q (224 2)]
Define u (z; + 2z) = u; (2) and rq (z; 4+ 2) =7i (2)
w(zi +ci(z,u) = ui (¢ (2,u4)) = Fui (2) = Bu(x; + 2) = u (e (x + z,u))
Therefore, ¢; (z; + z,u) = ¢ (2, u;) + x;

p(x1,2) < p(x2,2) for Vz
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x1 —c1 (a1 +2,u) < xa— g (w2 + 2,u) forV z

x1 —[c1(z,u1) + 1] < x2 —[c2 (2, u2) + 2] for Vz
a1 (z,u1) > c2 (2, u2) for Vz

r1(2) <ra(z) for Vz

t ¢0 0

M < _ﬂizlﬁ for Vz

uy (2) uh (2)

v’ (1 +2) v’ (9 + 2)
Sl (zi+2) 0 (z2+2)
ro (1 +2) <7Tq(x2+2) forVvz

for V z

3

0

9.2.5 Optimal Portfolio with Risk aversion

1. Insurance

Strictly risk averse agent with an initial wealth w but confronts a loss of D dollars with
probability m

one unit of insurance costs ¢ dollars and pays 1 dollar if the loss happens.

Assume that he buys « unit of insurance

w— aq with (1 —)

Wealth{ w— aq + D with 7
tmaxyc. (1 - m)u (w— ag) +7u (w —ag — D +a)
FOC.
. (1—7T)u'(w—ozq)(—q)—|—7ru'(w—cyq—D—Fcy)(l—q)S()ifoz<l;2 s
@ (I-mu(w—aq)(—q)+m(w—ag—D+a)(1—q)>0if a>0 with =0/if a €
(0:4)
(a) g=m

o (I-mu (w—agq)(—q) +mv'(w—ag—D+a)(l—q) <0if a< ¥ with =0 if

(I-mu(w—aq)(—q)+7d (w—ag—D+a)(l—q) >0ifa>0

o€ (O, l;)

Since v/ (w — D) > o/ (w) , a* > 0.

u'(w—ag—D+a)=u(w—ag)

By strict concavity of u (-), D = o*

Therefore, if insurance if actuarially fair(the price of insurance is equal to the expected
cost of insurance), then the strict risk averse agent will completely insure.
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Then it allows him to have w — 7D with certainty.
qg>Tm
Since v/ (w — D) > v/ (w) , a* > 0.
Then (1 —7)u (w—aq) (—q) + 7' (w —ag—D +a)(1—q)=0
v (w—ag—Dta) _ (1-m)q >0

v (w—aq) m(1-q)
u'(w—ag—D+a)>u (w—ag)
— w—a*¢— D+ a* <w— a*qby strict concavity of u (-)
—a* <D

—

Then he will not completely insure.

2. Optimal portfolio with one risky asset

(2)

p1 : current price of risky asset
P9 : current price of risk free asset

« : portfolio weight of risky asset

[ : portfolio weight of risk free asset

w : endowment= o + 3

a : amount of risky asset in portfolio

r’ : return on risky asset

r : return on risk free asset

st. Er' >r

an agent utility function is u (z) = —e~% for x € R and some 6 > 0

/
aé%%}éo Fu (ar + ﬁr)

= max Bu(ar + (w—a)r)

= E F—
alél[gi(u] u(wr + o(r’ —7))

_ Jél[ﬁ,’fu]E [_670(wr+a(r’fr)}

Show that if Er' > r, then a* >0
—0F |(r' — 1) - —e~Owrta’= 1 <0 if o <w
—0F |(r' — 1) - —e~0wrta" )| > 0/if o > 0

Ifa* =0 <w,—0E [(r —r)- —e_ewr] =0 (—6_0“”") E(@ —r)=0 (e—eu”’) (Br' —7) >
0 which is a contradiction
So that 0 < o* < w and then —0F [(fr’ —r)- —e_e(w”ra(?“'—r)} =0

with =0 if o* € (0, w)
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(c) With the natural restriction on asset holdings,
Show that a* in the risky asset is a decreasing function of the measure of risk aversion.f

— _ul(z)

First, Arrow-Pratt measure of absolute risk aversion 74 (z) = ) = 6 > 0 so that
u (+) has constant absolute risk aversion
and the expected wealth of this agent is ar’ + fr
FOC.
a: —0F [(r’ —r)- —6*9(“”"*0‘(’”,”")} =0 for a* € (0, w)
Implicit function theorem
Let f (0,a*) = —0F [(r’ —r)- —e—e(“’“fa(“—r)]
%5 ’a:a*: HQE [(7" _ T)2 . _efﬁ(wera(r’fr)] <0 (7& O)
Then Ja C! function g (6) = o defined on an interval I around 6 s.t.
f(0,g(0)) =0 for V0 € I and
1 0 —O(wr4a(r' —r —0O(wr r'—r
with &L = 0F [(wTJr A’ — 1)) - (1 —7) - —e0wrtal )]—E [(r/ ) - e flwrtal )}

= faF [(r’ —r)*. —6_9(“’”“(7”/_7")} <0,

Qo _ ./ __ﬁ 0

da
Therefore, the investor’s optimal investment in the risky asset is a decreasing function

of the measure of risk aversion.
Proof of E [(r’ — ). _6—9(wr+0¢(7"'—7“)w <0

B [(T’ -r)?. —e“’(w’*a(r’—?’)} = F [(r/ ) e Bwrta(r —1)
= —E(r - 7“)2 B [efe(erra(r’fr)]

Since 7 has a compact support; that is, 3B > 0 s.t. e~ 0wr+a(’=) > B and E (' — r)* >
0, therefore E (' —r)* - E [6—9(wr+a(7"’—r)} >B-E@ —71)?>0

(d) Show that a* is independent of the investor’s initial wealth if her utility function
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a: —0FE [(r’ —r)- —e*H(wHO‘(’"Lr)} =0 for o™ € (0, w)

0 = —-0F [(r’ —7«) . _6*9(107”+01(T’7r):|

= —0(Er —r)- { —0((w— a)’"mr)]

— o) B[
- #[-

—0(w—a)r | _efeon”]

/
efe(wfa)r . _67000“ ]

= —0- (—e_e(w D‘)T> - Er'- E( —9ar> +0-r- ( e 9(“’_“‘)’") E [—6_90”/]

0- (—e_e(w_a)r> -Er'-E (—6_90”/> = 0. (—e_g(w_o‘)r) -r- K [—e_eo”l]
Er-E (—6_90”/> = r-F [—e_‘ga’"/}
(Er' —r)-FE (—e_eo‘rl> =0

Therefore, the value of a* will be derived from here will not depend on w.

If there is no arbitrage and portfolio is restricted to nonnegative, then the optimal choice
of «r is in a compact set and there is a solution.

If the agent is strictly risk averse, then the optimal portfolio is unique.

In the optimal portfolio choice problem, if agent ug is more risk averse than another
agent with uy, then ay < ag.

