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This paper presents a simple general equilibrium model of optimal taxation in which both
private agents and the government can default on their debt. As a benchmark we consider Ramsey
equilibria in which the government can precommit to its policies at the beginning of time, but in
which private agents can default. We then consider sustainable equilibria in which both government
and private agent decision rules are required to be sequentially rational. We adapt Abreu’s (1988)
optimal trigger strategies to completely characterize the entire set of sustainable equilibria. In
particular, we show that when there is sufficiently little discounting and government consumption
fluctuates enough, the Ramsey allocations and policies (in which the government never defaults)
can be supported by a sustainable equilibrium. By way of an example we show that the larger
the variance of government consumption the easier it is to support good outcomes. We also show
for moderate discount factors that in the best sustainable equilibrium, tax rates are more volatile
and debt is smaller than in the Ramsey equilibrium.

A classic problem in the time-consistency literature is that of government default on debt.
In an early contribution, Prescott (1977) analysed a simple infinite-horizon economy in
which the government finances a given stream of expenditures by raising distorting labour
taxes and uses debt to smooth tax distortions over time. He found that if there is no
technology for committing to its actions, the government will always default on outstanding
debt to reduce distorting taxes. In the equilibrium of his model, the value of government
debt is zero and the government runs a continuously balanced budget. This early work
presents a challenge to economists interested in explaining why governments do not
default on their inherited debt. The conventional explanation is that governments fear
that if they default, private agents will be less willing to lend to them in the future. If
the losses incurred by the government from future borrowing difficulties outweigh the
current benefits from defaulting, the government will not default.

In this paper and a companion paper (Chari and Kehoe (1989)), we explore this
conventional explanation in the context of a formal general equilibrium model. Our main
insight is that whether or not this explanation can account for government debt depends
crucially on the set of enforcement technologies available. In our earlier paper, we
followed the standard setup of the time-consistency literature in assuming that the
government had no way of committing to honour its debt, but private agents were forced
to honour their debts. Rather surprisingly, in that model, the conventional explanation
does not hold. Inthe model, there are equilibria in which, if the government ever defaulted
on its debt, private agents would never let the government borrow from them again. By
assumption, however, the government could always safely lend to private agents. The
ability to lend undercuts the force of the borrowing restrictions. It turns out that, even
if the government could never borrow after it defaults, it could smooth tax distortions
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by lending to private agents. Hence, the losses incurred from banning the government
from future borrowing are not sufficient to deter the government from defaulting on its debt.

In this paper we consider a model in which both private agents and the government
can default on their debt. The idea is that while it is easy to imagine environments in
which the government can, at least partially, default on its debt—say, by taxation or
inflation—it is also easy to imagine that certain kinds of debt owed to the government
by private citizens, such as student loans or loans to farmers, are hard to collect. To keep
the analysis tractable, we consider the extreme situation in which the government cannot
enforce any private debt claims but can perfectly enforce tax payments. We find that
here, in stark contrast to our earlier work, the conventional explanation does hold. First,
there are equilibria in which, if the government defaults, private agents never let it borrow
from them again. Moreover, since it cannot enforce debt payments by private agents,
the government cannot safely lend to the private sector. Thus, there are equilibria in
which, if the government ever defaults, it is stuck with continuously balancing its budget
thereafter. If it is forced to balance its budget at each date, the government cannot smooth
tax distortions at all, and this leads to a rather low level of welfare. Thus, here the losses
incurred from banning the government from future borrowing are large. Under plausible
assumptions, we show that these losses are large enough to deter the government from
ever defaulting.

Formally, our model is a variant of the optimal fiscal policy models of Prescott
(1977), Barro (1979), Lucas and Stokey (1983), and Persson, Persson, and Svensson
(1987). We begin by characterizing the equilibrium under commitment, called the Ramsey
equilibrium as a solution to a planning problem. We then consider an environment without
commitment in which we allow the allocation rules of consumers and policy plans of the
government to depend on the whole history of past government policies. We define a
sustainable equilibrium as a set of allocation rules and policy plans that satisfy sequential
rationality conditions for both the private agents and the government. We adapt some
techniques from game theory, especially Abreu’s (1988) optimal trigger strategies, to
characterize the entire set of sustainable allocations and policies. We use this character-
ization to show that if the fluctuations in government consumption never damp out and
the discount rate is sufficiently small, then even the Ramsey outcomes can be supported
by a sustainable equilibrium. We go on to show how the supportability of Ramsey
outcomes depends critically on the nature of fluctuations in government spending. We
provide examples showing that, if the fluctuations eventually damp out, then the Ramsey
outcomes cannot be supported, regardless of the discount factor. Notice that our results
are quite different from the standard results in repeated games. This difference arises
because our model is a dynamic game with debt as a state variable. In the model the
desire by the government to smooth tax distortions over different dates with different
levels of government spending drives all the results. Notice, in particular, that if our
model was repeated, in the sense that government consumption was constant, then there
would be no role for debt in the first place.

This paper is related to the literature on international default (for example, Eaton,
Gersovitz, and Stiglitz (1986), Grossman and Van Huyck (1988), Manuelli (1986), Cole
and English (1988), Bulow and Rogoff (1989) and Atkeson (1991). This literature
investigates whether a threat to cut off a defaulting country from future borrowing is
credible and, if so, whether it can support positive borrowing by that country. Bulow
and Rogoff find that such threats cannot support positive borrowing, whereas Grossman
and Van Huyck find that they can. The key to understanding these contrary results is
the set of enforcement technologies available. Bulow and Rogoff assume there is a
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technology through which agents in one of the countries, the home country, can commit
to servicing its debt, while there is no such technology in the foreign country. In this
setup, no matter what it has done, the foreign country can always safely lend to the home
country’s agents to smooth consumption. Bulow and Rogoff use this feature to prove
that no equilibrium can have positive borrowing by the foreign country. In contrast,
Grossman and Van Huyck explicitly rule out the possibility of the foreign country ever
lending to the home country. In their equilibrium, if the foreign country defaults, it is
forced into autarky for some (stochastic) length of time. Grossman and Van Huyck show
that these threats are credible and that they can support borrowing by the foreign country.
Thus, the link between enforcement technologies and the ability to support positive debt
shows up in the open economy literature also.

1. THE ECONOMY

Consider a simple production economy populated by a large number of identical infinitely-
lived consumers. In each period ¢, there are two goods: labour and a consumption good.
A constant returns-to-scale technology is available to transform one unit of labour into
one unit of output. The output can be used for private consumption or for government
consumption. The per capita level of government consumption in each period, denoted
g., is exogenously specified. Let ¢, and I, denote the per capita levels of private consump-
tion and labour. Feasibility requires that

ctg =1 (1.1)
The preferences of each consumer are given by
Zfozo BtU(Cta L), (1.2)

where 0<8 <1 and U is increasing in consumption, decreasing in labour, and strictly
concave and bounded. Assume also that the utility function satisfies the Inada conditions.

