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Abstract

We provide both an axiomatic and a neuropsychological characterization of the de-
pendence of choice probabilities on time in the softmax (or Multinomial Logit Process)
form

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
(MLP)

where: pt (a;A) is the probability that alternative a is selected from the set A of feasible
alternatives if t is the time available to decide, u is a utility function on the set of all
alternatives, and � is an accuracy parameter on a set of time points.
MLP is a very popular model of random choice in many �elds of decision making,

from Quantal Response Equilibrium theory to Discrete Choice Analysis, Marketing, Psy-
chophysics, and Neuroscience. Our axiomatic characterization of softmax permits to em-
pirically test its descriptive validity and to better understand its conceptual underpinnings
as a theory of agents�rationality. Our neuropsychological foundation provides a computa-
tional model that may explain softmax emergence in human behavior and that naturally
extends to multialternative choice the classical Di¤usion Model paradigm of binary choice.
As we discuss in the paper, these complementary approaches provide a complete perspec-
tive on softmaximization as a model of preference discovery, both in terms of internal
(neuropsychological) causes and external (behavioral) e¤ects.

Keywords: Discrete Choice Analysis, Drift Di¤usion Model, Heteroscedastic Extreme
Value Models, Luce Model, Metropolis Algorithm, Multinomial Logit Model, Quantal
Response Equilibrium
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1 Introduction

Both human and machine decisions must be often made under external time constraints. In-
trospection and empirical evidence agree that time scarcity leads to mistakes, even when the
agent�s objectives are clearly de�ned.
In this paper, we provide both an axiomatic and a neuropsychological characterization of

the dependence of choice probabilities on time in the softmax (or Multinomial Logit Process)
form

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
(MLP)

where:

� pt (a;A) is the probability that alternative a is selected from the set A of feasible alter-
natives if t is the time available to decide,1

� u : X ! R is a utility function on the set X of all alternatives,

� � : T ! (0;1) is an accuracy parameter on a set T of time points.

For each �xed time t, our theory coincides with the one of Luce (1959), that is,

pt (a;A) =
evt(a)P
b2A e

vt(b)

where vt is a function from X to R.

Our axiomatic contribution consists in characterizing, in terms of observables, the time
dynamics of the functions vt that corresponds to MLP. Speci�cally, by observing choice fre-
quencies, we are able to establish whether there exist a time-independent utility u and a
time-dependent accuracy parameter � such that

vt (x) = � (t)u (x) 8 (x; t) 2 X � T

and, if so, to identify them. Moreover, for T = (0;1) we show under which conditions � is
increasing and bijective. In this case, when the agent has no time to decide, all alternatives
become equiprobable

lim
t!0

pt (a;A) = 1= jAj 8a 2 A

and choice is completely random. In contrast, longer times allow for greater di¤erences in the
selection probability for alternatives that di¤er in their utilities until, without time pressure,
only the utility maximizing ones survive

lim
t!1

pt (a;A) =

�
1= jargmaxA uj if a 2 argmaxA u
0 else

and so choice is perfectly rational.

1Or the experience level of the agent, see below.
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In terms of random utility (see McFadden, 1973), expression (MLP) amounts to

pt (a;A) = Pr

�
u (a) +

�a
� (t)

> u (b) +
�b
� (t)

for all b 2 A n fag
�

where f�xgx2X is a collection of independent errors with type I extreme value distribution,
mean 0 and variance �2=6. Therefore, our axioms characterize the behavior of an agent who is
trying to maximize u over A, but �because of time pressure �makes mistakes in evaluating
the utility of the various alternatives. These mistakes are i.i.d. and their standard deviation is
inversely proportional to � (t).

Our neuropsychological contribution consists in presenting a computational model that
extends the classical Drift Di¤usion Model (DDM ) of Ratcli¤ (1978) to multialternative deci-
sion tasks and leads to choice probabilities that are again described by (MLP). Speci�cally, we
start form the observation of Russo and Rosen (1975) �con�rmed by more recent research (see
below) �that multialternative choice procedures are composed primarily of sequential pairwise
comparisons, in which actual evaluative processing takes place, and that agents�exploration
strategies are based on the similarity and proximity of available alternatives. Formally, we
assume that:

� pairwise comparisons can be described by the DDM with parameters u and � (t); so that
in confronting a and b, one of the two alternatives is selected when the net evidence in
its favor reaches the decision threshold � (t);

� exploration strategies follow a Markovian symmetric protocol à la Metropolis et al.
(1953); which describes the probability of considering a new proposal c after having
compared a and b and selected one of them;

� search terminates when t units of time have elapsed, at which point the incumbent solution
is chosen.

We show that the decision process that we just described leads, approximately, to (MLP).
Therefore, softmaximization can be seen as the stylized output of a search procedure that

looks for a maximum under time pressure, when pairwise comparisons are based on the accu-
mulation of noisy evidence (and hence they are time consuming and subject to mistakes).

As we further discuss below, softmax is a very popular model of random choice in many �elds
of decision making, from Quantal Response Equilibrium theory to Discrete Choice Analysis,
Marketing, Psychophysics, and Neuroscience. Our axiomatic characterization of Multinomial
Logit Processes permits to empirically test their descriptive validity and to better understand
their conceptual underpinnings as a theory of agents�(possibly bounded) rationality. Our neu-
ropsychological foundation provides a computational model that may explain softmax emer-
gence in human behavior and that naturally extends to multialternative choice the classical
Di¤usion Model paradigm of binary choice.
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1.1 Di¤erent �elds of application and our contribution

1.1.1 Discovered Preference Hypothesis and Quantal Response Equilibrium

On the theoretical side, softmax can be regarded as a formalization of the Discovered Prefer-
ence Hypothesis (DPH) outlined in Plott (1996). According to the DPH, agents acquire an
understanding of how their basic needs are satis�ed by the di¤erent alternatives in the choice
environment through a process of re�ection and practice; a process which, in the long run, leads
to optimizing behavior.
In our model, both re�ection and practice are synthesized by the passage of time. This is

best seen by considering the two aspects separately: If t represents the time limit within which
an alternative a must be chosen from a feasible set A, then preference discovery occurs by
re�ection only. This is our main interpretation of t throughout the paper. Else, if t represents
the number of times the agent has been facing choice problem A and a is an action to be taken,
then preference discovery mainly occurs by practice. In this case, the typical �nding that � is
increasing captures the dynamics of exploration in earlier decision stages and exploitation in
later ones.
By preference discovery we mean both the (partially observable) process that leads the

agent to consider one alternative superior to another and its (fully observable) outcome,
that is, the resulting choice probabilities. For example, in the DDM case, the discovery process
is given by Brownian evidence accumulation (see, e.g., Rangel and Clithero, 2014, Shadlen and
Shohamy, 2016, and Fudenberg, Strack, and Strzalecki, 2017) and the discovery outcome is a
binomial logit probability (see, e.g., Webb, 2018).
Softmaximization is the form that preference discovery takes in the Quantal Response Equi-

librium (QRE) theory of McKelvey and Palfrey (1995). In this case, t is the experience level
of the player, that is, the number of times he played the game,2 u (a) is the expected pay-
o¤ of action a, and � (t) captures the player�s degree of rationality. From the original data
analysis of McKelvey and Palfrey (1995) to the recent Agranov, Caplin, and Tergiman (2015),
Goeree, Holt, and Palfrey (2016), and Ortega and Stocker (2016) evidence seems to suggest
that, for sophisticated players, the function � increases as time passes and the decision making
environment is better understood.3

Our axiomatic and neuropsychological characterizations of softmax can thus be seen as two
alternative foundations of QRE. The �rst identi�es the discovery outcome, the second explains
the discovery process. QRE is thus the equilibrium concept that corresponds to the decision
theory we develop in this paper. Goeree, Holt, and Palfrey (2016) give a broad perspective of
its di¤erent applications.

2Our use of the pronoun �he�is completely nature-neutral, our agents might be algorithms.
3Interestingly, in Agranov, Caplin, and Tergiman (2015) and Ortega and Stocker (2016), t is not the expe-

rience level, but the time the player had to contemplate the altenatives in A before choosing.
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1.1.2 Discrete Choice Analysis and Heteroscedastic Multinomial Logit Models

Ideas that are similar to the DPH emerged, in the same years, in the �eld of Discrete Choice
Analysis (DCA).4 Relative to this literature, the model we propose falls in the category of
Heteroscedastic Multinomial Logit Models. According to these models

ps (a;A) =
e�(s)u(a)P
b2A e

�(s)u(b)
= Pr

�
u (a) +

�a
� (s)

> u (b) +
�b
� (s)

8b 2 A n fag
�

(HMNL)

where:

� ps (a;A) is the probability that alternative a is selected from the set A of feasible alter-
natives in experimental condition s, or, more in general, according to data source
s,

� for each x 2 X, u (x) is the systematic component of the random utility u (x) + �x=� (s),

� for each source s 2 S, �2=6�2 (s) is the variance of the random utility u (x) + �x=� (s).

The main experimental conditions s that we consider in this paper are externally imposed
deliberation times. Chen, Chorus, Molin, and van Wee (2015) present an application of the
HMNL to travel behavior under these conditions. Instead, in Bradley and Daly (1994), again
on transportation preferences, s is the number of pairwise choices completed in a survey, so it
is similar in concept to the experience level of QRE; but they �nd a decreasing � that they
attribute to responders� fatigue. Under the same interpretation of s, Savage and Waldman
(2008) and Campbell, Boeri, Doherty, and Hutchinson (2015) estimate the values of � in early,
middle, and late phases of di¤erent experiments with the aim of capturing preference learning
(decreasing variance �increasing �) and fatigue (increasing variance �decreasing �).
From a DCA viewpoint, our axiomatic characterization of the HMNL allows to test for

misspeci�cation of the model itself. Moreover, we also provide simple techniques to directly
identify parameters from data (see Proposition 4). In return, the DCA literature started by
Ben-Akiva and Morikawa (1991), Swait and Louviere (1993), Hensher and Bradley (1993), and
Bhat (1995) provides a number of methods to estimate the parameters of our model.
Given the broad use of HMNL, also in cases in which the set S of sources is not a subset

of (0;1) and is not endowed with a natural order,5 in Appendix A.2 we complete our analysis
with an axiomatic characterization of its most general version. As Theorem 3 of Luce (1959)
provides a theoretical foundation for the applications of the (homoscedastic) MNL, our Theorem
16 provides one for the applications of the (heteroscedastic) HMNL.

4For example, Hensher, Louviere, and Swait (1999) write: �Consumers �rst become aware of needs and/or
problems, and then search for information about products/services that could satisfy their need(s)/solve their
problems. As consumers learn about products, product attributes and attribute levels, and associated un-
certainties, they form beliefs about products. Eventually, they have su¢ cient information to form a decision
strategy (or utility function) for valuing and trading o¤ various product attributes.�

5For example, S is a set of locations in Train (2009, pp. 24-25), it is a doubleton distinguishing between
stated intentions and market choices in Ben-Akiva and Morikawa (1990), and it can also be a set of levels of
(one or more) personality traits like in Proto, Rustichini, and So�anos (2017). In healthcare experiments, the
elements of S have been used to represent di¤erent levels of medical training (see, e.g., Vass, Wright, Burton,
and Payne, 2018).
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1.1.3 Psychophysics and Neuroscience

In discrimination tasks where pairs A = fa; bg of alternatives are compared, (MLP) describes
the �logistic psychometric function family�and is the most used parameterization of response
probabilities.6 In this case, � is the slope of the psychometric function and it measures accuracy
of discrimination or � in the neuroscienti�c study of choice behavior � sensitivity to utility
di¤erences.7

Figure 1: pt (a; b) = pt (a; fa; bg) plotted as a function of u = u (a), for �xed u (b).8

When deliberation time t is externally controlled (and scarce relative to the di¢ culty of
the decision task), it is a well established fact of classical psychophysics that the slope of the
psychometric function increases in t. In other words, externally decreasing deliberation time has
the e¤ect of diminishing the probability of a correct response. More in general, and irrespective
of the number of alternatives, from the pioneering experiments of Cattel (1902) on perceived
intensity of light, to the classical Link (1978), to the recent study of ALQahtani et al. (2016) on
the e¤ect of time pressure on diagnostic decisions, evidence has been systematically con�rming
that accuracy is an increasing function of the time available to decide. In particular, Ortega
and Stocker (2016) calibrate softmax and �nd that � is approximately linear in log-time, a
special case that we are able to axiomatically characterize as a byproduct of our analysis (see
Appendix A.2).
Based on a sequence of DDM pairwise comparisons, our neuropsychological foundation of

softmax provides a new model of choice among multiple alternatives that captures the evidence
above. Moreover, this model seems to be consistent with both old and new eye-tracking �ndings
and with the known capacity constraints of working memory (see Section 4). Our axiomatic
characterization, instead, allows to externally validate the model itself.

1.2 Related literature

An important distinction in the modelling of stochastic choice processes is whether the �nal
decision time t is exogenous (the time limit set by the experimenter or by the environment)

6See Falmagne (1985) and Iverson and Luce (1998).
7Dovencioglu, Ban, Scho�eld, and Welchman (2013) and Tsunada, Liu, Gold, and Cohen (2016) are re-

cent neuroscience works that use this speci�cation of the psychometric function and adopt the corresponding
interpretation of the parameter �.