Let a1, a0 € (0, wi)

Eu; i(r' —
Oéirél[%,}fl)i] ui (wr +ai(r' —r))

Then (Er' —r) - Eul (wr + of(r" —r))] =0 for o € (0,w;)

Let f(af) = (Er' —7r) - Eu} (wr +af (1" —r))] is a decreasing function with respect to
af because ] () is a decreasing function with respect to o.

fa(a8) = (Br' —r) - E [u (wr + (' — )]

f2(01) = (Br' —r)-Efuy (wr +aj(r' —r))] = (Br' —r)-E{¢/ [uy (wr + a4 (" = 7))} - up (wr + o

()
an agent consumers a single good at two dates t =1,2
endowment wi and uncertain endowment ws

expected utility function with a strictly increasing time separablity « : Ry — R with
pe(0,1)
A single risk free asset with (14 r)
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The agent is strictly risk averse with u () which is C2.
Show that his investment in this asset is an increasing function of wy

The agent buys « unit of risk free asset in ¢t = 1 and get the return (1 +7)a at t =2

I(Illg%cu(wl —a)+ BEuw2 + (14 7)q

FOC.

a:u (w —a*)(=1)+ BEu [wy +(1+r)a*](14+7) =0

Implicit function theorem

Let f (wy,0*) = —u/ (w1 — &*) + BEU [wa+ (L +7)a*| (1 +7)

O | =" (w1 — ) + B (1 +7)% Bu [we + (1 4+7)a*] <0(#£0)
Then Ja C! function g (w1) = * defined on an interval I around wy s.t.
f(wi,g(wr)) =0 for Yuy € I and

with 6_(21% =—u" (w1 —a*) >0,

B0 _ ol () —

ow; 9 (wl)__gt >0

da
Therefore, his investment in this asset is an increasing function of wy € I

—'The risk free asset is a normal good

an agent consumes a single good at two dates t = 1,2

endowment w at t =1

Without uncertainty, he consumes w — o/ at t =1 and o’ at t = 2.

Now we introduce uncertainty in this economy.

expected utility function with a strictly increasing time separablity « : Ry — R with
Be(0,1)

the agent saves(invests) to risky asset & among w and at the second period, he gets a+y
The agent is strictly risk averse with  (-) which is C2.

Show that if E v/ (¢/ +y)] > v (&), then o* > o/

The agent buys « unit of risky asset in¢ = 1 and get the return (1 + r) o with uncertainty
att =2

maxu (w — &) + SEu [a +y]

a>0

FOC.
o (w—af) = u []

o (w— o) = BEU [ + 3]
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Assume FE [u/ [0 +y]] > v (o)

Suppose not; a* < o' & w—a* > w—ao'

Then v (w — o*) < W/ (w—a')

< Eu [of +y] < o' [¢/] which is a contradiction!!!
Therefore, if E[u' (¢/ +y)] >’ (<), then o > o/

9.3 Stochastic Order

Comparison of alternative distributions of monetary returns. We ask then one distribution of
monetary returns can unambiguously better than another, and also when one distribution is more
risky than another.

9.4 States of World

1. We extend it by allowing utility to depend on stats of nature underlying the uncertainty
as well as on the monetary payoffs. In the process, we develop a framework for modeling
uncertainty in terms of these underlying states.

9.5 Subjective probability

1. The assumption that uncertain prospects are offered to us with known objective probabilities
is rarely in reality. The subjective probability framework offers a way of modeling choice
under uncertainty in which the probabilities of different risky alternatives are not given to
the decision maker in any objective way.
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10 General Equilibrium under Uncertainty

So far we have treated our commodities which are distinct and physically tradable real objects.
But, usually the usefulness of a commidity may depend on uncertain, external circumstances. To
model this type of resource allocation problem, we can use the concept of a contingent commodity.
A commodity such as medical care can be subdivided into many different artificial commodities,
each of which has the interpretation “medical care is provided under circumstance s.”

With I consumer, there are 2! different states of nature, each corresponding to a different
configuration of health across the population. We can therefore imagine 27 different commodities
called medical cares.

One of the strengths of general equilibrium theory is its ability to deal with arbitrary number
of commodities. Therefore, even though it seems difficult to conceive of a very large number of
markets for a very large number of contingent commodities, all the welfare theorems turn out to
applicable to this uncertainty setting.

10.1 Contingent Commodities

We begin by formalizing uncertainty by means of states of the world and introducing the key idea
of a contingent commodity: a commodity whose delivery is conditional on the realized state of the
world.

1. Environment
Commodity Space=RL
X; :Rfi for Vi € 1
Y; C RE for Vj € J

0i; € [0,1] for Vi,j st. > ;cr6ij =1 for Vj —The firm’s share is also state contingent, but
here we assume it does not for simplicity.
The new element is that technologies, endowment, and preferences are now uncertain. These

depend on the state of the world. The state of the world is a complete description of a possible
outcome of uncertainty. We assume that an exhaustive set S of states of the world is given.

2. Defintion

For every physical commodity [ € L and states s € S, a unit of state contingent commodity

[s is a title to receive a unit of the physical good [ iff state s occurs. Accordingly, a state contin-

gent commodity vector is specified by x = {(x11, 221, ..., xL1) , (T12, 222, ., TL2) 5 oy (L1, .o, TLS)} €
RZLS and is understood as an entitlement to receive the commodity vector (zis, T2s, ..., TLs)
when state s occurs.

3. Charateristics of Economic agent depending on states of the world
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(a)
(b)

(d)

ei = {(el1. €51, - €h1) s (€9, €ha, s €la) sy (€lgsnmn€ly) } € RYS

>defined on X; C RLS

the consumer evaluates contingent commodity vectors by first assigning to state s a prob-
ability 7% (could be subjective or objective), then evaluating the physical commodity vec-
tors at state s according to Bernoullli state dependent utility function uf (2, a5, ...,2%,)
and finally computing the expected utility. That is the preferences of consumer ¢ over
two contingent commodity vectors z;,7; € X; C RS satisfy

x; 7w iff Y scs il (m’is, xés, ey x’LS) = EU; (x;) > EU; (z}) = > scs miul (m'fs, a:'QiS, ...,x'Lis)

It should be emphasized that the preferences —;are in the nature of ex ante prefer-
ences; the random variables describing possible consumptions are evaluated before the
resolution of uncertainty.

Y; C RES

y; € RLS is a state contingent production plan if the input-output vector (y{ gr e y7L8>
of physical commodities is feasible for firm j when state s occurs.

Yi = <<y{1,y;1> ; (3/{2»1/;2)) € R*?

(—1,1,—1,0) is feasible, but (—1,1,0,0) is not feasible. Input decision has to be made
before uncertainty resolved.

we say a vector z € RES is measurable with respect to the family of information partitions

(I1,Ia,..., I7) if for every hts and hts’, we have zj;, = zp;s» Wwhenever s',s” belong to
the same element of the partition I like I; = {(1,2,3),(s,4,5"),(7)}

10.2 Arrow-Debreu Equilibrium

We use these tools to define the concept of an Arrow-Debreu equilibrium. It is a CE in which con-
tingent commodities are traded. An Arrow-Debreu equilibrium results in Pareto optimla allocation

of risk.

1. Environment

Commodity Space=RES
X; =R forVi el
> defined on X; C RS

— I i:l T; IHZSESWSUS (xlsvx%?

b)) = EUi (x5) > EU; (a}) =3 jeq miud, (2ffs, a4, .. al,)

ei ={(ely, €y, .iehy), (€lg, €ho, os€ly) oy (€lgrnmnely) } € RES
Y; C RIS forVj e J
04 € [0,1] for Vi, j s.t. Zie] 0;; =1 for Vj
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2. Complete market

We assume the existence of a market for every contingent commodity /s. These markets open
before the resolution of uncertainty, at date 0.

the price of commodity; pys.

what is purchased in the market for the contingent commodity Is is commitment to deliver
amounts of the physical good [ if and when state of the world s occurs.