Government consumption is financed through a proportional tax on labour income
and with debt. Let 7, denote the tax rate on labour income in period ¢ A unit of
government debt at ¢ is a claim to one unit of the consumption good at t+1. Let b,
denote the number of claims purchased by consumers and g, denote the price of a claim.
Let 8, €[0, 1] denote the default rate on government debt outstanding in period ¢. Here
8, =0 corresponds to complete repayment, §, =1 to complete default, and 0<§, <1 to
partial default. (One can think of §, as a tax on debt.) The consumer’s budget constraints
can then be written as

¢—(1—-7)l,+qb=(1-8)b,_, fort=0,...,0, (1.3)

with b_, =0. An allocation is a sequence x = (x,);—o, where x,=(c,, I, b,).

The government sets labour tax rates, default rates, and debt prices to finance an
exogenous sequence of government consumption. The preferences of the government
are given by (1.2). The government’s budget constraint is

Ttl!_gt+qtbt=(l—81)br-—l fort=0,...,00. (1.4)

A policy is a sequence 7 = ()=, where =, = (7, &, q,).

2. COMMITMENT

Consider an environment with the following institutional structure. First, suppose there
is an institution or commitment technology through which the government can bind itself
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to a policy once and for all at time zero. In particular, the government can commit to
never defaulting on its debt. The commitment technology is formalized by having the
government choose a policy once and for all and then having consumers choose their
allocations. Next suppose that claims purchased by consumers are non-negative so

b,=0 for all ¢ (2.1)

This assumption allows the government to borrow from consumers but not to lend to
them. One motivation for this assumption is that private agents are anonymous so that
debt claims against them are unenforceable. Clearly, in such an environment, if an
individual is lent a positive amount, the individual will default; thus, the current price
of a claim to an individual’s future payment is zero. The anonymity of private agents,
however, need not preclude the government from raising tax revenues. For example, the
tax in our economy can be interpreted as a payroll tax which is levied directly on firms
who pay the anonymous agents after-tax wages. Such a tax does not require that individual
agents are identifiable.

Here, a policy is an infinite sequence of numbers 7 = (1,)72,. Since the government
needs to predict how consumers will respond to its policies, consumer behaviour is
described by rules that associate government policies with allocations. An allocation rule
is a sequence of functions f=(f;);~, that maps policies into allocations. A Ramsey
equilibrium is a policy 7 and an allocation rule f that satisfy the following conditions:
(i) For every policy 7', the allocation f(#') maximizes (1.2) subject to (1.3) and (2.1);
(i) the policy 7 maximizes ¥ ,.,B'U(c,(w), L()) subject to 7l (7)—g +qb,(m)=
(1-6,)b,_y(7) for all t.

The allocations in a Ramsey equilibrium solve a simple programming problem called
the Ramsey problem. We let R, denote the value of the government surplus at ¢; namely,
R,=U.7l,—g). In any equilibrium, we can use the consumer’s first-order conditions
together with feasibility to write this as R, = U, + Ujl,. We have, then,

Proposition 1 (The Ramsey Equilibrium). The consumption and labour allocations,
¢ and I, in the Ramsey equilibrium solve the Ramsey problem which is to maximize
Yo ,B'U(c, 1) subject to (1.1),

Zzo B ‘R, =0, (2.2)
Yo .BR=0 fors=1,2,.... (2.3)

Proof. Inthe Ramsey equilibrium the government must satisfy its budget constraints
taking as given the allocation rule £ These requirements impose restrictions on the set
of allocations the government can obtain by varying its policies. We claim that the
restrictions are summarized by (1.1), (2.2), and (2.3). We first show that these restrictions
imply (1.1), (2.2), and (2.3). First, note that by adding (1.3) and (1.4) we get (1.1), and
thus feasibility is satisfied in equilibrium. Next, consider the allocation rule f. For any
policy 7', using the Inada conditions and Weitzman’s Theorem (1973) the necessary and
sufficient conditions for ¢, I, and b to solve the consumer’s problem are the consumer’s
budget constraint and

B'Uc, I,)=p, (2.4)
3tUl(cu I)=-p(1—7), (2.5)
pq; Z(1=6,41)pi+1 With equality if b, >0 (2.6)

lim,,. pqb, =0 (2.7)
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where, for each t, p, is the Lagrange multiplier on constraint (1.3). Multiplying (1.3) by
p:, summing over ¢, and using (2.6) and (2.7) gives

Zf:xps[cs—(l_Ts)ls]=Pl(1—81)b1—l° (28)
Using (2.4) and (2.5), we can write (2.8) as
Yo BLUL+ UL]=B'U(1-8,)b,, (2.9)

where, for convenience, we have suppressed the arguments of the derivatives. Since
b, =0, the right-hand side of (2.9) is non-negative. Therefore, in any equilibrium, (2.3)
must hold. Since b_, =0 it follows that (2.2) must hold. Thus, (1.1), (2.2), and (2.3) are
implied by the requirements that the government must satisfy its budget constraint and
that allocations are consistent with the allocation rule f.

Next, given any set of allocations ¢ and [ that satisfy (1.1), (2.2), and (2.3) we can
construct policies such that these allocations are consistent with the allocation rule f and
the government’s budget constraint. The consumer’s first-order conditions imply the tax
rate on labour income is given by

1—-1,==Uf(c, L)/ Uce, 1) (2.10)

The debt prices, debt, and default rates are not uniquely determined, as inspection of
(2.6) and (2.8) make clear. One way to construct them is to set the default rate identically
to zero and to set the debt prices by

q.=B'U(¢ivy, L1)/ Ucler, 1) (2.11)
The debt is then given by
ﬁtUc(Ctr L)b,_,= Zi, B’°R;. (2.12)

Thus (1.1), (2.2), and (2.3) characterize the restrictions imposed by the government’s
budget constraint and the allocation rule f. Since in the Ramsey equilibrium the govern-
ment chooses a policy that maximizes the welfare of consumers it follows that the Ramsey
allocations solve the Ramsey problem. ||

For later it will be useful to say a policy-allocation pair (7, x) is attainable under
commitment if it satisfies consumer optimality and the government budget constraint. In
the proof of the proposition we have shown that a policy-allocation pair is attainable
under commitment if and only if the allocations satisfy (1.1), (2.2), and (2.3). The
associated policies can then be constructed as in the proposition. Next, note that if the
inherited debt at date zero given by b_, is positive, the government will default and the
Ramsey problem is unchanged. Since we require that the debt be non-negative the
assumption that b_, =0 is without loss of generality. Finally, as equation (2.12) makes
clear the left-hand side of (2.3) is the value of the inherited debt at date s.