8Geometrically, � (t) =4 is the slope of the tangent to the graph at (u (b) ; 1=2).
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or endogenous �the actual response time of a subject who chooses when to make his decision
without external time pressure. This paper considers exogenous deliberation times and the
present discussion of the literature focuses on models with this feature. In Economics, models
where decision time is endogenously � say, optimally � chosen are the subject of an active
literature and we refer the reader to Woodford (2014), Steiner, Stewart, and Matejka (2017),
and Fudenberg, Strack, and Strzalecki (2017) for updated perspectives. In Psychology, these
models have a long history, arguably beginning with Laming (1968). We refer to Bogacz et al.
(2006) for more recent developments.
Natenzon (2017) proposes a Multinomial Bayesian Probit model with the aim of jointly

accommodating similarity e¤ects, attraction e¤ects, and compromise e¤ects in a preference
learning perspective. According to Natenzon�s model when facing a menu of alternatives the
decision maker (who has a priori i.i.d. standard normally distributed beliefs the on the possible
utilities of alternatives) receives a random vector of �jointly normally distributed �signals that
represents how much he is able to learn about the ranking of alternatives before making a choice
(say within time t). The decision maker updates the prior according to Bayes�rule and chooses
the option with the highest posterior mean utility. Conceptually, both Natenzon�s model and
ours can be seen as formal embodiments of the Discovered Preference Hypothesis. Natenzon�s
Multinomial Bayesian Probit predates ours and gains descriptive power by abandoning the
random utility paradigm and augmenting the number of parameters. At the same time, our
model is easier to falsify thanks to its axiomatic nature and because of the abundance of routine
techniques to estimate it. From a neuropsychological viewpoint, both approaches belong to the
di¤usion models� tradition that started with the seminal works of Ratcli¤, Busemeyer, and
coauthors (see the reviews of Rieskamp, Busemeyer, and Mellers, 2006, Fehr and Rangel, 2011,
Ratcli¤, Smith, Brown, and McKoon, 2016).
In a general Random Expected Utility perspective, Lu (2016) captures preference learning

through increasingly informative priors on the set of probabilistic beliefs of the decision maker,
while in Caplin and Dean (2011) preference learning occurs through sequential search.
Fudenberg and Strzalecki (2015) axiomatize a discounted adjusted logit model. Di¤erently

from the present work and the ones discussed above, their paper studies stochastic choice in
a dynamic setting where choices made today can in�uence the possible choices available to-
morrow, and consumption may occur in multiple periods. Frick, Iijima, and Strzalecki (2017)
characterize its general random utility counterpart. Finally, Caplin and Dean (2013) and Mate-
jka and McKay (2015) identify the Multinomial Logit Model in terms of optimal information
acquisition, while Saito (2017) obtains several characterizations of the Mixed Logit Model.

As to the neuropsychological modelling of choice tasks with N > 2 alternatives, the vast
majority of extensions of the DDM considers simultaneous evidence accumulation for all
the N alternatives in the menu. In these models, the choice task is assumed to simultaneously
activate N accumulators, each of which is primarily sensitive to one of the alternatives and
integrates evidence relative to that alternative; choices are then made based on absolute or
relative evidence levels. See, e.g., Roe, Busemeyer, and Townsend (2001), Anderson, Goeree,
and Holt (2004), McMillen and Holmes (2006), Bogacz, Usher, Zhang, and McClelland (2007),
Ditterich (2010), and Krajbich and Rangel (2011).
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Alternatively, Reutskaja, Nagel, Camerer, and Rangel (2011) propose three two-stage mod-
els in which subjects randomly search through the feasible set during an initial search phase,
and when this phase is concluded they select the best item that was encountered during the
search, up to some noise. This approach can be called quasi-exhaustive search in that
the presence of a deadline may terminate the search phase before all alternatives have been
evaluated and introduces an error probability.
Here, instead, we focus on sequential pairwise comparison as advocated by Russo and

Rosen (1975) in a seminal eye �xation study (see especially their concluding section). Although
di¤erent from the models considered by Krajbich and Rangel (2011) and Reutskaja, Nagel,
Camerer, and Rangel (2011), our model is consistent with some of their experimental �ndings
about the menu-exploration process and shares the classical choice theory approach according to
which multialternative choice relies on binary comparison and elimination. The computational
model we adopt is extended and numerically studied in Baldassi, Cerreia-Vioglio, Maccheroni,
and Marinacci (2017), who also axiomatize the binary DDM.

1.3 Paper outline

The paper is organized as follows: Section 2 presents the mathematical setup and a short
review of the classical Luce Model. In Section 3, we axiomatically characterize Multinomial
Logit Processes as well as some special cases (for example, the classical Multinomial Logit Model
with a¢ ne u). Section 4 shows how softmax distributions emerge from a neuropsychologically
inspired decision procedure that combines Markovian search of the menu (à la Metropolis et
al., 1953) and DDM binary comparisons of its alternatives. The �nal Section 5 concludes, and
proofs are relegated to the appendix. The latter also contains a characterization of general
Heteroscedastic Multinomial Logit Models and of the special case in which T = (0;1) and �
is increasing and bijective.

2 Random choice rules

Let A be the collection of all non-empty �nite subsets A of a universal set X of possible
alternatives. The elements of A are called choice sets (or menus, or choice problems). We
denote by �(X) the set of all �nitely supported probability measures on X and, for each
A � X, by �(A) the subset of �(X) consisting of the measures assigning mass 1 to A.

De�nition 1 A random choice rule is a function

p : A ! �(X)

A 7! pA

such that pA 2 �(A) for all A 2 A.

Given any alternative a 2 A, we interpret pA (fag), also denoted by p (a;A), as the proba-
bility that an agent chooses a when the set of available alternatives is A. More generally, if B
is a subset of A, we denote by pA (B) or p (B;A) the probability that the selected element lies
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in B.9 This probability can be viewed as the frequency with which an element in B is chosen.
As usual, given any a and b in X, we set

p (a; b) = p (a; fa; bg) ; r (a; b) =
p (a; b)

p (b; a)
; ` (a; b) = ln r (a; b) (1)

So, r (a; b) denotes the odds for a against b and ` (a; b) the log-odds. The advantage of using
log-odds for a against b is that they are strictly positive if and only if odds are favorable to a.
Indeed,

p (a; b) > p (b; a) () r (a; b) > 1 () ` (a; b) > 0 (2)

Starting with the seminal Davidson and Marschak (1959), any of the above three equivalent
relations has been viewed as revealing the stochastic preference for a over b, denoted a �p b.

Luce (1959) proposes the most classical random choice model. Its assumptions on p are:

Positivity p (a; b) > 0 for all a; b 2 X.

Choice Axiom p (a;A) = p (a;B) p (B;A) for all B � A in A and all a 2 B.

The latter axiom says that the probability of choosing an alternative a from menu A is the
probability of �rst selecting B from A, then choosing a from B (provided a belongs to B).
As observed by Luce, formally this assumption corresponds to the fact that fpA : A 2 Ag is
a conditional probability system in the sense of Renyi (1956).10 Remarkably, Luce�s Choice
Axiom is also equivalent to:

Independence from Irrelevant Alternatives

p (a; b)

p (b; a)
=
p (a;A)

p (b; A)
(IIA)

for all A 2 A and all a; b 2 A such that p (a;A) =p (b; A) is well de�ned.11

This axiom says that the likelihood ratio for a against b is independent of the available
alternatives that are di¤erent from a and b themselves.

Theorem 1 (Luce) A random choice rule p : A ! �(X) satis�es Positivity and the Choice
Axiom if and only if there exists v : X ! R such that

p (a;A) =
ev(a)P
b2A e

v(b)
(LM)

for all A 2 A and all a 2 A.
In this case, v is unique up to an additive constant.

9Formally, x 7! p (x;A) for all x 2 X is the discrete density of pA, but notation will be abused and
pA (�) identi�ed with p (�; A).
10See Lemma 2 of Luce (1959) and Lemma 13 in the appendix.
11That is, di¤erent from 0=0. See Lemma 3 of Luce (1959) for the case in which Positivity holds and our

Lemma 13 in Appendix A.1 for the general case.
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The function v is called (Luce-McFadden) value. Since

` (a; b) = v (a)� v (b) (3)

the value v represents stochastic preferences, that is,

a �p b () v (a) > v (b) (4)

This simple observation is at the core of the analysis of discrete choice experiments, as far as,
preference estimation is concerned.12

Theorem 1 also shows that, under the Choice Axiom, Positivity is equivalent to the stronger
assumption that pA has full support for all A 2 A.13

Full Support p (a;A) > 0 for all A 2 A and all a 2 A.

3 Random choice processes

Let ? 6= T � (0;1) be a �discrete or continuous �set of points of time.

De�nition 2 A random choice process is a collection fptgt2T of random choice rules.

For each t, we interpret pt (a;A) as the probability that an agent chooses alternative a from
menu A if t is the maximum amount of time he is given to decide.14 For this reason, we call t
deliberation time.

N.B. Throughout the paper, deliberation time is exogenously given and �xed.

An important alternative interpretation of t, especially when T is discrete and panel data
are considered, is the number of times that the agent has been facing choice problem A, called
experience level by McKelvey and Palfrey (1995).

We maintain the following assumptions:

Positivity pt satis�es Positivity for all t 2 T .

Choice Axiom pt satis�es the Choice Axiom for all t 2 T .

By the Luce Theorem, for each t 2 T there exists a value vt : X ! R such that

pt (a;A) =
evt(a)P
b2A e

vt(b)
8a 2 A 2 A

Each of the vt�s is unique up to an additive constant, so that time-dependent value di¤erences
are meaningful and captured by log-odds.
12See, e.g., Louviere, Hensher, and Swait (2000, p. 113).
13The support of pA is supp pA = fa 2 A : p (a;A) > 0g. In Cerreia-Vioglio, Maccheroni, Marinacci, and

Rustichini (2018), we relax the Full Support assumption and characterize general random choice rules in terms
of �optimality �of their support (see Theorem 14 in Appendix A.1).
14E.g., by an experimenter, by a script, or by a spouse. See Agranov, Caplin, and Tergiman (2015) for a

simple protocol that allows to observe these probabilities for human agents.
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3.1 Multinomial Logit Processes

The problem now is to characterize the separation of the value vt (x) in a time-dependent
accuracy component � (t) and a time-independent utility component u (x).

Our �rst novel assumption requires that favorable odds for a against b remain favorable.
Formally:

Weak Consistency Given any s > t in T ,

pt (a; b) > pt (b; a) =) ps (a; b) > ps (b; a) (5)

for all a; b 2 X.

In terms of stochastic preferences, this is equivalent to

a �t b =) a �s b (6)

for all a; b 2 X and all s > t in T . Thus, Weak Consistency means that stochastic preferences
are weakly stable: as t increases, stochastic preference is not reverted. This feature is coherent
with the idea that correct-on-average, yet noisy, evidence is accumulating to inform the decision
maker�s choice between the two alternatives (see also Section 4). Moreover, by (4), Weak
Consistency of stochastic preference yields weak consistency of values:

vt (a) > vt (b) =) vs (a) > vs (b)

The next and �nal assumption, instead, requires �in view of 3 �that relative values be time
invariant.

Log-odds Ratio Invariance Given any s > t in T ,

`t (a; c)

`t (b; c)
=
`s (a; c)

`s (b; c)

for all a; b; c 2 X such that either ratio is well de�ned.

We are ready to state our �rst representation result.

Theorem 2 A random choice process fptgt2T satis�es Positivity, the Choice Axiom, Weak
Consistency, and Log-odds Ratio Invariance if and only if there exist u : X ! R and � : T !
(0;1) such that

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
(MLP)

for all A 2 A, all a 2 A, and all t 2 T .
In this case, u is cardinally unique, and � is unique given u unless the latter is constant.
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In what follows, we call a random choice process that satis�es (MLP) a Multinomial Logit
Process with utility u and accuracy �.
As anticipated in the introduction, this theorem provides a preferential foundation for the

multinomial logit representation of choice behavior under time pressure (when t represents
deliberation time) and for Quantal Response Equilibrium theory (when t represents experience
level). Such a foundation clari�es the conceptual underpinnings of these theories and makes
them falsi�able. Moreover, together with the forthcoming Proposition 4, Theorem 2 presents
a theoretical framework for the multinomial logit analysis of discrete choice experiments in
which multiple decisions are taken. In these experiments, both u and � are estimated and the
monotonicity behavior of the latter is interpreted in terms of preference learning (increasing �
�decreasing error variance) and fatigue (decreasing � �increasing error variance).15 Moreover,
the independence of u from t is interpreted as stability of the �true preferences�.16

Our axioms can thus be viewed as testable implications of this popular (heteroscedastic)
logit model, while our identi�cation result below (Proposition 4) says that, if the model is not
misspeci�ed (axioms are not violated), then its parameters are easily retrievable from choice
frequencies.

The last part of the statement of Theorem 2 guarantees that accuracy is determined only
if utility is not constant. The next simple proposition shows that utility is constant if and
only if choice is completely random (irrespective of deliberation time) if and only if stochastic
preference is trivial (again, irrespective of deliberation time).