Observe that although deliveries are contingent, the payments are not.

Also note that information should be symmetric across economic agents so that they know
that the state of the world s occurs.

3. Definition

(a) In the production economy E, with uncertainty, a Competitive Equilibrium, which we
call an Arrow-Debreu equilibrium, consists of {{xf}zd , {y;}jeJ} € REST. RLST and
p* € RES\ {0} s.t.
i. forVi € I, z} is 77; — maximalin B; (p*,e;) = {xz eEXi|ptxi<p e+ Z]EJQU -p*- yj}
& ] € argmaxy, e g,(pe;) EUi (xi) s.t.
B; (p*,ei) = {xz €Xi|pwi <p*eit) i b p" yj*}
ii. for Vj € J, yr €Y, ptoy <ty for Vy; € Y;
. Y er @y <D ere+ 2 jesy;
(b) In the pure exchange economy FE with uncertainty,
an Arrow-Debreu equilibrium consists of {z}},.; € REST and p* € RES\ {0} s.t.
i. for Vi € I, o} is 77; — maximal in B; (p*,e;) = {x; € X; | p* - 2; < p* - &}
& f € argmaxy, ¢ p,(pre;) EUi (7:) st B (p*,e;) = {zi € Xi [ p* -2 < p*- e}
e Y ier @ <D e
4. Final 1999 #2
Without uncertainty and With uncertaintyl
LIS
Commodity Space=R™
X; =RYS forviel
Consumers have the same probabilities 75 € (0,1) for s € S.
>idefined on X; C RLS
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— m; 7 @ i S e gt (2si) = EU; (w3) > EU; (7)) = 3 geg st (2);)

st

and wu; (+) is strictly concave, strictly monotone, and continuous.

e;i = {(€1sis €2si -, €Lsi) ocg € Rfﬁs and ¢, = e, for Vs € S; that is, no aggregate risk.

(a)

Without uncertainty

S=1

Let p* € Ri and {z}},.; € R be an Arrow equilibrium in this case.
Then it must solve that

s.t. px; < pe;
and
Zx}"z < Ze“ for vVl € L
iel iel
F.O.N.S.C.s are
Sy ac*l.
dxy ; _ £*L
—“—mi:w:m: =0 forVi,m € L
0wy

With uncertainty

The consumer ¢’s maximization problem is

max Zwsui (i)
Tsi

seS
s.t. Zpsxsi S Zpsesi
sES s€S
and
lesi = Zelsi for Vie L and Vs € S
i€l i€l
F.O.N.S.C.s are
du;j Ty e
Ts
_° Omg _ Dis
wsaqgi”” T = forVim e L at Vs € S
Bui(e)e;)
and =22 — P for V€ [, Vs,s' € S, Vi€l
- Ou; LI Pist ’ ’ ’
s/ oz

1s'i

pE RJLFS and {Z;};c; € RiSI s.t. ps = msp* for Vs and T4 = xf for Vs and Vi constitutes
an Arrow-Debreu equilibrium under uncertainty.
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Ou; ()¢5

TS gy -
i 9% DPis / ;
i. (e ﬁlslfor Vie L,Vs,s € S,Viel
!
s aTls/i
oo 2ui(Eg) W%@l&ﬁ
S dxgy.; __ DPis __ - Tl g4 h .
— i = = . as to be satisfied.
Wlaui!wl/. Pisr ﬂ_lau?‘!xlslv!
s les/i s dmls/ .
(o ous (7, /. .
Suppose not; 6“5;%” + %gﬁs’li’ ) for some [ € L,somei € I.
S YN .
W.l.o.g., we have a’gﬁf’,’) Cf,ilx’, f“) for
Ouj(T1s;)  Ouy (F1or;) L
= > Dy for Vj #1i

— Ty < Xy forVie
Then > icr Z1si = D ieq €1si < D ierListi = Dicq €s'i
which contradicts to the assumption that there is no aggregate risk.
Therefore, Zig; = Ti9i = Ty = ay; for Vi e IVl € L
Ou; ()¢5 e du,; z*l.

.. Ts 0T dxy;
Llss — L5 __ Zs __ Pis /
ii. () o) e st’for VieL,Vs,s €8
Ts! 0wy, Ts' ™ 0wy,
Ou; ) ! ou; x*l-
Ts Oy . :ﬂ's Ox; . :Lﬁ_:_p&fOIVZmGLat\V/SGS
T M Oug(x* . Ts D, Pms ’
S 0T Ts T i

pE Ris s.t. ps = wep* for Vs
iii. This allocation is feasible automatically by construction.

(c) What if at least one consumer’s subjective probabilities are different from 77

| Counterexamplel

L=1,1=2,5=2withu; (xs) = Inzg for Vs, i.
r=(L4) = randm=(3.1)

Then for equilibrium condition,

the following has to be satisfied.

1

mus (1) py L Iu oD

mo1u)(x21) T p2 ;‘5 p2
wyoul (x o
12uh(T12) _ p 0 _ D1
and =& 59 =
7T22U’2(3322) P2 $ P2
21 _ oz
z11 z12

Therefore, we can not have x11 = x21 = 1 and x12 = x92 = x2 at the same time so that
the above result is not satisfied.

5. Pareto Optimality

(a) | Every Pareto optimal allocation is state-independent(PSet #8-1)
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Each consumer’s preferences over state contingent commodities have an expected utility

representation with [ common probabilities (7‘(‘% =72 =7, =73 = m2).

| Consumers are strictly risk aversel, and

there is |no aggregate risk|(e% +el=e =ex=¢€}+e} =efor Vs=1,2); ie. the ag
gregate endowment is state-independent.

Suppose not; i.e., Ja Pareto optimal allocation z = { (¢!, 2?) _ , (¢!,2?) _,} € R}?*? =
R st. 2} # 2} and 27 # 23
Construct 2’ = { (2, 22) (2, 2?),_ } € R3?*2st. ot = aff = m -2} + 7225 and

s=1"
12 _ .12
a:lz—x22—7r1 ~x%—|—7r2-932.

We will show that 2’ pareto dominates x.and it is feasible.

i. Because consumers are strictly risk averse, the expected utility functions are strictly
concave for both agents.
EU, (xll) =T1U] (x’ll)+7r2u1 (33’21) = (7T1 —+ 7T2) Ul (.r/ll) =u (mlll) =u (71’1 . $% + 79 - x%)
> miuy (x%) + mauy (x%) = kU (xl)
EU, (:1:2’) = T1U2 (x’12)—|—7r2u2 (a:’22) = (m1 + 72) u2 (x’lz) = Uy (m’f) = Uy (7r1 ~x? 4 To - a:%)
> MU (m%) + mous (m%) = FEUs (:L‘2)
Therefore, 2/ pareto dominates x

i, dl+ ol =m o altmyal+m ottt =m ety e =(m+ M) e=¢

dh+af =mal vyl a4y i =T e g ea= (T + M) e=e
Therefore, 2’ is feasible.
which is a contradiction!!!!
iii. Important Examples

1) If agents do have the common probabilities, then a pareto optimal allocation
can be state-dependent.
2) If there is an aggregate risk(e! +e? = (2, 1)), then at any point of pareto set, the
common marginal rate of substitution is smaller than the ratio of probabilities

Quy Qug

ozl a2

I >t = = —

(71'2 Quy Qug D2
— ﬁ is negatively correlated with total endowment of good 2
—contingent instruments(a unit of contingent consumption) are comparatively more
valuable if their returns(the amount of consumption in the different states) are
negatively correlated with the market return(the aggregate initial endowment)

(b) L=1or2,I=2,5=2
e ER?H or Riifor Vi=1,2

Each consumer’s preferences over state contingent commodities have an expected utility

representation with | common probabilities|(r} = 72 = 71, 7 = 73 = m2).
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| Consumers are strictly risk averse|, and

there isl no aggregate riskl(e% +ed=e1=e=eb+e3=eforVs=12)

show that an allocation (z!,2%) € R3? with i = me} +mae} for Vi = 1,2, and Vs =1, 2
together with price (pq, py) = (71, 79) constitute an Arrow-Debreu equilibrium for this
economy.

