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Abstract. Stochastic Choice is modeled here as the outcome of costly information
acquisition on the utility of available options. Two classes of theories provide a fully
specified model of how this search produces a joint distribution on option chosen
and time of choice. One is purely normative, modeling information acquisition as
updating of current beliefs on options’ values; the other takes biological structure
as given, and describes the search under this constraint. We explore both, establish
their relation, and show how they share commonly used models of the process of
stochastic choice.

In the normative theory, information is acquired optimally by observing a costly
informative signal, or experiment; since there is no reason to limit the informative
signals to diffusion processes, experiments here are taken to be Lévy processes con-
trolled by the decision maker. We characterize the value function as the unique
viscosity solution, obtained as limit of a discrete process. As application, we char-
acterize the optimal policy for pure jump processes, show conditions under which
jump or diffusion processes are observed, and describe the optimal policy in evi-
dence space.

The neural theory is based on a fully specified biological model, reducing the
process to elementary neuronal activity, and deriving predictions from the basic
assumption that neuronal firing is a Poisson process. Under restrictive conditions,
both theories have the same, tractable, reduced form, the Drift Diffusion Model
(DDM) of choice.

We consider applications of these theories to data analysis. Given a finite data
set of economic choices and time to choose of an individual, we want to determine
the parameters of the DDM . These parameters measure characteristics of the
subject that can explain the care an individual uses while choosing. We show that
they can be estimated with finite data, provided information on time to choose is
included.
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1. Introduction

A decision maker exhibits stochastic choice if, faced with the same menu over

several instances of choice, does not always choose the same item. In this case the

observations of his behavior can be summarized by the frequency of choices from

the menu. The classical theory of stochastic choice (as pioneered in Debreu (1958))

provides necessary and sufficient condition for the frequency of choice from a menu to

be produced by an underlying utility over options, together with a function mapping

the difference between utilities to probability of choice. Our aim here is to describe

the process producing stochastic choice, rather than simply characterizing conditions

rationalizing the observed frequency with a utility function.

The explanation we explore here is that stochastic choice is the outcome of a pro-

cess of costly information acquisition. The ideal decision maker (or a neural system,

depending on the environment we consider) has to select one option out of the menu.

He does not exactly know, when he is presented with the menu, the utility of each

option. Before he chooses, he gathers information by observing an informative signal,

which has a direct effort cost, and an opportunity cost of the delayed choice. We for-

mulate this process of costly information acquisition in two different environments:

one is purely normative, and is likely to be familiar to economists; the second is a

fully specified biological model. We argue in this introduction that the simultaneous

development of a new approach in both classes of theories is made necessary by recent

developments in the experimental and theoretical analysis of the choice process.

The Normative Setup. In the normative setup, a decision maker formulates

beliefs over a finite set of states that, together with his action, will determine his

utility, observes an informative signal, updates his belief, decides when to stop the

information gathering process and choose an action. Differently from widely used

models of costly information acquisition (see for example Sims (1998), Sims (2003),

Sims (2006), Matějka and McKay (2015), Caplin and Dean (2015), De Oliveira et al.

(2017)), we require the cost of information acquisition to be determined only by the

process observed (an experiment), and independent of the prior of the observer. The

prior may affect the cost of information acquisition because it affects the optimal

choice of experiment; but it does so indirectly. These two theories of cost of informa-

tion acquisition are substantially different, in fact they are orthogonal (we show this

in a general way in section C; see Denti et al. (2019) for a detailed analysis of this

point). Thus our approach of defining cost of information as cost of the experiment

seems an essential requirement to link the normative analysis to the descriptive and

biologically based. This analysis is developed in section 2.
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We provide a second important innovation. The class of informative signals we

consider (defined in section 3) is very general, namely the set of Lévy processes

in the class of infinitely divisible processes controlled by the decision maker. The

extension of the class of experiments (that is, informative signals that the decision

maker is observing) to Lévy processes is crucial to offer adequate perspective to

recent developments in the positive analysis of decision making that we are going

to review below. In addition, the extension seems necessary even if one is only

interested in purely normative analysis: there is really no reason why informative

signals should come only in the form of diffusion processes, as argued also in Zhong

(2019). Thanks to the Lévy-Ito decomposition, the use of Lévy processes allows us

to deal with the possibility that the process the decision maker chooses to observe

may be a continuous process or a jump process. The characterization of the optimal

policy in this more general setup is obtained through the systematic use of viscosity

solutions (section 4). The problem is then reduced to the analysis of the infinitesimal

generator of the process, which in turn becomes easy thanks to the Lévy-Khintchine

theorem.

The Biological Setup. The second theoretical setup we consider is a fully spec-

ified biological model, which extends to the analysis of economic choices models that

have been developed in perceptual decision making (Wang (1999), Wong and Wang

(2006)) We do this in section 9. The predictions of the model have been tested on

single-neuron recording data (Padoa-Schioppa and Rustichini (2014), Rustichini and

Padoa-Schioppa (2015), Rustichini et al. (2017)). We add to this analysis a foun-

dation of the model on few very simple but fundamental assumptions, namely that

the choice process is implemented by a network of neurons firing approximately at

Poisson rate, and that the network is organized in pools of neurons, where each pool

can only be excitatory or inhibitory type.

Recent developments in the analysis of perceptual decision making has suggested

extensions of the existing theories. The dominant model, particularly in perceptual

decision making, is the Bounded Accumulation of Noisy Evidence (BANE): evi-

dence, which is noisy signal of some underlying state, is provided to a decision maker

or a neural system, who accumulates it over time until a bound or threshold is met,

and a decision is reached. The Drift Diffusion Model (DDM) is a widely known

special case of these models, with the restriction that the evidence provided continu-

ously is represented as a drift-diffusion process. Perhaps surprisingly, the model has

recently met with some difficulty in testing. An important example is the evidence

provided in Latimer et al. (2015), which suggests the hypothesis that the slow and
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continuous accumulation (or ramping) of neural activity observed in trial averaged

data might be the outcome of the averaging of instantaneous jumps at different times

on different trials. The discussion (see for example Stine et al. (2019)) of the best

method to test these alternative theories has clarified that the decision maker might

choose to select, out of the complex physical evidence provided, either continuous or

discrete evidence (in which the decision maker waits for the occurrence of a stimulus

with high signal-to-noise ratio, an extremum). A more detailed discussion of these

developments is in section 2 below. Our analysis provides the appropriate foun-

dation for this debate which is fundamental for the analysis of animal and human

decision-making.

Here are some example of how our analysis proved to be useful.

In section 6 we provide a characterization of the optimal policy for the gamma pro-

cess, which has only jumps but is very tractable process, and thus offers a convenient

benchmark, as simple as the DDM . In section 7 we study the optimal policy of a

decision maker who can observe a diffusion process or a jump process, and show that

he uses alternatively one or the other, depending on the belief; the rest of the section

describes general condition for the choice of the two types of signals. In section 8

we provide an extension of the characterization of optimal policies when signals are

drift diffusion processes (which in turn provides a justification for the DDM) to our

setup.

Reduced Form. Both normative and biological theories have a convenient re-

duced form, the DDM , which is reviewed in section 2 of the online appendix. The

DDM is very convenient because it is tractable, and produces precise joint predic-

tions on stochastic choice and time to choose. In section 11.1 below we provide

a illustration of how it can be used to estimate choice parameters in a data set.

The DDM may be criticized as being ad hoc. An additional and in our opinion

considerably stronger limitation is that the model is an extremely simple reduced

form, with no clearly specified general model from which it can be derived. Thus,

it is very difficult to adjust the model to take into account in a principled way even

simple variations (for instance, the changes in the process necessary to take into ac-

count different distributions of rewards in the environment). Our paper presents this

general model.

Organization of the Paper. The paper is organized as follows. In section

2 we formulate the optimal information acquisition problem, and in section 3 the

class of informative signals that we consider. The next two sections introduce the

main technical tools, namely viscosity solutions (section 4) and the analysis of the
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infinitesimal generator for our processes (section 5). In sections 6, 7 and 8 we present

applications of our general results. Section 9 presents a fully specified biological

model of choice. Section 10 concludes. All the proofs and technical materials are in

the Online Appendix; due to space constraint, some of the proofs are sketches; more

details are provided in the supplementary Appendix available on line.

2. Choice as Constrained Optimal Information Processing

Why a Theory of the Choice Process? This paper presents two theories of the

choice process. Why do we need even one, if we are only interested in the outcome of

this process? We claim that only when we have a model of the choice process we can

estimate parameters that are useful to better predict choice, and are of independent

interest.

This claim can be demonstrated within the classical decision theoretic analysis of

stochastic choice (Debreu (1958), Krantz et al. (1971), Suppes et al. (1989)). An

individual is offered a sequence of pairs of options oi, i = 1, 2, in a set M of such

pairs (menus), where m ∈M is:

(1) m ≡ (o1, o2),

one menu in each of a finite number K of trials. We observe how the individual

chooses, and the time to decide, in every trial, thus collecting an ordered sequence

of K observations of the menu, mk, the value ck ∈ {1,−1}, where ck = 1 if option

o1 is chosen, and the length tk of the time interval between the presentation of the

option and the choice made. The data is a list of menus, choices and times:

(2) D ≡ ((mk, ck, tk)) : k = 1, . . . , K)

The choice data is a list of menus and choices, ignoring the time to choose:

(3) C ≡ ((mk, ck)) : k = 1, . . . , K)

A model rationalizing choice data was provided by Debreu. Given a set O of options,

a stochastic choice function p maps O × O to [0, 1]. Debreu (1958) characterizes a

stochastic choice function p as induced by a utility function u. The theorem states

that assumptions Probability, Cancelation and Solvability 1 hold if and only if there

exists a pair of utility function u and aggregator D, where u : O → R and D : R→ R

1The precise assumptions are in Debreu (1958), and are reported in section 11.1 of the online
appendix.
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increasing, and D(x) = 1−D(−x) for all x, such that:

for all a, b ∈ O : p(a, b) = D(u(a)− u(b)).

The pair (u,D) is unique up to monotonic linear transformations involving both

functions.

Clearly we need to know D (and not just u) to predict choice. Also, D is of inde-

pendent interest. The uniqueness claim clarifies that the function D is an essential

part of the description of the decision maker, as important as u is, because it mea-

sures how error-prone the decision maker is. Two decision makers may have the same

u, but differ in the D function, and thus exhibit a different choice pattern, because

they differ in the fraction of errors they commit in choice.

We want to determine conditions ensuring that the function D is estimated when

we have (as we always do in experimental practice) finite data. A finite data set

presents the researcher with a situation substantially different form the one described

in the theorem, for two reasons. First, the Solvability assumption precludes a finite

set of choices; second, for every pair (a, b) we do not observe the probability p(a, b)

but only an empirical frequency, thus a random realization of it. Our theorem A.5

below shows that, within a specific model of the choice process and with a very

weak condition on the experimental design, the function D can be estimated with

a finite set of data, which however must include the time to choose data. Without

the information on the time to choose, and the model of the choice process, this is

typically impossible. We proceed therefore to present the model of the choice process.

The Drift Diffusion Model. In the Drift Diffusion Model (DDM), 2 choice in

trial k is produced by a stochastic process with drift proportional to:

(4) ∆umk ≡ u(o1)− u(o2)

The state variable when the menu m is presented evolves according to:

(5) dX(t) = Γ∆umkdt+ σdW (t)

where W is a standard Brownian motion, and Γ, σ two positive real parameters. The

process stops when a value a or −a (called the barrier) is reached, and option o1 is

chosen if a is reached, else o2 is; this determines ck. The time to reach one of the

two barriers in the trial k is a random variable with realization denoted tk, the time

to choose we observe.

2Ratcliff (1978); see Ratcliff and Rouder (1998) or Ratcliff and McKoon (2014) for recent reviews.
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In section 11.1 of the online appendix we present an estimation problem and show

that, under a very weak condition, the parameters characterizing the aggregator D

can be estimated with finite data. 3

Optimal Information Processing. We present the setup for the normative

model that will eventually justify, under very specific conditions, the adoption of

the DDM we have just used in our illustrative example. Before we present the

general setup, that takes informative signals as Lévy processes, we want and need

to argue that such extension is worth the effort. On purely normative grounds,

such need would seem uncontroversial: there is really no reason why the evidence

provided to the decision maker should come in the convenient form of a drift diffusion

process. Thus, this setup seems interesting in its own sake, and in fact it does provide,

in our opinion, ample justification for our study; (see for example Zhong (2019)

on this point). But our interest in this research is in the normative foundation

of positive and biologically grounded decision making, so our normative interest

requires an additional justification. We argue here that even under such restriction,

the extension is useful, or indeed crucial. To do so we have to briefly review some

recent developments in the neuroscience of decision making. We have already seen

that in neuroscience the dominant model of information accumulation and processing

is the bounded accumulation of noisy evidence (BANE); bounded because the process

stops when a boundary is reached. When presenting this model, usually an implicit

assumption is made that this accumulation is continuous in time: small time intervals

can produce only small changes in the evidence accumulated in that interval. We

will use to term continuous BANE to specifically emphasize this characteristic. The

biological counterpart of this continuous accumulation is the continuous ramping of

activity in the network of neurons encoding this evidence. The BANE model is

frequently presented as optimal: 4 deviations from it are typically considered sub-

optimal because of the implied lack of temporal integration. 5 Thus the case for a

continuous BANE rests on positive and normative grounds.

3In sections A and B we apply the method to a large dataset.
4See for example Stine et al. (2019):“for many tasks used in perceptual decision-making [. . . ] the
BANE is sensible and, in many cases, an optimal strategy”
5See for example Ditterich (2006), page 1000, commenting on figure 11 of that paper:“The models
without temporal integration, on the other hand, require a S/N [Signal to Noise] ratio that is
approximately 30 times larger that the one of a pair of MT [Medial temporal] neurons. This seems
extremely unrealistic, which allows us to rule out mechanisms that do not make any use of temporal
integration.”
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Latimer et al. (2015) have recently challenged the view that observed spiking ac-

tivity 6 represents accumulation of noisy evidence, but rather it is produced by jumps

from neutral to high or low state 7 (see also the discussion in Shadlen et al. (2016),

and response in Latimer et al. (2016)). Upon reflection, is seems clear now that

continuous accumulation is not necessarily the only possible way in which evidence

accumulates. Consider for example the case in which an experimenter provides the

subject with signals that are informative only at exponentially distributed random

times; say, a compound Poisson process (CPP ). In this case clearly the evidence

accumulation is either absent (and the signal ignored), or the neural encoding can-

not be a continuous BANE. There is presently very little experimental evidence

on the questions of neural coding of information provided by stochastic processes

with discontinuous paths. Most of the experimental evidence seems to be based on

a continuous presentation of stimuli. The random dot motion task (Shadlen et al.

(1996), Stine et al. (2019)) is of this type. We use the term “seems” because it is

far from clear that the evidence accumulation is continuous even when the objective

signal is a stochastic process with continuous paths. Our CCP example illustrates

that jumps may be the only way in which evidence is accumulated when signals are

provided discontinuously. But as the methodological discussion stimulated by the

Latimer paper (see in particular Stine et al. (2019)) has clarified, the objective stim-

uli has to pass through the filter of subjective processing. Therefore, which signals

the subject pays attention to, and how, is decided by his strategy of information

processing. The experiments suggested in Stine et al. (2019) present two different

possible strategies in addition to the standard BANE. In one (extrema detection),

a decision maker might set very high threshold detection, and terminate the pro-

cess when such extreme observations are detected. In our model, the decision maker

would concentrate attention on the Poisson component of the process. We provide a

theoretical setup to characterize conditions in which continous or jump accumulation

policies are optimal.

Costly Acquisition of Information. Our aim is to characterize the solution

of the problem in which a decision maker acquires information over time. Clearly

the nature of the process depend on the cost of information acquisition. We inves-

tigate characteristics of the process when we do require the condition that the cost

function is experimental, that is induced by a cost on the experiments producing the

6In the case of the Random Dot Motion task they consider, this is activity in the lateral intraparietal
(LIP ) cortex.
7“LIP responses were better described by randomly timed, discrete steps between underlying
states”, Latimer et al. (2015) page 186
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information, and that the admissible experiments (that is, those for which the cost

function has a finite value) are experiments induced by the observation of a Lévy pro-

cess. This last requirement is rather weak, and among the cases considered are the

observation of a diffusion process (as in the classical analysis in Liptser and Širjaev

(2001a), Liptser and Širjaev (2001b)), but also of a process of a very general nature.

The introduction of the optimality criterion in the DDM has been considered, in

Dickhaut et al. (2009), in different context in Moscarini and Smith (2001), Keppo

et al. (2008), and, with different set of states and priors, in Drugowitsch et al. (2012)

and Fudenberg et al. (2018). The general inverse problem in optimal stopping times

is analyzed in Kruse and Strack (2017). Axiomatic analyses of the DDM have been

provided in Cerreia-Vioglio et al. (2018) and Baldassi et al. (2019).

We characterize the optimal solution of a very general formulation, which is pro-

vided in section 3. The information available to the decision maker is represented

by a general Lévy process. The key property of these processes which is used here is

that they are infinitely divisible (see section 3). The main theorem of that section is

the characterization of the value function as the unique viscosity solution of a quasi

variational inequality (theorem 4.4). We apply these results to a simple version of

the optimization problem that will allow us to characterize the optimal parameters

in our illustrative data analysis (section 11.1). Using the characterization provided in

theorem 4.4, the value function and the optimal solution in the problem considered

can be identified by elementary means.

Setup of the Problem. We define a dynamic optimal information acquisition

problem as follows. A decision maker starts with an initial belief on relevant states,

can acquire information over the continuous time in the form of the outcome of

experiments he chooses to observe. He can decide at any point to stop the information

gathering process and get the reward assigned by a payoff function at the belief he

holds at the stopping time. As long as he observes outcomes of experiment he pays the

cost of the experiment. Flow cost of the observations and final reward are discounted

at a rate ρ ≥ 0. The informational constraints on the policies will be stated after

we define the stochastic basis for our problem (all this is done in section 3). We will

model this problem as the limit of the discretized problem with time interval dt. To

do this, we first need to discuss the assumption on the cost function, in a way that

generalizes our static problem.
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The set of states is Θ, finite. The set ∆(Θ) is the set of probability distributions

on Θ, endowed with the euclidean metric and corresponding topology and Borel σ-

algebra B(∆(Θ)). The final payoff function is Φ : ∆(Θ)→ R. We make the standing

assumption:

Assumption 2.1. The function Φ in continuous and convex on ∆(Θ).

Cost of Information. In our model, the cost of information acquisition is the

cost paid for the experiment the decision maker chooses to observe. In section C

of the Supplementary Appendix we discuss the reason for this choice, in contrast to

theories of rational attention (Sims (1998), Sims (2003), De Oliveira et al. (2017),

Matějka and McKay (2015)). Briefly, these theories model the cost of information

acquisition as the cost of the posterior distribution. We show in section C (see

in particular proposition C.6), that the only cost function that is consistent with

both theories is the zero cost function. For convenience of the reader, we present

here, slightly reformulated, that proposition. The condition “ zero on degenerate

posteriors” requires that the cost of a posterior tends to zero when the posterior

degenerates to certainty. For our current purposes, we note that it is satisfied by

most current theories of rational attention.

Proposition 2.2. Let c be a cost function, defined on posterior distributions, that is

continuous, zero on degenerate posteriors, and is induced by a cost on experiments.

Then c is the zero function.

This topic is developed extensively in Denti et al. (2019). Now that we have iden-

tified the set of experiments E as the essential element to define cost of information,

we proceed with defining key properties and concepts (see section 11.3 of the online

appendix).

Cost functions. We now define cost in dynamic information acquisition problem.

The cost will depend on the experiment observed, and the length of time in which

it is observed. We consider cost functions on the product space of experiments and

time lengths:

(6) H : E × R+ → R̄+

where R̄ is the extended positive real line. H(P, dt) is the cost of observing at the

end of the time interval dt the outcome of the experiment P . We want to study

different possible restrictions on the flow of information over time in time-discretized

problems. In the dt problem, an observer has to commit to an experiment P at the

beginning of the time interval dt, pays in advance H(P, dt) and at the end of the time
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interval he observes the outcome of the experiment, and can then choose, taking into

account this outcome, the next experiment. We ignore for the moment the effect of

time discounting, setting ρ = 0.

The following assumptions are natural in our problem:

Assumption 2.3. (1) The function H is lower semi-continuous, continuous in

the second argument, convex in the first argument.

(2) H(·, dt) is increasing for every dt, and H(P, ·) is decreasing for every P .

The reason for requiring only lower semicontinuity for H is to accommodate the

possibility that only a subset of the experiments are admissible; H is equal to +∞
outside the set of admissible experiments. In the rest of the analysis we will some-

times implicitly use this convention; for instance we will state that experiments have

a special form to mean that all other experiments have infinite cost. The same con-

vention will be in use when we indicate the choice of experiment as a choice of effort

e, producing the experiment P (e). For example the cost function adopted to analyze

our data (see section B.2) is zero for the non-informative experiment, h for binomial

experiments of the form in equation (192), and +∞ otherwise.

By assumption (2.3),

(7) P ∼ Q⇒ ∀dt : H(P, dt) = H(Q, dt)

If we call U an uninformative experiment, then also by assumption (2.3) the cost of

U is the minimum cost, for every dt; we normalize this cost to zero:

(8) ∀dt > 0, H(U, dt) = 0.

We first want to put reasonable restrictions on the way cost of sequences of ex-

periments over time combine. We recall (Torgersen (1991), page 24) that for any

finite vector (Pi)i=1,...,N of experiments, the product ×Ni=1Pi of the experiments is the

experiment defined by the observation of the N independent realizations of the signal

associated to each Pi. The following condition is natural:

(9) H(P × P, 2dt) = 2H(P, dt)

To be explicit, the interpretation of the objects in the equation (9) is the following.