3. NO COMMITMENT

Consider an environment in which no commitment technologies are available to the
government. Formally, the government’s lack of commitment is modelled by having the
government choose policy sequentially as opposed to once and for all at date 0. In each
period, the government and the consumers can vary their decisions, depending on the
history of government policies up to the time the decision is made. At the beginning of
period t, the government chooses a current policy as a function of the history h,,=
(ms]s=0,...,t—1) together with a contingency plan for setting future policies for all
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possible future histories. Let o,(h,-,)denote the time ¢ labour tax rate, default rate, and
price of debt chosen by the government when faced with history h,_,. After the government
sets current policy, consumers make their decisions. Faced with a history h, = (h,_,, m,),
consumers choose time ¢ levels of consumption, labour supply, and debt holdings, denoted
fi(h,), together with a contingency plan for choosing future allocations for all possible
future histories. (The reader may wonder why the histories do not include consumers’
decisions. For a discussion of this point see Chari and Kehoe (1990).)

To define a sustainable equilibrium, we need to explain how policy plans induce
future histories. For any policy plan o = (o, 0y,...), let o' =(0oy, 0144, ...) denote the
sequence of policy rules from time ¢ onwards. For any ¢, call o' the continuation of .
Let /' denote the corresponding objects for the allocation rules. Given a history h,_,,
the policy plan o induces future histories by h, = (h,_,, o,(h,_,)) and so on.

Consider the situation of the government in period t. Given some history h,_, and
given that future allocations evolve according to f, the government chooses a policy plan
o' that maximizes the welfare of consumers ZZ‘;, B*U(c,(hy), I,(h,)) subject to

Ts(hs—l)ls(hs) - gs + qs(hs—l)bs(hs) = (1 - Ss(ks—l))bs—l(hs—l), (31)
where, for all s = ¢, the future histories are induced by o from h,_,.
Consider a private agent in period ¢. Given some history h, and given that future

policies evolve according to o, a consumer chooses an allocation rule f ' to maximize
Yor, B°U(c(hy), L(h,)) subject to
C,(h,) - (1 - Tt)lt(ht) + sz:(ht) = (1 - Sr)bt—l(ht—l) (32)
and, for s> ¢,
cs(hs) - (1 - Ts(hs—l))ls(hs) + qs(hs—l)bs(hs) = (1 - as(hs—l))bs-—l(hs—l) (33)
where m, is given in h, and for all s> ¢ the future histories are induced by o from h,.

A sustainable equilibrium is a pair (o, f) that satisfies the following conditions:
(i) Given a policy plan o, the continuation of the allocation rule f solves the consumer’s
problem for every history h,; (ii) given the allocation rule f, the continuation of policy
plan o solves the government’s problem for every history k,_,. Notice thatin the definition,
we require that both the consumers and the government act optimally for every history
of policies—even for histories not induced by the government’s policy plan. This require-
ment is analogous to the requirement of perfection in a game.

We turn to a characterization of the set of sustainable outcomes. We start by
considering a finite-horizon model. We use backward induction to show that in any
sustainable equilibrium the government’s budget constraint is continuously balanced and,
thus, tax distortions cannot be smoothed over time. In the last period, if the government
inherits positive debt, it will default on it to minimize the amount of revenues it must
raise through the distorting labour tax. Anticipating these policies, consumers in the next
to last period will not buy any government debt at a positive price and the government
will default on inherited debt and choose taxes to balance its budget. The same argument
holds for earlier periods. We call the associated policy plans and allocation rules the
autarky plans and specify them as follows. For any history, the government’s policy plan
specifies 87 =1 and g7 =0. The labour tax rate, denoted 7(g,), is given by this solution
to this problem: maximize U(c, /) subject to c¢c+g,=! and (1+U,/U,)l=g, where
1-7%(g,)=-U,/ U.. Let U%(g,) denote the maximized value of this problem and call it
the autarky utility level. The allocation rules for consumers specify that, for every history,
debt holdings are zero and consumption and labour supply maximize utility given the
current tax rate.
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In the infinite-horizon model, the way to characterize the set of equilibria is not
obvious. One way to proceed is to take the limit of a sequence of finite-horizon equilibria.
This technique will indeed yield an equilibrium. There are many other equilibria, however,
that are not the limit of any sequence of finite-horizon equilibria. In fact, the set of
sustainable equilibria is very large and difficult to characterize. Fortunately, it is relatively
easy to characterize the policies and allocations induced by such equilibria. Recall that
a sustainable equilibrium (o, f) is a sequence of functions that specify policies and
allocations for all possible histories. Starting from date zero, a sustainable equilibrium
induces a particular sequence of policies and allocations, say, (=, x). We call this the
outcome induced by the sustainable equilibrium.

In the next proposition, we characterize the entire set of sustainable outcomes. In
characterizing the set of such outcomes, we extend Abreu’s (1988) seminal work on
optimal punishments in repeated games to our dynamic framework. To prove the proposi-
tion, we use a set of plans called the revert-to-autarky plans which will turn out to be the
analogues of Abreu’s optimal punishments. For an arbitrary sequence of policies (, x),
the revert-to-autarky plans specify continuation with the candidate sequences (m, x) as
long as the specified policies have been chosen in the past; otherwise, they specify revert
to the autarky plans (0% ). Thus, for example, at time ¢ given a history h,_,, this policy
plan specifies this: Choose the policies 7, specified by  if the policies (1, ..., m_,)
have been chosen according to #. If they have not, then revert to the autarky policy plan
o The revert-to-autarky allocation rules are similarly defined. We then have

Proposition 2 (Sustainable Equilibrium Outcomes). An arbitrary pair of sequences
(m, x) is an outcome of a sustainable equilibrium if and only if (i) the pair (1, x) is attainable
under commitment, and (ii) for every t, the following inequality holds:

Yo . BU(c, L)ZY, B U(g,). (3.4)

Proof. Suppose, first, that (7, x) is the outcome of a sustainable equilibrium (o, f).
Consumer optimality requires that x maximize consumer welfare at date zero, while
government optimality implies that = satisfies the government’s budget constraint. Thus,
(m, x) is attainable under commitment. Next, in any sustainable equilibrium, the con-
sumers, when confronted with the autarky policies, choose consumption and labour
allocations to solve a simple static problem. More precisely, for any history of the form
h,=(h,_,, 77), the allocations c,(h,) and [,(h,) solve the problem of maximizing U(c, I)
subject to ¢ =(1—7)l From this result, it follows that for any history h,_, a deviation by
the government from o to o for all periods from ¢ onwards is feasible in that o® satisfies
the government budget constraint for any equilibrium allocation rule f. Clearly, then,
the utility of the government must be at least as large as the right-hand side of (3.4) for
every period t. Thus (i) and (ii) hold.