Without production,

In the pure exchange economy E with uncertainty, a Competitive Equilibrium, which
we call an Arrow-Debreu equilibrium, consists of {z}},_; € REST and p* € RES\ {0} s.t.
for Vi € I, x} is 77; — maximal in B; (p*,e;) = {xz € X;|pr-at < p*- ei}

& o €argmax, ep, (o) BUi () s.b. Bi (p*,ei) = {wi € Xi | p*-a? < p*- €'}

Dier Ti < D ieri

For Vi =1,2,

In this case, EU; (x;) = mu; (23) 4 mou; (x%) with p} - 2§ + p5 - o < pf - €} + pb - €}
FOC

iomug (o

0
0

S
DO ¥ %

i) -
zh Tou, (mé)

T m’lj _p
7r2u (mé) Py

A

*

*

~

T\
— 4 (1) =
— 951 =xb=ux
Tt +mort = mal + moxh = pi - &l +ph-ab =pi- € +ph- b =mel + maeh
— (m +m)r’ = me] +maeh
— a2t = Wle’i —|—7rgeé
We need to feasibility.

Ty 2 0.2 1 1 2 2 _ _ ERTY
i+ i = o' +2° =mie; +moey +miey +moes; = mier + moex = (w1 + m2) e = elll
Final 1998
L=1or2,1=2,5=2

Each consumer’s preferences over state contingent commodities have an expected utility

representation with | common probabilities (7‘(‘% =73 =71, T =74 = m).

| Consumer 1 is risk—neutrall and | Consumer 2 is strictly risk averse |

Consumption allocation is restricted to be nonnegative.

Show that the consumption plan of the strictly risk averse consumer in every pareto
optimal allocation is state-independent.

Each consumer’s preferences over state contingent commodities have an expected utility

representation with [ common probabilities|(n} = 7% = 71, 75 = 73 = ™)

7



Then each consumer’s expected utililty can be represented by U; (a:zl,:clz) = T1U; (3321) +
o (xé) for Vi =1,2

Because consumer 2’s expected utility function is strictly concave and strictly increasing,
from his expected utility maximization, we will get the interior solution as consumption
plan.

Let z = {(z%,2%) _,, (¢',2%) _,} € R1*? be a pareto optimal allocation.

Then the interior pareto optimality condition gives us that
2

mus(27)  py

7r2u’2(x§) T p2

Because consumer 1 is risk neutral, he has a linear expected utility function and then
myu (oh _m_n

wzu’l(x%) T2 p2

It implies that u (27) = u} (23)

Then 2?3 = z3.

Therefore, consumer 2’s consumption plan is state-independent in any Pareto optimal
allocation.

6. Welfare Theorems
The welfare theorems apply without modification to the Arrow-Debreu equilibrium.

Especially, the convexity assumptions appears in terms of risk aversion and in the expected
utility setting, the preference 7—;is convex if the expected utility function is concave.

The pareto optimality implication of Arrow-Debreu equilibrium means that the possibility of
trading in contingent commodities leads to an efficient allocation of risk.

(a) First Welfare Theorem
With monotonicity of preference =; for Vi € I, an Arrow-Debreu equilibrium

allocation {{fﬁ}ie[’ {y;k} , J} € REST x RLST with p* € RES\ {0} is pareto optimal.
j€
Suppose not; then Janother allocation {{:L‘;}Zg , {y; }jGJ} € RYST x RES7 g 4.

Dier T = Y ier € + 2 je sy;(equality is coming from monotonicity of ;)
xf 7=y af for Vi € I and

x}, =; x}, for at least one 7’ € I.

By monotonicity of 7—;and revealed preference axiom,

Tl =zl — p* -, > p* - ) for at least one ¢ € I. and

xhmial —pteal >ptaf forViel

7~
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By summing up for all agents, Y ,c;p* - a5 > > e p™ - xf = 0" i + Yies P Y;
By definition of Arrow-Debreu equilibrium,

Dt DT x> e P et D e Pyl = D P e+ ) e Py

= DierP" T > Y e P € Y et Y

— D e Ti > Yier €+ 2 ey f; which is a contradiction!!!!

Therefore, an Arrow-Debreu equilibrium allocation {{az;"} el {yj* } _ J} € RQSI « RLSJ
j€

with p* € RES\ {0} is pareto optimal.

An important reinterpretation of the concept of Arrow-Debreu equilibrium. We show
taht under the assumptions of self-fulfilling or rational expectations, Arrow-debreu equi-
libria can be implemented by combining trade in a certain restricted set of contingent
commodities with spot trade that occurs after the resolution of uncertainty. This results
in a significant reduction in the number of ex-ante markets that must operate.

Instead of trading contingent commodities prior to the resolution of uncertainty, agents
now trade assets; and instead of an Arrow-Debreu equilibrium we have the notion of
Radner equilibrium. We discuss here the important notion of arbitrage among assets.
We briefly illustrate some of the welfare difficulties raised by the possibility of incomplete
markets, that is, by the possibility of there being too few asset markets to guarantee a
fully Pareto optimal allocation of risk.

Arrow-Debreu equilibrium is Ex-ante P.O.

Ex-ante P.O.—Ex-post P.O. for Vs € S

L=21=1,5=2

Suppose x* is ex-ante P.O, but it is not ex-post P.O.

then 3s € S and. 3{{z}};,.;} € REST s.t., pareto dominates .

Then { (z*, 2))} € REST is ex-ante pareto dominate * which is a contradiction.

In summary, at ¢ = 0, the consumers can trade directly to an overall Pareto optimal
allocation; hence there is no reason for further trade to take place. In other words,
Ex-ante P.O. is Ex-post P.O. and then there is ex-post trade.

10.3 Radner Equilibrium

At an Arrow-Debreu equilibrium, all trade take place simultaneously and before the uncertainty is
resolved. Trade is one shot affair. However, in reality, trade take place to a large extent sequentially
over time,

and frequently as a consequence of information disclosures.

And if not all LS contingent commodity markets are available at ¢ = 0, then the initial trade
to a pareto optimal allocation may not be feasible and it is quite possible that ex post(after the
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realization of state s) the resulting consumption allocation is not pareto optimal. There would be
an incentive to reopen the markets and retrade.

The aim of this section is to introduce a first model of sequential trade and show that Arrow-
Debreu equilibria can be reinterpreted by means of trading precesses that actually unfold through
time. Arrow observed that even if not all the contingent commodities are available at £ = 0, it may
still be the case under some conditions that the retrading possibilities at ¢ = 1 gurantee that pareto
optimality is reached. We shall verify that the is the case whenever at least one physical commodity
can be traded contingently at ¢ = 0 if spot markets occur at ¢t = 1 and the spot equilibrium prices
are correctly anticipated at t = 0.