P × P is the product experiment; by choosing this, the observer is bound to this

experiment for the entire time interval 2dt, pays the cost in advance, and at the end

of the 2dt period he observes the outcome of two independent realizations of P . On
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the right hand side we see the cost of observing the outcome of P at the end of the

first dt period, and then the outcome of an independent realization of P at the end

of the next. We assume here the general form of (9):

Assumption 2.4. For every pair (P, dt), and experiment P (n),

(10) (×ni=1P (n) ∼ P )⇒ H(P, ndt) = nH(P (n), dt)

In other words, (2.4) requires H(P (n), dt) = H(P, 1)dt

3. Infinitely Divisible and Lévy Experiments

We begin with a natural class of experiments for which the assumption (2.4) is

satisfied. First we recall (see chapter 9 in Le Cam (1986) 8 ):

Definition 3.1. An experiment P on Θ has an nth root P (n) if P is equivalent to

the product of n copies of P (n), that is ×ni=1P (n) ∼ P . P is infinitely divisible (ID)

if for every integer n it has an nth root.

Natural examples are presented in the online appendix (section 11.4). We introduce

now the general framework that we will adopt in the rest of the analysis, in which

the decision maker is observing a Lévy process. In this more general formulation,

the experiment P is the observation of a family, indexed by θ, of Lévy process, where

the process depends on a parameter e (which we may take as effort; in the examples

introduced in section (11.4) the parameters controlled by the observer are σ or λ).

Information Acquisition with Lévy Process. We begin with the basic defi-

nition of Lévy process (LP ).

Definition 3.2. A stochastic process on a probability space (Ω,F ,P) with values on

Rd, (Xt : t ≥ 0) is a Lévy process if and only if:

(1) For any n ∈ N, n ≥ 1 and 0 ≤ t0 < t1 < · · · < tn, the random variables

Xt0 , Xt1 −Xt0 , . . . , Xtn −Xtn−1 are independent;

(2) X0 = 0, P-a.s.;

(3) For every s, t, the distribution of Xs+t −Xs does not depend on s;

(4) The process is stochastically continuous;

(5) The process has P-almost surely left limits and is P-almost surely right con-

tinuous.

8Note that Le Cam (1986) calls direct product what we (following Torgersen (1991) and more
common usage) called product.
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We consider here experiments induced by a family of Lévy processes which depend

on the unknown state of nature θ ∈ Θ and the value of a control parameter chosen

by the decision maker, e ∈ E (where E is some metric space, and e is meant to be

suggestive of effort). To define our setup precisely, we let the set Ω to be D(Rd), the

space of all càdlàg (corlol) functions from R+ to Rd. We also define, given the finite

set Θ:

(11) Ω∗ ≡ Θ× Ω

The “state-blind” evaluation map at t maps (θ, ω) ∈ Ω∗ to ω(t). Let (see e.g.

Jacod and Shiryaev (2002), chapter VI) D0
t (Rd) be the σ-field on Ω∗ generated by all

such state-blind evaluations maps at s, for s ∈ [0, t], with the Borel sets on Rd, and

F ≡ ∨t≥0D0
t (Rd). Letting, for any t ≥ 0,

Ft ≡ ∩s≥tD0
t

we obtain a filtration F ≡ (Ft)t≥0 on (Ω∗,F); filtration means as usual a family of

sub-σ-fields of F , increasing and right continuous in t.

To any θ ∈ Θ we associate a probability measure Pθ on (Ω,F) (we will show

when we define informationally feasible policies how this is done). We take the Pθ-
completion of F , denoted FPθ , and define F ≡ ∨θ∈ΘFPθ . We complete the filtration

taking at every t the smallest σ-field generated by Ft and the union over Θ of all the

Pθ-null sets. In the following we will assume this completion has already taken place;

and so to lighten notation we drop the overline, and denote for every θ, (Ω∗,F ,F,Pθ)
the stochastic basis at θ. The measurable space (Ω∗,F ,F) is the same for all θ. We

define

(12) G ≡ P(Θ)×F

where P indicates the power set, and for all t ≥ 0, Gt the σ-field generated by all

sets of the form ({θ} × Ω∗) ∩ Ft, for any θ.

For any π ∈ ∆(Θ), we indicate (Ω∗,F ,P(π)) the probability space where P (π) is

defined for every A ∈ F , by:

(13) P(π)({θ} × A) = π(θ)Pθ(A)

The stochastic basis (Ω∗,F ,F,Pπ) has

Pπ(A) ≡
∑
θ∈Θ

Pθ(A)(14)
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We study, for fixed e, a family indexed by θ ∈ Θ, of Lévy processes, that is

measurable maps from Ω∗ × R+ to Rd, each process satisfying the conditions in

definition 3.2. We write X(t; e)(θ, ω) as X(t; θ, e)(ω), and (X(t; θ, e))θ∈Θ as X(t; e).

Definition 3.3. A Lévy process experiment is a family of Lévy processes indexed by

θ and e, that is for every θ ∈ Θ and e ∈ E, (X(t; θ, e))t≥0 is a Lévy process.

If we denote Ω∗θ ≡ {θ} × Ω, then the posterior belief given the experiment P on θ

is a version of the conditional expectation:

(15)
(
E

P(π)
Ft 1Ω∗θ

)
(τ, ω) = B(π, P,X(t; τ, e)(ω))(θ)

where (τ, ω) indicates a generic element of Ω∗. Note that since experiments in our

setup are Lévy processes, the experiment at t and e, P t(e), is X(t; e) and so we use

this notation for the experiment when we want to emphasize the process.

The requirement of L’evy process can be reduced to that of the process being

additive: this may be important in future research,, for applications where for exam-

ple fatigue affects the process of information acquisition. This issue is discussed in

section 11.5 of the online appendix.

Characteristic Functions. Let µ(·; θ, e) denote the distribution on Rd ofX(1; θ, e).

This distribution is infinitely divisible (Sato (2013), page 32). By the Lévy-Khintchine

formula (Sato (2013), Theorem 8.1), the characteristic function of this distribution

is

(16) µ̂(·; θ, e)(z) = exp[−1

2
(z, A(θ, e)z) + i(γ(θ, e), z)+∫

Rd

(
ei(z,x) − 1− i(z, x)1B(0,1)(x)

)
dν(x; θ, e)]

where for every θ and e, A(θ, e) is a symmetric non-negative definite d × d matrix,

γ(θ, e) ∈ Rd, and ν(·; θ, e) is a measure (not a probability measure necessarily, but a

non-negative valued set-function) on (Rd,B(Rd)) satisfying:

ν({0}; θ, e) = 0,

∫
Rd

(|x|2)dν(x; θ, e) < +∞

As usual (see e.g. Sato (2013), definition 8.2) we call (A, γ, ν) the generating triplet

of µ.

We consider the finiteness condition on the Lévy measure :

Assumption 3.4. For all θ ∈ Θ and e ∈ E ν(Rd; θ, e) < +∞
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Proposition 3.5. Under assumption (3.4), the characteristic function of µ(θ, e) has

the simple form:

(17) µ̂(·; θ, e)(z) = exp[−1

2
(z, A(θ, e)z) + i(γ(θ, e), z)+∫

Rd

(
ei(z,x) − 1

)
dν(x; θ, e)]

Simple Form of Effort Dependence. The equation (17) suggests a simple func-

tional form of the way in which information acquisition depends on a one-dimensional

parameter representing effort. To illustrate the main idea we consider two simple ex-

amples.

First consider with d = 1 the density f(x, t; γ(θ, e), A(e)) of a linear drift diffusion

process with state and effort dependent drift γ(θ, e) and effort dependent, state

independent variance A(e). Clearly if the effect of effort is multiplicative on the

corresponding elements of the triplet, that is if:

γ(θ, e) = eγ(θ, 1), A(e) = eA(1),

then:

f(x, t; γ(θ, e), A(e)) = f(x, et; γ(θ, 1), A(1))

Similarly if the process is pure jump with Lévy measure ν(θ, e) which is a gamma

distribution with density

ν(x; θ, e) ≡ α(θ, e)x−1e−βθx,

then with a multiplicative effort effect of the form ν(x; θ, e) = eν(x; θ, 1) (that is, if

and only if α(θ, e) = eα(θ, 1)), the density satisfies:

f(x, t; βθ, α(θ, e)) =
β
α(θ,e)t
θ

Γ(α(θ, e)t)
xα(θ,e)t−1e−βθx

=
β
α(θ,1)et
θ

Γ(α(θ, 1)et)
xα(θ,1)et−1e−βθx

= f(x, et; βθ, α(θ, 1))

The argument we have seen in these two examples is clearly general.

If the process induced by the triplet (A(θ, e), γ(θ, e), ν(θ, e)) at time t is denoted by

X(t, A(θ, e), γ(θ, e), ν(θ, e)), then in both examples we have assumed a special case

of a general multiplicative form, in which the generating triplet is homogeneous of

degree 1 in effort. We state this general assumption as:
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Assumption 3.6. For all e ∈ E, θ ∈ Θ:

(18) (A(θ, e), γ(θ, e), ν(θ, e)) = e (A(θ, 1), γ(θ, 1), ν(θ, 1))

An obvious remark is perhaps useful: the cost function is defined for equivalence

classes of experiments, where the equivalence relation is defined by the order over

experiments (see section 11.3.1). So if we take any number e > 0 the two Lévy

experiments X(t; 1) and eX(t; 1) are equivalent and have the same cost. They are,

from our point of view, the same experiment; of course their triplets are not related

as in assumption 3.6. We note the useful implication of the assumption 3.6:

Proposition 3.7. Assume (3.6); the process X(t, A(θ, e), γ(θ, e), ν(θ, e)) has the

same distribution as X(et, A(θ, 1), γ(θ, 1), ν(θ, 1)).

Intuitively, if we assume the multiplicative form of the effect of effort then, if effort

is increased, the information gathered is the same, but the speed of acquisition is

faster. Proposition (3.7) simplifies considerably the computation of the infinitesimal

generator (see proposition (3.11)). In the following, when we assume the multiplica-

tive form of effort, we will write simply:

(19) (A(θ, 1), γ(θ, 1), ν(θ, 1)) ≡ (A(θ), γ(θ), ν(θ)).

and in the case of some parameters (such as for example shape and scale parameters

of the gamma distribution in equation (50)), we write αθ, βθ instead of the more

cumbersome α(θ, 1), β(θ, 1).

Our aim is to reduce the optimization problem of a decision maker observing a

Lévy process to the solution of a Hamilton-Jacobi-Bellman (HJB) equation described

entirely in terms of the generating triplet (A, γ, ν). To do this we have to study the

process of beliefs when observations are Lévy processes, which is what we do next.

Beliefs with Lévy Process Information. We first outline the strategy we will

follow. Consider the θ-family of processes as defined in (3.3), for a fixed e over a time

interval (0, dt]. Under a technical condition (assumption (3.4) below) and the Lévy-

Ito decomposition (Sato (2013), section 19), this process can be expressed as the sum

of two independent processes, one with continuous paths (the continuous part) and

one with discontinous paths (the jump part). 9 We will assume that the observer

can distinguish the two components. Since the two processes are independent, the

updating will be done separately for the two components.

9In the framework that we will eventually adopt here, this decomposition is presented in equation
19.6 of theorem 19.3 of Sato (2013))
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Decomposition of a Lévy Process. A key element in the decomposition is a random

variable which counts the jumps occurring in a time interval, according to the jump

size, defined in (21) below. We first introduce:

(20) H ≡ (0,+∞)× Rd \ {0}

and B(H) the Borel subsets of H. For any B of the form B = I×C, with I ∈ B(R+),

C ∈ B(Rd), we define

(21) J(B; θ, e, ω) ≡ #{s ∈ I : (s,X(s; θ, e)(ω)−X(s−; θ, e)(ω)) ∈ B}

that is, the cardinality of the set of jumps of size in C occurring in the time set I. So

for every B, J(B; θ, e, ·) : Ω→ N. The family of these random variables, indexed by

B, is a Poisson random measure, which implies in particular, under our assumption

(3.4), that:

(1) for each B, J(B; θ, e, ·) is a Poisson distribution; in the special case of B ≡
(0, dt]× C, with C ∈ B(Rd \ {0}), we have:

(22) P({J(B; θ, e, ·) = k}) =
e−ν(C;θ,e)dt(ν(C; θ, e)dt)k

k!

(2) if the subsetsB1, B2, . . . , Bn are disjoint, then the the corresponding J(Bi; θ, e, ·),
i = 1, . . . , n are independent;

The two conclusions above are part of the theorem 19.2 and 19.3 of (Sato (2013))

(Lévy-Ito decomposition).

Proposition 3.8. Under assumption (3.4) the process {X(t; θ, e) : t ≥ 0} is equal

to the sum of two independent processes, XD and XC, with

XD(t; θ, e)(ω) =

∫
(0,t]×(Rd\{0})

xJ((ds, dx), ω)

and XC has almost surely continuous paths, with

Eei(z,X
C(t;θ,e)) = exp[−1

2
(z, A(θ, e)z) + i(γ(θ, e), z)]

Informationally Feasible Policies. We define feasible policies for the time-

discretized problem first. Let dt > 0. Given the stochastic basis defined in section

3.2, the predictable σ-field on Ω∗×R+ is generated by the stochastic intervals of the

form J0, T K where T is an F stopping time, and

J0, T K ≡ {(ω, t) : 0 ≤ t ≤ T (ω)}

A policy process Π : Ω × R+ → E is said to be dt-informationally feasible if

and only if it is constant on every time interval of the form [idt, (i + 1)dt) for i ∈
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{0, 1, 2, . . . }, and at time t = idt the choice of experiment may depend on the path

(X(s; θ, e)(ω) : s ∈ [0, idt)). In every interval [idt, (i+ 1)dt) the policy Πdt is Fidt−×
B([idt, (i+ 1)dt)) measurable, hence predictable. A limit of such policies in dt→ 0 is

also predictable, and is defined to be an informationally feasible policy for the limit

(continuous time) problem. 10

A dt-informationally feasible stopping time at dt is defined as a (Ft−)t≥0 stopping

time taking values in the set {idt}i∈N∪{0}. A dt-informationally feasible policy induces

for every θ ∈ Θ a Pθ on (Ω,F).

Value Function with Lévy experiments. The optimization problem for a fixed

interval dt is:

(23) sup
(Π,τ)

Eπ,Π

(
−
∫ τ

0

H(Π(s), 1)e−ρsds+ e−ρτΦ(π(τ))

)
over all the dt-informationally feasible policy processes Π and stopping times τ .

The value function equation of the dt problem is the solution of

(24) V dt(π) =

max

{
Φ(π), sup

P∈E

(
−H(P, 1)ρ−1(1− e−ρdt) + e−ρdtEπ,PV

dt(B(π, P, ·))
)}

where B(π, P, x) is the posterior upon observing x with an experiment P and a prior

π. When taking limits, the term ρ−1(1− e−ρdt) can of course be replaced by dt.

Theorem 3.9. If assumption (2.3) holds, then the function dt→ V dt is increasing.

We find convenient to denote for every ID experiment P , its 1
dt

-root as:

P dt = P (
1

dt
)

Theorem 3.10. The function V dt is convex over ∆(Θ) and continuous for every

dt > 0.

Infinitesimal Generator. We now introduce an essential tool in the analysis.

For any function ψ ∈ C(∆(Θ)) we denote the infinitesimal generator (IG):

(25) A(ψ, P, π) ≡ lim
t→0

1

t

(
Eπ,P tψ(B(π, P t, ·))− ψ(π)

)
whenever this limit exists. We call the domain of A:

(26) D(A) ≡ {ψ ∈ C(∆(Θ)) : ∃φ ∈ C(∆(Θ)) such that

10The key difficulty is that the probability over the process is induced by the choice. An alternative
route, in the more restrictive case studying optimal control of diffusion processes, is to define
reference probability systems as in Fleming and Soner (2006), page 154. The method chosen here
seems appropriate for the more general case of Lévy processes on signals.
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lim
t→0

1

t

(
Eπ,P tψ(B(π, P t, ·))− ψ(π)

)
= φ}.

D(A) is non empty: the set of linear functions on ∆(Θ) is contained in D(A) (by the

martingale property of belief updating). Knowledge of the infinitesimal generator

allows one to characterize the optimal solution: section 7 gives an example of its use.

We note a useful implication of the assumption 3.6. We make the dependence of

the IG on parameter effort e in definition (25) explicit by writing A(ψ, P (e), π).

Proposition 3.11. Assume that the effect of the one-dimensional parameter effort

e has the multiplicative form (18). Then

(27) A(ψ, P (e), π) = eA(ψ, P (1), π)

4. Viscosity Solutions

In simple cases (for example when the process is a linear drift diffusion) the char-

acterization of the solution of the optimal information acquisition problem can be

provided by elementary means, involving conditions such as smooth pasting. To

address the more general problem considered here we use the concept of viscosity

solution. We provide a brief introduction to the basic ideas of this technique. We

begin with a simple example to introduce the concept, having also in mind the need

to adjust definitions and results from the commonly used framework (which is mini-

mization of a cost) to that of maximization.

A Simple Maximization Problem. The state space is R, the control variable

is e ∈ [−1, 1], and the law of motion is

(28) ẋ(t) = e(t).

Stopping delivers a final reward of Φ(x) = a > 0 for x ∈ (−∞,−1] ∪ [1,+∞), and 0

otherwise. Consider the problem of maximizing:

(29) max
Π,τ

(
−
∫ τ

0

ds+ Φ(x(τ))

)
, x(0) given.

where Π is the policy choosing the control, and τ is a stopping time. The problem

is symmetric around 0: if the initial condition is x(0) ≥ 0, then the optimal choice

is clearly to move in the direction of +1, and the opposite direction is optimal if

x(0) ≤ 0. The value function of the problem (29) is thus easily found to be:

(30) V (x) = a− 1 + |x|
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Standard arguments show that the HJB equation for the problem is:

(31) max
e∈[−1,1]

DV (x)e− 1 = 0

with boundary conditions

(32) V (−1) = V (1) = a

The function V in (30) satisfies the differential equation (31) at points where it is

differentiable, and the boundary condition (32); but so also does the function:

(33) W (x) ≡ a+ 1− |x|.

The idea of viscosity solutions is to impose an additional condition on the candidate

solutions of the two equations (31) and (32) that uniquely identifies the optimal

solution. We now introduce this additional condition.

Viscosity Solutions. The basic definitions are as in Crandall et al. (1992),

Crandall (1997). Fix a subset O ⊂ RN . We study partial differential operators of

the form

(34) H : RN × R× RN × S(N)→ R,

where S(N) is the set of symmetric N ×N matrices. The set S(N) is endowed with

the order:

(35) A � B ⇔ ∀x ∈ RN , (x,Ax) ≥ (x,Bx).

For any function u on O which is twice differentiable we consider the equation:

(36) H(x, u(x), Du(x), D2u(x)) = 0.

The concept of viscosity solutions will allow us to interpret the equation even when

u is only upper-hemicontinuous.

Definition 4.1. The operator H is proper if

(37) (A � B&r ≥ s)⇒ H(x, r, p, B) ≥ H(x, s, p, A)

For example the classical operator:

(38) H(x, r, p, A) = −tr(A) + cr

(where tr is the trace operator), with c > 0, is proper.

The HJB equation arising naturally from maximization problems is such that −H
is proper. We prefer to keep the natural form of the equation, and change the
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direction of the inequality in the definition (4.2) below from the one used in the

literature focused on minimization problems to the one adopted there.

For a given function u on O and a test function ψ ∈ C2(O) we say that ψ touches

u from above at x̂ ∈ O if ψ(x̂) = u(x̂), and there is an r > 0 such that for all

x ∈ B(x̂, r), ψ(x) ≥ u(x). To indicate this condition, we write:

(39) ψ �x̂ u

Similarly, we say that we say that ψ touches u from below at x̂ ∈ O if ψ(x̂) = u(x̂),

and there is an r > 0 such that for all x ∈ B(x̂, r), u(x) ≥ ψ(x), and we write:

(40) u �x̂ ψ.11

We say (dropping the term “viscosity”, as suggested in Crandall et al. (1992)):

Definition 4.2. Assume −H is proper, O open and u : O → R. Then

(1) u is a subsolution of H = 0 if it is upper-hemicontinuous and for every

ψ ∈ C2(O) and every x̂ ∈ O,

(ψ �x̂ u)⇒ H(x̂, u(x̂), Dψ(x̂), Dψ(x̂) ≥ 0.

(2) u is a supersolution of H = 0 if it is upper-hemicontinuous and for every

ψ ∈ C2(O) and every x̂ ∈ O,

(u �x̂ ψ)⇒ H(x̂, u(x̂), Dψ(x̂), Dψ(x̂) ≤ 0.

(3) u is a solution of H = 0 if it is a super and a subsolution.

We can apply these definitions in our introductory to test that the value function

V is a solution of (31) and W is not. Note that the H is is a first order operator,

and

−H(x, V (x), DV (x)) ≡ 1− max
e∈[−1,1]

DV (x)e

is trivially proper. V is a supersolution, because at any point where V is differentiable

for any test fucntion touching V from below has derivative equal to DV (x) and hence

the equation H(x̂, V (x̂), Dψ(x̂)) = 0 holds. At x̂ = 0, where V is not differentiable,

any test function ψ touching V from below has a derivative with absolute value less

then 1, hence H(x̂, V (x̂), Dψ(x̂)) ≤ 0. V is also a subsolution because the set of

11An alternative condition widely used in the literature requires a test function φ to be such that
the difference u− φ has a local maximum at x̂, which we write LMax(u− φ, x̂). The link between
the two is clear:

LMax(u− φ, x̂)⇔ φ+ u(x̂)− φ(x̂) �x̂ u
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test functions touching V from above at x̂ is empty. Instead, W is not a subsolution

because a test function equal to the constant value W (x̂) touches W from above at

x̂ but H(x̂,W (x̂), Dψ(x̂)) < 0. Thus V is the unique viscosity solution.