Proposition 3 Let fptgt2T be a Multinomial Logit Process with utility u and accuracy �. The
following conditions are equivalent:

1. u is constant;

2. pt (a;A) = 1= jAj for all A 2 A, all a 2 A, and all t 2 T ;

3. there are no a; b 2 X and t 2 T such that `t (a; b) > 0;

4. `t (a; b) = 0 for all a; b 2 X and all t 2 T .

The importance of point 3 is that, contrapositively, if there are â; b̂ 2 X and t̂ 2 T such
that `t̂(â; b̂) > 0, then u is non-constant and � unique (up to a strictly positive multiplicative
constant). The next proposition shows that identi�cation is straightforward.17

Proposition 4 Let fptgt2T be a Multinomial Logit Process for which there exist â; b̂ 2 X and
t̂ 2 T such that `t̂(â; b̂) > 0. Then setting8><>:

�̂ (t) = `t(â; b̂) 8t 2 T

û (x) =
`t̂(x; b̂)

`t̂(â; b̂)
8x 2 X

(7)

15See Savage and Waldman (2008) and Campbell, Boeri, Doherty, and Hutchinson (2015).
16See, e.g., Hensher, Louviere, and Swait (1999).
17Estimation of u and � is standard, typically carried out by maximum likelihood. See, e.g., Ben-Akiva and

Lerman (1985) on the econometric side and McKelvey and Palfrey (1995) on the game theoretic one.
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the functions �̂ : T ! (0;1) and û : X ! R are well de�ned and

pt (a;A) =
e�̂(t)û(a)P
b2A e

�̂(t)û(b)
([MLP)

for all A 2 A, all a 2 A, and all t 2 T .

This result has two very important empirical implications. First, it allows a novel econo-
metric test of our theory: Expression (7) says that for any two distinct pairs (â; b̂) and (~a;~b)
such that for some t̂ and ~t we have both pt̂(â; b̂) > pt̂(b̂; â) and p~t(~a;~b) > p~t(~b; ~a), it must be
the case that the log-likelihood ratios �̂ (t) and ~� (t) are collinear (testing collinearity is one of
the most classical exercises in econometrics).18 Second, it allows to test the properties that the
economic literature makes on � and u. The obvious example is the monotonicity of �, which
we indeed characterize with the next axiom. In the next section we will also characterize the
linearity of both � and u.

Weak Discovered Preference Axiom Given any s > t in T ,

pt (a; b) > pt (b; a) =) ps (a; b) � pt (a; b) (8)

for all a; b 2 X.

The right hand side is where (8) strengthens (5) by requiring that favorable odds for a
against b become more favorable, rather than just remaining favorable, as deliberation time
increases.19 This provides a possible formalization of the DPH and captures the intuition that
evidence accumulation reduces the possibility of mistakes. Speci�cally, if a is stochastically
preferred to b given time t to decide, the probability of a mistake is the probability of choosing
b from fa; bg, that is, pt (b; a). By Weak Consistency, a is stochastically preferred to b also
when the time s to decide is greater than t; in this case, the probability of a mistake is ps (b; a).
The Weak Discovered Preference Axiom requires that ps (b; a) � pt (b; a), that is, error rates
decrease over time.
Another compelling formalization of the DPH is as stochastic dominance of payo¤s as time

increases. Consider a Multinomial Logit Process with utility u and an arbitrarily �xed A 2 A.
For each t 2 T , by selecting alternatives according to pt (�; A), the agent�s payo¤s (in utils) are
described by the random variable

UA (t) : A ! R
a 7! u (a)

Given any s > t in T , the random variable UA (s) stochastically dominates the random variable
UA (t) if and only if

ps (fa 2 A : u (a) � hg ; A) � pt (fa 2 A : u (a) � hg ; A) 8h 2 R (9)

That is, for any given h, the probability of obtaining a payo¤ greater than h after deliberating
for s units of time is greater than after deliberating for t units of time (when choice from A is
considered).
18For more on the testing of MLP, see Hensher, Louviere, and Swait (1999).
19Formally, pt (a; b) > pt (b; a) () rt (a; b) > 1 and ps (a; b) � pt (a; b) () rs (a; b) � rt (a; b).
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Proposition 5 Let fptgt2T be a Multinomial Logit Process with utility u and accuracy �. The
following conditions are equivalent:

1. fptgt2T satis�es the Weak Discovered Preference Axiom;

2. UA (s) stochastically dominates UA (t) for all A 2 A and all s > t in T ;

3. � is (weakly) increasing on T .20

In a dual version of this result, increasing error rates are easily seen to correspond stochas-
tically dominated payo¤s (as time increases) and to decreasing ��s.

3.2 The Multinomial Logit Model

Let T = (0;1). The characterization of Multinomial Logit Processes with linear accuracy, that
is,

pt (a;A) =
etu(a)P
b2A e

tu(b)
8a 2 A 2 A 8t 2 (0;1) (MNL)

provides an axiomatic foundation to the classic Multinomial Logit Model, the interest of which
goes well beyond the preference discovery point of view of this paper.
This can be achieved in two ways. First, by adding to the axioms of Luce the following

linearity condition:

Log-odds Linearity Given any s > t in (0;1),

`t (a; b)

`s (a; b)
=
t

s

for all a; b 2 X such that `t (a; b) =`s (a; b) is well de�ned.

This assumption has clear empirical content; yet, its conceptual signi�cance is somewhat
limited. For this reason, we investigate a second way of characterizing the MNL that bears
on its interpretation as a theory of optimization subject to disturbances the variance of which
vanishes as scale diverges (see Ben-Akiva and Lerman, 1985, Chapter 5).

Continuity limt!s pt (a;A) exists for all A 2 A, all a 2 A, all s 2 [0;1], and it coincides
with ps (a;A) if s 2 (0;1).

Continuity guarantees that, as t tends to either 0 or 1, two limit random choice rules
p0 and p1 are de�ned that extend the domain of the random choice process fptg to [0;1].
These limit rules satisfy the Choice Axiom if fptg does, but they do not necessarily inherit the
Positivity property. They have a simple interpretation: p0 describes choice when no time is
available to deliberate (or the impulsive irrational agent of Becker, 1962), while p1 describes
time unconstrained choice (or the neoclassical rational agent).

20If u is constant, then � is undetermined and this condition must be considered vacuous.

16



Consistency Given any t in (0;1),

pt (a; b) > pt (b; a) =) p1 (a; b) > p1 (b; a)

for all a; b 2 X.

The interpretation of Consistency is analogous to that of Weak Consistency.

Asymptotic Uniformity

p1 (a; b) 6= 0; 1 =) p1 (a; b) = 1=2

for all a; b 2 X.

Asymptotic Uniformity postulates that, if the decision maker is unable to make up his mind
between alternatives a and b irrespectively of the time available to do so, then he will choose
by �ipping a fair coin. This is a classical notion of indi¤erence that can be traced back to the
early days of experimental economics (see again Davidson and Marschak, 1959, who in turn
attribute it to Mosteller and Nogee, 1951).

Boundedness
sup

t;s2(0;1)
jrt+s (a; b)� rt (a; b) rs (a; b)j <1

for all a; b 2 X.

Boundedness is a �grain of exponentiality� that requires the time combination of odds
not to be �in�nitely far� from additive. This interpretation of Boundedness bears on the
neural analogy of Gold and Shadlen (2002, 2007) between the comparison of a and b and the
testing of the �hypothesis� that a be preferable to b, on the one hand, and on the analogy
between deliberation and the gathering of evidence about these hypotheses (see also Shadlen
and Shohamy, 2016). Under this interpretation, rt+s (a; b) are the odds for a against b resulting
from t + s time units of continuous deliberation, while rt (a; b) rs (a; b) are those that would
result by combining t and s time units of deliberation. Boundedness requires that these two
ways of combining evidence do not diverge from one another.21

21See Frederic, Di Bacco, and Lad (2012) for a formal interpretation of the product of odds in terms of
combination of evidence. In Appendix A.2, we show that replacing, in the Boundedness axiom, the sum t + s

with the superadditive concatenation t�s = t+s+ ts corresponds to the logarithmic case � (t) = ln (1 + t). We
also show that a generic time concatenation t � s (in the sense of measurement theory; see, Luce and Suppes,
2002) corresponds to the general case of an increasing and bijective �.
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Theorem 6 Given a random choice process fptgt2(0;1), the following conditions are equivalent:

1. fptgt2(0;1) satis�es Positivity, the Choice Axiom, and Log-odds Linearity;

2. fptgt2(0;1) satis�es Positivity, the Choice Axiom, Continuity, Consistency, Asymptotic
Uniformity, and Boundedness;

3. there exists u : X ! R such that

pt (a;A) =
etu(a)P
b2A e

tu(b)
(MNL)

for all A 2 A, all a 2 A, and all t 2 (0;1).

In this case, u is unique up to an additive constant.

For obvious reasons, we call a process fptg that satis�es (MNL) a Multinomial Logit Model
with utility u. This model is the workhorse of Discrete Choice Analysis, where it is typically
also assumed that X � Rn and u (x) = � � x for some � 2 Rn. The following proposition
characterizes this fundamental special case.22

Proposition 7 Let X be a convex set and fptgt2(0;1) be a Multinomial Logit Model with utility
u. The following conditions are equivalent:

1. u is a¢ ne;

2. there exists t 2 (0;1) such that

pt (a; b) = p t
�
(�a+ (1� �) b; b)

for all a; b 2 X and all � 2 (0; 1);

3. given any t 2 (0;1) and any c 2 X,

pt (a;A) = p t
�
(�a+ (1� �) c; �A+ (1� �) c)

for all A 2 A, all a 2 A, and all � 2 (0; 1).

In Discrete Choice Analysis, the elements of X are often viewed as vectors of attributes.23

The equivalence between points 1 and 3 above thus shows that the a¢ nity of u corresponds to
an inverse relation between the proximity of attribute levels and the degree of choice accuracy.
To �x ideas, assume A = fa; bg with u (a) > u (b). Shrinkage by a factor � = 1=2 of attribute
levels in the direction of c then doubles the time to achieve the same probability of choosing
the optimal alternative.

22It also characterizes the case in which X is a set of mixed actions and u (x) is the expected payo¤ of x.
23For example, in a typical travel demand application the components x0 and x1 of x represent travel time

and travel cost of alternative x, respectively (Ben-Akiva and Lerman, 1985, and Train, 2009).
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4 The Metropolis-DDM algorithm

So far, we regarded the components pt of a random choice process fptg as the output of a
black box: our axioms characterize Multinomial Logit Processes, but remain silent about what
decision procedure may generate the corresponding choice probabilities. In this section, we
address this issue by combining Markovian search of the menu and DDM pairwise comparisons
of its alternatives. Both assumptions, inspired by the seminal eye-tracking study of Russo and
Rosen (1975), �nd support in recent theories about memory (see, e.g., Luck and Vogel, 1997,
Vogel and Machizawa, 2004, and Shadlen and Shohamy, 2016) as well as in recent eye-tracking
experiments on multialternative choice (see, e.g., Krajbich and Rangel, 2011, and Reutskaja,
Nagel, Camerer, and Rangel, 2011).
Speci�cally, we consider a decision maker who has to choose an optimal alternative from a

�nite menu A within an exogenously controlled deliberation time t. For extra clarity, t
is the time given to the agent to think through a single decision episode involving the choice
problem, so it is, the moment in which the deliberation process is externally terminated and a
choice must be made.24

In what follows, we �rst introduce the di¤erent parts of the decision procedure and we
then assemble them. Notation is eased by assuming, without loss of generality, that A =

f1; 2; :::; jAjg, with jAj � 2, and by identifying elements � of �(A) with vectors in RjAj.

4.1 Exploration

Exploration of menu A has a classic Metropolis et al. (1953) format. The agent starts with a
�rst (automatically accepted) candidate solution b drawn from an initial distribution � 2 �(A).
Then, given an incumbent solution b, the agent considers an alternative candidate solution a 6= b
with probability Q (a j b). The only requirements we make on the probability transition matrix
Q are irreducibility and symmetry (see, e.g., Madras, 2002). The independence of � and Q from
the utility function u are the formal counterparts of the aforementioned eye-tracking evidence
(see also Subsection 4.4.3 below).
A natural assumption that simultaneously guarantees both irreducibility and symmetry of

Q is that the subjective distance which the decision maker perceives between alternatives be
described by a semimetric d on A, and that Q (a j b) be a strictly positive function of d (a; b).25
For example, d can be the discrete metric if A is a set of abstract alternatives, the Euclidean
metric if A is a set of multiattribute alternatives (like transportation modes), the shortest-path
distance if A is a connected graph (like a wine rack or a vending machine). In particular, one
may consider a perceptual26 semimetric and the following parametric form

Q (a j b) = 1

jAj � 1
1

d (a; b)�
8a 6= b in A

24The interpretation of t as experience level does not apply to this section.
25A semimetric has all the properties of a metric except the triangle inequality. It can represent either a

physical distance a¤ecting attention or a psychological distance describing the mental landscape in which the
decision maker organizes the elements of A (possibly incorporating similarity considerations), or a mix of the
two. See Russo and Rosen (1975) and Roe, Busemeyer, and Townsend (2001).
26A semimetric is perceptual if the minimum distance between two distinct alternatives is 1.
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where � 2 (0;1) is an exploration aversion parameter: for large � only the nearest neighbours
of the incumbent solution are considered, while for small � exploration is essentially uniform
across alternatives.