If spot trade can occur within each state, then the only task remaining at ¢ = 0 is to transfer
the consumer’s overall purchasing power efficiently across states. This can be accomplished using
contingent trade in a single commodity. By such a procedure we are able to reduce the number of
required forward markets for LS to S.

Faced with prices ¢ € R® at t = 0 and expected spot prices (p1, p2, ..., 0S) € R at ¢t =1, and
with no endowment at t =0 and e; = {(ei1, by, ..., eiLl) , (e’iz,e%g,..., eiLz) - (eﬁs, e b E RES
at t =1, every consumer i formulates a trading plan (zzl, ...,z’s) € R” for contingent commodities
at t = 0, as well as a set of spot market consumption plans (x’l, ,xfg) € R™ for the different
states taht may occur at ¢t = 1 satisfying

max EU; (xll, veey :Bfg)

(2,)

s.t. quzi < 0
S
DsTs < Ds€s+ DisZy

If 2% < —e, then we say that at t = 0, consumer i is selling good 1 short. This is because he is
selling at ¢ = 0, contingent on state s occuring, more than he endows at ¢t = 1 if s occurs. Hence if
s occurs, he will actually have to buy in the spot market the extra amount (— (2% + €.))of the first
good required for the fulfillment of his commitments.

To define an appropriate notion of sequential trade, we assume that consumer’s expectations
of the prices that will clear the spot markets for the different states s do actually clear them once
date t = 1 has arrived and a state s occurs.

1. Environment
Pure exchange economy
Commodity Space=R"
t=0,1
35 states in date t =1
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There is no information and no consumption at t = 0

Uncertainty resolved at date t =1

X; =R forvVi el

defined on X; = R™

— oy 7 Y gl (ac’is,xés, ...,xiLS) = EU; (z;) > EU; (2]) = g Taul (w’lis,xéis,...,a:’]-fs)
There is no initial endowment of the contingent commodity market.

ei ={(ely, €y, ...oehy), (elg, €ho, or€l) oy (€lgynmnely) } € RES

. Radner equilibrium with Arrow Securities

With no endowment at t = Oand ¢; = {(6"11,61'21,..., 1), (elg,ebhyss€ln) s (ezis, e eiLS)} €
RLS at t =1,

a Radner equilibrium {(¢,p); (2, )} consists of a collection (g, p)of a price vector ¢ € R® for
contingent first goods at t = 0 and expected spot prices p = (p1,p2,..., ps) € RY for every
state s at t = 1, and a collection (z,z) of a consumption plan (z1, ..., z5) € R5! for contingent
commodities at t = 0 and a set of spot market consumption plans (z1, ...,z5) € RFS! for the
different states s at t =1 s.t.

(a) For all Vi € I, (2*,2™) is 7Z; —maximal in
BZR = {ml € X;| for Vi € I 3z* € R® sit. > qszi <0 and for Vs € S, psgvf9 §psei, +> plsz,i7
(b) For Vs € S,

%
Dierze <0

Diel g < diel ¢

. Radner equilibrium with Asset-Markets

With no endowment at t = O and e; = {(eiu,eél,..., eiLl) s (€l €hys sy eim) ey (eﬁs, - eiLS)} €
RYS at t =1,

a Radner equilibrium {(g,7,p); (z,2)} consists of

a collection (g, r, p)of a price vector ¢ € RX and a return vector r € RX for assets at t = 0,
and expected spot prices p = (p1,p2, ..., ps) € RLS for every state s at t = 1 and

a collection (z, z) of a trading portfolio (21, ..., zx) € R for assets at t = 0 and a set of spot
market consumption plan (z1,...,xs) € REST for the different states s at t = 1 s.t.

(a) Forall Vi € I, (2", 2™) is /7, —maximal in

BR={2'e Xj|for Vie I 3z* € RN st. Y, qp2z < 0and for Vs € S, psal < psel + > prsrs
(b) For Vk € K, ;e 2 <0

ForVse 8,5, o <3, e
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e All the budget constraints at every state are HD of 0 in prices so that we normalize the
first goods price at every states p1s = 1 and (q1 =1lor ) cqqs= 1) .

e Return matrix R
11 o T1K
R:[Tl,...,TK]: :(SK) matrix

st ° TSK

4. Radner equilibrium with Arrow securities<Radner equilibrium with Assets
Suppose the asset market is complete
and with S x K return matrix R, {(¢,7,p); (2, 2)} is a Radner equilibrium with assets
Let R' = I be the S x S return identity matrix of an Arrow securities..
{(¢d,7r,p);(#,z)} is a Radner equilibrium with an Arrow security.
If RangeR =RangeR/, then z € {(q,7,p); (2,2)} &z € {(¢,r,p); (¢, z)}
RangeR = {v € R® | v = Rz for some z € RK} C R®
If RangeR =Rangel, then 32’ € R sit. Rz* = 12"

And because, in the Radner equilibrium, the asset portfolio ¢, ¢’ are arbitrage free, we have
qg=p-Rwith p€ RY | and ¢ =p- I with p € RY,

g =p-R-2t=p-1-2"=q 2"

This gives what we want.

Look at the above

5. SP 1998 III-2
Consider an exchange economy with ¢t =0,1 s.t.at t = 1, states S, L=1, I = 2.

Jdtwo Arrow Securities traded at ¢t =0

(a) Radner equilibrium with Asset-Markets
With no endowment at t = Oand e; = {(ef,€b;,..., €%, ), (ela, €hy, s €59) 5 ony (€lgr s €15) } €
RLS at t=1,
a Radner equilibrium {(q,7,p); (z,2)} consists of
a collection (g, r, p)of a price vector q € RE and a return vector r € R for assets at
t =0, and expected spot prices p = (p1, p2, ...,Ps) € RS for every state s at £ =1 and
a collection (z,z) of a trading portfolio (zy, ..., z) € RE! for assets at t =0 and a set
of spot market consumption plan (z1, ..., zg) € RS for the different states s at t = 1 s.t.
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1. For all Vi € I, (zi*, azz*) is 7~; —maximal in
BZR = {xl € X; | for Vi € I 32" € R¥ st. S @2t < 0 and for Vs € S, psal < psel + 41
ii. For Vk e K,>.; zp <0 '
For Vs € 5,3 Sicr o <D ier €
(b) K =5.
Jz1, 22 s.t. 7 is indentity matrix.
Consumer 1 is risk-neutral and consumer 2 is strictly risk-averse.
Show that an equilibrium consumption plan of the strictly risk-averse Consumer 2 is
state-independent in any Radner equilibrium(and in any pareto optimal allocation) in
which consumption plans of both consumers are interior.

Each consumer’s preferences over state contingent commodities have an expected utility

representation with [ common probabilities|(m} = 73 =71, 7 = 73 = m)

The consumers expected utility maximization problems are

s.t. quzg < 0
S
bt <> s> pozi
S

S S

Because consumer 2’s expected utility function is strictly concave and strictly increasing,
from his expected utility maximization, we will get the interior solution as consumption
plan.
FOC.
2 mauh (22) — Mps =0 for Vs € S.
a:i D TsU) (wi) — Xops =0 for Vs € S.
logs = Aops for Vs € S
H1qs = A\ps for Vs € S
(o) _ mh(e)) e a
ws/u’z(zz,> - ”s’“ll(xi/) TPy 4y

Because consumer 1 is risk neutral, he has a linear expected utility function and then

’ 1

TsW\Ts) _ @ms _ Ps _ 4s
’ 1 - - -

T gt Uy (:ES,> T Dyt qs

It implies that u (3) = uf (¢2,) for Vs,s" € S

X
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Then 22 = 22.
Therefore, consumer 2’s consumption plan is state-independent in any Radner equilib-
rium.