Now suppose that some arbitrary pair of sequences (1, x) satisfies (i) and (ii). We
show that the associated revert-to-autarky plans constitute a sustainable equilibrium.
Consider, first, histories under which there have been no deviations from 7 up until ¢
Since x is optimal for consumers at date zero when they are faced with #, the continuation
of x is optimal for consumers at date ¢+ when they are faced with the continuation of .
Consider the situation of the government. If it deviates at date ¢t then consumers will
revert to the autarky allocation rules from time ¢ onward. By construction, when the
government is faced with the autarky allocation rule, it is optimal for it to choose the
autarky policies. Hence, the most a deviation by the government at ¢ can attain is the
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right-hand side of (3.4). If the assumed inequality holds, then sticking to the specified
plan is optimal. Consider, next, histories in which there have been deviations from 7
before t. The revert-to-autarky plans then specify that both the government and the
consumers pursue the autarky plans forever. Clearly such plans are sustainable. ||

It is important to emphasize that it is a gross mis-reading of Proposition 2 to think
that it only characterizes the set of outcomes sustainable by a particular trigger strategy.
On the contrary, it characterizes the entire set of outcomes that can be supported by any
conceivable sustainable equilibrium. One can think of the revert-to-autarky plans as
simply a convenient mathematical device used in constructing this set. Our proposition
implies that in checking whether a candidate outcome is sustainable by any sustainable
plan, we need only check that this outcome, which is simply a sequence of numbers,
satisfies the conditions of the proposition rather than searching over the complicated
space of plans, each of which is a sequence of history contingent functions. We exploit
this feature in proving that, under certain conditions, the Ramsey outcomes are sustainable.
Notice that in the proposition, in the spirit of Abreu’s work, we have in fact established
that the autarky equilibrium is the worst equilibrium and that an allocation is sustainable
by any equilibrium if and only if it is sustainable by triggering to this worst equilibrium
after deviations.

An immediate corollary of Proposition 2 is the following:

Corollary (The Optimal Sustainable Outcome). The sustainable outcome with the
highest date 0 utility solves the problem: choose {c,, l,} to maximize (1.2) subject to (1.1),
(2.2), (2.3), and (3.4).

Thus the optimal sustainable outcome solves a programming problem similar to the
Ramsey problem except that the optimal sustainable outcome must also satisfy the dynamic
incentive constraints (3.4) which capture the restrictions that sequential rationality places
on equilibrium outcomes.

4. UNCERTAINTY

Here we extend the analysis of the previous sections to allow for stochastic government
consumption. We first set up the model with uncertainty and show how the results of
the previous sections extend to it. Then we establish some characteristics of the Ramsey
outcome under the assumption that government consumption follows a positive Markov
process. Finally, we use these characteristics to show that the Ramsey plan is sustainable
for large discount factors.

Consider the model with stochastic government consumption. Let government con-
sumption follow a given stochastic process for which the realizations up to and including
time ¢ are g' =(go, ..., g). The probability of observing any particular state g is u(g').
The initial realization g, is given. Each realization g, is assumed to be in a finite set
{¥1s---5 ¥m} With y;<-:-<4y,. There is no other uncertainty in the economy, so the
natural space of allocations is the space of infinite sequences (¢, I, b) ={c(g"), I(g"), b(g")|
for all ¢t and g'}, where c(g'), I(g'), and b(g') are contingent on the state g'. We define
similar objects for the policy . An allocation is feasible if

c(g"+g=1I(g') foralltandg" (4.1)
The preferences of consumers are given by the expected utility function

T, Xy B'u(g)U(c(g), I(gh) (4.2)
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The consumer’s budget constraint at time ¢ in state g’ is

c(g)—(1—-7(gNUgV+L,,, 9(g’, g+1)b(g’, g:+1) =(1-5(g")b(g"). (4.3)

The government’s budget constraint is similarly defined. Notice that, as in Lucas and
Stokey (1983), the government issues state-contingent debt. At each date ¢ and state g’
the government sells a bundle of claims, one for each realization of g at ¢+ 1. Each claim
b(g', g.+1) pays off only if g,., is realized. This type of debt allows the government to
insure itself against fluctuations in government consumption.

A Ramsey equilibrium is defined analogously to that in Section 2. From the arguments
in Proposition 1, it is clear that the Ramsey equilibrium allocations maximize (4.2) subject
to the constraints (4.1),

8r+1

Tio Ly B'u(g)R(g") =0, (4.4)

and

Yo Lgrag B'u(g')R(g")Z0 forall s and g, (4.5)

where R(g')=U.c(g')+ Ul(g') and g'>g° means all those states g' whose first s-+1
components are g°. Next, we incorporate history into the environment without commit-
ment by letting the histories include the past realizations of government spending. For
such an environment, it is immediate to prove the analogue of Proposition 3: an arbitrary
pair of contingent sequences (1, x) is an outcome of a sustainable equilibrium if and
only if the pair is attainable under commitment and for each s and g° the following
inequality holds:

Ties Loing: B'(gIU(c(8"), gNZL,L, Tyrsr B'rigIU(2))- (4.6)

The obvious corollary is that the optimal sustainable allocations maximize (4.2) subject
to the constraints on the Ramsey allocations (4.1), (4.4), (4.5) together with the sustainabil-
ity constraint (4.6).

Thus, the Ramsey outcomes are sustainable if and only if, after every possible
sequence of realizations of government consumption, the discounted value of utility from
then onward under the Ramsey plan is higher than it is under the autarky plan. We call
these truncated discounted values of utilities the tail utilities of the Ramsey plan and the
autarky plan. The autarky plan consists of a collection of static plans for which each
utility level depends only on the current value of government spending. Hence, it is
relatively easy to evaluate its tail utilities. In contrast, the Ramsey plan is inherently
dynamic, and it is more difficult to say much about its tail utilities. Indeed, the hard part
of what follows is establishing that the Ramsey plan has enough stationarity so that
comparisons between it and the autarky plan can be made. Under the assumption that
government consumption follows a positive Markov chain we show that the Ramsey
outcome exhibits a form of stationarity which we exploit in showing that the Ramsey
outcome is sustainable. Consider

Assumption 1 (A Positive Markov Chain). Government consumption follows a
Markov chain with strictly positive elements. Let >0 denote the minimum transition
probability.

As noted before, our Ramsey allocation problem is similar to the one in Lucas and
Stokey (1983) except that we have additional non-negativity constraints on debt given in
(4.5). Consider for a moment the Ramsey problem omitting these constraints. The
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first-order conditions for this problem are then the same as those in Lucas and Stokey,
namely,

U.(c(g"), c(g)+g)+ Ule(g"), c(g") +g)
+Ao[R.(c(g"), c(g')+8)+ Ri(c(g'), c(g")+g)]1=0, (4.7)

where A, is the Lagrange multiplier on (4.4). Notice that this equation is of the form
F(c, g, A¢) =0 and thus it defines the optimal allocation c(g') as some time-invariant
function of the current realization g, and the Lagrange multiplier A,. Using (4.1) it
follows that I(g') is also a time-invariant function of g, and A, and thus, so is the optimal
surplus R(g') which we write as R(g,, Ao). Next note that the value of the debt sold
from period s to s+1 is given by the left-hand side of (4.5). Under the assumption that
government consumption is Markov the value of the debt under the Ramsey plan can be
written as

R(gs, ho)+B Lo Y o B u(g"12:)R(8g0, Ao)- (4.8)

Clearly the optimal debt depends only on the current value of g. Recall that, by
assumption, the inherited debt at date 0 is 0. Letting y, denote the initial state g,, the
debt inherited in the state v, after any string g’ is thus the same as the inherited debt at
date 0, namely, zero. Thus, for all g* the debt b(g’, y:) =0.