4.2 Binary comparison

Once proposed, alternative a is compared with incumbent b via the Drift Di¤usion Model of
Ratcli¤ (1978). According to this model, an alternative is selected as soon as the net evidence
in its favor reaches a posited decision threshold z 2 (0;1), which in our case depends on the
time constraint t via z = � (t).27 Speci�cally, the comparison of a and b is believed to activate
two neuronal populations whose activities (�ring rates) provide evidence for the two alterna-
tives.28 If the mean activities u (a) and u (b) of these populations experience instantaneous
and independent white noise �uctuations, then evidence accumulation in favor of a and b is
represented by two uncorrelated Brownian motions with drift

Va (�) = u (a) � +Wa (�) and Vb (�) = u (b) � +Wb (�)

de�ned on a probability space (
;F ;P). With this,

� the net evidence in favor of a against b is given by the di¤erence

Za;b (�; !) = [u (a)� u (b)] � +
p
2W (�; !) 8 (�; !) 2 (0;1)� 
 (DDM)

where W is the Wiener process (Wa �Wb) =
p
2;

� the comparison ends when Za;b (�) reaches either the threshold z or �z; so the response
time is the random variable

RTza;b (!) = min f� 2 (0;1) : jZa;b (�; !)j = zg 8! 2 


� at which time, if the upper bound z has been reached, the agent accepts proposal a;
otherwise, the lower bound �z has been reached, proposal a is rejected and the agent
maintains incumbent b; so, the comparison outcome is the random variable

COza;b (!) =

(
a if Za;b

�
RTza;b (!) ; !

�
= z

b if Za;b
�
RTza;b (!) ; !

�
= �z

In a Discovered Preference Hypothesis perspective, it is important to observe that the
DDM does not assume u (a) and u (b) to be known to the agent. Indeed, the sign of the utility
di¤erence u (a)� u (b) is discovered by accumulating (noisy) evidence from either the external
environment or from memory until the threshold z is reached � see Shadlen and Shohamy
(2016) and Fudenberg, Strack, and Strzalecki (2017).

27See Milosavljevic et al. (2010) and Karsilar, Simen, Papadakis, and Balci (2014, especially p. 14) for a
discussion of the threshold-reducing e¤ects of time pressure.
28See Bogacz et al. (2006) and Shadlen and Shohamy (2016) for the neurophysiological and neuropsychological

analyses of this mechanism.
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4.3 Decision

We now combine Metropolis exploration and DDM pairwise comparisons. The resulting proce-
dure describes an agent who, given time t to decide, automatically adjusts z = � (t), explores
the menu according to Q, and compares alternatives according to COz. His search continues
until time t is reached, at which point he chooses the incumbent solution.

Metropolis-DDM Algorithm

Input: Given t 2 (0;1) and z = � (t) 2 (0;1) .

Start: Draw a0 from A according to � and

� set �0 = 0,

� set b0 = a0;

Repeat: Draw an+1 from A according to Q (� j bn) and compare it to bn via the DDM, so:

� set �n+1 = �n +RTzan+1;bn,

� set bn+1 = COzan+1;bn;

until �n+1 > t.

Stop: Set b� = bn.

Output: Choose b� from A.

Since, at each iteration of the �repeat-until� loop, the evaluation of the sign of the utility
di¤erence u (a)�u (b) is performed according to the DDM, the algorithm we propose preserves
the interpretation in terms of preference discovery that we discussed at the end of last section.
In particular, after comparing incumbent b with proposal a and selecting COza;b as the new
incumbent, the agent has not learned u (a) and u (b), but rather has performed a �test�of the
�hypothesis�that a be preferable to b (see Gold and Shadlen, 2002, 2007).
The fact that this test is time-consuming and subject to error represents the main di¤er-

ence between the Metropolis-DDM algorithm and the standard brute force comparison-and-
elimination algorithm of classical optimization (termed standard revision in marketing). Ac-
cording to standard revision, multiple alternatives are compared in a pairwise fashion and one
alternative is permanently eliminated after each binary comparison; thus, after jAj � 1 of these
comparisons the incumbent solution is an optimal choice. The implicit assumption which this
brute-force procedure rests upon is that the pairwise comparisons are instantaneous and exact.
In the time-constrained Metropolis-DDM algorithm, instead, the fact that comparisons are time
consuming may lead to incomplete exploration of the menu, while the fact that comparisons
may be erroneous makes it inadvisable to eliminate permanently an alternative that was judged
inferior at a previous stage.
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In particular, the adoption of a Drift Di¤usion Model with threshold z = � (t) entails a
mean pairwise comparison time of

� (t)

ju (a)� u (b)j tanh
�
ju (a)� u (b)j� (t)

2

�
(10)

and an error probability of
1

1 + e�(t)ju(a)�u(b)j
(11)

So, large utility di¤erences imply fast and accurate comparisons, while increasing the accuracy
threshold slows down comparisons, thus diminishing the probability of exploring the entire
menu.

4.4 Bringing theory to data

In this section we �rst show that the limit distribution of choice generated by the Metropolis-
DDM algorithm is softmax. This fact has both theoretical and empirical implications. On
the one hand, it puts forth the algorithm as a plausible internal cause of the softmaximizing
behavior that we characterized in the �rst part of the paper. On the other, it presents a �rst
test for the algorithm itself. We then strengthen this test by an estimate of the number of
iterations performed by the algorithm within time t (the larger this number the closer the
�nal distribution is to softmax) and by numerical simulations of the algorithm with biological
parameters.
Subsequently, we compare the predictions of the Metropolis-DDM and of the standard

Multi-Alternative-DDM algorithm and we �nd that, while the former predicts Multinomial
Logit choice probabilities, the latter predicts Multinomial Probit ones. This is another test for
the Metropolis-DDM algorithm.
A third and last test is presented by approximating the eye-�xation frequencies implied

by the Metropolis-DDM algorithm and by matching them with some recent empirical data of
Krajbich and Rangel (2011).

4.4.1 Stationarity and simulations

The Metropolis-DDM algorithm randomly produces a sequence

(b0; a1; �1; b1; :::; bn; an+1; �n+1; bn+1; :::)

of incumbents bn, proposals an+1, and elapsed times �n+1,
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which is truncated at the chosen alternative b� = bn by the stopping rule �n+1 > t.
At each iteration of the �repeat-until�loop, the proposal a is accepted as the new incumbent

with probability
��(t) (a j b) = P

�
! 2 
 : CO�(t)a;b (!) = a

�
while a is rejected and the old incumbent b is maintained with the complementary probability
1 � ��(t) (a j b). Therefore, the resulting probability of selecting a as a new incumbent given
old incumbent b is

Pt (a j b) = Q (a j b)��(t) (a j b) 8a 6= b in A

This transition probability combines the stochasticity of the (Metropolis) proposal mechanism
and that of the (DDM) acceptance/rejection rule. Speci�cally, after n iterations of the �repeat-
until�loop, the probability that b� = a is the a-th component of the vector P nt � in �(A).

29

Proposition 8 Let u 2 RA, t 2 (0;1) and � (t) 2 (0;1). If Q is irreducible and symmetric,
then Pt is aperiodic, irreducible, and its stationary distribution is the softmax

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
8a 2 A (softmax)

In particular, limn!1 P
n
t � = pt (�; A) for all � 2 �(A).

This result completes the interpretation of Multinomial Logit Processes as a theory of the
Discovered Preference Hypothesis by presenting softmax as the ideal behavior of a decision
maker who follows the Metropolis-DDM algorithm.
On the other hand, the behavioral axioms of the �rst part of the paper present an �as-

ymptotic� test for this algorithm, in that softmax is the output of the algorithm provided it
�converges�within deliberation time t. The degree of convergence, in turn, depends on the
stochastic number Nt of iterations performed by the algorithm within time t.
The next result delivers an expected lower bound for this number and paves the way for

our convergence result (Proposition 10 below).

Proposition 9 Let u 2 RA, t 2 (0;1) and � (t) 2 (0;1). Then

E (Nt) �
2t

�2 (t)
� 1 (12)

In particular, � (t) = o
�p
t
�
implies that E (Nt)!1 as t!1.

Qualitatively, this result says that, for the algorithm to converge, accuracy � (t) must be
an increasing and concave function of deliberation time t. Quantitatively, it permits to prove
convergence for logarithmic ��s �like the ones found by Ortega and Stocker (2016). This is
proved in the next proposition.30

29Here Pt = [Pt (a j b)]a;b2A is regarded as the probability transition matrix of a Markov chain with initial
distribution �, and Pnt as its n-th power.
30Recall that a matrix is strictly quasipositive if and only if all of its o¤-diagonal terms are strictly positive

(clearly such a matrix is irreducible).

23



Proposition 10 Let u 2 RA and Q be symmetric and strictly quasipositive. If � : (0;1) !
(0;1) diverges at 1 and is such that

lim sup t!1
� (t)

ln (t)
<

1

maxa;b2A ju (a)� u (b)j
then, as t!1,

expE

 
ln
1

2

X
a2A

����PNtt �� (a)� p(u;�(t))A (a)
���!! 0

That is, the total variation distance between PNtt � and pA vanishes in geometric mean.

Finally, in terms of experimental testability, a key observation is that the parameters
u and � (t) which describe the stationary distribution (softmax) and appear in expression
(12) are the same ones that govern binary DDM comparisons in our algorithm. The latter
parameters can be easily estimated by eye-tracking techniques (see, e.g., Milosavljevic et al.,
2010). So, Propositions 8 and 9 become powerful tests for the Metropolis-DDM algorithm and
its convergence.
For example, the estimates of Milosavljevic et al. (2010) on binary DDM comparisons,

under both high and low time pressure, correspond to maxa;b2A ju (a)� u (b)j � 7:071, with
� (t) � 0:849 for high time pressure and � (t) � 1:442 for low time pressure. In the plots below
we report the output of some simulations with A = f0; 1; :::; 7g.

Choose in 4 seconds with u (x) / x� 3:5 Choose in 4 seconds with u (x) / jx� 3:5j

Choose in 12 seconds with u (x) / x� 3:5 Choose in 12 seconds with u (x) / jx� 3:5j

These simulations show that, when calibrated with the experimental data of Milosavljevic
et al. (2010), our Metropolis-DDM algorithm converges numerically to its limit distribution.
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4.4.2 Metropolis-DDM vs. MA-DDM

Before studying other testable implications of the Metropolis-DMM algorithm, it is important
to compare its prediction about the asymptotic choice distribution with the prediction of the
Multi-Alternative-DDM (MA-DDM), which is the most popular competing model. According
to the MA-DDM,31 jAj neuronal populations are simultaneously activated when an agent
faces a menu A of more than two alternatives and a time constraint t. Each population is
primarily sensitive to an alternative a 2 A, and evidence accumulation in favor of each a is
represented by a Brownian motion with drift

V �a (�) = u (a) � + �Wa (�)

The additional di¤usion parameter � accounts for the fact that the multiplicity of alternatives
involved might a¤ect the noise of evidence accumulation. In this model, the strategy is simply
to choose the alternative supported by the largest amount of (gross) evidence at time t: no
thresholds are involved. That is, choice probabilities are given, for all alternatives a 2 A, by

qt (a;A) = P (V �a (t) > V �b (t) for all b 2 A n fag) (MA-DDM)

The next result shows that, while the choice probability pt (a;A) is aMultinomial Logit
with parameters u and � (t), the choice probability qt (a;A) is a Multinomial Probit with
parameters u and ��1

p
t.

Proposition 11 Let u 2 RA, t 2 (0;1) and � 2 (0;1). If A = fa1; :::; akg, then

qt (ai; A) = �

�p
t

�
[u (ai)� u (a1)] ; :::;

p
t

�
[u (ai)� u (ai�1)] ;

p
t

�
[u (ai)� u (ai+1)] ; :::

�
for all i = 1; :::; k, where � is the k � 1 dimensional normal distribution with mean 0 and
covariance matrix of all 1�s o¤ the diagonal and 2�s on it.

Multinomial logit and probit are arguably the most popular discrete choice distributions
and there are standard econometric techniques to distinguish between them. These techniques
thus provide a way to compare the Metropolis-DDM and the MA-DDM.

Remark 1 Notice that the Metropolis-DDM only requires the simultaneous representation of
two objects at any given moment, while the MA-DDM requires the representation of jAj objects.
This representation has to be implemented in working memory; but � as well known � the
number of items in active representation in working memory is bounded by a number around
four. This is noted by both Russo and Rosen (1975, pp. 267 and 275) and Krajbich and Rangel
(2011, p. 13856). See also Luck and Vogel (1997) and Vogel and Machizawa (2004).