6. FP 1999 II1-2
Consider an exchange economy with ¢ =0, 1 s.t.at t = 1, states S, L, I.
JK assets traded at ¢t = 0 with ry;, € Rf‘r

(a)
(b)

State a definition of Radner equilibrium in such asset market economy.

Given commodity price vectors p € RES,| an asset price vector ¢ € RE is called arbitrage
free if there is no portfolio z € RX s.t. gz = D qkz}; <0and > plsrskz,i =msRz>0
with rs2* # 0 for Vs € S, with at least one strict inequality for some s.

Show that an asset price vector ¢ is arbitrage free s.t. g, = >, ppsrsr, = (S x1). %
(S x1).% (S x1) for each k € K with g >>0

All the budget constraints at every state are HD of 0 in prices so that we normalize the
first goods price at every states p1s = 1.

Qi = D _s HgPsTsr, Means that we can assign values (pq, ..., ftg) >> 0 to units of wealth in
the different states so that the prices of a unit of asset k is simple equal to the sum of
the value of the returns across states of the asset k.

1sps can be interpreted as the implicit price of state-contingent commodity that pays
one unit of good 1 if state s occurs.

In words, the fact that an asset price vector ¢ is arbitrage free means that there is no
portfolio that is budgetarily feasible and that yields a nonnegative return in every state
and a strictly positive return in some state. Note that whether an asset price vector is
arbitrage free or not depends only on the returns of the assets and not on preferences.
Claim

<If there is a vector of multipliers p = (i1, ..., ug) >> 0 satisfying qx = > uspsrsi for
each k € K, then the asset price vector ¢ € RX is arbitrage free
Proof

7)

Claim

p—

f the asset price vector ¢ € RX is arbitrage free, then there is a vector of multipliers
= (Y1, .., pbg) >> 0 satisfying g = >, pepsrsr for each k € K
Proof

Note to begin with that since we deal with assets having nonnegative, nonzero returns,
and aribitrage free price vector g;, > 0 for Vk € K.

=
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Also, without loss of generality, we assume that no row of the return of return matrix R
has all of its entries equal to 0.

Given an arbitrage free asset price vector g € RX,

consider a convex set V= {v € RS | v = Rz for some z € RK with qz = 0}

The arbitrage freeness of ¢ implies that V N {RY\{0}} = 0.

Since V' and {Ri\{O}} are convex sets and the origin belongs to V', we can apply the
separating hyperplane theorem to obtain a nonzero vector p/ = (uf, ..., ps) s.t. p/-v <0
for any v € V and ' -v > 0 for any v € RY\{0}.

Note that it must be that ' > 0.

Moreover, because v € V' implies —v € V it follows that y' - v =0 for any v € V.

We now argue that the row vector ¢" must be proportional to the row vector WRe RK,
The entries of i’ and of R are all nonnegative and no row of R is null.

Therefore, /R > 07 and /R # 0. If ¢” is not proportional to y/R, then we can find
2 € RE sit. ¢z’ =0 and i/ R? >0

But letting v = Rz’, we would then have v € V' and p/v # 0, which we ahve just seen
cannot happen. Hence g7 must be proportional to (/ R; that is, ¢” = au’R for some real
number a > 0. Letting p = ap/, we have the conclusion of the lemma.

Imposing suitable conditions on consumer’s prefereces, show that asset prices are arbi-
trage free in a Radner equilibrium;

that is for every vector ¢ € RX of asset prices arising in a Radner equilibrium, we can
find p = (11q, ..., pug) > 0 satistying g, = >, ppsrsx for each k € K

If we assume that preferences are strictly monotone, then an equilibrium asset price
vector ¢ € RF must be arbitrage free; if it were not, it would be possible to increase
utility merely by adding a portfolio yielding an arbitrage opportunity to any current
portfolio. Because there are no restrictions on short sales, this addition is always feasible.
If in a Radner equilibrium, the asset prices are not arbitrage-free, then dJa portfolio
z € RK s4t. q-Z=>4 qkélé < 0 and kalsTskii; = p1sRZ = 0 with 7z’ # (0 for Vs € S,
with at least one strict inequality for some s with p;s = 1.

For an arbitrary consumption plan x and portfolio z, let z* be a portfolio with positive
and nonzero return Rz* > 0.

Because there are no restrictions on short sales, there exists every a real number o > 0
s.t. aqz = qz*.

But, then portfolio z + 2* — oz which satisfies ¢ - (z + 2* — az) < 0 and

S e P1sTsk(Zh + 2F — azl) > 0 so that consumption plan  + (2* —aZ)R =z + 2*R are
budget feasible and strictly preferred.

Thus (z, x) is not in a Radner equilibrium which is a contradiction!!!
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10.4 Equivalence between Arrow-Debreu equilibrium and Radner equilibrium

1. Arrow Securities

An Arrow Security is a unit of an asset which is a title to receive a return ry- 2% of a contingent
commodity iff state s occurs for consumer ¢ and rs = 1 for Vs € S. It serves the purpose of
transferring wealth across the states of the world that will be revealed in the future. If spot
trade can occur within each state, then the only task remaining at ¢ = 0 is to transfer the
consumer’s overall purchasing power efficiently across states. It can be accomplished using
contingent trades in a single commodity w.l.0o.g. good 1; i.e. every consumer ¢ formulates a
trading plan (2], ..., zL) € RY of good 1 and ry =1 for Vs € S..

2. With Arrow-Securities

(a) If an Arrow-Debreu equilibrium consists of {x’* }Z cr € REST and p € RES, then 3q €

RY, and z* € RS s.t. {(q,p); (zi*,xi*)iel} constitutes a Radner equilibrium.

(b) If a Radner equilibrium consists of {(q,p); (2%, xi*)iel},.then = (1, - pg) € R,

s.t {,up, {ac“‘}Z c I} € RES x REST constitutes an Arrow-Debreu equilibrium.

First, note that budget constraints in each equilibrium is

BAP = {a' € Xi | Yges s @4 < YgesDs €}

BE={z'c X;|for Vi € I 3z* € RS s.t. >, ¢zt <0 and for Vs € S, psal < psel + prs2i}
and feasibility conditions are

for Vs € 9, 3 icr a8 < Yicr €4

for Vs € S, 3Ticr 24 < 0 and 35, 2" < 30 €l

In order to show the equivalence of both equilibria, we need to show that

i) budget constraints are the same

ii) feasibilities are satisfied.

(a) Suppose {xl*}l er € R£SI and p € R_Lﬁr is an Arrow-Debreu equilibrium

i. Define ¢ and z s.t ¢s = p1s and 22" = o (2 —¢€l) for Vs € S

Then pyo2f" = profs (20 — ) =ps (2" — €) < 0 because p € RIS, e € RYY, and
Dses§Ps Ty < D gesPs €5 . ' ,
Then 37, gs2" = 32, prgys (28 —ei) = 3, ps (21" —¢i) <0

Hence, z* € BAP — z* € Bl
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And ZSESPS('I? - 6;) = ZSGS ps%j Z? = ZSES (]522* <0
Hence, z* € Bf — z* € BAP
Therefore, Bf‘D = BiR

s o D (i i\ — s ‘ ]

e Dier 28 = Yer g (o —el) = 2= Yy (28— €,) <0

Then 3g € RY, and 2z* € R%! st {(q,p) ; (zi*,xi*)iel} is a Radner equilibrium.