We can now apply these tools to our information acquisition problem.

The Value Function for the Information Acquisition. We define the limit

function V :

(41) V (π) = lim
dt→0

V dt(π)

Theorem 4.3. The function V in (41) is convex, bounded above and below, and

continuous.

The essential link with the concept of viscosity solutions is provided in the following

theorem.

Theorem 4.4. The limit function in theorem 3.9 is the viscosity solution of the

variational inequality:

(42) 0 = max

{
Φ(π)− V (π),−ρV (π) + sup

P∈E
(−H(P, 1) +A(ψ, P, π))

}
It is clear that the infinitesimal generator introduced in equation 25 plays a crucial

role in equation (42) and thus in characterizing the viscosity solution. To analyze

the solutions of this equation, we need to derive its form given the stochastic process

on signals. We illustrate the term A(ψ, P, π) in a special case, compound Poisson

information, in which the infinitesimal generator can be computed with elementary

calculations in section 11.12 of the online appendix. In the next section we analyze

it systematically.

5. Infinitesimal Generator with Lévy experiments

We now study the infinitesimal generator of the belief process with general Lévy

experiments. We first discuss several possible ways to model which specific features

of the process are observable. For the continuous part, we assume that he can observe

the value of the continuous path component at the final time dt. The observation

of the discontinuous component is more subtle. Broadly speaking, we have three

possibilities, in increasing order of detail. First, the observer can only measure the

final sum of the jumps (this is the experiment P in proposition (5.3). Second, he can

also observe the size of each individual jump (Q in proposition (5.3)). Finally, he

can observe both the size of each jump and the time (within the interval (0, dt]) at

which each jumps occur (R in proposition (5.3)). Each of these distinct possibilities
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generates a different experiment, ordered in the Blackwell sense. They are clearly

strictly ordered: the set of observations for each experiment is generated by a statistic

of the immediately preceding, more refined experiment, but these statistics are not

sufficient.

Finite Lévy measure. Recall that we are imposing the finiteness condition on

the Lévy measure, assumption (3.4). We recall that (theorem 21.3 in (Sato (2013)):

Theorem 5.1 (Sato). If assumption (3.4) holds, then there are finitely many jumping

times P almost surely; the first jumping time has an exponential distribution with rate

ν(Rd; θ, e).

We can now prove:

Proposition 5.2. Assume (3.4); the infinitesimal generator is the sum of the infin-

itesimal generators associated to each of the two processes

(43) A(ψ, P, π) = A(ψ, PC , π) +A(ψ, PD, π)

For an observation process with triplet (A, ν, γ), A(ψ, PC , π) can be written as func-

tion of the (A, γ) pair, A(ψ, PD, π) as function of ν only.

Space of signals. We can now discuss more precisely the distinction outlined in

section 5. Consider the discontinuous paths process XD(t; θ, e) associated with the

X(t; θ, e) process defined in 3.3, over a time interval dt. It is convenient to shorten

B∗dt ≡ (0, dt]× (Rd \ {0})

and

∆X(s; θ, e, ω) ≡ X(s; θ, e, ω)−X(s−; θ, e, ω)

Proposition 5.3. Assume (3.4); then for each θ and e, the process XD(t; θ, e) in-

duces three experiments:

(1) The experiment Q, with signal space (Rd,B(Rd)), and for every C ∈ B(Rd):

(44) Qdt
θ (C; e) = P(XD(dt; θ, e, ·) ∈ C)

(2) The experiment P , with signal space ∪+∞
k=0

(
(Rd)k,B((Rd)k)

)
, and for every

k ∈ N and Ci ∈ B(Rd), i = 1, . . . , k:

(45) P dt
θ (C1, . . . , Ck; e) = P(J(B∗dt = k and ∆XD(si; θ, e, ·) ∈ Ci)

(3) The experiment R, with signal space

∪+∞
k=0

(
(R+ × Rd)k

)
,B
(
(R+ × Rd)k

)
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and for every k ∈ N, Ii ∈ B(R+) and Ci ∈ B(Rd), i = 1, . . . , k:

(46) Rdt
θ (I1 × C1, . . . , Ik × Ck; e)

= P(J(B∗dt = k, si, si ∈ Ii and ∆XD(si; θ, e, ·) ∈ Ci)

Lemma 5.4. For any dt > 0 and C ∈ B(Rd)

(47) P dt
θ ({0}; e) = e−ν(Rd;θ,e)dt, P dt

θ (C; e) = e−ν(Rd;θ,e)dtν(C; θ, e)dt

Theorem 5.5. The three infinitesimal generators for O ∈ {P,Q,R} are the same

and equal to:

(48) A(ψ, P, π) =
∑
θ∈Θ

π(θ)(1− π(θ))
∂ψ

∂π(θ)
(π)
(
ν(Rd; π(−θ), e)− ν(Rd; θ, e)

)
+

∫
Rd
dν(x; π, e) (ψ (B(π, ν(·; e), x))− ψ(π))

where ν(·; π, e) ≡
∑

τ π(τ)ν(·; τ, e); ν(·; π(−θ), e) ≡
∑

τ 6=θ
π(τ)

(1−π(θ))
ν(·; τ, e), and

B(π, ν(·; e), x)(θ) =
π(θ)ν(x; θ)

ν(x; π, e)

6. Pure Jump Process

The restriction imposed by assumption (3.4), requiring ν(Rd; θ, e) < +∞ for all θ

and e, excludes some important examples, such as the gamma process. This latter

process is interesting, because it provides a parallel of the drift diffusion process but

is a pure jump process, just as Latimer et al. (2015) view of the ramping activity. In

particular, just like the DDM , the gamma process is extremely simple and easy to

study; for example, in section 8 below we will show how the parallel of the DDM

with time dependent boundaries has an easy formulation in the case of an underlying

gamma process. We focus here on pure jump processes, that is Lévy processes with

a triplet where the drift and the diffusion term are zero for every θ ∈ Θ. In our

analysis here we assume the simple multiplicative form of effort (18),

(49) ν(x; θ, e) = eν(x; θ, 1).

The Gamma Process. The gamma process has Lévy measure with density:

(50) ν(x; θ, e) = α(θ, e)x−1e−βθx



NEURAL AND NORMATIVE THEORIES 25

We assume α(θ, e) = eα(θ, 1), and we write simply α(θ, 1) as αθ. We assume αθ and

βθ both > 0. The associated process X(t, θ, 1) has a density given by:

(51) f(x, t; θ) =
βαθtθ

Γ(αθt)
xαθt−1e−βθx

where Γ is the gamma function. As usual we indicate with P the experiment induced

by the observation of the value of the process induced by (ν(·; θ) : θ ∈ Θ). We also

denote by B(π, P 0+, x) the function that for a given vector of measures and a prior

π gives the limit belief as t→ 0 at a value x. We write
∑

ρ π(ρ) log βρ = (log β)π and

ν(x; π) ≡
∑

ρ π(ρ)ν(x; ρ) .

Proposition 6.1. Assume ν is the gamma measure (50) with:

(52) ∀θ : αθ = α

The infinitesimal generator of the belief process for (50) is

A(ψ, P, π) = α
∑
θ

∂ψ

∂π(θ)
(π)π(θ) (log βθ − (log β)π) +

∫
R

(
ψ(B(π, P 0+, x))− ψ(π)

)
ν(x; π)dx

The limit belief satisfies:

(53) B(π, P 0+, x)(θ) =
π(θ)αθe

−βθx∑
τ∈Θ π(τ)ατe−βτx

The integral of

(54) x 7→ ψ(B(π, P 0+, x))− ψ(π)

with respect to ν(x; π)dx is finite.

General Pure Jump Process. The decomposition in the two terms of the infin-

itesimal generator that we have presented for the gamma process is general. Let

{X(t) : t ≥ 0} a Rd dimensional Lévy process, as in section (3). We write the pos-

terior at time t and observed state x with prior π, B(π, P t, x) in a slightly different

form, namely B(π, P, (t, x)), for convenience of the exposition of the next result. We

define the R+ × Rd valued process

(55) Y (t) ≡ (t,X(t))

For any function ψ ∈ C2(∆(Θ)), we fix experiment P and prior π, and define the

function b : R+ × Rd → R as:

(56) b(t, x) ≡ ψ(B(π, P, (t, x)))
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We use the gamma process to illustrate a potential problem, and the need for the

second assumption in proposition 6.2 below. Take the general gamma process in

which the α parameter are different. In this case, the function b is only defined on the

set (0,+∞)2 ∪ {(0, 0)}, with b(0, 0) = π(θ). The function can extended continuously

to the set [0,+∞)2 \{(0, 0)}, but the extension is discontinuous at (0, 0) because the

limit value in the general case is

lim
(x,t)→(0,0),(x,t)6=(0,0)

b(x, t) =
π(θ)αθ∑
ρ π(ρ)αρ

which is different from π unless the α’s are the same. When the α parameters are

equal, then the function can be extended to a continuous function from R2 to [0, 1],

hence the Fourier transform over the entire space is well defined, and that is the

transform we are going to use in the following argument.

Infinitesimal Generator for Pure Poisson The infinitesimal generator for the Y

process is defined as:

A(ψ, P, π) ≡ lim
t→0

1

t
(E(f(Y (t))− f(0)) .

with appropriate domain as the set of functions here the limit exists.

Proposition 6.2. For any function ψ ∈ C2(∆(Θ)), we fix experiment P and prior

π, if the process is pure Poisson with Lévy measure ν, such that (57) and (58) hold:

(57) ∀θ :

∫
Rd
|x|ν(dx; θ) < +∞;

(58) the function b has a continuous extension to Rd × [0,+∞);

then:

A(ψ, P, π)(0, 0) =
∂ψ(B(π, P, ·))

∂t
(0)+∫

Rd

(
ψ

(
(
π(θ)ν(x; θ)

ν(x; π)
)θ∈Θ

)
− ψ(π)

)
ν(dx; π)

A sufficient condition for (58) to hold is that the likelihood ratio satisfies:

(59) lim
(t,x)→0

f(x, t; θ)

f(x, t; τ)
= 1

In turn, an easy condition for (59) to hold will be indicated in the corollary 6.3 below.

Corollary 6.3. For every θ, τ ∈ Θ, and every set A ∈ B(Rd)

(60) lim
t→0

Pr(X(t, θ) ∈ A))

Pr(X(t, τ) ∈ A)
=
ν(A; θ)

ν(A; τ)
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We will complete the analysis of the optimal policy for the gamma process in

section 8, where we present the stopping policy in evidence space (see equation (88)).

7. Joint Observations of Diffusion and Jump Processes

In our general setup, in principle a decision maker can have both jumps and dif-

fusion processes available. Which one will he choose? The answer depends of course

on the current belief, the cost of each signal, the payoff. We explore this question

here; this discussion is particularly relevant for the current debate in neuroscience on

accumulation of evidence versus extrema, that we reported in section 2.

Simple Example with Diffusion and Jump Process. We start with simple

example in which the decision maker can observe, at finite cost, either a diffusion

or a jump process. We will show that, at different beliefs, the jump or the diffusion

process is observed. In this example we set Θ ≡ {−1, 1}, the final payoff function is

a positive, symmetric function Φ with maximum value Φ(πmax) and minimum value

Φ(πmin). The discount rate is ρ.

Either of two processes can be observed in a time interval, for a given effort choice

e ∈ R+:

(1) A diffusion process with drift γθe and variance 1, or

(2) a compound Poisson process with rate λe and a (fully revealing) random

variable δθ at state θ.

The cost is h(e)dt in the interval dt, with h(e) = e2

2
.

Proposition 7.1. For values of the parameters satisfying the condition (147) below,

the optimal policy in the problem has two intervals in [0, 1], I and J , symmetric

around 1/2 such that J ⊆ I, and (1) the Poisson process is observed if π(θ1) ∈ J ,

(2) the diffusion process is observed if π(θ1) ∈ I \ J , and finally (3) the observation

process stops if π(θ1) /∈ I.

So, in this example the Poisson process is observed at beliefs closer to uniform,

and the diffusion at points further from uniform. This is a consequence of the fact

that the value function is locally flat when the Poisson process is observed, because

if the process provides some information is also reveals the state completely. Hence

the value function, which is convex, has a minimum, and this minimum must be, by

symmetry, at the uniform prior.

The specific feature we just described (Poisson process observed at beliefs closer

to uniform, diffusion at points further from uniform) is not general: the Poisson

process, if it is of a more general form, may be observed when the belief has become
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more precise through diffusion. We now turn to illustrate which one is the general

property.

Diffusion Processes and Information Acquisition. The condition (147) pre-

sented in the previous section illustrates how, when the gain from information acqui-

sition from a Poisson process is too small when balanced against the discount term,

no information is acquired. In this section we see that instead, when information

is provided by a diffusion process, in the typical situation information is acquired

except in degenerate cases. The proof follows from the characterization of the value

function as a viscosity solution.

Weak Derivatives and Mollifiers. We recall first a few basic concepts that will be

needed in the sequel (see for example Evans and Gariepy (2015)). Let U denote an

open subset of RN , and (d is the Euclidean distance)

Uε ≡ {x : d(x, U c) > ε}

We use the Lebesgue measure. We denote by L1(U) the set of functions with finite L1

norm, and C1
c (U) the set of continuously differentiable functions on U with compact

support.

We first define basic properties of a generic function f (that is going to be the

function Φ in our applications). For a function f ∈ L1(U), we say that f ∈ L1(U) is

the weak partial derivative of f with respect to xi if for all φ ∈ C1
c (U):

(61)

∫
U

f(x)
∂φ

∂xi
(x)dx = −

∫
U

∂f

∂xi
(x)φ(x)dx

Let also the C∞ function η : RN → R be defined by:

(62) η(x) = ce
1

|x|2−1 , if |x| < 1; = 0 otherwise.

with c such that the integral of η on RN is equal to 1. We also let the standard

mollifier to be:

(63) ηε(x) ≡ 1

εN
η
(x
ε

)
.

Finally for any f ∈ L1(U), f ε is the convolution of f with ηε:

(64) f ε ≡ ηε ∗ f.

We recall the properties of f ε that we are going to use:

(1) For each ε > 0, f ε ∈ C∞(U);

(2) If f ∈ C(U) then f ε → f uniformly on compact subsets of U ;



NEURAL AND NORMATIVE THEORIES 29

(3) If the weak derivative of f exists and is in L1(U), then

(65)
∂f ε

∂xi
= ηε ∗

∂f

∂xi
.

Two States and Diffusion Information. We illustrate the statement in the case

of two states. The conditions required in this case are that there are finitely many

actions, that the conjugate of the cost function is unbounded. We also require the

problem to be non trivial: in particular, that there is no action which is best for all

beliefs, and there is some information to be acquired perhaps at high cost.

Proposition 7.2. Assume

(1) Θ = {θ1, θ2}, and γθ1 6= γθ2;

(2) limx→+∞ h
∗(x) = +∞

(3) Φ(π) = maxa∈AEπu(a, ·), A a finite set of actions, and Φ is not an affine

function.

then V 6= Φ.

The conclusion is equivalent to the statement that for some belief information is

acquired. In the proposition, h∗ is the convex conjugate of the function h:

(66) h∗(x) ≡ sup
e≥0

(ex− h(e))

When the set of states is larger than two, a line of argument similar to the one

we have seen in the case of two states shows that, in a typical case, information is

acquired when the process is a diffusion.

However, a new difficulty arises, which we briefly discuss. Consider a belief at

which the function Φ is not differentiable, and to fix ideas let’s take the case in which

two actions and only two actions have the same expected value at that belief. Locally,

the set of points where Φ′ is not a singleton is an N − 1-dimensional affine space L.

When restricted to L, the function Φ is linear. If the function were differentiable, the

second derivative would be only positive semi-definite (rather than positive definite),

with (xT ,Φ(π)x) = 0 for x vectors equal to the difference between two elements in

L and π ∈ L.

For general (non-differentiable) convex functions if we use the weak derivative we

get a similar conclusion. Recall (Evans and Gariepy (2015), theorem 6.8) that if a

function f : RN → R is convex then there exist signed Radon measures µij, such

that µij = µji, for all φ ∈ C∞c∫
RN
f(x)

∂φ

∂xi∂xj
(x)dx =

∫
RN
φ(x)dµijdx
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and for all i, µii is non-negative.

Using these properties of the weak second derivative we can illustrate more pre-

cisely the difficulty we mentioned in a simple example with N = 2 (three states).

Assume (note we are ignoring the third coordinate)

(67) Φ(π) = max{b0 +
2∑
j=1

bjπj, c0 +
2∑
j=1

cjπj}

The weak second derivative is defined by its action on a function φ ∈ C∞(R2):

(68)

∫
R2

∂Φ(π)

∂π(θi)∂π(θj)
φ(π)dπ = Mij

∫
R2

∂φ(π)

∂π(θi)∂π(θj)
(Rπ1, π2)dπ

where the matrix M can be computed to be:[
b1 − c1 b2 − c2

b2 − c2
(c2−b2)2

b1−c1

]
and R = c2−b2

b1−c1 . The function Φ is linear on the line L defined by:

π2 =
c0 − b0

b2 − c2

+
b1 − c1

c2 − b2

π1.

and in fact if we take dπ that is difference of two points on this line we get

(69) (dπT ,Mdπ) = 0.

In the following we now assume that c0 = b0, that is there is no difference in utility

between the two actions if the state is θ3.

Note that so far we have not used any information on the process providing in-

formation. If the change in posteriors keeps the posterior on the line L, then the

infinitesimal generator at those beliefs is equal to 0, and the contradiction argument

presented in section (7.2) does not work. It is easy to see that in fact the conclusion

that information is acquired may be false.

To see the difficulty more precisely in our example, we rewrite the equation for the

difference in posterior as follows:

(70) dπ(θi) = π(θi)(γθi − γπ), for i = 1, 2.

so that the ratio π(θ1)
π(θ2)

cannot change. Now consider the case in which γθ1 = γθ2 . In

this case, since the difference in expected utility only depends on a ratio that cannot

change, V = Φ. This corresponds to the fact that the quadratic form is positive

semi-definite (that is (69) holds for such dπ). We conclude that in the general case of
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many states information is acquired with a diffusion process at beliefs in which the

posterior moves away from the affine sets in which the function Φ is flat. We now

proceed with a formal statement.

We define for any subset B ⊆ A and any belief π:

(71) B(π) ≡ {b ∈ A : Eπu(b, ·) = max
a∈A

Eπu(a, ·)}.

and

(72) L(π) ≡ {ρ : ∀b ∈ B(π), Eρu(b, ·) = max
a∈A

Eρu(a, ·)}.

B is upper-hemicontinous, non-empty valued; also π ∈ L(π), which is therefore non-

empty valued. Denoting for k 6= 1 and i = 1, . . . , N :

(73) Dak

i ≡ u(a1, θi)− u(ak, θi)− (u(a1, θN+1)− u(ak, θN+1)),

we can state precisely the condition that the posteriors move away from the affine set

in which the final reward function Φ is linear; this will occur whenever the following

equality does not hold:

(74) ∀ak ∈ B(π) :
N∑
i=1

Dk
i π(θi)(γθi − γπ) = 0

We can now state:

Proposition 7.3. Assume

(1) limx→+∞ h
∗(x) = +∞

(2) Φ(π) = maxa∈AEπu(a, ·), A a finite set of actions, and Φ is not an affine

function.

then at all π for which condition (74) fails V (π) 6= Φ(π).

Here is a corollary of the proposition. Suppose there exists a belief π∗ at which all

actions have the same payoff. For example this is the case when each action pays in

one state and only in that state. Then under assumptions 1 and 2 of the proposition

V (π∗) > Φ(π∗).

8. Generalization of the DDM

In the interpretation of the DDM as the implementation of an optimal information

acquisition policy, the region where it is optimal to continue acquiring information is

a band in the evidence and time space, delimited by an upper and a lower value in the

evidence space. In that case, the process generating the evidence is a drift diffusion

process. We show in this section how this result generalizes in the more general model
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of the process generating the evidence. The resulting model of the choice between

continuing or stopping the information acquisition problem is a generalized choice

model.

Setup of the Problem. We setup the problem as a parallel with the DDM , with the

only difference that the process we are considering is more general. In particular we

take the informative signal to be the current state of the process, and the effort choice

to be a constant level of effort or zero effort (the latter producing a non-informative

signal). We take as given the optimal policy assigning to the belief π ∈ ∆(Θ)

D : ∆(Θ) → {0, 1} the choice of continuing (if D(π) = 1) with the fixed level of

effort, or stopping; we assume the set G ≡ D−1(1), called here the continuation

region, to be convex and study the set in the product space of evidence and time

that corresponds to G. We denote a generic element in R#θ+2 as a ≡ (a1, a0, a0), and

(75) G(a) ≡ {π ∈ ∆(Θ) : a0 ≥ (a1, π) ≥ a0}

so that for some set A ⊂ R#θ+2:

(76) G = ∩a∈AG(a).

We denote the posterior belief at time t and signal x with initial belief π, B(π, P t, x).

The process when the true state is θ is written X(t, θ); for all θ’s, X(0, θ = x(0). We

assume that the process does not stop as soon as it starts, that is:

(77) B(π, P 0, x(0)) = π ∈ G

Continuation region. The stopping time induced by the continuation region G in

belief space has, in the evidence-time space, the form:

(78) T̂ ≡ inf{t : B(π, P t, X(t) /∈ G}

The stopping time T̂ can be written in terms of the stopping times:

(79) ˆT (a) ≡ inf{t : B(π, P t, X(t) /∈ G(a)}

We let

(80) G(a) ≡ {(x, t) : B(π, P t, x) ∈ G(a)},G ≡ ∩a∈AG(a).

so that

(81) T̂ = T̂1 ≡ inf{t : (X(t), t) /∈ G}.
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Equation (81) states that the continuation region in the product space of evidence

and time is the intersection of bands G(a). Note in fact that

G(a) = {(x, t) : (a01Θ − a1)B(π, P t, x) ≥ 0}

∩ {(x, t) : (a1 − a01Θ)B(π, P t, x) ≤ 0}

= {(x, t) : bP t(x) ≥ 0} ∩ {(x, t) : bP t(x) ≤ 0}

where we let the #Θ-dimensional vector b(θ) ≡ (a01Θ−a1)(θ)π(θ). Note that by the

condition (77),

(82)
∑
θ

b(θ) ≥ 0;
∑
θ

b(θ) ≤ 0;

When the process is the linear drift diffusion model the result is the DDM in

its general form. We illustrate the result in the case of a pure Poisson process, the

gamma process.