31See, e.g., Roe, Busemeyer, and Townsend (2001), McMillen and Holmes (2006), and Bogacz, Usher, Zhang,
and McClelland (2007).
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4.4.3 Matching eye-tracking evidence

Eye-tracking data come in the form of �xation sequences, say

x0 � x1 � x2 � x3 � � � � (13)

Subsequences x� y, or more importantly re�xation subsequences x� y � x (or x� y � x� y,
...), are hypothesized to correspond to pairwise comparisons, while the appearance of a new
alternative, say x � y � x � z, relates to exploration. The sequence of comparisons generated
by the Metropolis-DDM is

b0 ! a1 ! b1 ! a2 ! b2 ! � � � (14)

where the bn are incumbents (temporary solutions to the decision problem) and the an+1 are
proposals (outputs of the exploration process, generated according to Q (� j bn)).
These two facts imply that, if the Metropolis-DDM is the actual decision process, then (14)

can be obtained from the observed sequence (13) of eye �xations by replacing subsequences:

� x� y � z with x! y ! y! z,

� x� y � x� z with x! y ! x! z,

� x� y � x� y � z with x! y ! y! z,

and so on.
In any case, (14) is observable by the analyst and its long-run frequency is qualitatively

similar to the long-run fraction of times in which the subject�s gaze �xates the various alterna-
tives. The next proposition computes this long-run frequency with the objective to compare it
with the eye-tracking �ndings of Krajbich and Rangel (2011, henceforth KR). Since KR have
three equally spaced alternatives, we consider a uniform exploration matrix Q.32 In reading it,
remember that only half of the �xations (those corresponding to the proposals a) are related to
exploration, the other half (those corresponding to the incumbents b) are the results of binary
comparisons.

Proposition 12 Let u 2 RA, t 2 (0;1) and � (t) 2 (0;1). If Q is uniform, then the long-run
frequency of the sequence

(b0; a1; b1; :::; bn; an+1; bn+1; :::) (15)

generated by the Metropolis-DDM algorithm is

1

2
pt (�; A) +

1

2

1

jAj (16)

almost surely.

32On page 13855 they remark that �The in�uence of value on the �xation process was taken into account in
our numerical simulations, although the results do not change if we instead assume that �xations are random
and independent of value.�
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The �rst implication of this result is that, though subjects are more likely to �xate on
the best item as the trial progresses, they still continue to look at the worst item x�. KR
(pp. 13854-13855) �nd a rate of no less than 20% and a �nal probability of choosing x� of
6%. Recalling that our Proposition 8 predicts a �nal probability pt (x�; A), and thus assuming
pt (x�; A) = 6=100, our theoretical estimate is

1

2
� 6
100

+
1

2
� 1
3
= 19:�6%

Remarkably, it almost perfectly matches their empirical 20%.33 They also �nd that items that
are more �xated on are more likely to be chosen, and that the last �xation is usually to the
best item. Propositions 8 and 12 predict precisely this �xation pattern, and the Metropolis-
DDM algorithm chooses either the last or the second last �xated item. Our predictions are also
consistent with their observations that subjects most often choose the best item, and that the
likelihood of this decreases with set size and increases conditional on it being either the last
seen or the one seen before the last.34

Summing up, the Metropolis-DDM algorithm is consistent with the qualitative �ndings of
Krajbich and Rangel (2011), who adopt a variation of the MA-DDM to explain them.35

5 Concluding remarks

In this paper, we axiomatically characterized Multinomial Logit Processes

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
8a 2 A 2 A 8t 2 T (MLP)

that is, processes fptgt2T of random choice rules that have Multinomial Logit distributions with
t-dependent scale parameter � (t).36 We also showed how, when t is interpreted as an exoge-
nously given and �xed deliberation time, softmax distributions emerge as stationary selection
probabilities of a search algorithm à la Metropolis in which the acceptance/rejection rule is
dictated by the Drift Di¤usion Model. We thus provided a neuropshychological foundation for
(MLP) as a theory of preference discovery.
The Metropolis-DDM algorithm that we presented here relies on the simplest versions of

Markovian exploration and of the Drift Di¤usion Model. A natural extension of our neuropsy-
chological analysis consists in considering more general two-alternative forced-choice models,
such as the ones discussed in Diederich and Busemeyer (2003), Ratcli¤ and Smith (2004), Bo-
gacz et al. (2006), Krajbich, Armel, and Rangel (2010), and Rustichini and Padoa-Schioppa

33Reutskaja, Nagel, Camerer, and Rangel (2011, p. 910) also �nd �many�re�xations on already scrutinized
inferior alternatives.
34See Figure 4 on page 13856 of KR, but also page 908 and Figure 3 on page 909 of Reutskaja, Nagel, Camerer,

and Rangel (2011). We thank a referee for pointing this out.
35Similar considerations apply to Reutskaja, Nagel, Camerer, and Rangel (2011), where another family of

(non-DDM based) models is examined.
36Speci�cally, see Theorems 2 and 6 in the main text and their more general versions Theorem 16 and Lemma

20 in the appendix.
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(2015).37 This goes beyond the scope of the present paper, whose objective is to build a �rst
bridge between the axiomatic and the neuro-computational approaches to random choice. But
it is the object of current research (see Baldassi, Cerreia-Vioglio, Maccheroni, and Marinacci,
2017).
Another natural extension �that we are currently investigating �is the possibility of soft-

ening the hard time constraint t of the Metropolis-DDM algorithm and making it endogenous.
A natural direction of investigation is suggested by the Simulated Annealing heuristics of the
seminal Kirkpatrick, Gelatt, and Vecchi (1983). Simulated Annealing consists in performing
a Metropolis algorithm while �slowly�increasing the threshold z = � (t) instead of keeping it
�xed.38 So that, as � (t)!1, the limit distribution of incumbents concentrates on the optimal
solution:39

e�(t)u(a)P
b2A e

�(t)u(b)
! �argmaxA u (a) 8a 2 A

Analogously, in the Simulated DDM-Annealing the initial threshold � (s0) has to be maintained
from � = 0 to � = s�0 , with s0 su¢ ciently large to obtain a frequency

p̂s0 (a;A) �
e�(s0)u(a)P
b2A e

�(s0)u(b)
8a 2 A

Subsequently, � (s1) > � (s0) has to be maintained from � = s0 to � = s�1 , with s1 su¢ ciently
large to obtain a frequency

p̂s1 (a;A) �
e�(s1)u(a)P
b2A e

�(s1)u(b)
8a 2 A

and so on, with the objective of generating a long-run frequency

lim
i!1

p̂si (a;A) � lim
i!1

e�(si)u(a)P
b2A e

�(si)u(b)
= �argmaxA u (a) 8a 2 A

In particular, the strictly increasing sequence fsi; � (si)gi2N corresponds to the annealing sched-
ule of Kirkpatrick, Gelatt, and Vecchi (1983).40 Because of the properties of the DDM that
we discussed above, as time passes and � increases, pairwise comparisons will take longer and
they will become more precise, with the probability of accepting new proposals decreasing to 0.
Like the original version, this variation of the Simulated Annealing heuristics is assumed to run
until the system �freezes�, that is, the incumbent stops changing.41 The selected alternative
is the agent�s �nal choice. Interestingly, and di¤erently from the Metropolis-DDM algorithm,
response time in the Simulated DDM-Annealing procedure becomes endogenous.

37Also the modelling of menu exploration can be made more realistic, for example by taking into account the
visual saliency of alternatives (see Milosavljevic, Navalpakkam, Koch, and Rangel, 2012).
38�At each temperature [here 1=z], the simulation must proceed long enough for the system to reach a steady

state...�, as Kirkpatrick, Gelatt, and Vecchi (1983) put it.
39For simplicity of exposition, here argmaxA u = fa�g is a singleton.
40Here fsig is a sequence of times, whereas in the original it is a sequence of numbers of iterations.
41Here �stops changing�means it does not change for a �large�amount of time, whereas in the original �stops

changing�means that it does not change for a �large�number of iterations.
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A Proofs

A.1 Preliminaries

Lemma 13 Let p : A ! �(X) be a random choice rule. The following conditions are equiva-
lent:

1. p is such that, pA (C) = pB (C) pA (B) for all C � B � A in A;

2. p satis�es the Choice Axiom;

3. p is such that p (b; B) p (a;A) = p (a;B) p (b; A) for all B � A in A and all a; b 2 B;

4. p satis�es Independence from Irrelevant Alternatives;

5. p is such that p (Y \B;A) = p (Y;B) p (B;A) for all B � A in A and all Y � X.

Moreover, in this case, p satis�es Positivity if and only if it satis�es Full Support.

Proof 1 implies 2. Choose as C the singleton a appearing in the statement of the axiom.
2 implies 3. Given any B � A in A and any a; b 2 B, by the Choice Axiom, p (a;A) =

p (a;B) p (B;A), but then p (b; B) p (a;A) = p (a;B) p (b; B) p (B;A) = p (a;B) p (b; A) where
the second equality follows from another application of the Choice Axiom.
3 implies 4. Let A 2 A and arbitrarily choose a; b 2 A such that p (a;A) =p (b; A) 6= 0=0.

By 3,

p (b; a) p (a;A) = p (b; fa; bg) p (a;A) = p (a; fa; bg) p (b; A) = p (a; b) p (b; A)

three cases have to be considered:

� p (b; a) 6= 0 and p (b; A) 6= 0, then p (a;A) =p (b; A) = p (a; b) =p (b; a);

� p (b; a) = 0, then p (a; b) p (b; A) = 0, but p (a; b) 6= 0 (because p (a; b) =p (b; a) 6= 0=0),
thus p (b; A) = 0 and p (a;A) 6= 0 (because p (a;A) =p (b; A) 6= 0=0); therefore

p (a; b)

p (b; a)
=1 =

p (a;A)

p (b; A)

� p (b; A) = 0, then p (b; a) p (a;A) = 0, but p (a;A) 6= 0 (because p (a;A) =p (b; A) 6= 0=0),
thus p (b; a) = 0 and p (a; b) 6= 0 (because p (a; b) =p (b; a) 6= 0=0); therefore

p (a;A)

p (b; A)
=1 =

p (a; b)

p (b; a)

4 implies 3. Given any B � A in A and any a; b 2 B:

� If p (a;A) =p (b; A) 6= 0=0 and p (a;B) =p (b; B) 6= 0=0, then by IIA

p (a;A)

p (b; A)
=
p (a; b)

p (b; a)
=
p (a;B)

p (b; B)

29



� If p (b; A) 6= 0, then p (b; B) 6= 0 and p (b; B) p (a;A) = p (a;B) p (b; A).
� Else p (b; A) = 0, then p (b; B) = 0 and again p (b; B) p (a;A) = p (a;B) p (b; A).

� Else, either p (a;A) =p (b; A) = 0=0 or p (a;B) =p (b; B) = 0=0 and in both cases

p (b; B) p (a;A) = p (a;B) p (b; A)

3 implies 5. Given any B � A in A and any Y � X, since p (B;B) = 1, it follows
p (Y;B) = p (Y \B;B). Therefore

p (Y \B;A) =
X

y2Y \B
p (y; A) =

X
y2Y \B

 X
x2B

p (x;B)

!
p (y; A) =

X
y2Y \B

 X
x2B

p (x;B) p (y; A)

!

[by 3] =
X

y2Y \B

 X
x2B

p (y;B) p (x;A)

!
=
X

y2Y \B
p (y;B)

 X
x2B

p (x;A)

!
=
X

y2Y \B
p (y;B) p (B;A) = p (Y \B;B) p (B;A) = p (Y;B) p (B;A)

5 implies 1. Take Y = C.
Finally, let p satisfy the Choice Axiom. Assume �per contra �Positivity holds and p (a;A) =

0 for some A 2 A and some a 2 A. Then A 6= fag and, for all b 2 A n fag, the Choice Axiom
implies 0 = p (a;A) = p (a; fa; bg) p (fa; bg ; A) = p (a; b) (p (a;A) + p (b; A)) = p (a; b) p (b; A)

whence p (b; A) = 0 (because p (a; b) 6= 0), contradicting p (A;A) = 1. Therefore Positivity
implies Full Support. The converse is trivial. �

The next result is a special case of the general Luce�s model of Echenique and Saito (2018).
Speci�cally, Theorem 14 extends Theorem 1 by maintaining the assumption of Independence
from Irrelevant Alternatives while removing that of Full Support. In the subsequent analysis
this theorem will allow us to distill the utility function u starting from choice frequencies. In
reading it, recall that a choice correspondence is a map � : A ! A such that � (A) � A for all
A 2 A. A choice correspondence is called rational if and only if it satis�es the Weak Axiom of
Revealed Preference of Arrow (1959), that is,

B � A 2 A and � (A) \B 6= ? imply � (B) = � (A) \B (WARP)

Theorem 14 A random choice rule p : A ! �(X) satis�es the Choice Axiom if and only if
there exist a function v : X ! (0;1) and a rational choice correspondence � : A ! A such
that

p (a;A) =

8><>:
v (a)P

b2�(A) v (b)
if a 2 � (A)

0 else

(GLM)

for all A 2 A and all a 2 A.
In this case, � is unique and � (A) = supp pA for all A 2 A.
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Proof See Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini (2018). �

The �nal result of this section characterizes the possibility of considering a constant v in
(GLM). In reading it, recall that a random choice rule is uniform if and only if

p (a;A) =

8><>:
1

jsupp pAj
if a 2 supp pA

0 else
8a 2 A 2 A

and that the (binary) relation % generated by a choice correspondence � : A ! A is de�ned by

a % b () a 2 � (fa; bg)

Corollary 15 A uniform random choice rule p : A ! �(X) satis�es the Choice Axiom if and
only if supp p : A ! A is a rational choice correspondence.
In this case, the relation % generated by supp p is characterized by

a % b () p (a; b) > 0 () p (a; b) � p (b; a)

and it is a weak order.