(b) Suppose {(q,p) ; (zi*, xi*)iel} is a Radner equilibrium.

i. Let pe R;qur s.t. f1p1s = gs and for Vs € S, pu ps = pf;‘D
Define 2i* = fsﬁt (2 —el) forVse S
For Vs € S, jusps(o — €b) < pugprs2s = qs2
— 3 PP (el —el) <30 gs2 <0
Hence, z* € BE — z* € B{‘D
And p, (:Ué* — ei,) = 2392 (azé* — ei) < 0 because p € Rﬁr, ec Rfis, and ) g paDl.
l‘é < ZsESszAD ’ 62
Then 5 qs2i* = 3o poprspss (akr —el) = 3 piP (alr —el) <0
Hence, o* € BAP — x* € B
ii. feasibility condition is automatically satisfied.
() S=2,L=21=2
with 7} =7} =7} =73 =1 and
For both s =1, 2,
u (211, 231) =Inai; + Inzy and wi (v, 2he) = Inais +Inady
uz (231, 23;) =Inz?, + Inz3, and up (2%,,23,) =1Ina?, +Ina3,
For s =1, el =(2,2), ¢ =(0,0)
For s = 2, e = (0,0), 63 = (2,2)

i. Find an Arrow-Debreu equilibrium with complete contingent commodity markets
Because there is no aggregation risk and consumers have the same probability as-
sessments,

o= fjl-;- :-ﬁ;— = 1 which is the price of good 1 at s =1, 2.

Therefore, p11 = p12 = p21 = p2

Then p11 == p12 = p21 = p22 = 1 will support the following allocation as an
Arrow-Debreu equilibrium.

Ouy -1 Ouy -1 Gug L Oug L

Owly _ wyy _ Oey _ wy _ Oxfy _ wfy _ 0ed, w3

duq 1 du 1 Quo 1 Quo —1

31%2 ‘”%2 81%2 w%2 61%2 "L'%z 89:%2 "”%2

First, o1, = 2}, = 28, = 2k, = 2%, = 23, = 23, = 2},; that is, the states are
symmetric.

Therefore, let’ consider state 1’s consumption only.
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1 _ .1 2 _ .2
Ty =y and x5 = x7;

From the feasibility,
a1+ a3 =2
203 =2
al = {(17 1) ) (15 1)} ) a2 = {(17 1) ) (17 1)}
Therefore, an Arrow-Debreu equilibrium is
{(17 1)3:1 ) (17 1)3:2 ; (‘rlv x2)3:1 = {(17 1) ) (17 1)}’ (3:17 372)3:2 = {(17 1) ’ (17 1)}}
ii. Find a Radner equilibrium with complete contingent .commoldity markets
Define g and 2 s.t g =p; =1 and 20" = L= (25 —el) = (zi — i) for Vs € S
Then a Radner equilibrium is
{[(17 1) ) (1’ 1)5:17 (17 1)5:2]; [(Zj:llv Z%) ) (Z%,Z%)] = [(_17 1) ) (17 _1>] ) (xla x2)5:1 = {(1’ 1) ) (1'

3. Assets

A unit of an asset is a title to receive a return r, of good 1 at ¢t = 1 when state s occurs. An
asset is therefore charaterized by its return vector r = (r, ...,rg) € R

e Examples

(a) Safe(riskless) Asset
r=(11,..,1)
This asset promises the future noncontingent delivery of one unit of good 1.
In the case of L =1, it is the safe asset.
But if L > 2, then this asset is not risk-free anymore since its return in terms of
purchasing power depends on the spot prices of all other goods.
(b) Arrow Securities
(c) Options(Derivative Asset)
This asset’s return is somehow derived from the returns of another asset(primary
asset)
Suppose there is a primary asset with return vector » € RS. Then a (Furopean)
call option(derivative asset) on the primary asset at the strike price ¢ € R is itself
an asset. A unit of this asset gives the option to buy a unit of primary asset at price
c after state s is revealed.
In state s, the option will be worthy iff rs > ¢ at state s.
Hence, r(¢) = (max{0,71 — ¢} ,max {0,72 — ¢}, ..., max {0,rg — c})
For a primary asset with returns r = (4,3,2,1) s.t. 11 > 72 > 13 > 74
r(3.5) = (0.5,0,0,0)
r(2.5) = (1.5,0.5,0,0)
r(1.5) = (2.5,1.5,0.5,0)
(d) Pricing an Option
S=2
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uncontigent asset 11 = (1,1) : g1 =1
contingent asset ro = 3 +a,1 —a) : q2
Now consider an option on the second asset that has strike price ¢ € (1, 3)
Then the option r (¢) = (3+ a —¢,0) =7
1 3+«
= [ 1 1-« }
1 3+«
q::uR_> (17q2): (Mlau2)' |: 1 1—a
:| |: —1+ta R e :|

90 242
S

T 242« -1 1

R [1—@ -3 -«
2420 242«

242 242 G—lta 3to—qg
H= (17612)' . Jfla = < 24+2a 7 2420 )
2+2a 242

3 — S— ‘771 M 3 _—
g () = e (e) = (SR A5 ) (3o — e 0)F = destigiesd

Note that if the prices of two assets r1, ro are arbitrage free, then we must have
3+a>gp>1l—«a

therefore, we know that qP%" (c) = (q°7l+2ﬁég+afc) > 0, decreasing in ¢, and
increasing in go.

We also can know that if the asset price ¢o stays constant but « increases, then the
option becomes more valuable.

e Return matrix R
rmn - TIK
R=lr,..,mx] = R = (S K) matrix
rst ' TSK
e We assume that unlimited short sale is possible
(?7) : Namely we will establish that knowledge of the return matrix R suffices to place
significant restrictions on the asset price vector ¢ that could arise at equilibrium.

e We now generalize this to show that this equivalence holds for any family of S or more
assets, provided that at least S of them have returns that are linearly independent.
e Complete asset market

An asset market with an S x K return matrix R is complete if rankR = S; that is, if
there is some set of S assets in an asset market with linearly independent returns.

For example, the case of S contingent commodities(Arrow securities) is S x S identity
matrix, which shows a complete market.

A complete asset market can be generated by using options; an asset market consisting
of a primary asset plus three options with strike prices 3.5, 2.5, 1.5 is complete.
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r=(4,3,21) 4 3 2 1
r (3.5) = (0.5,0,0,0) o5 0 0 0
r(2.5) = (1.5,0.5,0,0) 15 05 0 0
r (1.5) = (2.5, 1.5, 0.5, 0) 25 1.5 0.5 0

With a complete asset structure, economic agents are in effect unrestricted in their
wealth transfers across states under budget constraints. Therefore, at the equilibrium,
their portfolio choices induce the same consumption plan as an Arrow Debreu equilibrium
so that it is pareto optimal.

4. With Assets whose market structure is complete,

(a) If an Arrow-Debreu equilibrium consists of {xl* }ie ; € RJLFSI and p € RJLri, then dg €
RE, and z* € RET st {(q, D); (z”,xi*)iel} constitutes a Radner equilibrium.

(b) If a Radner equilibrium consists of {(q,p); (2%, xi*)iel},.then = (tq,y ..y bg) € R*j_Jr

s.t {,up, {xz*}l c I} € RES x REST constitutes an Arrow-Debreu equilibrium.