DDM and extensions We consider the set of states Θ ≡ {θ1, θ2}. For comparison,

consider the case where for every θ: (A(θ, 1), γ(θ, 1), v(θ, 1)) = ((σ2, γθ, 0) (diffusion

process), and assume to fix ideas that γ2
θ > 0 > γ1

θ . In this case:

(83) P t
θ(x) =

1√
2πσ2t

e−
1

2σ2t
(x−γθt)2

Taking the likelihood ratio, one finds that the optimal policy is to stop and choose

the option best at θ2 for a given threshold posterior odds ratio a as:

(84) X(t) ≥ θ1 + θ2

2
t+

(
θ2 − θ1

σ2

)−1

log

(
a
π(θ1)

π(θ2)

)
In the symmetric case (γθ1 = −γθ2) this is the usual DDM policy. Naturally, when

γθ1 + γθ2 > 0, the threshold value of evidence required to choose the action best at

θ2 increases.

We consider now the gamma process with the shape parameter γ of the with Lévy

measure where the shape parameter α is independent of the state:

(85) ν(x; θ, 1) = αx−1e−βθx

Note that we do not use a compensated process, so the stopping boundary condition

has a time dependent form (see equation (88) below). Given (85):

(86) P t
θ(x) =

βαtθ
Γ(αt)

xαt−1e−βθx
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To fix ideas, we consider the case:

(87) βθ2 > βθ1

Equation (87) implies that, for any given value of t, a higher value of x makes θ1

more likely, as one can check from the likelihood ratio

log

(
P t
θ1(x)

P t
θ2(x)

)
= tα(log βθ2 − log βθ1)− x (βθ2 − βθ1) .

Using our earlier discussion on continuation regions we conclude that the process

stops, and the action that maximizes the utility at θ1 is chosen, the first time that:

(88) X(t) ≥ tα
log βθ2 − log βθ1

βθ2 − βθ1

− log

(
−b(θ

1)

b(θ2)

)
a condition which is the correspondent of theDDM condition in (84). As our remarks

after equation (87) suggest, the process stops in favor of the θ1 option as soon as the

value of the evidence is larger than a time dependent threshold. A similar condition

describes the event at which the process stops and the action that maximizes the

utility at θ2 is chosen.

9. Non-linear Stochastic Choice Models

An important virtue of the DDM is its simplicity together with (as we are going to

see below) some degree of biological realism. A constant, time independent, boundary

value is an essential component of this simplicity. The time constant assumption in

optimal models has been recently relaxed (Fudenberg et al. (2018)); in section 8 we

have seen how these results extend to our general setup.

In section 2 and 11.1 we have introduced an optimality criterion to determine a

parameter of the model (the boundary value a), but we kept the structure of the

DDM fixed, including the property that the boundary value is constant in time. We

can define this analysis a constrained optimization: a parameter is optimized but

the qualitative nature of the process is a fixed constraint; biology is taken as given.

A very different investigation examines how some of these fundamental properties

would change when we pose an optimal design problem and we do not require these

properties to hold. There is a good reason, in our opinion, not to choose this un-

constrained approach: we would lose the property that we consider essential in a

positive analysis of the choice process. It is clear then that we now need to define

the precise boundaries of “biologically realistic”.

In the next sections we study a biologically realistic, non-linear model of stochastic

choice, and prove that the DDM can be considered as a linear, simple version of this
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model. Such a model is provided in for perceptual choices in Wong and Wang (2006),

and has been tested with data on economic choices in Rustichini and Padoa-Schioppa

(2015). We label it a gating variables model, for reasons that will become clear in

the next section.

Biologically Inspired Models. To provide a link between the normative models

explored so far and a fully specified biological theory, it is useful to consider briefly

the intermediate class of biologically inspired models. For introductory reviews, see

Bogacz et al. (2006), Bogacz et al. (2007); for more in depth analysis, see Renart

et al. (2003). Suppose that a decision maker (or a biological system) has to choose

between option r and l. The DDM can be considered a simple example of biologi-

cally inspired model: one can think of the accumulation of evidence summarized by

the variable x in equation (5) as produced by two networks (or pools of neurons)

accumulating evidence in favor of, respectively, r and l. Evidence in the two pools

depends positively on the value of the associated option; higher value produces faster

accumulation. In a simple race version of the model, these two processes continue

independently until one of the two values reaches a critical threshold first, and then

the corresponding action is selected. In the DDM , some (un-modeled) additional

component performs the difference between the two, and this difference is the variable

X that evolves according to equation (5).

A step in the direction of biological realism is the class of mutual inhibition models,

in which the two pools inhibit each other: a high value of the option r increases the

rate of accumulation of evidence in favor of r, but also decreases that of l through

direct inhibition of neurons in the l pool. An important example of this class of

models is the Leaky Competing Accumulator (LCA) model (Usher and McClelland

(2001)). The “leaky” in the LCA label refers to the additional assumption that the

activity of the r pool is affected by a negative term which os proportional to the r

activity.

The Gating Variables Model we consider below is the next step in the direction of

biological realism, and is usually described as a pooled inhibition model. In this class

of models the r pool does not directly inhibit that of the l pool, but excites (that

is, has a positive effect) an intermediate pool of neurons which is not associated to

either r or l. This intermediate pool in turn inhibits both the l and r pool. Thus this

model has three pool of neurons. The version we consider has an additional essential

component, that the analysis of the accumulation of evidence can be reduced to the

analysis of gating variables. We proceed now with a more detailed exposition.
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Gating Variables Models. The gating variables models is an important example

of pooled inhibition model which we now consider more closely. These networks

have been identified in experimental data for economic choices on the basis of the

work of Padoa-Schioppa and Assad (2006) in Rustichini and Padoa-Schioppa (2015),

testing the predictions of models developed for visual perception (in particular Wong

and Wang (2006)). Two of these pools have a role similar to the one played by

the accumulators of evidence in the DDM and LCA model: each one of the two

accumulates evidence in favor of one option. These are pools of excitatory neurons;

that is, a spike in a this neuron increases the probability of a spike occurring in a

postsynaptic cell (that is, a cell downstream in the process). Their activity can be

summarized by the firing rate.

The substantial addition introduced in gating variables models is a third group of

inhibitory neurons. The role of these neurons is to receive information from the two

pools of neurons r and l associated with each of the choices, and provide an inhibitory

feedback to them, with strength proportional to the sum of the inputs received from

the r and l group. The net output from this set of interactions is that the group,

say l to fix ideas, with the lowest firing rate receives the same inhibitory input from

the inhibitory neurons as r does, but a weaker excitatory input; thus eventually the

l pool will have a firing rate reduced to the minimum, and the choice will be the

one corresponding to the winner in this winner-take-all process. In our example, the

firing rate of the neurons for r dominates, and the option r is chosen.

The core of the gating variables model is modeling the action of the inhibitory

neurons as mediated by synaptic gating. The term “synaptic gating” describes the

ability of neural circuits to regulate (that is, “gate”) inputs by either suppressing or

facilitating specific synaptic activity. The action of the inhibitory neurons operates

through the gating action, which is suppressing synaptic activity of downstream

neurons. This action is mediated by receptors on the synaptic cleft, and its intensity

is summarized by the fraction of receptors that are active at any given time: higher

fraction corresponds to higher activity. The gating variables model describe the

stochastic process over time of this fraction; such fraction is described below by the

variable S.

In summary, there are two essential components in the process producing choice.

The first component is a system of equations describing a stochastic process of synap-

tic gating variables. In the reduced Wong and Wang (2006) model, the system de-

scribes the evolution over time of two gating variables. This two-dimensional system

is obtained by a reduction of a high dimensional system in which the activity of the
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excitatory and inhibitory neurons is fully specified. The higher dimensional system

has the attractive property of satisfying the biological constraint that a given neuron

releases only one type of neurotransmitter and exerts the same functional effect, in-

hibitory or excitatory, at all of its termination sites (Dale’s principle, see Strata and

Harvey (1999) for an exposition). The analysis of the complete model, however, is

difficult; thus it is convenient to study a reduced system, where the inhibitory neu-

rons have been eliminated. The inhibitory neurons are replaced by the direct action

of the group of neurons coding the value of each option on the other group. True,

we are violating Dale’s principle, but in a disciplined, way, so we can always trace

back what the complete model would be. 12 The reduced model for visual perception

tasks is defined in the Appendix of Wong and Wang (2006), page 1327. The model

is applied to economic choices in Padoa-Schioppa and Rustichini (2014).

The second component is a stopping rule, that is a pair of a stopping time (deciding

when the system stops) and a choice rule (deciding which option is chosen when

the system stops). There is good evidence (Rustichini and Padoa-Schioppa (2015),

Rustichini et al. (2017)) that the stopping rule is similar, in firing rate space, to that

implemented by the constant boundary DDM : the accumulation of evidence stops

when the firing rate of one of the two networks is larger than the other by critical

quantity. The choice rule selects the option corresponding to the network with the

highest firing rate. We now present the precise form of the accumulation of evidence

in gating variables models: it will turn out to be a non-linear version of the DDM .

Stochastic System Underlying Choice. The heart of this model is a system

of stochastic differential equations describing the fraction of gating variables open at

time t. The first two equations are:

(89) dSi =

(
−S

i(t)

τS
+ (1− Si(t))γH(X i)

)
dt

≡ F (Si, Sj; I i)dt, i = A,B

12Here is a brief description of how this reduction is obtained. The key fact is that neural trans-
mission is made possible by receptors. These receptors have different speed of response. Thus,
in the complete system, the dynamic is determined ultimately by the slowest receptors, because,
in comparison to them, faster receptors reach the equilibrium is a shorter time interval, and thus
the value can be taken to be the equilibrium value. The slow receptors are the NMDA receptors.
The reduction to NMDA receptors is possible because the time constants for the dynamics of the
synaptic transmissions mediated by AMPA and GABA receptors are substantially smaller (faster
adjustment) than those of the NMDA receptors (2 and 5 ms, versus 100 ms). So the AMPA and
GABA receptors can be assumed to reach the equilibrium values instantaneously, and the dynamic
is reduced to the dynamic of the comparatively slower NMDA receptors. The reader who wants
to master the details can find these points discussed in page 1317 of Wong and Wang (2006).
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where

(90) X i(t) ≡ J i,iSi(t)− J i,jSj(t) + I i(t), i = A,B, j 6= i.

and J i,i, J i,j > 0 and I i is the input for the option i. The right hand side of equation

(89) has a natural interpretation. The first term, −Si(t)
τS

is the leak term, analogous to

the leak term in the LCA: the higher the value of the Si variable the higher the loss.

The value Si(t) is divided by the time constant (so the smaller the constant, the higher

the speed). The second term represents the proportional change on the fraction still

left not active (the factor (1−Si(t))), multiplied by the net effect (modulated by the

non linear function H) of the own input I i (positive effect: higher input associated

with higher rate of changing from inactive to active), and the self-excitatory action of

the own network Si(t) and inhibitory of the other network (Sj(t)). As we discussed,

the direct inhibition from Sj(t) represents the pooled inhibition, which has been

eliminated and replaced by this term.

A complete system requires a description of the stochastic terms I i(t) in addition

to the two equations (89). This is typically the sum of a deterministic component

I id(t) and a noise equation, such as an Ornstein-Uhlenbeck process (see Wong and

Wang (2006)):

(91) τAdI
i
noise(t) = −I inoise(t)dt+ σnoise

√
τAdW

i(t), i = A,B;

where the W i’s are independent Brownian motions; so that

(92) I i(t) = I inoise(t) + I id(t), i = A,B;

When the input I i for option i is just the deterministic function, the process does

not produce a stochastic choice, and the induced choice model is utility maximization.

The analysis of the corresponding system of ordinary differential equations provides

an intuition on the behavior of the stochastic system. When the input is stochastic,

it may take the simple form of equation (91) (as in Wong and Wang (2006)) or may

be derived from first principles (as we do in the sections following section F).

Choice is determined by the system of stochastic differential equations (89) and

(91), plus the stopping rule that the system stops when a threshold in S-space is

reached, and the corresponding option is chosen. The conditions for the existence

and uniqueness of a strong solution of this system are satisfied (e.g. Kallianpur

and Sundar (2014), theorem 6.2.1; see the analysis of the function H, which is the

non-linear term, in the next section).
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Dynamics in the model. The analysis that follows here clarifies the main driving

force behind choice, illustrated in the case in which the noise is shut-off. To present

the logic, we assume the symmetry condition:

(93) J1,1 = J2,2, J1,2 = J2,1

We assume that:

(94) The function H is continuous, positive, strictly increasing.

We denote by h the inverse function of H, a continuous strictly increasing function.

A convenient specification of the function H satisfying the conditions (94) is the

approximation to first passage time formula (Renart et al. (2003)) suggested by

Abbott and Chance (Abbott and Chance (2005)):

(95) H(x) ≡ ax− b
1− e−d(ax−b)

This function is used in the numerical and graphical analysis in this paper. The basic

properties of the system we study only depend on the general property in equation

(94), so the use of an approximation is not a concern.

Note that the function G(r) ≡ r
1−e−dr , for r ∈ R, is continuous, positive everywhere

(in particular it is 1/d at 0) and strictly increasing everywhere. Thus, if a > 0, H

has the same properties and satisfies (94). Also G is asymptotically linear with slope

1, that is limr→∞G(r)/r = 1, so H is asymptotically linear with slope a > 0, and

thus h is asymptotically linear with slope 1/a.

How a Gating Variables Model Produces Choice. We can now conclude the

analysis and discuss how choice is made. We have seen that the typical case (with

parameters in the relevant region defined earlier), and with two different values of

the input for the two options) is the one portrayed in figure 2, that we can use to

illustrate the process.

The value of SA is on the horizontal axis, and SB on the vertical axis. The figure

corresponds to the case in which IA > IB. The initial condition is at SA = SB =

0, and the time evolution follows the arrows. When the noise is shut off, as in

the deterministic system, the system evolves to the bottom-right steady state with

probability 1, just as, if we shut off the noise in the DDM with positive drift, the

system evolves to the upper boundary for sure. In the DDM , if we now introduce

noise, then the upper boundary is reached with positive probability, larger than 1/2,

but not 1. Similarly, when we introduce noise in the gating variables system, the

bottom-right steady state is more likely to be approached than the other, but not
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for sure: hence the stochastic choice. Differently from the DDM , where the upper

boundary is reached and crossed, the steady state is not reached; but choice is made

when the difference between the two values of SA and SB crosses a critical threshold.

Neural and Behavioral Utility Functions. In our introductory section we

reviewed a very familiar derivation of a utility function (Debreu (1958)) from choice;

no information on neural processing is needed. The model of choice that we have

presented in section 9 implies in a very natural way the existence of another utility

function, which can be derived from neural data only (this is defined precisely in

definition 9.1 below); for this function, no information on choice is needed. After this

second analysis is completed, we have two utility functions, a neural and a behavioral

one. Both are unique. But the neural model implies also induces a probability on

choices. Thus, the two utility functions are linked by observed choices. Are they the

same (up to, naturally, monotonic linear transformations)? The function providing

the probability of choice of one of the options is induced by a very non linear system.

We have chosen the reduced gating variables system in section 9; but all biologically

realistic models (for example the full model in Wong and Wang (2006)), and in general

all models that satisfy the basic principle that excitatory and inhibitory neurons are

different, or are easily reduced to one that does, are non linear. So it is far from clear

that the two utilities are the same.

We prove in this section conditions under which they are, and argue that the

structure of the neural choice network makes this result necessary; in other words,

we prove that animal decision making is based on a utility function because of the

structure of the choice neural network. We note immediately that the correspondence

is not exact: a difference that we can call distortion is present, and our results will

give a precise estimate of it.

Current as Utility. Direct observation (either through single neuron recording, or

more coarsely using BOLD measurement in fMRI) provide the measurement of a

function I from quantities of good offered to current inputs. More precisely, we can

measure spikes per second as a function of the physical quantities and we can infer

what the current is, for example from the mean field model. We write I(a) as the

current when quantity a of good A is offered.

Biologically based models of choice (such as the one we are considering now) pro-

duce a function from pairs of currents/firing rates to probability; that is Q : R2
+ →

[0, 1], where Q(I1, I2) is the probability that the option corresponding to the current

I1 is chosen over the option corresponding to the current I2. Formally:

Definition 9.1. A neural model of choice consists of a pair (I,Q) of functions where
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(1) I is a neural utility: I : S → R+;

(2) If R(I) ≡ I(S) is the range of I, which we assume to be an interval, then

Q is the stochastic choice function Q : R(I)2 → [0, 1], where Q(I1, I2) is the

probability that the first option (corresponding to I1) is chosen when the two

current inputs are I1 and I2.

We called the function I a neural utility function because it transforms each el-

ement in a set of heterogeneous goods into a common currency, the input current,

which then becomes the basis of choice (through the selection device represented by

Q). This poses the questions we will address in this section:

(1) Is this neural utility I the same as the behavioral utility u (up to monotonic

linear transformations?

(2) If it is not, what is the non-linear transformation from neural to behavioral?

The answer to these questions can be reduced to the study of the indifference

function of Q, which we now introduce. The indifference function F : [0, 1]×R(I)→
R(I), (c, x)→ Fc(x) is defined by:

(96) ∀(c, x) : Q(x, Fc(x)) = c

Are choice and neural utility equal? We can now address the question of

whether the two utility functions are the same. The next theorem states that choice

and neural utilities coincide if and only if the isoquants of the function Q are linear

with unit slope.

Theorem 9.2. The choice utility function u and the neural utility function I are

the same (up to monotonic linear transformations) if and only there is a function

f : [0, 1]→ R(I) such that

(97) for all x ∈ R(I), c ∈ [0, 1], Fc(x) = x+ f(c).

Theorem 9.2 gives a precise condition for the identity between choice utility and

neural utility, namely that the level curves of the Q function to be approximately

linear with unit slope.

There is a good reason for this to be approximately the case: this property follows

from the fact that all neuronal inputs enter additively into the output neurons. In the

specific case of the chosen juice neuron (in the terminology of Padoa-Schioppa and

Assad (2006), Rustichini and Padoa-Schioppa (2015)) the inputs from the neurons

carrying the information on the neural utility (the offer value neurons), the inhibitive

inputs from the interneurons (the chosen value neurons) and the positive feedback
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from the other chosen juice neurons of the same type enter additively to determine

the total current at input, as equation (90) shows.

The implication of the additivity of the inputs can be clearly seen by considering

the linear model, obtained by linearizing the non linear model in equations (89) and

(90) at the unstable steady state; this model is (taking the input functions Ii constant

in time, with constant noise σW i(t), i = 1, 2)

(98) dSi(t) = (Ii + aSi(t) + baSj(t))dt+ σdW i(t), i = 1, 2; i 6= j.

We take b < 0 (the net feedback from neurons of the other good is negative) and

a + b < 0 (this is necessary for the steady state to be positive). The deterministic

linear system with σ = 0 has two eigenvalues, a±b, so the system is stable if a−b < 0,

and saddle unstable otherwise. We can reduce the analysis to a one dimensional

system by considering (see Bogacz et al. (2006)) the variable D ≡ S1 − S2;

(99) dD(t) = (I1 − I2 + (a− b)D(t))dt+ 2σdW (t)

and it is clear from equation (99) that the probability of choosing one option over

the other only depends on the difference between the two inputs I1 and I2; so adding

a constant to both does not change the probability.

Slope of the Isoquants The slopes of the isoquants for the true Q function can

be estimated numerically; the results are reported in Figure 3. The figure shows

that there is a minimal deviation from linearity, and thus the two functions are

approximately the same. Here we describe precisely the method used. As in Wong

and Wang (2006) we introduce a noisy input as described by the equation (91), which

has solution, for i = A,B :

I inoise(t) = e
− t
τA I(0) + (1− e−

t
τA )σnoise

∫ t

0

C
√
τA
e
−
(
t−s
τA

)
dB(s);

with C = (1 − e−
t
τA )−1, so the second integral on the right is the weighted average

(weights adding to 1) of past standard Brownian motion path.

After we fix the parameter of the NMDA gating variables system (89) to the

standard values (as in Wong and Wang (2006), reported in the caption of the figure

3) we have two key parameters to match, within the scope of the physiologically

realistic values, the variability of the stochastic choice in human and animal subjects:

the time constant τA of the AMPA system and the standard deviation of the noise,

σnoise. A glance at equation (100) shows that the two have distinct clear roles on

stochastic choice. The time constant τA regulates the speed of the convergence of the

I inoise, i = A,B noises to the weighted average of past values, and the relative weight



NEURAL AND NORMATIVE THEORIES 43

of past values. A longer time constant increases the inertia of the noisy input. τA

is known to be short (set to 2 ms in Wong and Wang (2006)). The σnoise directly

affects the variance of the Ornstein-Uhlenbeck process. It is set σnoise = 0.02 nA in

Wong and Wang (2006), to match the variability of choice in the combined motion-

discrimination reaction-time task of Roitman and Shadlen (2002). In our case, we

can set it to match the variability of human and animal subjects in economic choice

tasks. Clearly, a value σnoise = 0 gives no choice variability, and a Q function equal

to 1/2 on the diagonal (where the two options have the same value) and equal to 1

otherwise; a larger value makes the region of option pairs where the probability of

choice of either option is positive, larger.