Note the insurance feature of the state-contingent debt emphasized by Lucas and
Stokey. Even if the economy experiences a long sequence of high realizations of govern-
ment consumption the debt does not build up. In particular, the debt inherited in y; is
zero for any previous history g‘. Specifically, suppose government consumption takes
on two values, a high one in wartime and a low one in peacetime. Suppose the economy
starts off in wartime. It is easy to show that under the Ramsey policies the state-contingent
government debt has no value if the war continues and has a positive value if there is
peace in the next period. In any peacetime the government sells debt which has no value
if there is war next period and has a positive value if there is peace. (See Lucas and
Stokey’s Examples 7, 8, and 9 for more on the insurance role of state-contingent debt.)

It turns out that for our problem, with the non-negativity constraints, government
debt exhibits a weaker form of stationarity. Specifically, along any string along which
the non-negativity constraint has never bound, the inherited debt in state v, is zero: that
is, b(g', y:) = 0 where v, is the initial state. Moreover, at any state where the non-negativity
constraint binds, the Ramsey problem re-starts with that state acting as a new initial state
with zero inherited debt. We prove this stationarity result in several steps. We begin with
a simple lemma about the structure of the optimal surplus function under the Ramsey
plan. This surplus function is defined by the first-order conditions to the Ramsey problem.
Let A, denote the Lagrange multiplier on the government’s budget constraint (4.4) and
A,(g%) the Lagrange multiplier on the non-negativity constraint (4.5). Then we can write
these first-order conditions as (4.1), (4.4), (4.5), and

U.(c(g", g+ Ulc(g"), I(g")) +[ro+a(g")I[R(g")+ Ri(g")]=0, (4.9)

where a(g)=Y._, [A.(g°)|g' 2g°] and R.(g') and R,(g') denote the partial derivatives
of R(g').

It is worth pointing out an implication of this first-order condition which we will
use in several of our proofs. Suppose that a(g’)=0, so that along the string g’ the
non-negativity constraint on debt has never bound; then (4.9) reduces to (4.7) and thus
the Ramsey allocations at g* depend solely on the last element of the string, namely, g
(along with the multiplier A,). Thus, if g" and g* are two strings of possibly different
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lengths with both a(g’) and a(g*) equal to zero and g, = g,, then the Ramsey allocations
at g’ and g° are identical and R(g') = R(g*). Notice that this feature holds in our economy
along such strings for exactly the same reason it holds in the Lucas and Stokey economy.

In the lemma, we establish the following property of the surplus function R(g")
which we will use to prove Proposition 3. Consider two strings of government consumption
that end in the same value. If the Lagrange multipliers have never bound on the first
string but have bound on the second, then the surplus under the first string must be
smaller than the surplus under the second. Formally, we have

Lemma 1. If, for any two strings g' and g° with g, = g,, the solution to the Ramsey
problem has a(g') =0 and a(g*) >0, then it also has R(g') < R(g").

Proof. If (c, 1) solves the Ramsey problem with a(g') =0 and a(g*) > 0, then, with
other allocations fixed, (c(g’), I(g")) and (c(g°), I(g*)) must solve

max B'u(g")U(c(g"), 1(g")) +B°u(g*) U(c(g*), I(g”)) (4.10)

subject to
B'u(g")R(g")+B°u(g’)R(g’) + Ko =0, (4.11)
Bu(g’)R(g°)+K(g")=0 foreachg'eg’,r=1,...,s (4.12)

and (4.1) evaluated at g° and g'. Here K, is the sum of the discounted value of surpluses
at all nodes except for g’ and g°, and for each g" € g°, K(g") is the sum of the discounted
value of surpluses at all nodes following g" except for g*. Notice that (4.11) is simply
(4.4), and (4.12) represents those constraints in (4.5) in which g* appears. Notice also
that, since a(g') =0, we can exclude the non-negativity constraints in which g’ appears.
Since a(g°) > 0, however, at least one of the non-negativity constraints in (4.12) must bind.

Consider for a moment a less constrained problem than (4.10), with the non-negativity
constraints in (4.12) dropped. From the resulting first-order conditions, it follows that
the optimal allocations at g’ and g* denoted by ¢*(g’), I*(g'), and ¢*(g*), I*(g°) are
identical, and thus the optimal surpluses—say, R*(g') and R*(g°)—satisfy R*(g')=
R*(g°). From (4.11) we have

[B'u(g)+B°u(g*)IR*(g")=—-Ko=pB'u(g')R(g")+ B n(g°)R(g"). (4.13)

Now suppose R(g')= R(g®). Then, from (4.13) we have R(g')= R*(g')=R*(g")=
R(g"). But then the surplus R*(g*) satisfies (4.12) and the allocations (c*(g’), I*(g')) =
(c*(g%), I*(g®)) are also feasible for problem (4.10). Since at least one of the non-negativity
constraints in (4.12) binds, we have a contradiction. ||

The intuition for this lemma is straightforward. If there were no non-negativity
constraints on debt the optimal policy would smooth tax distortions by setting these
surpluses equal at any two states in which the levels of government consumption are
equal. Now if the non-negativity constraints bind in one of these states, say g°, and not
in the other, say g', it must be that the optimal surplus is bigger in the state in which it
binds. If this were not the case then the original surpluses could not have been optimal
since it would be possible to sell a little more debt into g° and a little less debt into g',
meet the non-negativity constraints on debt and move the values of R(g') and R(g*)
closer together and in the process raise utility.
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In the next proposition we use this lemma to show that if government consumption
follows a positive Markov chain, then the Ramsey plan exhibits a weak form of stationarity:
after any sequence of realizations there is some following state into which zero debt is
sold. In the proof we use the fact that at some arbitrary g' the value of the debt, namely,
U.(g")b(g"), is given by the analogue of (2.12),

R(gN+BL,_ Lo [B'u(g’, 8”18 )R(g", g")]. (4.14)
We will also use the notation that for any g’
A(g')={g"|a(g', 8")=0,v=0,1,...}, (4.15)

where (g, g°) denotes a t+ 1 element string g’ starting from g, followed by a v+ 1 element
string g° which may not start from g,. In words, A(g") is the set of strings which emanate
from g' and for which the non-negativity constraint never binds. (Of course, if a(g')>0,
A(g') is empty.) Since zero debt is sold from states in A(g') to states outside of A(g'),
the sum over the present value of surpluses over all nodes (g, g,) with g, £ A(g’) is zero.
Thus the value of the debt at g’ is given by

Ug)b(g)=R(gN+BY, o T [Bn(g', g’ |g")\R(g', 2")|g" € A(g")]. (4.16)

Proposition 3 (A Characteristic of Ramsey Outcomes). For every g’ there is some 7,
possibly depending on g', such that b(g', v)=0.