First, note that budget constraints in each equilibrium is

BAP = {$Z € Xi | YgesPs Tk <D geg s ei,}

BE ={zie X;|for Vie I 3z* € RE s.t. Y, qraf < 0 and for Vs € S, poxl < psel + Y ) p1srsi2}
and feasibility conditions are

for Vs € S, 3 icr 4 < Yicr €4

for Vk € K, Y ,c;2* <0 and for Vs € S, a* < Y. el

In order to show the equivalence of both equilibria, we need to show that

i) budget constraints are the same

ii) feasibilities are satisfied.

(a) Suppose {xz*}z cr € RJLFSI and p € Rﬂi is an Arrow-Debreu equilibrium

i. Define ¢s.t gx =Y, p1srsk for Vk € K
Denote by II the S x S diagonal matrix whose s diagonal entry is pis.
Then ¢ = 1, -II - R, where 1 is a a column vector with 1.
For Vi € I, m' = {pl (le — eﬁ) sy DS (xfg —efg) }T st. 1g-m! =0 for Vi(budget
constraint) and ), m' = O(feasibility).
By completeness of the asset market, rankIl- R =S and
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therefore, we can find vectors 2* € RX s.t. 2% = (IIR) ' m’ for Vi € I which allows
consumer i to reach the Arrow-Debreu consumptions in the different states at the
spot prices (pl_, ey DS) - _ ‘
Note again gz** =15-11- R- 2% =15 -m* =0 for Vi and
it implies ps(x% — el) < "L p1srskzit =0 for Vs € S
because p € Rﬁ and e € Rfs.
Hence, z* € BAP — x* € Bl
And py(z% — €) <3 p1srskzit =0 for Vs € S and ¢z™ = 0 implies
Y sesPs(Th —€l) =Y co D P1sTskZy = Dg [Doses PrsTsk] 2 = Yok G2 = 0
Hence, z* € BE — z* € B{‘D
Therefore, BfD = Bl

D e ak2l = 2k [Ces Pravsk] 2" = Yics g Prs7skzl’ = oeq Ps(al —€l) =0 and
g € RE, implies Y ;720 =0

Then 3¢ € RY, and z* € R%! st {(q, D); (ZZ*,CL‘Z*) } is a Radner equilibrium.

el
(b) Suppose {(q,p) ; (zi*, xi*)iel} is a Radner equilibrium.

i. Because in the Radner equilibrium, the asset portfolio is arbitrage free, we have
q:,u-RWith,uJeRiJr
and for Vs € S, pps = piP.
For Vi€ I, m! = {pll(aﬂf‘ —€h) s ps (TG —€f) }T s.t. 1,-m! = 0 for Vi(budget
constraint) and Y, m' = 0(feasibility).
By completeness of an asset market structure, rankR =S and
we can find vectors 2% € RE s.t. 2 = R™'m’ for Vi € I and therefore
-2 =p-R-2=p- R-RV-ml =p-m =3, pps (:1:2* —eé) < 0 for Vi
— Y PP (al —el) <0
Hence, z* € BZR —x* € B{‘D

Moreover ps (xé* — e@) = EZS_ (mé* —eé) < 0 because p € Rfﬁi, e € REFS, and
AD ] AD . i

2isesPs L5 S g Ps 6 -

and q- 2" =p- R-2% =p-mi =3 pp, (2 —el) <0 for Vi

Hence, z* € BZAD —x* e BZR

ii. feasibility condition is automatically satisfied.
5. 8=2,L=21=2
with 7} = md = 73 = 73 :% and
For both s =1, 2,
ui (21, 28)) =4Iz}, +Inad; and u (aly, 23y) =4Inzdy +Inad,

2 2\ — 2 2 2 2\ — 2 2
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Fors =1, e} =(1,1), e = (2,2)
Fors =2, el =(2,2),68 = (1,1)

(a) Find an Arrow-Debreu equilibrium with complete contingent commodity markets

Because there is no aggregation risk and consumers have the same probability assess-
ments,

_pu @
;; o = pos = 1 which is the price of good 1 at state 1 and 2.

Therefore, p11 = p12 = p21 = p22

Then p11 == p12 = p21 = pe2 = 1 will support the following allocation as an Arrow-
Debreu equilibrium.

Ouy 4 Ouy 4 Quo L Guo 4

TS T T T TS R T P TRY T —
au]__L_Bu]__L_Buz__L_c’}uz__éL_

oz, o1y oxdy 239 0xg, 27 03, 32

; Il 1l ol 2 2 2 2, ; :
First, 1, = 219,23 = T3y, T]] = Ty, T5; = T5y; that is, the states are symmetric.
Therefore, let’ consider state 1’s consumption only.

43: _ w5y
xl

11 11
From the feasibility,
1 2 _ 1 1.2 _
IE11+$11 = 3 — 4%’12"’ 4%’21 —3
33%1 +a3 =3

R 4$12 + 1'21 = 3

41:21 + 4$21 = 12
—Lad = 9 a3 =8, 33%1—% xy =2, 01 =B
' ={(%.3), (F D22 ={E4). G}
Therefore, an Arrow-Debreu equilibrium is
{00y, (4D (21, 0%) o = {(525) - (5:5)} (@2%) o, = {(F.5) . (5. 5) }}
Find a Radner equilibrium with Arrow securities
Define ¢ and z s.t s = p1s and 22 = £~ ({L‘ZS* — eg) for Vs € S

Pls
Then with p = {(1,1),_; ,(1,1),_,} and

r={(="2%) (@1 o) b = {H{(F5) . 6. {(E.3). 6D}
q= (17 1)

zr= {2 = {1, -1}, 2% = {-1,1}}

Feasibility!!

Find a Radner equilibrium with Assets 1 = (1,1) ,72 = (2, 1)

Define ¢ s.t gy = > p1s7rsk for Vk € K

Denote by II the S x S diagonal matrix whose s diagonal entry is pis.
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Then ¢© = 1,-II- R, where 1 is a a column vector with 1.

S5 9][ 4 2] e

For Vi € I, m* = {p1 (z{ —¢€}),...,ps (z% — efg)}T s.t. 1s-m! = 0 for Vi(budget con-
straint) and Y, m’ = O(feasibility).

1 1
xr3 —e 1
O [t B Y
P2 (T — €3
-1
2
w3

By completeness of the asset market, rankll - R = .5 and
therefore, we can find vectors z* € RX s.t. 2* = (IIR) ' m' for Vi e T

SR N B B I e
zl*z(—1>'[—11 _2}'[_11]:{—32}

1
Then with p ={(1,1),_,,(1,1),_5} and
r={(h2?) (@1 2%) o = {{(F.8) . G5 A{(F5) . B3
q=(2,3)
z* = {zl* ={-3,2},2% = {3,—2}}
Feasibility!!
(d) Radner with Arrow Security<>Radner with assets

!

p:{(171)3:17(1 1) 2}

r={(h 7)) s (0 00) ) = ({(8.3) B3 {(3.8). 3.8},
q=(1,1)

7= {2 = {1, -1}, 22 = {-1,1}}

1 2
Thenvmth]i’—{1 1},

I il b P
=L Dt (L1}
e={(ha?) . («"2?) L) ={{(#3).GB) {(¥3).G3)}},
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q:(2a3)

= {_372}72’2*

A

* {Zl*

Then with R
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