10. Conclusion

In economic theory stochastic choice has been, until recent years, mostly the object

of axiomatic analysis attempting to identify conditions making observed behavior

(such as the empirical frequency of choices from a menu) the outcome of rational

choice. More recently, the attention has shifted in two new directions.

One direction of research has focused on the observation that knowledge of the

utility associated to actions may be imperfect, but information can be acquired, at

some direct or opportunity cost. The literature on rational inattention has made

this problem central. If we consider that information is costly, and thus the decision

maker does not typically get to know the precise utility, the implication follows that

different outcomes of the process of information acquisition can explain randomness

of choice.

The other direction, in research inspired by neuroeconomics, has instead focused

on the biological structure underlying choice. In this research the process producing

choice is viewed as accumulation of evidence, perhaps leaking (that is, decaying

over time at a rate proportional to the evidence), perhaps with mutual or pooled

inhibition among the networks sustaining the accumulation. Even more recently, an

attempt has began to find common ground between these two approaches, mostly

identifying conditions under which the evidence accumulation is the implementation

of a constrained optimal information acquisition and processing. However, research

in neuroscience has cast potential doubts on the simple evidence accumulation model

(see Latimer et al. (2015), and Stine et al. (2019) for an introductory survey) and

at the very least suggested that an extension is necessary to provide the appropriate

theoretical setup to conduct this discussion. Our extension to models of information
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acquisition where signals are of more general nature than drift diffusion processes

provides the natural setup for this debate.

In the analysis of the biological foundation of stochastic choice we have followed

the methodological approach that, if we really want to characterize the biological

process underlying choice, then eventually there should be no room for any as if

assumption; a criterion that we consider the real innovation introduced by neuroe-

conomic analysis. Of course, as the word “eventually” makes clear, we may also

have, at least temporarily, to accept our current ignorance; still the methodological

stance should be clear. In a more moderate form, the method may be stated as

follows: one may accept reduced forms (and so in some way as if, just as the DDM

is), under the condition that the process producing the reduced form is completely

understood. The conditions we consider essential in this method are that the choice

process should eventually be reduced to the activity of networks of neurons, firing

approximately at Poisson rate, which are either inhibitory or excitatory. We have

provided such a formulation in our analysis, and shown that this provides the basis

for an understanding of important phenomena of stochastic choice, such as adaptive

coding.

From the point of view of the application of the reduced form of the theory to anal-

ysis of human behavior, this paper has found conditions insuring that an important

component of the decision process (the evaluation function D presented in the Intro-

duction) is determined (that is, it can be estimated with finite data) in experimental

data. Two conditions have been identified: the key one is that data have to include

the time to choose; the other very weak requirement is that there is some minimal

variability in the options presented to the decision maker. This second condition is

guaranteed in all but the most trivial designs with at least three menus. We have

applied this method to a data set identifying these parameters using the response

time.

The broader aim was to argue, and show by proof of concept, that considering

the analysis of human behavior in economic environments from a larger, biologically

informed, prospective can add to our understanding of the fundamental rules of this

behavior. In the present case, we argued that the probability of error in choosing

(choice variability), can have a precise formal representation (which was already

implicit in Debreu (1958)) in the function D mapping difference in utilities between

options into the probability of choice of one of the options. This element is distinct

and independent from the utility function: two individuals may have identical utility

functions, but different evaluation functions D. This function may not be determined
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with finite data, but once one accepts a model of choice (the DDM in our case),

individually specific parameters predicting this variability can be measured. These

parameters, once estimated, have a natural correlation with other, independently

measurable, individual characteristics (such as Intelligence). So adopting a model

of the choice process can help us determine important individual characteristics: in

this case, those affecting the frequency of error in decision making.

Clearly, a crucial issue becomes what is the discipline we impose on the model of

choice, since our estimation requires assuming the DDM . In the paper we address

this question showing that the DDM adopted in our estimation can be considered a

simple, tractable linear version of a richer, more complex, biologically realistic model.

It is important to note that the conclusions we reach are robust to different precise

specifications of the choice model. There are many biologically based, competing,

models of choice selection. The essential point is that, in all these different versions,

the variable describing the accumulation of evidence in favor of an option in the

DDM has a biological foundation. In some models this foundation is the firing

rate of a network of neurons; in the gating variables model adopted here, this is

the fraction of NMDA receptors that are open at a point in time. In both cases,

this variable is monotonically related to the potential utility of the option (higher

firing rates, or higher gating variable values, indicating higher utility). The issue

then arises of how this signal of utility is related to the utility values one can infer

(applying Debreu’s theorem) from the choice data. We have shown in the second

part of the paper that the two measurements are consistent.

A second, related issue is how the additional discipline of an optimization crite-

rion should impose discipline into our models. The optimization assumption can

be defined as stating that free parameters in the model are likely to be set at the

optimal value. This assumption can be taken, at the current stage in which the

precise biological pathways producing these processes are still not understood, as a

useful but imprecise heuristic device. One can appeal to some notion of evolutionary

selection as a justification, but it is clear that we do not know how this selection

operated, and how it is currently implemented. When applying the method implicit

in the optimization assumption however an important condition has to be satisfied:

optimization, however it occurs, may help in pinning down parameter values in a

structure which has to be taken as given; the optimization condition should not be

used to identify qualitative features of the process in which these parameters op-

erate, as if we were designing the mechanism from scratch. In the example of our

application, the boundary value parameter a can be set in some optimal way (and
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we have seen in the comparison of figures 5 and 6 that the prediction on data can be

remarkably accurate) but the structure of the DDM is to be taken as a given.
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Online Appendix

11. Online Appendix: Proofs and Technical Material

11.1. Motivating Example. We introduce our analysis considering how we can
identify individual specific parameters affecting choice among economic alternatives.
The set of parameters of interest extends beyond those describing economic prefer-
ences (such as discount factor in inter-temporal choices and risk attitude in choices
under uncertainty) and includes instead individual characteristics that are equally
important in producing choice, such as cognitive skills (Intelligence) and careful be-
havior (Conscientiousness). This is part of the recent research focusing on individual
characteristics affecting economic behavior (Heckman and Kautz (2012), Heckman
et al. (2013)), that should include both cognitive and non cognitive skills. Research
in modern personality theory has shown that these characteristics have substantial
importance (Ozer and Benet-Martnez (2006), Roberts et al. (2007)) in determining
economic outcomes.

Options and menus are defined as in the main text (section 2). In the leading
example below, a menu is a pair of two timed payments:

(100) (o1; o2) ≡ (x1, d1;x2, d2)

where (xi, di) indicates the payment of xi monetary units after a time delay di. We
assume that x1 < x2 and d1 < d2, and call the options early (d1) and late payment,
or just early and late, option. We observe how the individual chooses over a set of
such menus, and the time to decide for every trial.

We recall the basic assumptions in Debreu’s theorem (Debreu (1958)).

Assumption 11.1. For a given set O of options, p is a function mapping O × O
to [0, 1] such that: (Probability) for all a, b ∈ O, p(a, b) + p(b, a) = 1, (Cancellation)
for all a, b, c, d ∈ O, p(a, b) ≤ p(c, d) if and only if p(a, c) ≤ p(b, d); (Solvability) for
every a, b, c ∈ O and r ∈ [0, 1] if p(b, a) ≤ r ≤ p(c, a) then there is d ∈ O : p(d, a) =
r.

The assumption characterizes a stochastic choice function p as induced by a utility
function u. This is the content of the main theorem in Debreu (1958), which states
that assumption 11.1 holds if and only if there exists a utility function u on O such
that, for all a, b, c, d ∈ O, p(a, b) > p(c, d) if and only if u(a)− u(b) > u(c)− u(d).

The interest of Debreu was in the utility function. However, implicit in the theorem
is also a description of the process taking from utility to choice. To see this, we define
the valuation function D

D(x) ≡ P (a, b), for some a, b such that u(a)− u(b) = x.

It is easy to see that D is well defined under assumption 11.1 and therefore the
theorem in Debreu (1958) has a reformulation, which introduces a new element in
the representation:

Theorem 11.2. Assumptions 11.1 hold if and only if there exists a pair (u,D) : D :
R → R, u : S → R, where D is increasing, and for all x, D(x) = 1 − D(−x), such
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that
for all a, b ∈ O : p(a, b) = D(u(a)− u(b)).

The pair (u,D) is unique up to monotonic linear transformations involving both
functions.

In other words, the stochastic choice function p is the composition of a valuation
function D and a utility function u. The uniqueness part of the theorem can be stated
more explicitly as follows: a pair (D, u) satisfies the conclusion of the theorem if and
only if for every pair of real numbers A,B with B > 0, the pair (D(B−1·), A+Bu(·))
also does.

The conditions on D of Debreu’s theorem 11.2 are satisfied by any function such
that D(0) = 1

2
, and D increasing on the positive real line, with values in [1

2
, 1] (on

the negative real line D is defined by the reflection condition). The logit function
is one possibility. The usefulness of the response time to identify properties of the
choice process as well as individual differences in important characteristics has been
pointed out in the economics literature. For the first, an early example is Rustichini
et al. (2004). For the second, the group of Rangel and co-authors have highlighted
in several important papers how using information on response time can make the
identification of the utility function more precise, and thus improve prediction out
of sample. Very useful reviews of this work are in Fehr and Rangel (2011) and more
recently Konovalov and Krajbich (2017) and Clithero (2018).

The DD Choice Process. We recall that DDM is characterized by a process
with drift proportional (for a menu m) to ∆um ≡ u(o1)−u(o2); and the state variable
when the menu m is presented evolves according to equatopn (5) in the main text:

dX(t) = Γ∆umdt+ σdW (t)

where W is a standard Brownian motion, and Γ, σ two positive real parameters.
Note that by rescaling the state variable X we can and will assume without loss of

generality that σ = 1. More precisely, if the parameters of a DDM representation of
choices is given by a vector (Γ, u, a, σ) then we will obtain the same data from a model
with parameters (Γ

σ
, u, a

σ
, 1). We also have the two additional degrees of freedom from

the linear monotonicity invariance of the vNM theorem. One (the additive term)
is eliminated because only the difference between the utility of the early and late
option is considered. Note however that rescaling the utility function alone leaves
the vNM utility function unchanged, but not the process producing the data: for
R > 0, (Γ, u, a) and (Γ, Ru, a) do not produce the same choices. Instead, (Γ, u, a)
and ( Γ

R
, Ru, a) do. So only the product µ ≡ Γ∆um is determined at the choice m,

and we will focus on µ. For the purposes of comparisons among individuals we want
to emphasize that two individuals with the same vNM utility u and same a, say
(Γ1, u, a) and (Γ2, u, a) do not produce the same choices. So we may normalize the
utility function to have unit norm and highlight the comparison between Γ’s, which
is a meaningful comparison.

11.2. Estimation. As we emphasized earlier already, we are focusing here on the
problem of estimating the parameters (Γ, u, a) in finite data. We first define precisely
our problem.
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The DDM provides us with a parametric model mapping a set of parameters
(which in our case is R3

+) into distributions on the space of data, which is the finite-
cardinality product space of an observation space. In our case the space for each
observation is M ×{1,−1}×R+, and the cardinality of the product is the number of
menus. The parametric model was presented in the previous section; the distribution
over menus is fixed and given by the experimenter; choice data and response times
are generated by the subjects. As in Rothenberg (1971), two parameter points are
said to be observationally equivalent if the density of the distribution is the same on
the set of data for both points. A parameter point is identified if there is no other
parameter which is observationally equivalent to it. Identification requires knowledge
of the distribution, which is impossible with finite data sets.

We are interested in conditions that guarantee us that the estimation procedure
gives an answer with finite data, so we say:

Definition 11.3. A parameter is determined with finite data by a parametric model
if there is a finite integer K̂ such that for all data with cardinality larger than K̂
generated by the model, the maximum likelihood function has a unique finite maximum
for all values of the parameter set and for almost all data.

We will use the term determined (rather than “determined with finite data”) for
short.

Consider the case where the choice data cannot be perfectly explained by some
utility function, more precisely let us say that:

Definition 11.4. Choice data are not perfectly explained if

(101) there exists no u such that ∀k : ∆umkck ≥ 0.

As we mentioned, this requirement is strong with real data having relatively few
observations per subject. In this case the solution of the maximum likelihood problem
for the choice data set, that is for the likelihood function in equation (180), the
parameters Γ and a are not determined. A much weaker condition, that we introduce
now, requires instead that there is no utility function such that the utility difference
∆um at all m ∈ M has only two possible values, one positive and one negative, but
with the same absolute value. The condition that there is no such utility is satisfied
in any not trivial dataset (for example, it is satisfied when the possible choices are
different in at least three trials) for utility functions that are not trivial (for example
in the delayed payments task, those that are strictly monotonic in the payment or in
the time delay).

Definition 11.5. Choice data are not collinear if

(102) there exists no pair (u, α), α > 0 such that ∀k ∆umk = αck.

Our main result in this section is that, provided we use the information on the
time to decide, the parameters are determined in all interesting experiments (that
is, those that satisfy condition (102) in definition 11.5):

Theorem 11.6. For any finite set of data with positive minimum response time the
problem of maximizing the likelihood function on choice and time data has a finite
solution if the choice data are not collinear.
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The proof is in section A of the Supplementary Appendix .

11.3. Experiments: topologies and orders. The set of experiments is denoted
by E . These are functions from Θ to probability distributions over (X,X ), a metric
space of signals, measurable with the Borel σ-algebra, B(X). We need the space
(X,X ) to be rich enough, so we take it to be the set of posteriors (see equation
(111)). With this space of signals, all posteriors of the form in equation (103) below
can be achieved (starting with the uniform prior on Θ) with some P ∈ E . There
is an equivalent way to define experiments, which we will introduce later (compare
equations (112) and (117)), each form is convenient in different situations.

The set of posterior distributions is the set:

(103) ∆2 ≡ br1 (∆(Θ),B(∆(Θ)))

the Borel regular measures probability measures on B(∆(Θ)).
We define for any µ ∈ ∆2 its barycenter:

(104) µ ≡
∫

∆(Θ)

dµ(p)p.

Note that the function from (∆2, dBL) to (∆(Θ), d) defined by µ→ µ is continuous,
since each θ-coordinate is continuous. For any p ∈ ∆(Θ) we denote:

∆2
p ≡ {µ ∈ ∆2 : µ = p}

a closed, convex, non empty subset for every p ∈ ∆(Θ), which is the set of all possible
posteriors arising from Bayesian updating from p.

Let pu ∈ ∆(Θ) denote the uniform probability. The set of canonical standard
measures is the set

(105) ∆2
pu ≡ {µ ∈ ∆2 : µ = pu}

We can now introduce a topology on the set of experiments (see Le Cam (1972)
for a terse exposition; for additional details see Le Cam (1986), Torgersen (1970),
Torgersen (1991)). This topology is induced by a distance (first defined in Dudley
(1966); see Dudley (2006), chapter 11). First define the Bounded Lipschitz (BL)
norm of the set of continuous functions on ∆(Θ), as:

(1) ||f ||B ≡ supπ∈∆(Θ) |f(π)|
(2) ||f ||L ≡ supπ 6=ρ

|f(π)−f(ρ)|
|π−ρ|

(3) ||f ||BL ≡ ||f ||B + ||f ||L
These three norms induce three distances on ∆2, with

(106) di(µ, ρ) ≡ sup
{f :||f ||i≤1}

|(f, µ)− (f, ρ)|

for i ∈ {B,L,BL}. Note that

(107) dBL ≤ min{dB, dL}
We also denote the Prokhorov distance PD:

(108) PD(µ, ρ) =

inf{ε > 0 : ∀A∈B(∆(Θ)) (µ(A) ≤ ρ(Aε) + ε & ρ(A) ≤ µ(Aε) + ε)}
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where Aε is the set of beliefs at distance less or equal than ε from A. The following
is the special case of a well known theorem on probability measures on metric spaces
(see for example Dudley (2006)); (f, µ) indicated the inner product of f and µ.

Theorem 11.7. (1) PD is a metric on ∆2

(2) The following are equivalent:
(a) µn → µ in PD;
(b) ∀f∈BL(f, µn)→ (f, µ);
(c) dBL(µn, µ)→ 0;
(d) PD(µn, µ)→ 0;

(3) (∆2, dBL) is a metric space;
(4) (∆2, dBL) and (∆2, dPD) are homeomorphic.

If we consider regular Borel measures on an arbitrary metric space, the topologies
induced by the distance dL is strictly larger than the topology induced by dBL. For
example (Dudley (2006)), the sequence:

(109) µn ≡ (1− 1

n
)δ0 +

1

n
δn

is such that dBL(µn, δ0) → 0, but dL(µn, δ0) = 1 In the case of our current interest,
where the metric space (namely ∆(Θ)) is compact, then one can see that is we let
D ≡ maxp,q∈∆(Θ)d(p, q), then

(110) dL ≥ dBL ≥
1

1 +D
dL

Thus in our case the Wasserstein-Kantorovich-Rubinstein topology (Dudley (2006),
chapter 11.8.2) and the Prokhorov topology are equivalent. The topology induced
by the distance dB which is the variation norm is strictly finer that the Prokhorov
topology even in our case, where the metric space is ∆(Θ).

We take as signal space the measurable space

(111) (X,X ) ≡ (∆(Θ),B(∆(Θ)))

When we take an element in ∆(Θ) as a signal we will indicate it as a p. We let pu
be the uniform prior on our finite set Θ. The set of experiments is the set:

(112) E ≡ {P : Θ→ ∆2
pu}.

We indicate as Pθ the probability on signals at θ.
We define the distance on experiments as

(113) dEBL(P,Q) ≡ dBL(B(pu, P ), B(pu, Q)).

We now collect known properties of these spaces (Le Cam (1972)):

Proposition 11.8. (1) The two spaces (E , dEBL) and (∆2
pu , dBL) are compact;

(2) There is a bijective function between the two topological spaces, with B : E →
∆2
pu defined by:

P 7→ B(pu, P )

and with inverse Ipu : ∆2
pu → E,

(114) µ 7→ Ipu(µ)
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defined, for every A ∈ B(∆(Θ)), by

Ipu(µ)θ(A) ≡ #Θ

∫
∆(Θ)

dµ(p)p(θ)1A(p)

where 1A is the indicator function of the set A, and #Θ is the cardinality of
the finite set Θ;

(3) Both B and I are continuous functions.

There is nothing special in the choice of the uniform probability in the definition
of the two functions. If we take any q with full support (that is supp(q) ≡ {θ : q(θ) >
0} = Θ) then we can define the inverse map on ∆2

q as:

(115) µ 7→ Iq(µ)θ(A) ≡ 1

q(θ)

∫
∆(Θ)

dµ(p)p(θ)1A(p)

If q does not have full support, we can consider the new smaller set supp(q) as
the set of states of nature. The map is well defined for any θ ∈ supp(q). For any
θ ∈ Θ\supp(q), we can define Iq(µ)θ to be any arbitrary element in the set of regular
Borel probability measures on ∆(Θ).

11.3.1. Order over experiments. The natural order over experiments, denoted P �
Q, (“P is more informative than Q”) has several equivalent formulations. 13 We
choose here the randomization criterion. Specifically, a randomization M from a
measurable space (X,X ) to a measurable space (Y,Y) assigns to each x ∈ X a
probability measureM(·|x) on Y such that for every B ∈ Y the function x 7→M(B|x)
is measurable. Then if P is an experiment (Pθ : θ ∈ Θ) with signal space (X,X ),
PM is defined as the experiment with signals on (Y,Y) defined by

(116) (PM)θ(B) ≡
∫
X

M(B|x)Pθ(dx)

Then P � Q if and only if there is a randomization M such that Q = PM .

11.3.2. Comparison of Topologies. Fix an arbitrary metric space (Z, dZ). We may
consider the set of experiments with signals in Z, defined as:

(117) EZ ≡ {Q : Θ→ br1(Z,B(Z)}.
= br1(Z,B(Z))Θ

One can always translate an experiment having signals in Z into an experiment as
defined as in (112). To see this, consider an experiment Q ∈ EZ , which are the
functions assigning to each θ ∈ Θ an element in br1(Z,B(Z)). Then we can define
the canonical standard experiment, CS(Q) ∈ E , as

(118) ∀A ∈ B(∆(Θ)) : CS(Q)θ(A) ≡ Qθ({z : B(pu, Q, z) ∈ A})

13In our case of finite Θ these conditions are listed in Theorem 7.2.17 and corollary 7.2.18 of
Torgersen (1991)
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We can define a distance on experiments using the distance dBL on the set br1(Z,B(Z)),
call it dZBL, as follows:

(119) dZ(P,Q) ≡
∑
θ∈Θ

dZBL(Pθ, Qθ)

This distance induces the product topology on br1(Z,B(Z))Θ. However, if one
gives to the set of such experiments the product topology, then the map CS defined
by (118) is not necessarily continuous. 14

There are natural conditions insuring that the map CS defined here is continuous.
An easy one is the following:

Lemma 11.9. If the set Z is finite then the function CS : (EZ , dZ) → (EZ , dBL) is
continuous.

What is important here is the following:

Proposition 11.10. The map B : ∆(Θ) × Ed → ∆2 giving the Bayesian posterior
B(π, P ) from the prior π and observing the outcome of the experiment P is jointly
continuous.

Proof. Let Id denote the identity map on ∆(Θ). The map B is the composition of two
continuous functions. The first is the map Id× I : ∆(Θ)× br1(X,X )→ (∆(Θ), Ef ),
mapping (π, µ) to (π, (I(µ)θ)θ∈Θ). The second maps (π, P ) to

∑
θ∈Θ Pθ. Note that

by the definition of the signal space for Ed given in equation (111), this last object
is indeed B(π, P ). �

11.4. Examples of ID experiments.

11.4.1. Normal experiments. An elementary example of cost function for ID exper-
iments is the experiment P (with X = R) is the observation of Yθ where

(120) Yθ ' N(γθ, σ
2)

with cost:

(121) H(P, 1) = h (σ)

14To illustrate this point, consider the following examples.