A.2 Proofs of the results of Section 3

Proof of Theorem 2 Only if. Since fptgt2T satis�es Positivity and the Choice Axiom, by
Theorem 1, for each t 2 T , there exists ut : X ! R such that

pt (a;A) =
eut(a)P
b2A e

ut(b)
8a 2 A 2 A (17)

Arbitrarily choose �c 2 X and replace each ut with ut�ut (�c). With this, ut (�c) = 0 for all t 2 T
and (17) still holds.
If, for all t 2 T , ut is constant, then MLP holds (e.g., with u (x) = 0 for all x 2 X).

Otherwise, there exists �t 2 T such that u�t is not constant, so that u�t
�
�b
�
6= 0 = u�t (�c) for some

�b 2 X. This implies that
`�t (a; �c)

`�t
�
�b; �c
� = u�t (a)� u�t (�c)

u�t
�
�b
�
� u�t (�c)

=
u�t (a)

u�t
�
�b
�

is a well de�ned real number for all a 2 X. By Log-odds Ratio Invariance, `t (a; �c) =`t
�
�b; �c
�
is

well de�ned too,42 and

ut (a)

ut
�
�b
� = `t (a; �c)

`t
�
�b; �c
� = `�t (a; �c)

`�t
�
�b; �c
� = u�t (a)

u�t
�
�b
� 2 R 8 (a; t) 2 X � T

42Notice that Log-odds Ratio Invariance is equivalent to the stronger:
Strong Log-odds Ratio Invariance Given any s and t in T ,

`t (a; c)

`t (b; c)
=
`s (a; c)

`s (b; c)

for all a; b; c 2 X such that either ratio is well de�ned.
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Therefore, ut
�
�b
�
6= 0 = ut (�c) for all t 2 T , and

ut (a) =
ut
�
�b
�

u�t
�
�b
�u�t (a) 8 (a; t) 2 X � T: (18)

Consider the case in which u�t
�
�b
�
> 0 = u�t (�c). If t > �t, then (17) and Weak Consistency imply

p�t
�
�b; �c
�
> p�t

�
�c;�b
�
=) pt

�
�b; �c
�
> pt

�
�c;�b
�
=) ut

�
�b
�
> ut (�c) = 0

thus ut
�
�b
�
=u�t
�
�b
�
> 0. This is clearly true also if t = �t. Else t < �t, assume per contra

ut
�
�b
�
< 0 = ut (�c), then (17) and Weak Consistency imply

pt
�
�c;�b
�
> pt

�
�b; �c
�
=) p�t

�
�c;�b
�
> p�t

�
�b; �c
�
=) u�t

�
�b
�
< u�t (�c) = 0

a contradiction. Thus ut
�
�b
�
=u�t
�
�b
�
> 0 holds for all t 2 T provided u�t

�
�b
�
> 0. It is easy to

show that the same is true if u�t
�
�b
�
< 0.43 This shows that

� : T ! (0;1)
t 7! ut(�b)

u�t(�b)

is well de�ned. Moreover, the function u = u�t : X ! R is non-constant and relation (18)
implies

ut (a) = � (t)u (a) 8 (a; t) 2 X � T

which together with (17) shows that the axioms imply representation MLP.
If. It is easy to verify that the converse implication holds too. For the sake of completeness,

we check that representation MLP implies Strong Log-odds Ratio Invariance. Let t; s 2 T and
a; b; c; x; y 2 X. Notice that

`t (x; y) = � (t) [u (x)� u (y)]

so that `t (x; y) = 0 if and only if u (x) = u (y), and the same considerations hold with s in
place of t. Assume `s (a; c) =`s (b; c) is well de�ned:

� If `s (b; c) = 0, then u (b) = u (c) and `s (a; c) 6= 0, so u (a) 6= u (c), then

� `s (a; c) = � (s) [u (a)� u (c)] 6= 0 and since � (s) > 0, then

`s (a; c)

`s (b; c)
=
� (s) [u (a)� u (c)]

0
=
u (a)� u (c)

0

43If t > �t, then, by (17) and Weak Consistency, we have

u�t
�
�b
�
< 0 = u�t (�c) =) p�t

�
�c;�b
�
> p�t

�
�b; �c
�
=) pt

�
�c;�b
�
> pt

�
�b; �c
�
=) ut

�
�b
�
< ut (�c) = 0

thus ut
�
�b
�
=u�t

�
�b
�
> 0. This is clearly true also if t = �t. Else t < �t, assume per contra ut

�
�b
�
> 0 = ut (�c), then

(17) and Weak Consistency imply

pt
�
�b; �c
�
> pt

�
�c;�b
�
=) p�t

�
�b; �c
�
> p�t

�
�c;�b
�
=) u�t

�
�b
�
> u�t (�c) = 0

a contradiction. Thus ut
�
�b
�
=u�t

�
�b
�
> 0 holds for all t 2 T .
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� `t (b; c) = � (t) [u (b)� u (c)] = 0, because u (b) = u (c),
� `t (a; c) = � (t) [u (a)� u (c)] 6= 0, because u (a) 6= u (c), and since � (t) > 0, then

`t (a; c)

`t (b; c)
=
� (t) [u (a)� u (c)]

0
=
u (a)� u (c)

0
=
`s (a; c)

`s (b; c)

� Else `s (b; c) 6= 0, then u (b) 6= u (c) and `t (b; c) = � (t) [u (b)� u (c)] 6= 0, so that

`s (a; c)

`s (b; c)
=
� (s) [u (a)� u (c)]
� (s) [u (b)� u (c)] =

u (a)� u (c)
u (b)� u (c) =

� (t) [u (a)� u (c)]
� (t) [u (b)� u (c)] =

`t (a; c)

`t (b; c)

The case in which `t (a; c) =`t (b; c) is well de�ned is analogous.
As to uniqueness of u and �, notice that, if also �u and �� represent fptgt2T in the sense of

MLP, then
e�(t)(u(a)�u(b)) = rt (a; b) = e

��(t)(�u(a)��u(b))

for all t 2 T and all a; b 2 X. Therefore � (t) (u (a)� u (b)) = �� (t) (�u (a)� �u (b)) for all t 2 T
and all a; b 2 X. Arbitrarily choose t� 2 T and b� 2 X to conclude that

�u (a) =
� (t�)
�� (t�)

(u (a)� u (b�)) + �u (b�) = ku (a) + h 8a 2 X

with k > 0 and h 2 R. Since the converse is also true,44 cardinal uniqueness of u follows.
Moreover, if u is not constant, choosing a; b 2 X with u (a) 6= u (b), the previous argument
yields � (t) (u (a)� u (b)) = �� (t) (ku (a)� ku (b)) for all t 2 T , so that �� = k�1� if �u = ku+ h.
Finally, if �u = u is given, so that k = 1, it follows �� = �. �

Inspection of the proof shows that it is possible to obtain the softmax representation for
any non-singleton index set T by replacing Weak Consistency with:

Strong Consistency Given any s and t in T ,

pt (a; b) > pt (b; a) =) ps (a; b) > ps (b; a)

for all a; b 2 X.

As we discussed in the main text, the theorem below characterizes the most general version
of the Heteroscedastic Multinomial Logit Model.

Theorem 16 A collection fptgt2T of random choice rules satis�es Positivity, the Choice Ax-
iom, Strong Consistency, and Strong Log-odds Ratio Invariance if and only if there exist
u : X ! R and � : T ! (0;1) such that

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
(HMNL)

for all A 2 A, all a 2 A, and all t 2 T .
In this case, u is cardinally unique, and � is unique given u unless the latter is constant.

44That is, if �u = ku+ h with k > 0 and h 2 R, then �u and �� = k�1� represent fptgt2T in the sense of MLP.
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Propositions 3 and 4 are simple corollaries of Theorem 2 (we leave the routine proofs to
the reader). The proof of Proposition 5 is less trivial and builds on the following:

Proposition 17 Let fptgt2(0;1) be a Multinomial Logit Model with utility u. Then

ps (fa 2 A : u (a) � hg ; A) � pt (fa 2 A : u (a) � hg ; A) 8h 2 R

for all s > t in (0;1) and all A 2 A.

Proof Arbitrarily choose A 2 A. If we prove that, given any h 2 R such that ? (
fc 2 A : u (c) � hg ( A, it holds

d

dt
pt (fc 2 A : u (c) � hg ; A) > 0 8t 2 (0;1) (19)

then the statement follows. Indeed, in this case, the function t 7! pt (fc 2 A : u (c) � hg ; A) is
strictly increasing on (0;1) for all h 2 R such that ? ( fc 2 A : u (c) � hg ( A, while it is
constantly equal to 0 or 1 if h is such that fc 2 A : u (c) � hg = ? or fc 2 A : u (c) � hg = A.
Next we show that (19) holds. Set [u � h] = fc 2 A : u (c) � hg, assume h 2 R is such

that ? ( [u � h] ( A, and notice that in this case [u < h] must be non-empty. Given any
t 2 (0;1), with the abbreviation

P
u(c)�h

=
P

c2A:u(c)�h
, we have

0 <
d

dt

0B@
P

u(c)�h
etu(c)P

b2A
etu(b)

1CA =

�P
b2A
etu(b)

� P
u(c)�h

u (c) etu(c) �
P

u(c)�h
etu(c)

�P
b2A
u (b) etu(b)

�
�P
b2A
etu(b)

�2
() 0 <

X
u(c)�h

u (c) etu(c)
X
u(b)<h

etu(b) �
X
u(c)<h

u (c) etu(c)
X
u(b)�h

etu(b)

() 0 <

P
u(c)�h

u (c) etu(c)P
u(b)�h

etu(b)
�

P
u(c)<h

u (c) etu(c)P
u(b)<h

etu(b)

() 0 <
X
u(c)�h

u (c)

0B@ etu(c)P
u(b)�h

etu(b)

1CA� X
u(c)<h

u (c)

0B@ etu(c)P
u(b)<h

etu(b)

1CA
() 0 <

X
c2[u�h]

u (c) pt (c; [u � h])�
X

c2[u<h]

u (c) pt (c; [u < h])

and this concludes the proof, because �in the last step above �the minuend is an average (i.e.,
a convex combination) of values u (c) � h, so it cannot be smaller than h itself, the subtrahend
is an average of values u (c) < h, so it is strictly smaller than h itself, hence the di¤erence on
the right hand side is strictly positive, irrespectively of the value of t. �

Proof of Proposition 5 If u is constant, the requirements of points 1 and 2 are automatically
satis�ed, while that of point 3 is vacuous. Assume then that u is non-constant.
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1 implies 3. Let s > t in T . Arbitrarily choose a; b 2 X such that u (a) > u (b). Since
pt (a; b) > pt (b; a), the Weak Discovered Preference Axiom implies that ps (a; b) � pt (a; b), but
then

ps (a; b)

1� ps (a; b)
� pt (a; b)

1� pt (a; b)
that is, rs (a; b) � rt (a; b). Passing to the logarithms, it follows that � (t) (u (a)� u (b)) �
� (s) (u (a)� u (b)) and � (t) � � (s).
3 implies 2. Let s > t in T and observe that � (s) � � (t). Denote by fqlgl2(0;1) the

Multinomial Logit Model with utility u. By Proposition 17, it follows that, for every A 2 A, if
l � l0, then

ql (fa 2 A : u (a) � hg ; A) � ql0 (fa 2 A : u (a) � hg ; A) 8h 2 R

Now, taking l = � (s) and l0 = � (t), we have

q�(s) (fa 2 A : u (a) � hg ; A) � q�(t) (fa 2 A : u (a) � hg ; A) 8h 2 R

and
ps (fa 2 A : u (a) � hg ; A) � pt (fa 2 A : u (a) � hg ; A) 8h 2 R

that is, UA (s) stochastically dominates UA (t).
2 implies 1. Let s > t in T . If pt (a; b) > pt (b; a), then u (a) > u (b) and there exists h 2 R

such that u (a) > h > u (b). Since Ufa;bg (s) stochastically dominates Ufa;bg (t), then

ps (fx 2 fa; bg : u (x) � hg ; fa; bg) � pt (fx 2 fa; bg : u (x) � hg ; fa; bg)

but fx 2 fa; bg : u (x) � hg = fag, therefore ps (a; b) � pt (a; b). �

Lemma 18 Let fptgt2(0;1) be a random choice process that satis�es Positivity, the Choice
Axiom, Continuity, Consistency, and Asymptotic Uniformity. Then:

(i) the relation de�ned on X by a % b if and only if p1 (a; b) > 0 is a weak order, and

a % b () p1 (a; b) � p1 (b; a)

(ii) given any a; b 2 X, the function 'a;b : (0;1)! (0;1) de�ned by

'a;b (t) = rt (a; b) 8t 2 (0;1)

is continuous and either constantly equal to 1 (if a � b), or divergent at 1 as t!1 (if
a � b), or vanishing as t!1 (if b � a).