Proof. For any string g', either the non-negativity constraints have never bound for
any g°eg’, implying that a(g') =0, or a constraint has bound for at least one g*€ g,
implying that a(g')> 0. Consider, first, a string g' with a(g') =0. We eventually show
that b(g’, y:) =0, where y, denotes g,. To show this, we first establish: If a(g') =0 then
A(ye) =A(g', v¢). In words, if the non-negativity constraints do not bind anywhere along
the string g’ then the binding pattern of the non-negativity constraints following (g', )
is identical to the binding pattern after the initial state .

It turns out that establishing this preliminary result is the hard part of the proof.
Consider, first, proving that if a(g’) =0 then A(y,) = A(g’, 7). By way of contradiction,
suppose that a(g') =0 and a(g") =0 from some r, but a(g’, g")>0. Consider the first
point along the string (g*, g") such that the non-negativity constraint binds, say, (g’, g°).
If the non-negativity constraint binds, then b(g*) =0. We will use Lemma 2 to argue that
the value of debt sold into state g° is strictly positive, thus contradicting the hypothesis
that the non-negativity constraint binds at this point. Using the Markov assumption the
value of the debt at (g, g°) is

R(g, 8 )+BY.-o L Bu(g’, g |2 )R(g', g", g°). (4.17)
We claim that (4.17) is strictly greater than value of the debt at g°, namely,
R(g°)+BY oL [B'u(g’, 8" |8 )R(g% ") 8" € Alg")] (4.18)

which by construction is non-negative. Consider (4.17). Since the debt sold into any
state is non-negative, the present value of surpluses starting at nodes (g', g%, g") with
g’ £A(g’) is non-negative. Thus (4.17) is greater than or equal to

R(g', g )+BY o L [B°u(g’ g"|8")R(g", &°, 8") |8 € A(g")]. (4.19)

By Lemma 2, R(g', g°)> R(g") and for all g" € A(g"), R(g', g°,8°)> R(g", g°) and thus
(4.19) is strictly greater than (4.18). Thus, the debt at (g’, g°) is strictly positive, which
contradicts the hypothesis. The proof of reverse inclusion is nearly identical.
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We use this result to prove that b(g’, v,) =0. We claim that b(g’, y,) equals the
value of the inherited debt at time zero, b(y,), which by assumption is zero. Consider
expressions similar to (4.16) for b(y,) and b(g’, y«). First, from the above result,
A(y)=A(g', v¢),so both sums are over the same values of g°. Second, since the constraints
do not bind along all such strings, using the argument following (4.9), it follows that the
surpluses at (v, g°) and (g', v, g°) are equal. Third, from the Markov assumption, the
probability weights in the two sums are identical; thus b(g’, y)=b(yx) =0.

Consider, next, a string with a(g') > 0. Consider the last point in the string at which
the non-negativity constraint bound, say, at g° € g’ with g, =1,. The problem from this
point on is exactly the same as the original problem with 7y, replacing .. We can, then,
use exactly the same argument as before, treating y, as the initial node to conclude that

b(g', v)=0. |

We next investigate the sustainability of the Ramsey outcomes under an additional
assumption which guarantees, basically, that some tax-smoothing is optimal for large
discount factors. Consider, then,

Assumption 2 (Tax-Smoothing). There are two states y; and y; such that R(y;) <0<
R(%;), where R(;) and R(%;) are given in the solution to the following problem: choose
(¢, I;) and (¢, I;) to maximize U(c;, ;) +p;U(c;, I;) subject to

ck+'yk=lk for kzi,j
R(y;)+usR(y;)=0
R(y)z0

where u; denotes the probability of going from state i to state j.

We will show that, under Assumptions 1 and 2, the Ramsey outcomes are sustainable
when there is sufficiently little discounting. We begin with a lemma which states that the
difference in utility under the Ramsey and autarky plans becomes arbitrarily large as the
discount factor approaches one. We let V'(y, B) and V“(y, B) denote the discounted
utility under the Ramsey and autarky plans, respectively, starting from an initial state y
with a discount factor 8. We have

Lemma 2. Under Assumptions 1 and 2, for every constant M, there is a B in (0, 1)
such that, for all B in (B, 1) and all initial states vy, V' (v, B)— V*(y, )= M.

Proof. Let the initial state g, be some ye{y,,..., y}. Let y; and y; be the states
that satisfy Assumption 2. Let ¢,(B8) and [, (B) for k =i, j denote the optimal allocations
and R, (B) for k=i,j denote the surpluses for the problem in Assumption 2 with u;
replaced by Bu;;. Since these optimal surpluses are continuous functions of 8, Assumption
2 guarantees there is a neighbourhood of one—say, (B, 1)—such that, for all Be(B, 1),
R;(B)>0. Thus, there is some £ >0 such that, for all Be B, 1) i

[U(c(B), k(B))+BuyU(gi(B), 5(B)]—-LU(cf, 1) +BuyU(ci, I7)]1> e (4.20)

where (ck, Ix), k=1, j, denote the autarky solutions.

Consider the following plan. For strings g'*' with g, =17 and g.,=1v;, let the
allocations at g, and g,., be given by (¢;(B), ;(B)) and (¢;(B), [;(B)). For all other strings
g™, let the allocations at g, and g,.; be the autarky allocations. Denote the present
value of the plan by V(y, B). It is clear that this plan does no better than the Ramsey
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plan; thus, V'(v, B)= V(y, B). Moreover, recalling that u is the minimum transition
probability, note that the difference between this plan and autarky satisfies

V(y,B)— V(y,B)Z Bue+B’pe+pue+- - - (4.21)

To understand (4.21), notice that for every string g° there is a probability of at least u
of hitting y; at date ¢+ 1. Using (4.20), it follows that the expected discounted value at
time zero of the difference between the above plan and the autarky plan from time ¢ to
time ¢t+1 is a least B'us. Adding over all such pairs of dates gives (4.21). Since the
right-hand side of (4.21) does not depend on the initial state and Buz/(1—B) converges
to infinity as B converges to one, the proposition follows. ||

We can combine Proposition 3 with Lemma 2 to establish the main result of this
section: For large discount factors, the Ramsey outcomes are sustainable. The basic logic
is as follows. Proposition 3 guarantees that after any string of government consumption,
there is some state into which zero debt is sold. Notice that if zero debt is sold into a
state, then the piece of the Ramsey problem defined over all strings emanating from that
state has the same form as the original problem with the zero-debt state acting as an
initial node to a “new” Ramsey problem. Lemma 2 guarantees that the difference in the
tail utilities between the Ramsey and autarky plans goes to infinity after any such zero-debt
state. To prove the proposition, we show that this difference goes to infinity after any
sequence of government consumption. The Markov assumption guarantees that after any
such sequence the probability of never hitting a zero-debt state is small enough so that
the utility difference between these plans is dominated by the utility difference after
zero-debt states. Consequently, this difference goes to infinity as the discount factor
approaches one. We have, then,

Proposition 4 (The Sustainability of Ramsey Outcomes). Under Assumptions 1 and
2, there is some B in (0, 1) such that for all B in (B, 1) the Ramsey outcome is sustainable.