(1) If Θ ≡ {θ1, θ2}, Z ≡ {z1, z2}, Qnθ1(z1) = 1 − 1
n , Qnθ2(z1) = 1, then limnQ

n = Q in the
product topology, but

lim
n
B(p∗, Qn, z2) = (1, 0), B(p∗, Q, z2) = (1/2, 1/2).

Note that however:
lim
n
B(p∗, Qn) = B(p∗, Q)

(2) A modification of the above example with Z = [0, 1] (see Torgersen (1991)) gives an example
where limnQ

n = Q in the product topology, but B(p∗, Qn) does not converge to B(p∗, Q).
Let Qnθ1 ≡ δ0, Qnθ2 ≡ δ 1

n
, so limnQ

n = Q in the product topology. But

CS(Qn) =
1

2
δ(1,0) +

1

2
δ(0,1)

whereas
CS(Q) = δ( 1

2 ,
1
2 )
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where h is an decreasing function. Let dt = 1
n
, for n ∈ N. P is ID with P (n) induced

by Yθ(n) ' N(γθdt, σ
2dt) and cost satisfying

(122) H(P (n), dt) = H(P, 1)dt = h(σ)dt

11.4.2. Poisson information. The second elementary example is a compound Poisson
information process, characterized by a vector:

(123) (λrθ, Qθ)θ∈Θ

where λ ≥ 0 is the parameter controlled by the decision maker, rθ ∈ R+ for all θ,
strictly positive for at least one state, and

(124) ∀θ : Qθ ∈ br1

(
Rd,B(Rd)

)
The observed process is

(125) X(t; θ) ≡
N(t;θ)∑
k=1

Yk(θ)

where (N(t, θ))t≥0 is the Poisson process with rate λrθ and (Yk(θ))k∈N are iid real-
izations of random variables, each distributed as Qθ. The cost is

(126) H(P, 1) = h(λ)

A Poisson process is a special case with d = 1 and Qθ = δ1 for all θ. With this
process the information is provided only by the difference in rate.

11.4.3. Non-ID processes. A process may not be infinitely divisible, but the limit of
its time discretization may be ID. A useful example is the bimodal approximation
of the diffusion process. Take as set of signals X ≡ {−σ

√
dt, σ
√
dt} with σ > 0, and

define the experiment:

(127) Pθ(±σ
√
dt; e) =

1

2
(1± γ(θ, e)

√
dt)

with γ(θ, e) = γθ
√
e. The signal is a random variable with bounded rage and is

not constant, hence it is not infinitely divisible. But the product of this experiment
converges as dt→ 0 to the process

(128) dX(t; θ, e) = γ(θ, e)dt+ σdW (t).

The cost is H(P, 1) = h(e). We will use this setup for the analysis of the data in
section B, with E ≡ {0, 1}.

11.5. Lévy and additive processes. We briefly analyze now the restrictions im-
posed by definition 3.2. To motivate the discussion and illustrate, consider the com-
pound Poisson process presented in 11.4.2. In real decision processes, the rate λrθ at
θ might not be constant over time, but instead declining even st the same value of
e, perhaps due to fatigue, so the rate would instead be λ(t)rθ. This extension might
explain some interesting and otherwise puzzling feature of the data; but clearly the
stationarity condition (3) would not hold.

For our purposes, the core assumptions in the list of definition 3.2 are (1), (2)
and (4); as should be clear from our discussion of cost functions, the key property is
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infinite divisibility. A process that satisfies (1), (2) and (4) is called (in Sato (2013))
additive process in law; one that satisfies (1), (2), (4) and (5), additive process. Most
of our conclusions would hold for additive processes in law, and it may be useful
to comment here on the role played by the assumptions. We are interested in the
information provided by the process, rather then its path behavior, so assumption
(5) that the path is almost surely càdlàg is useful mostly to define precisely the
information available to the decision maker (intuitively, we will require in section 3
that when choosing at time t he knows the realization up to t−). The stationarity
assumption (3) delivers almost automatically the infinite divisibility property, but
theorem 9.1 in Sato (2013) 15 shows that much less is needed. The analysis for
additive process in law however would require making the value function explicitly
depend on the time, so assumption 3.2 seems to provide the best balance between
generality and simplicity.

11.6. Proof of proposition 3.5.

Proof. By the Lévy-Khintchine formula, the characteristic function satisfies (16).
Our condition (3.4) implies that

∀θ, e :

∫
B(0,1)

|x|dν(x; θ, e) < +∞

and therefore the representation (17) follows (see Sato (2013)) �

11.7. Proof of proposition 3.7.

Proof. Denote PX(t) the distribution of the process at t. We show that the char-
acteristic function is the same for both processes. By the Lévy-Khintchine formula
(equation (16)):

P̂X(t,A(θ,e),γ(θ,e),ν(θ,e))

= exp[−1

2
(z, A(θ, e)z) + i(γ(θ, e), z)

+

∫
Rd

(
ei(z,x) − 1− i(z, x)1B(0,1)(x)

)
dν(x; θ, e)]t

= exp[−1

2
(z, A(θ, 1)z) + i(γ(θ, 1), z)

+

∫
Rd

(
ei(z,x) − 1− i(z, x)1B(0,1)(x)

)
dν(x; θ, 1)]et

= P̂X(et,A(θ,1),γ(θ,1),ν(θ,1))

�
15We report here the statement of the theorem:

Theorem 11.11. If (X(t))t≥0 is an additive process in law in Rd then for every t the distribution
of X(t) is infinitely divisible.
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11.8. Proof of proposition 3.10.

Proof. Take a distribution over posteriors, µ ∈ ∆2. We compare the expectation of
V dt with respect to µ, to the value at the expectation. The first is the value one
obtains if the outcome of the experiment revealing the posterior is known, and the
second term is what one obtains it this outcome is not revealed. Hence the first is
larger than the second, because any policy feasible in the second case is also feasible
in the first, hence the claim. �

11.9. Proof of proposition 3.11.

Proof. Recall that P t is induced by vector of processes:

(X(t, A(θ, e), γ(θ, e), ν(θ, e)))θ∈Θ

which we write X(t, e) for simplicity. Then

A(ψ, P (e), π) ≡ lim
dt→0

1

t
Eπ,X(t,e) (ψ(B(π,X(t, e), ·))− ψ(π))

= lim
t→0

1

t
Eπ,X(et,1) (ψ(B(π,X(et, 1), ·))− ψ(π))

= eA(ψ, P (1), π)

�

11.10. Proof of Theorem 4.3.

Proof. V is convex because it is the point-wise limit of the functions V dt, which are
convex by theorem (3.10). As a convex function, it is continuous at any point in the
relative interior of ∆(Θ). We now prove that it is continuous at any point of ∆(Θ).

For any dt,

(129) min
π

Φ(π) ≤ V dt(π) ≤ max
π

Φ(π)

and both minπ Φ(π) and maxπ Φ(π) are finite because Φ is continuous. Hence the
same condition as (129) holds for V .

To prove that V is continuous, we first prove that it is lower-semicontinous on
∆(Θ). For any value c, and any dt > 0 the set {π : V dt(π) > c} is open because
V dt is continuous by theorem (3.10). Since the function from dt to V dt is increasing,
dt2 > dt1 implies {V dt2(π) > c} ⊆ {V dt1(π) > c}. Also

(130) {V > c} = ∪dt>0{V dt > c}
To prove (130), note first that ∪dt>0{V dt > c} ⊆ {V > c}. Second, for any π ∈ ∆(Θ),
if V (π) > c, then since V is the limit of V dt(π) as dt→ 0, then V dt∗(π) > c for some
dt∗ and therefore for all dt < dt∗. Therefore {V > c} ⊆ ∪dt>0{V dt > c}, and we have
proved (130). By (130) and the fact that {π : V dt(π) > c} is open for any dt > 0, we
conclude that {V > c} is an open set, hence V is lower-semicontinuous on ∆(Θ).

We now extend V dt and V to functions on R#Θ, setting it equal to +∞ whenever
x /∈ ∆(Θ); we denote the extension also by V dt, V , and note that dom(V dt) =
dom(V ) = ∆(θ). This extended V is proper: recall that a function V is proper (see
(Rockafellar (1970), section 4) if there exists an x such that V (x) < +∞ and for all
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x, V (x) > −∞. Thus V is proper because it is bounded on ∆(Θ) and +∞ outside
of it. Since V is proper and lower-semicontinuous, it is closed (that is, it is equal to
its lower semicontinuous hull (Rockafellar (1970), section 7).

By theorem 10.2 of (Rockafellar (1970)), if a function f on a finite-dimensional
Euclidean space is convex, and S is a locally simplicial subset of dom(f), then the
restriction of f to S is upper-semcontinuous; and if f is also closed then its restriction
to S is continuous. We choose S to be ∆(Θ) is our case. By theorem 20.5 of
(Rockafellar (1970)), ∆(Θ) is locally simplicial (it is in fact a simplex), hence the
restriction of V to ∆(Θ) is continuous, �

11.11. Proof of Theorem 4.4.

Proof. We will use the fact that for any pair of real numbers a, b,

(131) max{a, b} = 0 if and only if

∀R > 0, S > 0 : max{Ra, Sb} = 0

In particular this allows us to divide the second term by dt > 0.
We assume that

(132) lim
dt→0

V dt = V

and that this limit is increasing, thus uniform. We take a π̂ ∈ ∆(Θ), a ψ ∈ C2(∆(Θ)))
and assume:

(133) V �π̂ ψ
and we want to show that

(134) H
(
π̂, V (π̂), Dψ(π̂), D2ψ(π̂)

)
≤ 0.

From (132) and (133) one can conclude that

(135) ∃{πdt : dt > 0} such that lim
dt→0

πdt = π̂, V dt � πdtψ.

Since V dt satisfies the Bellman equation, from (135) and recalling (131) we conclude
taking the limit dt→ 0 that (134) holds. Hence V is a supersolution. The proof that
V is a subsolution is similar. �

11.12. Illustration of A.

Proposition 11.12. If the experiment P is the Poisson experiment as defined by
(123) (section (11.4.2), then

(136) A(ψ, P, π) = λ
∑
θ∈Θ

π(θ)(1− π(θ))
∂ψ

∂π(θ)
(π)(rπ(−θ) − rθ)+

λ
∑
θ∈Θ

∫
Rd
π(θ)rθdQθ(x) (ψ(B(π,Q, x))− ψ(π))

where
rπ ≡

∑
θ∈Θ

π(θ)rθ,
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rπ(−θ) ≡
∑
τ 6=θ

π(τ)

1− π(θ)
rτ

and B(π,Q, x) is the updating of π after the observation of x with the experiment Q.

Proof. A direct calculation of the limit. �

11.13. Proof of Proposition 5.2.

Proof. The infinitesimal generator for the continuous part can be deduced by well
known results (see for example theorem 9.1 of (Liptser and Širjaev (2001a)). The
one dimensional process:

(137) dX(t; θ, e) = γ(θ, e)dt+ A(e)dW (t)

provides the elements (A, γ) of the triplet in proposition (3.5). The infinitesimal
generator of the continuous part is

(138) A(ψ, PC , π) =∑
θ,τ∈Θ

∂ψ

∂π(θ)∂π(τ)
(π)Π(θ, τ, π)

(γ(θ, e)− γ(π(−θ, e)))(γ(τ, e)− γ(π(−τ, e)))
A(e)

where
Π(θ, τ, π) ≡ π(θ)(1− π(θ))π(τ)(1− π(τ)).

The proof of the statement for the discontinuous part is in the theorem (5.5). In the
rest of this section we provide the proof of this theorem. �

11.14. Proofs of Proposition 5.3 and Lemma 5.4.

Proof. The proof of proposition 5.3 follows from the definitions and computations.
For the proof of lemma 5.4, note that the first equality follows from equation (22).
The second equation follows from equation (22) and conditioning. �

11.15. Proof of Theorem 5.5.

Proof. Consider the case of the experiment P dt, in which the jumps are observed,
but only the jumps, not the time. In this case we can write:

(139) Eπ,P dt
(
ψ(B(π, P dt))− ψ(π)

)
=

+∞∑
k=0

P dt
π (k)

∫
(Rd)k

P dt
π (x1, . . . , xk|k) (ψ(B(π, P, (k, x1, . . . , xk)− ψ(π))

Equation (139) follows by theorem (5.1) and our assumption (3.4).
We take the limit of the ratio in the definition (25). We claim that the limit of

the sum over the number of jumps, k, is equal to the sum of limit of each individual
term, because the limit exists for each k. We next proceed with each term

For the first term, with k = 0, note first that

(140) B(π, P dt, {0})(θ) =
π(θ)e−ν(Rd;θ,e)dt∑
τ π(τ)e−ν(Rd;τ,e)dt
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hence

(141) lim
dt→0

B(π, P dt, {0}) = π.

Since ψ ∈ C2(∆(Θ), from (140) and (141), applying chain rule:

lim
dt→0

1

dt

(
ψ(B(π, P dt, {0})− ψ(π)

)
=

∑
θ∈Θ

∂ψ

∂π(θ)
(π)

dB(π, P t, {0})(θ)
dt

=
∑
θ∈Θ

π(θ)(1− π(θ))
∂ψ

∂π(θ)
(π)
(
ν(Rd; π(−θ), e)− ν(Rd; θ, e)

)
The other factor in the k = 0 term is:

lim
dt→0

P dt
π = lim

dt→0

∑
τ

π(τ)e−ν(Rd;τ,e)dt

= 1

where we have used the first equation in lemma (5.4).
For the next term k = 1 we use second equation in lemma (5.4). First note that

lim
dt→0

B(π, P dt, x) =
π(θ)ν(x; θ, e)∑
τ π(τ)ν(x; τ, e)

We shorten ψ(B(π, P dt, x))− ψ(π) ≡ ∆ψ(x, dt) and consider

lim
dt→0

1

dt

∫
Rd\{0}

∑
τ

P dt
π (x; e)∆ψ(x, dt)

=

∫
Rd\{0}

∑
τ

π(τ)

(
lim
dt→0

P dt
τ (x; e)

dt

)
∆ψ(x, dt)

=

∫
Rd\{0}

∑
τ

π(τ)ντ (x, e) (ψ (B(π, ν(·; e), x))− ψ(π))

which is the second term in (48)
Finally, from equation (22), for all values of k ≥ 2 the term P dt

π (k) is of order dtk,
hence once divided by dt they all converge to zero.

The proofs for the other cases are similar. �

11.16. Proof of Proposition 6.1.

Proof. We decompose the effect on beliefs into the change due to differences in the
intensity (the first term in the right hand side of the expression below) and the jump
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in the belief at x (the second term); so we write:

A(ψ, P, π)

= lim
t→0

1

t

∫
R+

f(x, t, π)
(
ψ(B(π, P t, x))− ψ(B(π, P 0+, x))

)
+ lim

t→0

1

t

∫
R+

f(x, t, π)
(
ψ(B(π, P 0+, x))− ψ(π)

)
The rest follows from the lemmas in section (E) of the Appendix. The important
assumption that the α parameter is the same in all states plays a separate role in
the two terms. Its role will be clear by inspection of two of the lemmas. The first
is lemma (E.1) (in particular the term with the factor log x). This term shows that
unless the equal α condition holds, the infinitesimal change in belief in not bounded.
The second is lemma (E.4) below, see in particular equations (237 and (238), which
imply that the limit as x → 0 of B(π, P t, x) is π only when the assumption (52)
holds. �

11.17. Proof of Proposition 6.2.

Proof. Denote u = (u1, u2) ∈ R1+d (with u1 ∈ R and u2 ∈ Rd). Let ηX be the symbol
of the process X, and η be the symbol of the process Y , so that:

(142) η(u1, u2) = iu1 + ηX(u2),

and let b̂(u) denote the Fourier transform of b at u. Note that the function b may
not be (typically, will not be) in L2(R1+d); but the analysis can be reduced to the
case in which it is by truncation, using the continuity in probability of the process.
The normalized Lebesgue measure is denoted by dm(u) = (2π)−(1+d)/2du. In this
proof we indicate by AX and AY the infinitesimal generator for the processX and
Y , respectively.

We have, for any (s, x) ∈ R1+d:

AY (ψ, P, π)(s, x)

=

∫
R1+d

ei(u,(s,x))η(u)b̂(u)dm(u)

=

∫
R1+d

ei(u,(s,x))(iu1 + ηX(u2))b̂(u)dm(u)

=

∫
R1+d

ei(u,(s,x))iu1b̂(u)dm(u) +

∫
R1+d

ei(u,0)ηX(u2)b̂(u)dm(u)

=
∂b

∂t
((s, x)) +

∫
R1+d

ei(u,(s,x))ηX(u2)b̂(u)dm(u)

=
∂ψ(B(π, P, ·))

∂t
(s, x) +

∫
R1+d

ei(u,(s,x))ηX(u2)b̂(u)dm(u)
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In the case of a pure Poisson process:

(143) ηX(u2) =

∫
Rd

(
ei(u

2,y) − 1
)
ν(dy; π)

and substituting (143) into the second term of the previous equation, we get:∫
R1+d

ei(u,(s,x))ηX(u2)b̂(u)dm(u)

=

∫
R1+d

ei(u,(s,x))

∫
Rd

(
ei(u

2,y) − 1
)
ν(dy; π)b̂(u)dm(u)

=

∫
Rd

(∫
R1+d

ei(u,(s,x))
(
ei(u

2,y) − 1
)
b̂(u)dm(u)

)
ν(dy; π)

=

∫
Rd

(b(s, x+ y)− b(s, x)) ν(dy; π)

where we have used Fubini’s theorem and the Fourier inversion formula.
In our case, (s, x) = (0, 0), hence the claim, once we prove that for any x 6= 0, the

following equality holds:

(144) B(π, P, (x, 0+))(θ) ≡ lim
t→0

B(π, P, (x, t))(θ)

=
π(θ)ν(x; θ)

ν(x; π)

By considering the likelihood ratios, we see that to prove (144) it suffices to prove
that for any θ and any closed A ∈ B(Rd), such that 0 /∈ A, the following holds:

(145) lim
t→0

1

t
Pr(X(t, θ) ∈ A) = ν(A; θ)

Note that by continuity in probability at 0 of a Lévy process (condition (4) in defi-
nition 3.2), we get that for any such A:

(146) Pr(X(0+, θ) ∈ A) = 0.

Consider now the function ψ : Rd → R given by ψ(x) ≡ 1A(x), and consider
a sequence of C2(Rd) functions approximating ψ, such that their support does not
contain 0; call any such function φ. We have:

AX(φ, P, δθ)(0)

≡ lim
t→0

1

t
(Pr(X(t, θ) ∈ A)− Pr(X(0+, θ) ∈ A))

=

∫
Rd

(φ(y)− φ(0))ν(dy; θ)

=

∫
Rd
φ(y)ν(dy; θ)

where the first equality is the definition of A, the second follows as in the argument
in the first step of this proof, and the third follows because 0 is not in the support
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of φ. But also:

lim
t→0

1

t
(Pr(X(t, θ) ∈ A)− Pr(X(0+, θ) ∈ A))

= lim
t→0

1

t
Pr(X(t, θ) ∈ A)

by the equation (146) above. Now the claim (145) follows taking the limit for a
sequence of functions of φ’s decreasing to ψ pointwise. �

11.18. Proof of Lemma 6.3.

Proof. This follows from the second part of the proof of proposition 6.2. �

11.19. Proof of Proposition 7.1.

Proof. Let us begin with the first step, the problem as we just described, but in which
the diffusion process is not observable. We assume that

(147) −ρΦ(πmin) +
λ2

2
(Φ(πmax)− Φ(πmin)) > 0.

If (147) is not satisfied, then the observation of the Poisson process is not valuable
for any belief. In the current case the HJB equation is

(148) 0 = max

{
Φ(π)− V (π),−ρV (π) +

λ2

2
(Φ(πmax)− V (π))2

}
with boundary conditions:

(149) ∀θ ∈ Θ, V (δθ) = Φ(δθ).

The quadratic equation in x:

(150) −ρx+
λ2

2
(Φ(πmax)− x)2 = 0

has two solutions 0 < x̂ < Φ(πmax) and x̃ > Φ(πmax). Let Φ(p, 1− p) = x̂ (such a p
exists because of (147)) and set:

J ≡ [p, 1− p]
One can check directly that the function defined by

(151) V (π) = Φ(π) if π(θ1) /∈ J ;V (π) = x̂ if π(θ1) ∈ J ;

is the only function which is continuous and satisfies the equations (148) and (149).
Note that the function is continuous but is not differentiable (at the points (p, 1− p)
and (1− p, p)).

For our second step, consider the problem where the observation of the diffusion
process is possible. The value function of this problem, call it V D, is a continuous
convex in C1, with derivative equal to the derivative of Φ at the matching points.
Note that by the general analysis of the next section, at some belief the diffusion
process is actually observed, and the value function is strictly larger than the Φ
function:

(152) {π : V D(π) > Φ(π)} 6= ∅
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For the final third step, we take this value function of the problem in which only the
diffusion is observable, and function Φ as defined by the second step. By increasing
the value of λ so that the condition (147), for this function Φ is satisfied. At these
parameter values, the conclusions of the theorem hold. Note that in the statement
we are requiring the condition (147) to hold for the Φ which is the value function of
the problem in which only the diffusion is observable. �

11.20. Proof of proposition 7.2.

Proof. In this as well as the next arguments we study the problem on the projection
of the set of beliefs on the first N states. Thus in the present case we define the value
function as dependent on the probability attached to θ1, denoted π(θ1) ≡ p.