Proof (i) By Theorem 1, for each t 2 (0;1), there exists vt : X ! (0;1) such that

pt (a;A) =
vt (a)P
b2A vt (b)

(20)
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for all A 2 A and all a 2 A.45 While p1 satis�es the Choice Axiom because it is de�ned by
Continuity and pt satis�es the Choice Axiom for all t 2 (0;1). By Theorem 14, there exist
v : X ! (0;1) and a rational choice correspondence � : A ! A such that

p1 (a;A) =

8><>:
v (a)P

b2�(A) v (b)
if a 2 � (A)

0 else

for all A 2 A and all a 2 A; moreover, � (A) = supp (p1)A for all A 2 A. Given any A 2 A and
any a; b 2 supp (p1)A = � (A), we have that p1 (a;A) ; p1 (b; A) 6= 0 and so p1 (a;A) =p1 (b; A)
is well de�ned. By Lemma 13 (the equivalence of the Choice Axiom and Independence from
Irrelevant Alternatives), we have that

v (a)

v (b)
=
p1 (a;A)

p1 (b; A)
=
p1 (a; b)

p1 (b; a)

If a 6= b, since v (a) ; v (b) 2 (0;1), it must be the case that p1 (a; b) 6= 0; 1, then, by Asymptotic
Uniformity, p1 (a; b) = 1=2 = p1 (b; a) and so v (a) = v (b). Since the choice of A 2 A and
a; b 2 supp (p1)A was arbitrary, it follows that v is constant on � (A) for all A 2 A, and so p1
is a uniform random choice rule. But then Corollary 15 guarantees that the relation de�ned on
X by

a % b () p1 (a; b) > 0 () p1 (a; b) � p1 (b; a) (21)

is a weak order.46

(ii) Given any t 2 (0;1),

'a;b (t) = rt (a; b) =
pt (a; b)

pt (b; a)
=
vt (a)

vt (b)
2 (0;1)

for all a; b 2 X, thus 'a;b : (0;1) ! (0;1) is well de�ned. Moreover, by Continuity, 'a;b is
continuous on (0;1) too.

� If a � b, and per contra 'a;b (t) 6= 1 for some t 2 (0;1), then

� either 'a;b (t) > 1, thus pt (a; b) > pt (b; a) and, by Consistency, p1 (a; b) > p1 (b; a),
contradicting a � b,

� or 'a;b (t) < 1, thus pt (a; b) < pt (b; a) and, by Consistency, p1 (a; b) < p1 (b; a),
contradicting a � b,

so we can conclude 'a;b (t) = 1 for all t 2 (0;1).

� If a � b, by (21) it follows p1 (b; a) = 0 and p1 (a; b) = 1, then

lim
t!1

'a;b (t) = lim
t!1

pt (a; b)

pt (b; a)
=
p1 (a; b)

p1 (b; a)
=1

thus 'a;b diverges at 1 as t!1.
45The vt�s appearing in (20) are the exponentials of the v�s appearing in (LM).
46And a � b if and only if p1 (a; b) = p1 (b; a), while a � b if and only if p1 (a; b) > p1 (b; a).
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� If b � a, then (since 'a;b = 1='b;a for all a; b 2 X)

lim
t!1

'b;a (t) =1 =) lim
t!1

'a;b (t) = lim
t!1

1

'b;a (t)
= 0

thus 'a;b is vanishing as t!1. �

As we discussed in the main text, the Boundedness axiom imposes some discipline on the
time combination of odds. To better put this idea into perspective we need the concept of
concatenation, which is one of the classical ingredients of the psychophysical theory of mea-
surement.47

De�nition 3 A binary operation � on R+ which is associative, commutative, with identity
element 0, and such that

t > t0 =) t� s > t0 � s 8s > 0

is called concatenation.

Simple examples of concatenation are t � s = t + s + �ts and t � s = �
p
t� + s� for some

� > 0. The concept of concatenation allows us to state a general version of Boundedness.

Weak Boundedness There exists a continuous concatenation � such that

sup
t;s2(0;1)

jrt�s (a; b)� rt (a; b) rs (a; b)j <1 (22)

for all a; b 2 X.

This version of Boundedness retrospectively clari�es the meaning of the original axiom: the
time combination of odds should not to be �in�nitely far�from being a concatenation. More-
over, it permits to go beyond the case of linear ��s and characterize, for example, logarithmic
and power ones. Before entering the details of our most delicate proof, we report a beautiful
theorem of Aczel (1948) that characterizes continuous concatenations.

Theorem 19 (Aczel) A binary operation � on R+ is a continuous concatenation if and only
if there exists and increasing bijection w : (0;1)! (0;1) such that

t� s = w
�
w�1 (t) + w�1 (s)

�
8t; s > 0

This allows to rephrase Weak Boundedness as:

Ordinal Boundedness There exists an increasing bijection w : (0;1)! (0;1) such that

sup
t;s2(0;1)

��rw(t+s) (a; b)� rw(t) (a; b) rw(s) (a; b)�� <1 (OB)

for all a; b 2 X.

Ordinal Boundedness requires that time can be rescaled so that the corresponding variation
of odds is not exponentially unbounded. It reduces to Boundedness when w (t) = t for all t.48

47See, e.g., Falmagne (1985, Chapter 2).
48Ordinal Boundedness stands to Boundedness as the Ordinal IIA assumption of Fudenberg, Iijima, and

Strzalecki (2015) stands to IIA.
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Lemma 20 A random choice process fptgt2(0;1) satis�es Positivity, the Choice Axiom, Conti-
nuity, Consistency, Asymptotic Uniformity, and Ordinal Boundedness if and only if there exist
u : X ! R and an increasing bijective � : (0;1)! (0;1) such that

pt (a;A) =
e�(t)u(a)P
b2A e

�(t)u(b)
(23)

for all A 2 A, all a 2 A, and all t 2 (0;1).
In this case,

(i) p0 (a;A) =
1

jAj for all A 2 A and all a 2 A;

(ii) p1 (a;A) =
1

jargmaxA uj
�a (argmaxA u) for all A 2 A and all a 2 A;

(iii) u is cardinally unique;

(iv) if u is non-constant, then � is unique given u;

(v) w = ��1 is increasing, bijective, and r��1(t+s) (a; b) = r��1(t) (a; b) r��1(s) (a; b) for all
a; b 2 X and all s; t 2 (0;1), thus w realizes OB.

Proof Let fptg be a random choice process that satis�es Positivity, the Choice Axiom, Con-
tinuity, Consistency, Asymptotic Uniformity, and Ordinal Boundedness. As in Lemma 18, we
de�ne, for all a; b 2 X,

'a;b (t) = rt (a; b) 8t 2 (0;1)
and we show that, thanks to the additional assumption of Ordinal Boundedness,

'a;b (w (t+ s)) = 'a;b (w (t))'a;b (w (s)) 8t; s 2 (0;1) (24)

Three cases have to be considered, depending on whether a � b, a � b, or b � a according to
the weak order % de�ned in Lemma 18.

� If a � b, then 'a;b (t) = 1 for all t 2 (0;1) and (24) holds.

� If a � b, then 'a;b is unbounded above and so is 'a;b �w : (0;1)! (0;1). Moreover, by
Ordinal Boundedness, there exists M > 0 such that

j'a;b (w (t+ s))� 'a;b (w (t))'a;b (w (s))j < M 8t; s 2 (0;1) (25)

But (0;1) is a semigroup with respect to addition and 'a;b � w is unbounded above.
Therefore, Baker (1980, Theorem 1) implies that (24) holds.

� Else, b � a, then the previous point shows

'b;a (w (t+ s)) = 'b;a (w (t))'b;a (w (s))

for all t; s 2 (0;1), but then

'a;b (w (t+ s)) =
1

'b;a (w (t+ s))
=

1

'b;a (w (t))'b;a (w (s))
= 'a;b (w (t))'a;b (w (s))

for all t; s 2 (0;1), and (24) holds also in this case.
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We conclude that the functional equation (24) holds for all a; b 2 X. Continuity of 'a;b �w,
its strict positivity, and (24), imply that

'a;b (w (t)) = e
h(a;b)t 8t 2 (0;1)

for a unique h (a; b) 2 R (see, e.g., Aczel, 1966, Theorem 2.1.2.1, p. 38). Setting � = w�1 it
follows that 'a;b (s) = eh(a;b)�(s) for all s 2 (0;1), and � is an increasing bijection like w.
Now �x some a� 2 X and de�ne u : X ! R by u (x) = h (x; a�) for all x 2 X. Given any

t 2 (0;1) and any x; y 2 X, by (20),

'x;y (t) =
vt (x)

vt (y)
=
vt (x)

vt (a�)

vt (a
�)

vt (y)
=
'x;a� (t)

'y;a� (t)
=
eh(x;a

�)�(t)

eh(y;a�)�(t)
=
eu(x)�(t)

eu(y)�(t)

Therefore, for every t 2 (0;1), A 2 A, and a 2 A, arbitrarily choosing y 2 A,

pt (a;A) =
vt (a)P
b2A vt (b)

=

vt(a)
vt(y)P
b2A

vt(b)
vt(y)

=
eu(a)�(t)

eu(y)�(t)P
b2A

eu(b)�(t)

eu(y)�(t)

=
e�(t)u(a)P
b2A e

�(t)u(b)

and (23) holds.

Annotation 1 Notice that from the axioms we derived (23) with � = w�1.

Since p0 and p1 are de�ned by Continuity and � vanishes as t ! 0 while it diverges at 1
as t!1, then (23) implies (i) and (ii).
As to uniqueness of u and �, notice that, if also �u and �� represent fptg in the sense of (23),

then

e�(t)(u(a)�u(b)) =
e�(t)u(a)

e�(t)u(b)
= rt (a; b) =

pt (a; b)

pt (b; a)
= e

��(t)(�u(a)��u(b))

for all t 2 (0;1) and all a; b 2 X. Therefore � (t) (u (a)� u (b)) = �� (t) (�u (a)� �u (b)) for all
t 2 (0;1) and all a; b 2 X. Choose t = 1 and arbitrarily �x b� 2 X to conclude that

�u (a) =
� (1)
�� (1)

(u (a)� u (b�)) + �u (b�) = ku (a) + h 8a 2 A

with k > 0 and h 2 R. Point (iii) follows. If u is not constant, by choosing a; b 2 X with
u (a) 6= u (b), the previous argument, yields � (t) (u (a)� u (b)) = �� (t) (ku (a)� ku (b)) for all
t 2 (0;1), so that �� = k�1�. If �u = u is given, then k = 1 and �� = �. This proves point (iv).
Clearly, ��1 is increasing and bijective, and by (23)

r��1(t+s) (a; b) = r��1(t) (a; b) r��1(s) (a; b) 8a; b 2 X 8t; s 2 (0;1)

which implies point (v).
The rest is trivial. �

The equivalence of points 2 and 3 of Theorem 6 is obtained by considering the special case
in which w (t) = t for all t 2 (0;1).49 While that of points 1 and 3 is a routinary veri�cation.
49See Annotation 1.
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Logarithmic ��s, the role of which we discussed in the main text, correspond to Exponential
Boundedness,50 and give softmax the special form

pt (a;A) =
(1 + �t)u(a)P
b2A (1 + �t)

u(b)
8a 2 A 2 A 8t 2 (0;1) (LSP)

where � is a strictly positive constant. The analogous characterization of power ��s is left to
the reader.

The next statement expresses the formProposition 7 takes for the (more general) Multino-
mial Logit Processes characterized in Lemma 20. In reading it, notice that points 2 and 3 can
be equivalently stated in terms of � or w = ��1.

Proposition 21 Let X be a convex set and fptgt2(0;1) be a Multinomial Logit Process with
utility u and increasing bijective accuracy �. The following conditions are equivalent:

1. u is a¢ ne;

2. there exists t 2 (0;1) such that

pt (a; b) = p��1(�(t)� )
(�a+ (1� �) b; b) (26)

for all a; b 2 X and all � 2 (0; 1);

3. given any t 2 (0;1) and any c 2 X,

pt (a;A) = p��1(�(t)� )
(�a+ (1� �) c; �A+ (1� �) c)

for all A 2 A, all a 2 A, and all � 2 (0; 1).

Proof 2 implies 1. Let t 2 (0;1) be such that (26) holds, then for all a 6= b in X, and all
� 2 (0; 1),

p
��1(�(t)� )

(b; �a+ (1� �) b) = 1� p
��1(�(t)� )

(�a+ (1� �) b; b)

= 1� pt (a; b)
= pt (b; a)

whence

e
�(t)
�
[u(�a+(1��)b)�u(b)] = r

��1(�(t)� )
(�a+ (1� �) b; b)

= rt (a; b) = e
�(t)[u(a)�u(b)]

50That is, Ordinal Boundedness with w (t) = (et � 1) =� for some strictly positive constant �; which yields
� (t) = ln (1 + �t) in (23), and corresponds to the superadditive concatenation t� s = t+ s+ �ts.
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so

1

�
[u (�a+ (1� �) b)� u (b)] = u (a)� u (b)

u (�a+ (1� �) b) = �u (a) + (1� �)u (b)

which delivers a¢ nity of u.
1 implies 3. Given any t 2 (0;1) and any c 2 X, we have that, for all A 2 A, all a 2 A,

and all � 2 (0; 1),

p
��1(�(t)� )

(�a+ (1� �) c; �A+ (1� �) c) = e
�(t)
�
u(�a+(1��)c)P

b2A e
�(t)
�
u(�b+(1��)c)

=
e
�(t)
�
�u(a)+

�(t)
�
(1��)u(c)P

b2A e
�(t)
�
�u(b)+

�(t)
�
(1��)u(c)

=
e�(t)u(a)P
b2A e

�(t)u(b)
= pt (a;A)

3 implies 2 is trivial. �

A.3 Proofs of the results of Section 4

We refer to Madras (2002) for notation and basic de�nitions regarding Markov Chain Monte
Carlo methods.