Proof. Let U'(g') denote the value of utility at g' under the Ramsey plan. From
(4.6), it follows that the Ramsey plan is sustainable if, for each g°,

Yo Larae B(g U (g) - U(g)]z0. (4.22)

We can divide this sum over strings g' which include g° into two sets of strings. The
first set consists of all those strings into which zero debt is sold together with strings that
follow such a string. The second set consists of all those strings g’ for which positive
debt has been sold into all substrings g"€ g’ for r=s.

Proposition 3 guarantees that for any string g', there is always some state at t + 1—say,
v(g")—into which zero debt is sold. Each such string (g, y(g°)) is like an initial state to
a Ramsey problem starting at y(g‘). Lemma 2 then guarantees that the present value of
the utility difference over strings following (g’, y(g')) goes to infinity as 8 approaches
one. Thus, we are done if we can show that the utility difference over the second set of
states is bounded. Since zero debt is always sold into some state, it follows that this
utility difference is at most

u+(1-p)Bu+(1—p)’plu+--- (4.23)

where u is the maximal difference between any two utility values and u is the minimum
transition probability. Since for all 8 in (0, 1) the sum in (4.23) is bounded by the constant
u/u, we are done. ||
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This proposition is reminiscent of the Folk Theorem in repeated games which says
that with sufficiently little discounting all individually rational payoffs can be supported
by subgame-perfect Nash equilibria (see Fudenberg and Maskin (1986)). In our setup
we have blended features of competitive analysis with game theory and thus technically
our model is not a game. In order to explore the relationship between our results and
results like the Folk Theorem it is useful to briefly explain how our environment can be
mapped into a game (see the working paper version of this paper and Chari and Kehoe
(1990) for details). We capture the competitive behaviour of private agents by setting up
an anonymous game in which there is a continuum of private agents who observe only
policies, their own decisions and the average or per capita outcomes of private decisions.
The government observes policies and the average private decisions. Since a game does
not have budget constraints we define payoffs by adding to the utilities in our model a
function which is zero if the agent’s budget constraint is met and some large negative
number of it is violated. This formulation implies that all agents will meet their budget
constraints in equilibrium. In Chari and Kehoe (1990) we showed that the set of symmetric
perfect Bayesian equilibrium outcomes of the anonymous game are the same as the set
of sustainable outcomes.

Notice that the game set-up here is quite different from standard repeated games.
For one thing it is dynamic and stochastic. But, more important, competitive behaviour
on the part of private agents implies that all individually rational payoffs cannot be
supported even with sufficiently little discounting. Here the set of individually rational
payoffs consists of all payoffs between the discounted value of the payoffs obtained from
violating the budget constraint and the efficient allocation in an economy with lump sum
taxes (the command optimum). Propositions 2 and 4 show that the set of sustainable
equilibrium payoffs is strictly smaller than this set, ranging only from the autarky payoffs
to Ramsey payoffs. The reason for this difference is the competitive behaviour of private
agents, which corresponds to anonymity in the game. If we allow all agents to observe
all actions then strategies which specify reversion to some bad equilibrium if any single
private agent fails to choose the lump sum tax allocation can support the command
optimum. Moreover, without anonymity, any individually rational payoff can be suppor-
ted by an appropriate trigger strategy.

Given these results one might ask whether with little discounting it is possible to
support all outcomes that are attainable under commitment. The answer is no. Consider,
for example, balancing the budget in each period and choosing taxes on the wrong side
of the Laffer curve. This outcome is attainable under commitment but gives utility below
autarky and thus by Proposition 2 is not sustainable. In this sense our results are more
closely related to those of Fudenberg, Kreps, and Maskin (1990) than to the standard
results on the Folk Theorem.

5. EXAMPLES

Here we present examples that clarify the scope and limitations of the theory. We begin
with a parametric example that illustrates several features of sustainable outcomes and
their associated utility levels.

Example 1 (Features of Sustainable Outcomes). U(c, 1) = c¢*( -1 with a =0-33
and I =10. Let government consumption be i.i.d. and take on two values vy, and 7y, with
probabilities p, = u,=0-5. Let y, be the initial state. We focus on stationary outcomes
in which c(g'™", v;)=c(y;) and I(g'™", v;))=1(y;) for all g'~'. Recall that an arbitrary
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pair of contingent sequences (, x) is the outcome of a sustainable equilibrium if and
only if it is attainable under commitment and satisfies the inequalities in (4.6). An outcome
is attainable under commitment if it satisfies feasibility together with (4.4) and (4.5). For
our stationary example, (4.4) and (4.5) reduce to R(y,)+8/(1 = B)[u;R(y,) + w2R(y:)] =

0 and R(y,)+B/(1—B)[pw1R(y1)+ p2R(7,)]120.
The inequalities in (4.6) reduce to, for i=1,2,

UG+ 125 I UG+ m U] 2 U“(y.~)+l—f5[u.ua(yl)wzuawzn (5.1)
where U(y;)= U(c(v:), I(y;)). We find it convenient to normalize the utility of an
allocation by dividing by the utility in autarky. Thus, the normalized utility of an allocation
is defined to be

U(y)+BluU(y)+uU(y,)1/(1-8)
U(y,) + Bl U(y1) + pU(y)1/ (1= B)

In Figure 1, we plot the set of normalized utilities resulting from stationary sustainable
allocations against the discount factor for y, =1 and y,=2. Four features are notable.
First, for B =0-76, autarky is the only stationary sustainable allocation. Second, if an
allocation is sustainable for some discount factor, then it is sustainable for a larger
discount factor. Third, for B =0-83, all allocations with utilities between autarky and
Ramsey are sustainable. Finally, note that the maximum sustainable utility jumps at
B =0-7. This discontinuity in the maximal sustainable utility level also appears in the
example in Chari-Kehoe (1990).

It is interesting to examine how the dynamic incentive constraints in (5.1) affect the
sustainable policies. In terms of the debt in our two-state i.i.d. example, (4.16) simplifies
to

(5.2)

b(y;)= [M%H%(mR(%)+qu(72))] (5.3)
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FIGURE 1
Sustainable utilities vs. the discount factor
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for i=1,2. Since the economy starts in a high spending state with g,= vy, the date 0
budget constraint simplifies to

b(go) = [R(’)’z)"‘_ﬁ_(M1R(71)+M2R(’)’z))]- (5.4)

Uc('}’Z) 1 _B

Since we have assumed that the inherited debt at date 0, b(g,), is zero, (5.3) and (5.4)
make it clear that the inherited debt in any high spending state y, (‘““war”) is zero, so
b(vy,) =0. The debt inherited in any low spending state vy, (‘“‘peace’) is positive whenever
the outcome is not the autarky outcome. In Figure 2 we plot the debt inherited in
peacetime under the optimal sustainable equilibrium and under the Ramsey equilibrium.
The debt inherited in wartime is zero in both equilibria. In Figure 3 we plot the tax rates
under both equilibria. For B <0-76 the optimal sustainable debt is zero and the tax rates
are the autarky ones. For B>0-83 the debt and tax rates of the optimal sustainable
equilibrium coincide with those in the Ramsey equilibrium. More interestingly, notice
that for intermediate discount factors the debt inherited in peacetime is smaller in the
optimal sustainable equilibrium. For such discount factors in wartime the optimal sustain-
able tax rate is higher than the Ramsey tax rate while in peacetime the reverse is true.
Thus, when binding, the dynamic incentive constraints force debt to be smaller and taxes
to be more volatile than in the Ramsey equilibrium.