The HJB is

(153) 0 = max{Φ(p)− V (p),

−ρV (p) + max
e

(
−h(e) + ep2(1− p)2V

′′
(p)(γθ1 − γθ2)2

)
}

Since Φ is the maximum over a finite set of actions, and is not affine, it has at least
one point p̂ where the subgradient is not a singleton, indicated as [Φ′(p̂−),Φ′(p̂+)].
We prove that at any such point V > Φ in a neighborhood of p̂. Since V ≥ Φ and
both functions are continuous, we only need to prove that:

(154) V (p̂) > Φ(p̂)

We let

(155) ψε(p) ≡ ((ηε ∗ Φ)(p)− (ηε ∗ Φ)(p̂)) + Φ(p̂)

Suppose, arguing by contradiction to (154), that V = Φ in a neighborhood of p̂. We
claim that:

(156) V = Φ �p̂ ψε
Clearly from (155) for all ε > 0, ψε(p̂) = Φ(p̂). Also for all ε > 0,

(157) ψε ∈ (Φ′(p̂−),Φ′(p̂+))

by the properties of the mollifier and (65), and therefore in a neighborhood of p̂,

V > ψε.

So ψε is a test function that satisfies the condition to test whether V = Φ is a
supersolution as in definition (4.2). But

(158) lim
ε→0

ψ
′′

ε (p̂) = +∞

and therefore for ε small enough we have:

H((̂p), V (p̂), Dψε(p̂), D
2ψε(p̂)) > 0

which contradicts the assumption that Φ is the value function because it is not a
supersolution. �

11.21. Proof of Proposition 7.3.
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Proof. The proof follows the lines of that of proposition (7.2), using the fact that if
condition (74) fails then

(159) (dπT ,Φ
′′
(π) dπ) > 0

�

11.22. Deterministic Gating Variables Model. We first analyze the basic prop-
erties of the deterministic system. To understand how choice is determined in this
model, it is best to begin with the deterministic and constant input version of the
system (89), obtained assuming:

(160) I i(t) ≡ I i > 0, for every i = A,B, and every t.

In this case, the stochastic choice system described by the system of differential
equations (89) and (91) produces choice corresponding to utility maximization. The
set of steady states of the corresponding system has great interest for the analysis of
choice, since it describes the attractors of the deterministic system, and thus indicates
the possible convergence points of the stochastic system. When (160) holds, the
system has a very simple behavior. 16

Lemma 11.13. For any H satisfying the conditions (94), and constant inputs (equa-
tion (160)):

(1) The vector field is pointing inward;
(2) If the stationary states of the system are isolated, then the sum of their indices

is 1.

Proof. A point in the unit square is denoted by a pair (SA, SB); the vector field is
described by:

ṠA = F (SA, SB, IA)

ṠB = F (SB, SA, IB)

We consider the inner product of the vector field with the vector orthogonal to the
boundary, and pointing inward. On the side of the square {(0, SB) : SB ∈ (0, 1)},
the vector field has the ṠA component equal to γH(−J1,2SB + IA), which is positive

by the assumption on H and (160). On the side with (1, SB), the vector field has ṠA

equal to − 1
τS
< 0. At the corner (1, 0) the vector field is (− 1

τS
, γH(−J2,1 + IB)); so

the inner product with any vector (vA, vB) with vA < 0 < vB) is a linear combination
of γH(−J2,1 + IB) and 1

τS
with positive coefficients. In all cases the inner product

is positive. At the corner (1, 1) the vector field is (ṠA, ṠB) = (− 1
τS
,− 1

τS
). The

argument for all other cases is the same. Now the conclusion follows from Hopf’s
theorem. �

Lemma 11.13 illustrates the basic properties of the system. It implies for example
that if there is a single steady state it has to be stable; if there are three, then two

16We say that the vector field is pointing inward if it has positive inner product with the inward
normal to the boundary. A stationary state is isolated if there is a neighborhood in which it the
unique stationary state.



NEURAL AND NORMATIVE THEORIES 19

must be stable. It also characterizes the behavior of the system in the symmetric
case we examine below (lemma 11.16).

We now define a function f giving for every SA the value SB where ṠA = 0.
The stability of the symmetric steady state is determined entirely by the slope of
the function f at the steady state value. When the assumption in equation 94 is
satisfied, this function can be characterized.

Lemma 11.14. For any H satisfying (94), and constant inputs (equation (160))
there is a function f solving F (SA, f(SA), ·) = 0 given by:

(161) f(S) =
1

J1,2

(
J1,1S + IA − h

(
S

1− S

))
.

If H is asymptotically linear, (as is the function in equation (95)) the limit as S
tends to 1 is negative, thus the curve ṠA cuts the x-axis.

The graph of the function f , restricted on the relevant domain and range (the
unit interval in both cases) is illustrated by the light brown curve in Figure 1 of the
Online Appendix.

Symmetric Input System. The symmetric input system is the very special case
where IA = IB = I. In this case there always exists a symmetric steady state, and if
it is the only one then it must be stable. This possibility may occur when the input I
is low. When we then consider the full system with noise, this situation corresponds
to a probability of choice of either option with equal probability.

When there are three steady states, with only one symmetric, by symmetry the
two asymmetric steady states must have the same index, which has to be 1, so the
symmetric steady state must be unstable. The other two steady states correspond
to a choice of one of the two options. When there are 2n + 1 steady states, the
same argument shows that the symmetric steady state is stable when n is odd, and
unstable otherwise.

Lemma 11.15. A symmetric steady state (s, s) is stable if and only if f ′(s) /∈ (−1, 1).
So there is always a single steady state, stable and symmetric, with high values of
input. If the function H is sufficiently flat at 0, there is also necessarily a single
steady state, stable and symmetric, for low values of input.

Proof. Let M(Ṡi) be the set of pairs (SA, SB) where Ṡi = 0, for i = A,B. Note that
if the vector field is symmetric then:

M(ṠA) = {(SA, SB) : SB = f(SA)}
M(ṠB) = {(SA, SB) : SA = f(SB)}.

The two curves are illustrated by the light brown curve and green curve in Figure 1.
The curves are as smooth as f is, and the local slope at (s, s) is f ′(s) for M(ṠA) and
1/f ′(s) for M(ṠB). The steady state (s, s) is stable if and only if M(ṠB) is above
M(ṠA) for SS < s, if and only if the local slope of M(ṠA) is larger than that of
M(ṠB), if and only if f ′(s) > 1/f ′(s), if and only if f ′(s) /∈ (−1, 1) as claimed. �

If we move from the symmetric system and we increase the value of (say) input
IA then for large enough values there is a single attractive steady state. The other



20 RUSTICHINI

stable steady states disappear when the value of the input becomes larger than some
critical value. Figure 1 illustrates how this occurs as the input value of option A
increases.

Relevant Parameters Region. The previous results show that the five steady
states configuration in the symmetric system is not an accident. The purpose of this
section is to show that for the relevant values of the parameters in choice decision
tasks this possibility is irrelevant, and the number of steady states is either 3 or 1.
So when there is a true stochastic choice (as opposed to sure choice of one of the
option), which occurs when the number of steady states is 3, there are two stable
steady states corresponding to the choice of one of the other of the two options. The
intermediate steady state is unstable, so it is irrelevant in the choice task.

For example, with parameters set to widely accepted values (as in Wong and Wang
(2006)): J1,1 = J2,2 = 0.2609; J1,2 = J2,1 = 0.0497, τS = 0.1, γ = 0.641, and inputs
in the square (I1, I2) ∈ [0.331, 0.348]2, the number of steady states is always less than
or equal to 3.

Figure 1 in the Online Appendix illustrates. The essential feature, different from
the symmetric system, is that the intermediate steady state is always saddle point
unstable (the curve ṠA = 0 cuts from below the curve ṠB = 0 for values of SA smaller
than the intermediate steady state.)

Let us denote with an vector of 1 and −1 the sequence of indices of the steady
states. So for example (1) indicates that there is a single steady state with index 1;
(1,−1, 1) that there are three steady states, two with index 1 and one with index
−1. The order indicates the order in which the steady states appear on the phase
diagram, from left to right.

Lemma 11.16. In the symmetric system, in the transition from a single stable state
to three steady states, the system must transit through a five (or more) steady states
configuration. The transition takes the form

(1)→ (0, 1, 0)→ (1,−1, 1,−1, 1)→
(1,−1, 1)→ (1,−1, 1,−1, 1)→ (0, 1, 0)→ (1)

Proof. The single symmetric steady state becomes an unstable steady state when
the index of the steady state changes from 1 to −1. As we know from lemma 11.15,
this occurs when the value of f ′(s) crosses the −1 value. This may occur from high
values of input as we reduce them, or from low values of input as we increase them.
At the switch, the sum of the indices must remain 1. We now show that the only
way for this to occur is that three steady states, two with indices −1 and the stable
with index 1 collapse into a single steady state with index equal to the sum, namely
−1.

Let ŝ be the steady state at the transition value of the input, call it Î, that is
f ′(ŝ) = −1. Take a disk around (ŝ, ŝ), small enough that does not contain any other

steady state at Î. By continuity of the set of fixed points in the parameters of the
system, the sum of the indices in the complement of the disk, for values of I at a small
distance from Î is unchanged. Also by continuity the sum of the indices inside the
disk must be constant, but the index of the symmetric steady state changes between
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1 and −1. For the sum to be constant, there must be steady states with total index
−2 when the index of (ŝ, ŝ) is 1. At that value then the sum of the indices outside
the disk must be 2, hence there are at least five steady states. The proof of the last
statement is direct verification of the indices of the steady states. �

Non Symmetric system. The result depends on the symmetry. In the non sym-
metric case, the configurations of the system is described in lemma 11.17:

Lemma 11.17. With input of one option fixed, and the other increasing, the system
may transit from 1 stable steady state, to two stable and one unstable, back to a single
stable steady state. In such case the transition takes the form:

(1)→ (1, 0)→ (1,−1, 1)→ (0, 1)→ (1)



22 RUSTICHINI

12. Online Appendix: Figures
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Figure 1. The zero-curves of the ODE associated with the system described by

equations 89 and 90 when the input of option B is constant and that of option A

increases. The intermediate steady state, when it exists, is saddle point unstable.

Figure 2. Zero-curves of the ODE associated with the system described by

equations (89) and (90) when the input of option A is larger than that of option

B. The two steady states at top-left and bottom-right are stable; the intermediate

steady state is saddle point unstable.
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Figure 3. Surface and isoquants of the function Q. Parameters: J1,1 = J2,2 =

0.2609; J1,2 = J2,1 = 0.0497, τS = 0.1, γ = 0.641, I1 = I2 = 0.3255, τA = 0.002,

σnoise = 0.02. For a value x ∈ {1, . . . , 40} of good A the input to S1 varies linearly

between 0.008 and 0.02; similarly for good B.
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Supplementary Appendix

This is the supplementary appendix to Neural and Normative Theories of Stochas-
tic Choice, by Aldo Rustichini.
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Appendix A. Estimation in Binary Choice

We are interested in estimating at the same time the utility function u of the in-
dividual and the parameters of the DDM , (Γ, u, a). From the choice theoretic point
of view the interesting extension is the inclusion of the two additional parameters
(Γ, a), which are two characteristics of the individual decision maker, that have nat-
ural and interesting interpretations. Γ is the sensitivity to the utility differential,
producing a higher drift for the same difference in utility. a is a measure of care in
the choice process: a higher value produces a later, more accurate, choice. In this
section we examine the natural way to address the estimation problem. The method
proposed there is presented primarily to illustrate how the adoption of a specific
model of the choice process can help in estimating important parameters, and may
have an independent interest for economists. There are widely used methods address-
ing this problem. The most widely used is probably the EZ model (Wagenmakers
et al. (2007)), which however is suitable only for choices, such the visual perception
choices, with no subjective value component. We first discuss in detail why this
important model does not provide a satisfactory solution to the estimation problem
we have described.

A.1. The EZ model. We formulate the setup to make it comparable with the
one we have introduced in the main text. In every trial k a value ξk is drawn
randomly from a distribution N(ν, η) (see page 5 of Wagenmakers et al. (2007)).
The interpretation of this setup is easier if we consider the standard visual perception
experiment in which a stimulus of intensity ξk (which can be positive or negative) is
provided to the subject, and he has to choose a response describing some qualitative
feature of the stimulus. For instance (as in (Britten et al. (1992)), the stimulus can be
a set of dots displayed on a screen, which may appear to be moving left or right. The
correct answer is the sign of the ξk (corresponding to the direction of the movement
in our illustrative example). The data available to the analyst are in this case:

(162) DEZ ≡ ((ξk, rk, tk)) : k = 1, . . . , K)

The DDM in this case is

(163) dX(t) = ξkdt+ σXdW (t)

The analysis in Wagenmakers et al. (2007) shows how one can estimate three
unknown variables in the model: (ν, a, T ), where a is the boundary value at which
the process stops, and ν is the mean of the distribution of drift rate ξ. T is a fixed
time interval, the minimum time to respond independently of the menu, that we have
ignored in our analysis. This can be done using three statistics of the data, namely
(MV T, V RT, Pe), that is respectively the mean response time, the variance of the
response time and the frequency of errors. If we want to apply the method provided
in Wagenmakers et al. (2007) to to economic choice we need to extend it in several
ways.

First, clearly the EZ model solves a different problem: in the case of economic
choice data we do not have a correct and wrong answer in some objective sense; the
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answer is binary, but it is correct only in a subjective sense, that is depending on
whether it selects the option with the largest value. Which one this is depends on the
additional unknown variable (the utility function u) that also has to be estimated.

The second reason is that the path described in Wagenmakers et al. (2007) from
data to parameter estimates relies on very strong assumptions, that are likely to be
violated in economic choice experiments. To illustrate, consider the equation (4) in
the paper (see page 9) which states that:

(164) Pe =
1

1 + exp
(
−aν
σ2
X

) .
This is not entirely correct within the model described, that is if Pe is interpreted as
the limit (in the number of trials) of the empirical frequency of the erroneous choice,
where in every trial the drift ξ is randomly dram anew according to the distribution
N(ν, η). The equation (164) is correct in a very restricted experimental environment
which we describe at the end of this section.

To clarify this point, it is important to emphasize that there are two random
processes occurring in the model. The first decides the drift rate ξk in trial k, by the
random draw from the distribution N(ν, η). The second determines the choice made
by the individual, conditional on the current ξ, as determined by the DDM . This
latter random variable, 0 and 1 valued, has a mean:

(165) P (error|ξ) =
1

1 + exp
(
−aξ
σ2
X

) .
So if we are estimating the probability of error given the composition of the two
random processes (the draw of ξ conditional on the mean ν and the realization of
the choice conditional on ξ), call it P (error|ν) we get:

(166) P (error|ν) =

∫
R

1

1 + exp
(
−aξ
σ2
X

)φ(ξ|ν, η)dξ.

where φ(·|ν, η) is the density of the normal distribution with mean ν and variance η.
As the number of observations K (number of trials for an individual) becomes large,
the empirical frequency of the error in the experiment given by these two processes
converges to P (error|ν).

But clearly Pe in equation (164) and P (error|ν) in equation (166) are very different,
since the function of ξ in equation (166) is non-linear, so the mean of the random
variable f(ξ) is very different from f of the mean value of ξ, and the empirical
frequency does not converge to Pe. The equation (164) is correct if the experimental
design eliminates the first random process, and the drift is equal to ν in every trial.
In economic choices this would require the choice to be identical in every trial.

A.2. The Estimation with DD model. We can now turn to our estimation prob-
lem. First we recall the basic theoretical prediction of the DDM (see, for a clear
and self-contained exposition Smith (1990); for an early attempt to match empirical
tests with theoretical predictions, Simen et al. (2009)).
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The joint density on time and choice. We denote for convenience by a subscript E
or L the event that in the trial the early or late choice is made. Take a DDM as
in equation 5, with boundary parameter a and drift rate as in equation (5) with
µ ≡ Γ∆um. Recall that we assume unit variance (σ = 1).

Define the function:

(167) Ψ(a, τ) ≡ π

4a2

∞∑
i=1

ie−
i2π2τ
8a2 sin

(
iπ

2

)
Note that the sine term cancels all the terms with even index i, and the odd terms
alternate between 1 and −1, so that:

(168) sin

(
iπ

2

)
= (−1)

i−1
2 if i is odd, and = 0 otherwise

Also we introduce for convenience:

(169) Φ(µ, a, τ) ≡ e−
µ2τ

2 Ψ(a, τ)

For later purposes (see the proof of the theorem A.5) we introduce a slightly more
general notation than immediately needed here, by considering the process that stops
at a or −b, with a > 0, b > 0. We denote the probability that the upper boundary
value a is reached first at a time τ (and E is chosen) has a density gE(τ ;µ, a, b). We
know (see e.g. Smith (1990)) that:

(170) gE(τ ;µ, a, a) = eµaΦ(µ, a, τ)

and the corresponding density for the choice of L is:

(171) gL(τ ;µ, a, a) = e−µaΦ(µ, a, τ).

A choice is made almost surely and the probability that the choice of E is made
is given by:

(172) P (E) =
e2µa

1 + e2µa
.

as one can see by taking the ratio gE(τ ;µ,a,a)
gL(τ ;µ,a,a)

. The two functions gE and gL satisfy:

(173)

∫ +∞

0

ge(τ ;µ, a, a)dτ = P (e), e ∈ {E,L}.

The next step is the assumption of a parametric functional form of the utility
function u. For example we can consider the linear utility hyperbolic function with
a single parameter kH :

(174) u(x, d) =
x

1 + kHd

or the two parameter (σ, δ) exponential and CRRA utility

(175) u(x, d) = δd
(
x1−σ − 1

1− σ

)
.

In the rest of the section we do not adopt any specific form, and keep the utility
parameter denoted as u, with the only understanding that it is finite dimensional.
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There is however an issue, which can be seen clearly already in a simple logit
estimate of choice. Suppose we ignore the information about time, and we want to
estimate the model in equation (172)

(176) Pr(c = 1|m) = Λ(Γ∆um)

where Λ(x) = (1 + e−x)−1. When there is no u that completely explains the data
(that is, such that ck = E if and only if ∆umk ≥ 0) and we normalize the u to have
unit norm, then we can estimate the parameter Γ. But when such a u exists (perhaps
not unique), then the likelihood function has no maximum, and there is no optimal
Γ.

A.3. Parameter Determination. We show here how the problem of estimating the
parameters (Γ, u, a) in finite data can be solved. We first recall the basic definitions in
the main text. We are interested in conditions that guarantee us that the estimation
procedure gives an answer with finite data, so we say (definition 11.3 in the main
text):

Definition A.1. A parameter is determined with finite data by a parametric model
if there is a finite integer K̂ such that for all data with cardinality larger than K̂
generated by the model, the maximum likelihood function has a unique finite maximum
for all values of the parameter set and for almost all data.

We will use the term determined (rather than “determined with finite data”) for
short.

That the problem with the use of the maximum likelihood solution exists even in
the original DDM problem (and not just in the simple logit) is clear if one tries the
estimate of the parameters of most subjects of the IMAGEN data set described in
detail in section B below. Subjects in the study were asked to choose between an
immediate payment and a delayed payment, with variable payments and payment
delays; they made 27 choices overall. The aim of designing this task was to provide
a quick, effective measure of individual impulsiveness, which in turn is likely to be
associated with substance abuse (Kirby et al. (1999)). Thus, the set of choices was
designed to pin down in an efficient experimental design the value of a parameter
at which the subject switches from early to late payment options. If we assume
that the subject is choosing according to the hyperbolic discount utility function
described in equation (174), then this parameter is the k in that equation. If he
chooses consistently, maximum likelihood cannot identify any of the parameters of
our choice model besides k. Most of the subjects in the IMAGEN data set are
consistent.

Note that this is a serious and potentially widespread problem, and not a pecu-
liarity of the IMAGEN data set. The problem is likely to occur whenever the exper-
imental design is aimed at identifying efficiently (that is, with as few observations
as possible) an important personality characteristic (such as the delay discounting
preference, perhaps because it is useful in clinical analysis). In this case the effi-
ciency condition requires the investigator to focus on pinning down the parameter of
interest. Since many or even most subjects can be consistent, the other parameters
of interest cannot be estimated.
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Something similar to the problem which is clear in the logit estimation occurs in
the estimation of the DDM , and the reason is that the likelihood function may be
unbounded, so there is not a maximum. For purposes of illustration, this can be
easily seen by considering the gE density. Suppose that we have already determined,
up to a multiplicative constant, the u function. In this case the gE density is the
likelihood function in the very simple case in which there was only one trial and the
subject chose E; the problem might still meaningful because we also have information
on the time of choice; but the two parameters µ and a are not in general identified.
To see this, note that when we differentiate gE with respect to µ we get the solution

(177) µ̂ =
a

t
.

as reasonable: the “speed” (µ) is estimated as the ratio of the “distance” a and the
time taken to cover it. If we substitute back 177 into the gE function we get a function
of a; some calculus shows that the function is unbounded. Again this is reasonable:
we can make the likelihood as large at the observed time t (with the choice of E) by
making the speed and the distance infinitely large, with a ratio a

µ̂
equal to t. In this

way we match exactly the time to decide and we completely explain the pattern of
choices.

A.4. Maximum likelihood solution. We now characterize the solution of the
maximum likelihood problem. Recall that the data are (see equation 2) a finite
sequence

D ≡ ((mk, ck, tk) : k = 1, . . . , K) .

We recall that the distribution over menus is fixed, the same for all subjects, and
given by the experimental design. We are maximizing the likelihood of observing the
data over the parameters (Γ, u, a). 17 Using equations (170) and (171), the density
of the probability of the choice ck at tk in trial k (so that the menu is mk) is:

(178) Pr((ck, tk)|(Γ, u, a)) = eΓ∆umk∆cka− 1
2

Γ2∆u2
mk

tkΨ(a, tk)

The likelihood function for the data set D is defined as

(179)
L(D|(Γ, u, a)) ≡ ΠK

k=1Pr((ck, tk)|(Γ, u, a))

= ΠK
k=1e

Γ∆umk cka−
1
2

Γ2∆u2
mk

tkΠK
k=1Ψ(a, tk)

We also define the likelihood function for the choice data:

(180) L(C|(Γ, u, a)) ≡ ΠK
k=1Pr(ck|(Γ, u, a))

where Pr(ck|(Γ, u, a)) is given by equation 172, (recall µ = Γ∆umk). Equation (173)
show that each term in the product defining the likelihood function for the choice
data, defined in equation (179), is the integral over the set of times of the corre-
sponding term in the likelihood function for the data, defined in equation (180). In
other words, the logit model is the DDM if we ignore the time to respond.

