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Introduction

e [ he dynamic incentive problems we studied so far do not
consider exogenous links between periods of privately ob-
served variables (for example Atkeson, Lucas presented last
time)

e Links between periods in private observed variables, would re-
quire history dependence of agent choices, thus complicating
the recursive formulation

e Constraints have to ensure that no gains are made by agent
that deviated in the previous period



Introduction

e In many situations the evidence suggest the contrary (for
example in income correlation)

e In the paper, a method to study such intertemporal links in
a dynamic incentive problem is studied

e In particular, the authors consider a model with endowment
shocks (extension to a model with taste shocks follows easily)
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Model
Time is discrete

Endowment process: hy € H = {hy, hy} follows a first order
Markov process; assume: hgyg > hy, > ce R

w(hy_1) probability that hy = hy given h;_q;
assume: 0 < m(hj) <1l,j=H,L

M(k!T7|he) probability of subsequent history {h;y1,...,hyy;} €
HI=1 given hy



Society can linearly transfer resources over time;
B = [b,b] C R set of feasible consumption values

g € (0,1) price of consumption good in t+ 1, in terms of
time t consumption

Consumers derive utility from consumption sequences:
U(c) =392 ,8'U(ct), where U : B — R;

Assume: U strictly increasing and strictly concave; 8 € (0,1)



A reporting strategy is a sequence {h;(h!)}?2 , mapping his-
tories ht = (hg, h1,...,ht) to a report of current endowment

A transfer system is a sequence of functions {7:};2q;
assume: 7(ht) > —h; for all t and hy

We will consider problem with planner assigning utils instead
of consumption goods; let C(@) = U1 (@)

An allocation is a series of functions u = {u};2 4 such that

C(ur(hY)) = hy + 7 (hy)



Given (h_1,wqp), a planner problem is:

V(h_1,wo) = min { Yo Y @C(u(h)) — ht]n(hthl)}

t:OhtEHt
S.to
S N Blug(RHN(RYh_1) (1)
t:OhtEHt
> 3 Y BU 4+ C(ue(RE(AY))) — Ae(A))N(RY Ry 1)
t:OhtEHt
wo =Y Y Blu(h)N(rYA_1) (2)

t=0 htEHt



We will characterize solutions to the planner problem using an
auxiliary planner problem, so that given (h_1,wq, wg), the plan-
ner now chooses u to solve

0
N ¢ ¢ ¢
Va(h_1,wo,@0) =minq¢ > > ¢'[C(ur(h’)) — he]M(h*|h_1)
t:OhtEHt

s.to
(1), (2) and

fo=3 3 Au(h)N(AAC ) (3)

t=0 htEHt



Let W*(h_q1) be the set of (wq,wg) that satisfy (1), (2) and (3);
we then have:
V(h_1,wg) = min V4 (h1,wo, o)
wo

s.to
(wo,wg) € W*(h_1)

Note: in the auxiliary planner problem we are also constrained
to deliver utility wg to agent with initial seed given by h® ;.



The recursive formulation

e We want to reduce the problem in the form of SLP; we need
to determine: state variable s;, outcome function F'(h¢, s¢, S¢41)
and constraint set s;y1(ht) € M(si(ht~1), hy)

e Consider a realization h!~! and an announcement At~1. An
allocation w is incentive compatible after (ht—1 Rt—1), if for

all {h-}24:

S Y Buyg R L ATN(RT R 1)

T:O hTEHT

o0
>3 Y BU(hr + Oupr (R L RT(RTIATH R LY))
T=0h€eHT
—hr(RTIREE R Ry 1)
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Lemma 2.1 Let u satisfy the time zero incentive constraint (1).
Then, for any time period t, past history of reports ht=1 and true
realizations h'~1, w is incentive compatible after (ht—1 At—1).

Note: (1) requires that u is incentive compatible after truth
telling, here it's prove the stronger result that u is incentive
compatible after any previous deviation.
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Theorem 2.1 Let u = {ut}i2 5 be an allocation. The sequence
w is incentive compatible if and only if, for all t and ht € HY,
satisfies:

ur(hY) + Bwyp 1 (BY) > U(he+C (ue(ht ™1 h§)) — h§) + By 1 (R, bE)

(4)
where
o0
w1 (B =Y Y BTupp14,- (R ATA(AT ),
T=0hT€HT
¢ — ¢
w1 (R = D> Y BTupgp14-(hY, AT)O(RT|RE).
T=0hTcHT

(4) is a temporary incentive constraint.
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Proof:

e Suppose u satisfies (1) but violates (4) for some ¢t and hl.
Consider a reporting strategy h that requires lying only at ¢
after h'. Given that (4) is violated and M(ktlh_1) > 0, (1) is
also violated

e Suppose u satisfies (4) but violates (1), then exists h, such
that Wo(h) — wg > a, where:

Wo(h) = > > BUh+ C(ug(R'(h))) — he(RH))N(R'h_1)
t=0 ptcHt
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Define A™ prescribing truth telling for t > 7 and following h before:

Wo(h™) = 3 S AU + Clug(READ)) — RN (1)
t=0 htcH?