07
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FIGURE 2
Optimal sustainable debt vs. the discount factor

We now consider a sequence of mean-preserving spreads of government consumption
from y; = v, =1-5 up through y; =1 and y,=2. In Figure 4, we plot the set of stationary
sustainable utilities against the variance of government consumption at 8 =0-9. Note
that the sustainable utility set is monotonically increasing in the variance. Intuitively, as
government consumption becomes more variable, the benefits to tax-smoothing increase,
so the punishment of reverting to autarky forever becomes more severe. This example
highlights the connection between the variability of government consumption and the
sustainability of good outcomes.
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Optimal sustainable tax rates vs. the discount factor
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Sustainable utilities vs. the variance of government consumption

It is useful to relate this last result to those in the industrial organization literature.
For example, in Rotemberg and Saloner’s (1986) model of collusion over the business
cycle and Green and Porter’s (1984) model of collusion with demand uncertainty higher
variability in the economy typically makes it more difficuit to support good outcomes.
(See pages 249 and 264 of Tirole (1989).) One difference between our work and this
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work is that our model is dynamic and the set of physically possible benefits and losses
depends on fundamentally intertemporal considerations while in theirs it depends on
atemporal considerations. For example, unlike in these models, in our model if there
were no variability the best and the worst equilibria would coincide. More generally, in
our model increased variability has two effects which work in opposite directions. To
understand these effects notice that if either of the incentive constraints in (5.1) bind it
is the one starting in peace. As the variability increases the debt inherited in peacetime
in the Ramsey equilibrium increases and thus the current gains from default increase.
This increased variability, however, also increases the value in the future of smoothing
tax distortions and hence the future losses from defaulting increase. For a large class of
parametric examples we have found that the future losses outweighed the current gains.
Thus we found that increased variability typically makes it easier to support good
outcomes.

Next, in proving the Ramsey outcomes were sustainable, we assumed that the
fluctuations in government consumption never damped out. To see the importance of
this assumption suppose, for example there is some date T such that government consump-
tion is constant after T. Clearly, at T the best the government can do is to default on
the debt at T and to balance its budget in every period thereafter. Anticipating this policy
consumers will not purchase any debt in period T —1, regardless of the previous history
of government policy. The best policy for the government at T—1 is to default on
inherited debt and to balance its budget. By induction it follows that in any sustainable
equilibrium the debt is always zero and the equilibrium outcome is autarky forever. Thus
the Ramsey outcome is not sustainable for any discount factor less than unity. Next, we
present an example in which the best sustainable utility levels lie strictly between the
autarky and sustainable levels. Consider

Example 2 (A Markov Chain With Absorbing States). Let government consumption
follow a three-state Markov chain with states {vy,, v., ys} with ¥, =0 and with transition
matrix

1 0 0
M2y M2z M23 |-
M31 M3z M33

Note that y, =0 is an absorbing state. Since government consumption is constant once
v, is realized we can use the same reasoning as above to show that the debt sold into
state vy, is always zero. In terms of characterizing the sustainable allocations note that
the allocations in state y,; are the autarky allocations. Thus the terms involving state v,
are the same on both sides of (4.6) and can be eliminated. With stationary allocations
the inequalities in (4.6) for, say, y,, reduce to

U(v)+Blp2U(y2) + usU(ys)+- - -2 U(y2) + Blp2U(v2) F uss U(y3) ]+ - -

Since the debt sold into state 7y, is always zero the terms in (4.4) and (4.5) involving ¥y,
also drop out. Thus the problem of characterizing the set of sustainable equilibria is very
similar to the problem of characterizing the sustainable equilibria in an economy with
only states y, and y; (except that the probabilities of these states do not sum to 1). Using
arguments similar to those in Proposition 4 we can show that for a high enough discount
factor the best sustainable outcomes maximize (4.2) subject to (4.1) and (4.4) with the
additional constraint that the debt sold into state vy, is zero. It is easy to show that in
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the Ramsey problem tax distortions are optimally smoothed by selling positive debt into
all zero states and raising some revenues in them. Hence, for any discount factor the
best sustainable utility levels are bounded away from the Ramsey utility levels. Thus, in
this example, the best sustainable utility levels typically lie strictly between the autarky
and the Ramsey utility levels.

6. CONCLUSION

The point of this paper and its companion (Chari and Kehoe (1989)) is to carefully
analyze whether reputational forces can solve the time-inconsistency problem of defauit
in a standard macromodel with government debt. In this paper we showed that if the
government cannot enforce private debt claims and if government consumption fluctuates
enough forever, then reputational forces can support equilibria with no default. In the
companion paper we showed that with enforceable private debt claims standard trigger
strategies cannot support positive debt equilibria.

In this pair of papers we focussed on the interaction between the enforceability of
private debt claims and the ability to sustain good outcomes. In doing so we assumed
there were no problems in collecting taxes. We think this asymmetric formulation is a
useful first step in analyzing the time-inconsistency problem of default. A more general
analysis would introduce the possibility of tax evasion together with enforceability of
private debt. We think such an analysis is best undertaken in a model which makes
explicit the asymmetries in information between the government and private agents. Such
an analysis would require merging the techniques developed in the mechanism design
literature with those in the time-consistency literature. Carrying out such an analysis is
clearly a formidable but valuable task.

For nearly a decade economists, using differing levels of formality, have used
reputational arguments for a variety of macroeconomic issues. Almost all of the formal
literature, however, has analysed these reputational arguments by using the repeated
static game models similar to those used in the industrial organization literature. (See,
for example, Barro and Gordon (1983) and Backus and Driffill (1985).) While this
literature was a useful first step it is not obvious that its insights carry over to standard
macromodels which are inherently dynamic. The classic papers on time-consistency
(including Kydland and Prescott (1977), Calvo (1978), Lucas and Stokey (1983) and
Persson, Persson, and Svensson (1987) use standard macromodels with state variables
such as capital, money, or debt. These models give rise to dynamic games and not
repeated static games. This paper and its companion make it clear that reputational
arguments work in a more subtle way in such dynamic games than they do in repeated
games. In particular, we show that the arguments depend on the economic features of
the underlying environment such as the nature of enforcement technologies and the nature
of the stochastic process for government spending. Whether reputational arguments will
work in other standard models with money and capital is an open question. If they do,
we suspect that they will depend on economic features of the environment. We hope
that some of the techniques developed here will be useful in analysing these questions.
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