Proof of Propositions 8 and 12 Once observed that

��(t) (a j b) = e�(t)u(a)

e�(t)u(a) + e�(t)u(b)
8a 6= b in A

(see Ratcli¤, 1978), Proposition 8 is mathematically due to Barker (1965) who proves it in
the context of plasma physics, here we report a simple proof for completeness. Given any
t; � (t) 2 (0;1), the explicit form of Pt is

Pt (a j b) =

8>><>>:
Q (a j b) e�(t)u(a)

e�(t)u(a) + e�(t)u(b)
if a 6= b

1�
P

c2AnfbgQ (c j b)
e�(t)u(c)

e�(t)u(c) + e�(t)u(b)
if a = b

and so Pt is irreducible because Q is. Moreover, again by irreducibility of Q,X
c2Anfbg

Q (c j b) > 0 8b 2 A

(otherwise it would follow Q (b j b) = 1 for some b 2 A, violating irreducibility). But then
Pt (b j b) > 0 for all b 2 A, which implies aperiodicity of Pt.
Next we show stationarity of pt (�; A). Notice that, for all a 6= b in A,

Pt (a j b) pt (b; A) = Q (a j b)
e�(t)u(a)

e�(t)u(a) + e�(t)u(b)
e�(t)u(b)P
x2A e

�(t)u(x)

=
Q (a j b)P
x2A e

�(t)u(x)

e�(t)(u(a)+u(b))

e�(t)u(a) + e�(t)u(b)
= Pt (b j a) pt (a;A)
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while if a = b, then Pt (a j b) pt (b; A) = Pt (b j a) pt (a;A) is obvious, thus

Pt (a j b) pt (b; A) = Pt (b j a) pt (a;A) 8a; b 2 A

Therefore, Pt is reversible with respect to pt (�; A) and a fortiori Ptpt (�; A) = pt (�; A) (see, e.g.,
Madras, 2002, Proposition 4.4).
The proof of Proposition 8 is concluded by observing that, since Pt is aperiodic and irre-

ducible, then stationarity of pt (�; A) implies P nt � ! pt (�; A) as n !1 for all � 2 �(A) (see,
e.g., Madras, 2002, Theorem 4.2).
Again by stationarity (ibidem), the long-run frequency of the sequence

(b0; b1; :::; bn; bn+1; :::) (27)

of incumbents generated by the Metropolis-DDM algorithm is almost surely pt (�; A). Moreover,
if Q is uniform, by the Glivenko-Cantelli Theorem, the long-run frequency of the sequence

(a1; :::; an+1; :::)

of proposals generated by the Metropolis-DDM algorithm is almost surely uniform. Simple
algebra concludes the proof of Proposition 12. �

In order to prove Proposition 9, we need a general result on renewal processes in the spirit of
Wald�s equality (see, e.g., Ross, 1970). Let fXigi2N� be a sequence of nonnegative independent
random variables with E (Xi) � ` for all i 2 N� = f1; 2; :::g, and set X0 � 0. Given any
n 2 N = f0; 1; :::g, let

Sn =
nX
i=0

Xi

and notice that S0 = 0 and Sn =
Pn

i=1Xi if n 2 N�. For each t 2 (0;1), de�ne

Nt = sup fn 2 N : Sn � tg 2 f0; 1; :::;1g

The process fNtgt2(0;1) is the renewal process of fXigi2N�.

Annotation 2 In our case, fNtgt2(0;1) represents the number of iterations performed by an
algorithm whose i-th cycle has duration Xi, when the algorithm is stopped at time t.

Given any t 2 (0;1), for each n 2 N,

Nt = n () X0 +X1 + :::+Xn � t < X0 +X1 + :::+Xn+1 () Sn � t < Sn+1 (28)

and Nt = 1 if and only if
P1

i=0Xi � t. This proves that Nt is a random variable, and that
Nt + 1 is a stopping time with respect to fXigi2N�.51

51In fact, a random variable � with values in f1; :::;1g is a stopping time with respect to fXigi2N� if and
only if [� = n] 2 � (X1; :::; Xn) for all n 2 N�. Now

Nt + 1 = n () Nt = n� 1 () Sn�1 � t < Sn

and both Sn�1 and Sn are � (X1; :::; Xn)-measurable for all n 2 N�.
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A Wald-type inequality Let fXigi2N� be a sequence of nonnegative independent random
variables with E (Xi) � ` for all i 2 N�. If � is a stopping time with respect to it, then

E

 
�X
i=1

Xi

!
� `E (�)

and equality holds if E (Xi) = ` for all i 2 N�.

Proof Notice that, for each i 2 f1; :::;1g,

1[��i] =

(
1 if i � �

0 if i > �

and moreover, for i = 1, we have 1[��1] � 1. Then
�X
i=1

Xi =
1X
i=1

Xi1[��i]

and so
P�

i=1Xi is a bona �de random variable; moreover, by nonnegativity and the Monotone
Convergence Theorem,

E

 
�X
i=1

Xi

!
= E

 1X
i=1

Xi1[��i]

!
=

1X
i=1

E
�
Xi1[��i]

�
= E (X1) +

1X
i=2

E
�
Xi1[��i]

�
But, for i � 2, [� � i] = [� > i� 1] = [� � i� 1]c and, since � is a stopping time,

[� � i� 1] = [� = 1] [ ::: [ [� = i� 1] 2 � (X1; :::; Xi�1)

hence Xi and 1[��i] are independent; it follows that

E (X1) +
1X
i=2

E
�
Xi1[��i]

�
= E (X1) +

1X
i=2

E (Xi)E
�
1[��i]

�
= E (X1) +

1X
i=2

E (Xi)P ([� � i])

=

1X
i=1

E (Xi)P ([� � i]) �
1X
i=1

`P ([� � i]) = `
1X
i=1

P ([� > i� 1])

= `

1X
j=0

P ([� > j]) = `E (�)

where the last equality follows from Lemma 1.1.1 of Resnick (2002).52 �

Theorem 22 Let fXigi2N� be a sequence of nonnegative independent random variables with
E (Xi) � ` for all i 2 N�. If ` > 0, then

E (Nt) �
t

`
� 1 (29)

for all t 2 (0;1).
52And the only inequality is an equality if E (Xi) = ` for all i 2 N�:
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Proof Arbitrarily choose t 2 (0;1) and recall that Nt + 1 is a stopping time with respect to
fXigi2N�. If E (Nt) = 1, (29) is trivially true. Else Nt takes values in N with probability 1,
then (28) guarantees that

PNt+1
i=1 Xi > t almost surely. Together with the Waldean inequality,

this implies

`E (Nt + 1) � E
 
Nt+1X
i=1

Xi

!
� t

which is equivalent to (29). �

Annotation 3 This means that: if the i-th cycle of an algorithm has duration Xi with E (Xi) �
` (for all i 2 N�), and the algorithm is stopped at time t, then the expected number of iterations
performed is at least t=`� 1.

Proof of Proposition 9 The state space of the Metropolis-DDM algorithm consists of se-
quences

(s; r) = (b0; a1; r1; b1; :::; bn; an+1; rn+1; bn+1; :::)

where
s = (b0; a1; b1; :::; bn; an+1; bn+1; :::) 2 A1

is the sequence of generated incumbents and proposals in A and

r = (r1; :::; rn+1; :::) 2 R1+

is the sequence of realized response times. Endowed with its product Borel �-algebra, A1�R1+
is a probability space with respect to the the probability measure P whose marginal � on A1

is the Markovian probability

� (b0; a1) = � (b0)Q (a1 j b0)

� (bn; an+1 j bn�1; an) =
�
�an (bn)

e�(t)u(an)

e�(t)u(an) + e�(t)u(bn�1)
+ �bn�1 (bn)

e�(t)u(bn�1)

e�(t)u(an) + e�(t)u(bn�1)

�
Q (an+1 j bn)

and whose conditionals are

Ps = �s �
�
�a1;b0 � �a2;b1 � � � � � �an+1;bn � � � �

�
8s 2 A1

where the second factor is the independent product of the response times�distributions �a;b
of RTza;b (see, e.g., Chang and Pollard, 1997, for the technical details of conditioning and
disintegration).
Denoting

Xi : A
1 � R1+ ! R+
(s; r) 7! ri

for all i 2 N�, the number of iterations of the �repeat-until� loop of the Metropolis-DDM
algorithm is, for each (s; r) 2 A1 � R1+ ,

Nt (s; r) = sup fn 2 N : r0 + r1 + � � �+ rn � tg
= sup fn 2 N : X0 (s; r) +X1 (s; r) + � � �+Xn (s; r) � tg
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where by convention X0 (s; r) � r0 � 0. By expression (10), for any given s 2 A1,

Es (Xi) = E
�
RTzai;bi�1

�
� �2 (t)

2
8i 2 N�

and the Xi�s are independent with respect to Ps, then, by Theorem 22,

Es (Nt) �
2t

�2 (t)
� 1

Expression (12) follows by the law of total expectation. �

Proof of Proposition 10 Arbitrarily choose t 2 (0;1). Let q be the minimum o¤-diagonal
entry of Q and � = maxa;b2A ju (a)� u (b)j be the oscillation of u on A. If b = a, then

Pt (a j b) = 1�
X

c2Anfbg

Q (c j b) 1

1 + e�(t)[u(b)�u(c)]

but, for all c 2 A, u (c)� u (b) � � and so u (b)� u (c) � �� and e�(t)[u(b)�u(c)] � e��(t)�, thus

1

1 + e�(t)[u(b)�u(c)]
� 1

1 + e��(t)�

hence
P

c2AnfbgQ (c j b)
�
1 + e�(t)[u(b)�u(c)]

��1 �Pc2AnfbgQ (c j b)
�
1 + e��(t)�

��1 � �1 + e��(t)���1,
thus

Pt (a j b) � 1�
1

1 + e��(t)�
=

e��(t)�

1 + e��(t)�
=

1

1 + e�(t)�
� q

1 + e�(t)�

Since the same inequality clearly holds if b 6= a, we can apply Doeblin�s Theorem to obtainX
c2A

���[P nt �] (c)� p(u;�(t))A (c)
��� � 2�1� q

1 + e�(t)�

�n
8n 2 N

In particular,

1

2

X
c2A

����PNtt �� (c)� p(u;�(t))A (c)
��� � �1� q

1 + e�(t)�

�Nt
ln
1

2

X
c2A

����PNtt �� (c)� p(u;�(t))A (c)
��� � Nt ln�1� q

1 + e�(t)�

�
ln 1

2

P
c2A

����PNtt �� (c)� p(u;�(t))A (c)
���

ln
�
1� q

1+e�(t)�

� � Nt

since 1� q
�
1 + e�(t)�

��1 2 (0; 1). By Proposition 9,
E (Nt) �

t

� (t)2
� 1
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but then

E
�
ln 1

2

P
c2A

����PNtt �� (c)� p(u;�(t))A (c)
����

ln
�
1� q

1+e�(t)�

� � t

� (t)2
� 1

E

 
ln
1

2

X
c2A

����PNtt �� (c)� p(u;�(t))A (c)
���! � � t

� (t)2
� 1
�
ln

�
1� q

1 + e�(t)�

�

expE

 
ln
1

2

X
c2A

����PNtt �� (c)� p(u;�(t))A (c)
���! � �1� q

1 + e�(t)�

� t

�(t)2
�1

and standard calculus techniques show that the latter quantity vanishes as t ! 1 because of
the assumptions we made on � and the way in which we de�ned q and �. �

Proof of Proposition 11 Without loss of generality assume i = 1. Then

qt (a1; A) = P
�
u (a1) t+ �Wa1 (t) > u (aj) t+ �Waj (t) for all j = 2; :::; k

�
= P

�
Waj (t)p

t
� Wa1 (t)p

t
<

p
t

�
[u (a1)� u (aj)] for all j = 2; :::; k

�
= P

�
Xj �X1 <

p
t

�
[u (a1)� u (aj)] for all j = 2; :::; k

�
where Xj = Waj (t) =

p
t for j = 1; 2; :::; k are a family of i.i.d. standard normal random

variables. It is then easy to show that (Yj = Xj �X1 : j = 2; :::; k) is a k � 1 dimensional
vector of normal zero-mean random variables such that

cov (Yi; Yj) = E
�
X2
1

�
= 1 if i 6= j

and cov (Yi; Yi) = var (Xi �X1) = 2 otherwise. �
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