+67 {Z € Hipyewr4+1(A"(R"))N(AT[h_1)
h

+ Z < H}-alseﬁ}T-I—l(ﬁT(hT))n(hTh—l)}
h

Since the set of feasible utilities is bounded, and 3 < 1, exists 7
such that |[Wp(h) — Wo(h7)| < 5.

Suppose AT(h™"1) = h._1, (4) requires that h does not improve
on truth-telling from = on; if A7(K" 1) = hS_ 1, Lemma 2.1 re-
quires that u does not improve on truth-telling from 7 on.
Using (4) for all t < 7 requires Wo(hT) < wq; contradiction.
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We can now write the problem recursively. Write (w, ;) as

wi(h1) =3 {ur(h?) + Bwp 1 (W) I (helhi—1) (5)
ht

W (R = S {ur(hY) + Bwy 1 (R IN(he A1) (6)
ht

From (5) and (6), given sg = {h_1,wq,Wg} we can solve u as
function of w = {w (k1) @ (RI=1)}92 ;.

Given sq, for all t, ht, ui(h?) is uniquely implied by:
se(h'™1) = (hy—1, we (R~ 1), @ (AP 1)) and s;41(h)
The return function is now F(hs, st, sp41) = C(ur(hl)) — hy.

If (4) holds by Theorem 2.1, (1) holds. So if w satisfies (4),
(5) and (6) all constraints of the auxiliary planner problem are
satisfied.
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As in SLP, we now define operator T' in the space of bounded
continuous function as:

T(vg)(h_,w,w) = (7)
u(h)7wr)22r;@,(h) h;f{C(U(h)) — h+ qua(h,w'(h), @' (h))}N(h|h-)
S.to

w= Y {u(h) 4+ Buw'(R)}N(h|h_1)
heH
w= Y {u(h)+ Bw'(h)}N(h|A )
heH
u(h) 4+ Bw'(h) > U(h 4 C(u(h)) — h°) + B’ (h), Vh € H

(w'(h),w'(h)) € W*(h) and u(h) € [U(b),U(b)].
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The results from SLP follow once we show that:

Lemma 2.2 The set W*(h_q1) is non-empty and compact for
each h_1.

Note: computationally to determine W*(h_1), we proceed as
follows:

1. Determine W (h_1) by two function that give highest and
lowest w that can be achieved by initial (h_1,w);

2. Iterate using APS operator.

17



Lemma 2.3 The function V4 is the unique fixed point of T'. The
policies w(h|h_1,w,w), w' (hlh_1,w,w), W' (h|h_1,w,w) that solve
(7) solve the infinite sequence auxiliary planning problem. And
a solution {ut(ht)}fgo to the infinite sequence auxiliary problem
solves

Va(hi—1, we (b 1), @ (A1) =

> {C(ug(h*)) — he + qVa(hy, wiy 1 (A, @5y 1 (B")) I (he|hy—1)
hte H

for all t — 1, At—1
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The case of private taste shocks

Take previous framework, but now consider:
e Endowments fixed at e

e hy € H is a Markov process that determines a shock to utility,
SO that:

Ue,h) =Y BU(ct, he)

t=0

Proceed as before, operator T' is now given by
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T(wg)(h_,w,w) = (8)

L. hgg{c(u(h), h) — e+ qua(h,w'(h), @' (h))}N(h|h-)
S.to
w= Y {u(h) + Buw'(h)}N(hlh_1)
heH
w =) {u(h)+ pw'(h)}N(hRE 1)
he H
u(h) + pw'(h) > U(h + C(u(h®), h% h) + pw'(h°), Vh e H

(w'(h),w'(h)) € W*(h) and u(h) € D;, set of feasible utilities.
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Conclusions

e In the paper, a method to study such intertemporal links in
a dynamic incentive problem is studied

e [ he general procedure applies also to the case with Markov
process of higher order and with realization taking more than
two values

e Examples of privately observed endowments, taste shocks
and effort are also studied
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