From equation (179) we can find the optimal Γ as a function of (u, a) and the
choice data (that is, independently of the time data):

17The use of ML is natural; for example, it is also used by Ratcliff and Tuerlinckx (1998); they do
not deal explicitly with the problem that is essential here, of consistent subjects
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Lemma A.2. The optimal Γ is a linear function of Γ given by:

(181) Γ = a

∑
k ∆umkck∑
k ∆u2

mk
tk

Proof. Differentiate equation (179) with respect to Γ and check that the second order
conditions for a maximum are satisfied. �

Substituting equation (181) into (179) we obtain the reduced likelihood function:

(182) RL(D|(u, a)) ≡ e
1
2
a2MΠK

k=1Ψ(a, tk)

where

(183) M ≡ (
∑

k ∆umkck)
2∑

k ∆u2
mk
tk

where Ψ is defined in equation (167).
Consider the case where the choice data cannot be perfectly explained by some

utility function, more precisely let us say that (definition 11.4 in the main text):

Definition A.3. Choice data are not perfectly explained if

(184) there exists no u such that ∀k : ∆umkck ≥ 0.

As we mentioned, this requirement is strong with real data having relatively few
observations per subject. In this case the solution of the maximum likelihood problem
for the choice data set, that is for the likelihood function in equation (180) in the
parameters Γ and a is not determined. A much weaker condition, that we introduce
now, requires instead that there is no utility function such that the utility difference
∆um at all m ∈ M has only two possible values, one positive and one negative, but
with the same absolute value. This condition is satisfied in any not trivial dataset (for
example, it is satisfied when the possible choices are different in at least three trials)
for non artificial utility functions (for example in the delayed payments task, those
that are strictly monotonic in the payment or in the time delay). So we introduce
(definition 11.5 in the main text):

Definition A.4. Choice data are not collinear if

(185) there exists no (u, α), α > 0 such that ∀k ∆umk = αck.

Theorem A.5. For any finite set of data with positive minimum response time the
problem of maximizing the likelihood function L(D|·) has a finite solution if the choice
data are not collinear.

Remark Consider data generated by the Kirby task (including the specific menus
reported in table 1). In terms of our formal definition 11.3 in section A.3, the
parameter is not determined by the choice data for any cardinality on the product
space of observations. Instead one can check that K̂ = 3 satisfies the condition
required by definition 11.3; note that the condition that the minimum time is strictly
positive is satisfied for almost all data generated by the model.

Proof. Let

(186) τ ≡ min{tk : k = 1, . . . , K}
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and τ > 0 because of our assumption that the minimum response time is positive.
Note that

M ≤ (
∑

k ∆umkck)
2∑

k ∆u2
mk
τ

and for all k:
Ψ(a, tk) ≤ Ψ(a, τ)

It suffices therefore to consider the case where:

(187) for all k, tk = τ

Letting

x ≡ a2

2τ
and

(188) M0 ≡
(
∑

k ∆umkck)
2∑

k ∆u2
mk

we show that it suffices to prove that for M0 as in equation (188), the function of x

F (M0, x)K ≡

(
π

8τ
ex

M0
K

1

x

(
∞∑
i=1

ie−
i2π2

16x sin(
iπ

2
)

))K

has a finite value in R+, and therefore it suffices to show that F (M0, ·) has a finite
value.

Lemma A.6. For all u such that the choice data are not collinear,

M0

K
< 1

Proof. Note that, if c denotes the vector of choices over the trials,

(c, c) = K

The conclusion now follows from the Cauchy-Schwartz inequality, and the fact that
that in Cauchy-Schwartz, equality holds only when the two vectors are collinear.
That this is not the case is a consequence of the assumptions that data are not
collinear. �

Now note that

(189)
F (M0, x) = e−

a2

2τ (1−M0
K )
(
π
8τ
e
a2

2τ
1
x

(∑∞
i=1 ie

− i
2π2

16x sin( iπ
2

)
))

= e−
a2

2τ (1−M0
K )gE(τ, a

τ
, a, a)

We now claim:

Lemma A.7. For every (τ, µ, a), the function

b→ gE(τ, µ, a, b)

is increasing.

Proof. This is easy to see, considering the set of paths where a is reached first for
two different values of b. �
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We can now complete the proof of theorem A.5. Recall that 18

gE(τ, µ, a,+∞) =
a√
2πt3

e−
(a−µτ)2

2τ

and thus for all (τ, µ, a)

gE(τ, µ, a,+∞) ≤ a√
2πτ 3

.

The conclusion of the theorem A.5 now follows from lemma A.6 because the exponent
1 − M0

K
in equation (189) is strictly positive. It is easy to check that the solution is

unique, and is provided by the unique solution of the first order conditions. �

Figure 4 illustrates the main claim of theorem A.5. The figure reports the values
of the density of the first crossing time for different values of the lower boundary b;
as the value of b (recall that the lower boundary is −b) increases, the corresponding
value of the density increases.

Figure 4. gE function . Values of the gE density with respect to t for
different values of the lower boundary b. Higher values of b correspond
to higher values of the density.

18See Cox and Miller (1977), equation 73, page 221.
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A.5. Choices in the Kirby Task. Table 1 reports the set of all choices presented
to the subjects.

Table 1. Set of choices presented to the participants.. Order
is the order of presentation to the participants. SIR is the smaller
immediate reward, LDR is the larger delayed reward; both in $ units.
Delay is the number of days of the delay in the payment of LDR. k
indifference is the value of the hyperbolic discount that makes the two
options of equal value (linear utility).

order SIR LDR Delay k indifference rank of k
1 54 55 117 0.00016 1
9 78 80 162 0.00016 1

17 80 85 157 0.0004 2
6 47 50 160 0.0004 2

20 28 30 179 0.0004 2
24 54 60 111 0.001 3
26 22 25 136 0.001 3
12 67 75 119 0.001 3
22 25 30 80 0.0025 4
16 49 60 89 0.0025 4
15 69 85 91 0.0025 4
13 19 25 53 0.00016 1
3 19 25 53 0.006 5
2 55 75 61 0.006 5

10 40 55 62 0.006 5
21 34 50 30 0.016 6
18 24 35 29 0.016 6
25 54 80 30 0.016 6
14 27 50 21 0.041 7
5 14 25 19 0.041 7

23 41 75 20 0.041 7
8 25 60 14 0.1 8

19 33 80 14 0.1 8
7 15 35 13 0.1 8

11 11 30 7 0.25 9
4 31 85 7 0.25 9

27 20 55 7 0.25 9
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A.6. The WISC IV. The Wechsler Intelligence Scale for Children (WISC) was
originally developed by David Wechsler (Wechsler (2008). It is an individually ad-
ministered intelligence test for children between the ages of 6 and 16. The version
administered to subjects in the IMGAGEN study is WISC IV. The subtests used
were Digit Span (backward), Digit Span (forward), Matrix Reasoning, Similarities
and Vocabulary.
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Appendix B. Estimated Parameters and Optimality

In this section we apply the method developed in the previous sections to the
analysis of the parameters estimated a data-set on choices among delayed payments.
The data set we choose has the characteristic we mentioned: the experimental de-
sign was conceived to obtain easily and quickly a measure of discount, titrating the
choices offered to the subject to pin down the discount. Still, our method successfully
identifies all the parameters of the model in all the subjects.

Data set. The data are part of the IMAGEN data sets (see Schuman et al. (2010)
for details on the study). The IMAGEN study 19 is the product of a European
multi-center, multi-disciplinar collaboration that combines behavioral and neuropsy-
chological characterization, including structural and functional MRI analysis as well
as a genetic study. Subjects were 14 year old adolescents; data were collected in 8
sites across 4 EU countries; UK, Germany, France and Ireland.

In the choice task, subjects choose sequentially between pairs of options. The set
of options and the protocol replicates (with one minor difference 20) those in Kirby
et al. (1999). The set of choices is reported in Table 1. The protocol offers choices
between monetary rewards ranging between $ 11 and $ 80, available immediately,
and larger rewards (range $ 25 to $ 85) available after delays ranging from 1 week
to 6 months. The task was originally developed to test the hypothesis that choices
in a delay-discounting task provide a good measure of impulsiveness, and that in
turn this measure would be a good predictor of heroin addiction. The original paper
found that estimated discount rates among addicts were twice those of the control
group, and the rates were positively correlated with occurrence of addiction.

The task was computer administered. The time stamp allows us to compute
the response time on each choice task. Subjects made their choices at home (self-
administered task) over a limited time interval of 3 minutes. As in standard protocol
for the Kirby et al. (1999) task, choices were hypothetical (no payment). The short
length of the time needed to acquire data is one of the main virtues of the task, which
allows the gathering of important information on the subject, and thus making the
use of the task for clinical purposes possible and cost-effective. Our task here is to
make the most of this information.

In agreement with theorem A.5, a maximum likelihood value of the hyperbolic
discount factor k, a and Γ can be identified for all subjects. The results are illustrated
below in section B.7. The estimated value of the hyperbolic discounting factor are
approximately normally distributed (see Figure 7, 8) with some deviation at the
extremes (see Figure 9). The values of the Γ parameters (standardized to mean 0

19The project was initially funded by the European Commission, and has then received funding
from various agencies including the European Research Council (ERC), Medical Research Council
(MRC), National Institute for Health Research UK (NIHR), Swedish Research Council (Vetenskap-
sradet), German Federal Ministry of Research & Education (BMBF), National Institute for Health
Research US (NIHR) and the National Institute on Drug Abuse (NIDA). The website address is
https://imagen-europe.com/
20The difference is that the question number 13: “Would you prefer $ 34 today, or $ 35 in 186
days?” is replaced with “Would you prefer $ 19 today, or $ 25 in 53 days?”
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and SD = 1) are approximately normally distributed (see figures 10, 11 and 12); the
same holds in the case of the a parameter (see figures 13, 14 and 15).

Parameters and individual characteristics. The distribution of the WISC and Con-
scientiousness score is reported below in section B.7 (see figures 16, 17, 18 and figures
19, 20 and 21, respectively.) The link between the parameter Γ and other individual
characteristics of the subjects is explored in Table 2. As expected, the value of Γ
is increasing in the Conscientiousness score, as well as the WISC score of cognitive
skills (see section A.6 and Schuman et al. (2010) for details). Both values of a and
Γ are negatively correlated with the hyperbolic discount factor: more impatient the
subject is, the lower the sensitivity parameter and the lower the value of the evidence
necessary before a choice is made.

These are simple correlations; they are interesting as measures of individual char-
acteristics, as useful as the discount factor k. But the issue of possible causal link
among them can only be discussed after we consider a more refined question: how
are these values determined? If we consider the boundary value a as a criterion set
to regulate choice, and Γ as a primitive characteristic, how should a vary with Γ?
This is the question we address in the next section.

Table 2. Gamma values. Clustered by Subject. Standard errors in
parenthesis. All variables are standardized to mean zero and SD 1.

(1) (2) (3)
b/se b/se b/se

Conscientiousness 0.015 0.021 0.006
(0.018) (0.020) (0.018)

Wisc score 0.141*** 0.100***
(0.026) (0.024)

Hyperbolic Discount Factor –0.371***
(0.029)

Constant 0.089*** 0.097*** 0.064***
(0.018) (0.020) (0.019)

N 1831 1536 1536

B.1. Binary Choice Process. To explore the connection between the parameters
(u,Γ, a) in the model we consider the implications of the assumption that the pa-
rameter a in the DDM process is set at the optimal value, given the individual
characteristic Γ. The determination of the parameter a is called constrained because
we take the DDM process as given, being determined as a fundamental biological
process that is common to all individuals. This process should be taken as a biolog-
ical constraint that cannot be altered or modified. The parameter Γ is taken as an
individually specific characteristic. In this way, this crucial parameter of the DDM
process will be derived as the implementation of this optimal selection, rather than
set in an ad hoc way. We will later examine how the DDM can be taken as the



14 RUSTICHINI

extremely simplified form of a more complex and more realistic model of the bio-
logical process underlying the selection of an option. This more complex, and more
realistic, biological process is discussed in section 9 of the main text. This additional
restriction on the parameters will be tested in data.

B.2. The Optimization Problem. We now present an optimization problem in
which the normative and biological models provide the same prediction.

We start with the model of information acquisition. There is a set Θ of two states
of nature θi, i = 1, 2; the decision maker can select one of two choices cj, j = 1, 2,
and choice cj gives utility v(θi, cj) at θi. We assume v(θi, ci) > v(θi, cj) for i = 1, 2,
j 6= i, and denote:

(190) ∆vθ ≡ v(θ, c1)− v(θ, c2)

so that ∆vθ1 > 0 > ∆vθ2 . We also let

(191) ∆vθ12 ≡ ∆vθ1 −∆vθ2

A simple way to connect the v introduce here with the u in earlier sections is to
interpret the set Θ as a “right” or “left” set {r, l}, and v(r, c1) = u(o1). In this
interpretation, the decision maker knows that the two options are o1 and o2, but
he does not know whether o1 is the option on the right or the one on the left,
so the unknown state of nature is the relative location. We use a discrete time
approximation of interval length dt and a binomial model. Let individual specific
values σ > 0 and Γ be given. Consistently with the DDM , a state variable X
records the evidence on the true state; X should be interpreted as evidence in favor
of the hypothesis that the state is θ2 (that is, larger values of X mean that θ2 is
more likely). The variable X changes in this time interval by an amount dx in the

set {−σ
√
dt, σ
√
dt}, with probability over this set given by, for θ ∈ Θ:

(192) P dt
θ (−σ

√
dt) =

1

2

(
1 +

Γ∆vθ
σ

√
dt

)
so if for example the true state is θ1 the probability of the negative change is larger
than 1

2
, and more likely, the larger the difference ∆uθ1 is. The continuous time limit

of this discrete time model is the same as described by equation (5) above.
The optimization problem is defined as follows. We let p(t) denote the belief that

the true state is θ2 at time t. A true state of nature is drawn according to the initial
probability p(0). At the beginning of every time interval a choice is made between
whether to continue exploring, and thus observing an additional informative signal, or
instead stopping and choosing one of the actions and receive the corresponding utility.
Continuing for an additional time interval costs −hdt, with h > 0 an individual
specific cost parameter.

This is a special case of the general formulation adopted in section 2 of the main
text, using the binomial model in section 11.4.3. In particular we are taking here the
effort set as E ≡ {0, 1} and the cost function h(·) as equal to a constant value h if
e = 1 and 0 otherwise. The discount rate is ρ = 0. The gain with this formulation is
that we can get an analytical solution for the value function.



NEURAL AND NORMATIVE THEORIES 15

B.3. The Optimal Solution. Stopping and choosing optimally gives an expected
utility:

(193) U(p) ≡ max
c∈{c1,c2}

(1− p)v(θ1, c) + pv(θ2, c)

We denote
P dt
p ≡ (1− p)P dt

θ1 + pP dt
θ2

so the Bayesian posterior with a prior value p, upon observing the signal dx with
signal P , that the state is θ2 is given by:

(194) B(p, P, dx) =
pP dt

θ2 (dx)

P dt
p (dx)

The value function in this discrete time problem satisfies the Bellman equation:

(195) V dt(p) = max{U(p),−hdt+ Ep,PV
dt(B(p, P, dX))}

where dX is the signal random variable. The optimal policy depends only on the
state variable p, in particular it is independent of the time. In the limit as dt→ 0 of
the equation (195) we derive the variational inequality characterizing the continuous
time value function V .

The crucial equation is obtained using (194) in equation (195) and rearranging, at
the values p such that V (p) > U(p). In this case (sign denotes the sign function) we
compute using equation (192):

(196) B(p, P, dx)− p = −sign(dx)
p(1− p)
P dt
p (dx)

Γ

2σ
√
dt

(∆vθ2 −∆vθ1)

From (195) and (196) we get that at any p where V (p) > U(p):

(197)
hdt = 1

2

∑
dx P

dt
p (dx)p2 (P dt

θ2
(dx)−P dtp (dx))

2

P dtp (dx)2 V dt′′(p)

= 1
2

∑
dx

p2(1−p)2

P dtp (dx)
Γ2

4σ2V
dt′′(p)

We denote:

(198) η ≡ 2hσ2

Γ2∆v2
θ12

Then from equation (197) we obtain in the limit as dt→ 0:

(199) V
′′
(p) =

η

p2(1− p)2

The next theorem characterizes the optimal policy:

Theorem B.1. The optimal policy:

(a) only depends on the ratio ρ ≡ hσ2

Γ2 and on ∆v ≡ (∆vθ1 ,∆vθ2),
(b) it is characterized by two values p(ρ,∆v), p(ρ,∆v), with choice of stopping if and

only if p /∈ (p(ρ,∆v), p(ρ,∆v)),

(c) for any ρ2 > ρ1, U ≤ V (·, ρ2,∆v) ≤ V (·, ρ1,∆v), p(ρ2,∆v) < p(ρ1,∆v),

p(ρ2,∆v) > p(ρ1,∆v),
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(d) limρ→+∞ p(ρ,∆v) = limρ→+∞ p(ρ,∆v) = p∗, where

p∗ =
∆vθ1

∆vθ1 −∆vθ2

is the belief equating the expected value of the two actions; the limit is increasing
and decreasing respectively.

We note for future use the implication of theorem:

(200) lim
Γ→0

p(Γ) = p∗, lim
Γ→+∞

p(Γ) = 1, lim
Γ→0

p(Γ) = p∗, lim
Γ→+∞

p(Γ) = 0.

Proof. Let G on the unit interval be defined by:

(201) G(p) ≡ (2p− 1)log
p

1− p
Note that

(202) G′(p) = 2 log

(
p

1− p

)
+

2p− 1

p(1− p)
therefore

(203) G′ is strictly increasing, with limits +∞ and −∞ as p→ 1 and 0.

and G′(0) = 0

Also

(204) G
′′
(p) =

1

p2(1− p)2
,

and

(205) ∀x ∈ [−1/2, 1/2], G(1/2 + x) = G(1/2− x),

The general solution with undetermined coefficients of the equation (199) is

(206) V (p) = A+Bp+ ηG(p)

where the coefficients A and B depend on the parameters of the problem; note that
B is zero in the symmetric case. For a given value of the parameters, the value
function is the solution of the variational inequality:

(i) V ≥ U ;
(ii) V (p) = A+Bp+ ηG(p) if V (p) > U(p);

(iii) V (p) = U(p), V (p) = U(p);
(iv) V ′(p) = U ′(p), V ′(p) = U ′(p)

Changes in any of the parameters h, σ and Γ can be reduced to changes in Γ alone,
inducing the same ρ; so in the following we can reduce the comparative statics state-
ments to the equivalent changes in Γ. Hence we will write the dependence on ρ as
dependence on Γ, as in p(Γ,∆v) and V (·; Γ,∆v). If Γ2 > Γ1 then the signal P dt

θ

associated with Γ2 as in equation (192) is Blackwell dominated by the signal cor-
responding to Γ1, hence at Γ1 the same value can be obtained by a randomization,
hence (c) follows. Hence the value function decreases monotonically and uniformly to
U as Γ decreases. Note that no conclusion can yet be derived from the uniform con-
vergence of V to U on the behavior of the two boundary belief values; in particular,
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statement (d) does not yet follow. But we can prove:

(207)
V ′(p)− V ′(p) = η(G′(p)−G′(p))

= U ′(p)− U ′(p)
= ∆vθ1 −∆vθ2

where the first equality follows from equation (ii) above, the second from equation
(iv) above, and the last from the definition of U . We conclude

G′(p)−G′(p) =
∆vθ12

η

and therefore from the definition of η in equation (198)

G′(p(Γ,∆v))−G′(p(Γ,∆v))→ 0

as Γ→ 0 and therefore from equation (203) we conclude also that:

lim
Γ→0

(p(Γ,∆v)− p(Γ,∆v)) = 0.

Now from the convergence of V (·; Γ,∆v) to U as Γ→ 0, we conclude (d) above. �

B.4. Boundary Values in Belief and Evidence Spaces. Theorem B.1 charac-
terizes the optimal stopping policy, describing the boundary values in belief space;
instead, the DDM in equation 5 describes it in terms of the boundary value a in the
evidence space of the variable x. We now complete the analysis linking the two, and
determining the correspondent in evidence space of the threshold value p̄ in belief
space. Let x̄(t) be the value in evidence space at which the upper belief p̄ is reached
at time t. The optimal policy is to stop and choose the action c2 when the evidence
in favor of θ2, namely x, is larger than x(t) at t (and conversely stop and choose the
action c1 when x is smaller than x(t) at t.)

The stopping region in belief space is time independent: this is a simple conse-
quence of the fact that the optimal policy is a function of the state variable belief.
The stopping region in evidence space (the space of the x variable) is not necessarily
independent of time, and it is only so in the very special case in which the process
is exactly symmetric (that is, when equation (211) below is satisfied). In general, a
linear de-trending term appears (as in equation (208)) to compensate for the passage
of time. This is natural. Consider for example the case in which the drift in the
direction of positive values of x at θ2 is stronger than it is the drift to negative values
at θ1; that is assume that −∆vθ2 > ∆vθ1 . Consider two different times t2 > t1. To
have the same ratio p

1−p at t2 as at t1, a larger value of x is needed at t2, to compen-

sate for the fact that when the true state is θ2, a larger value of x is expected at the
later time t2 than at t1.

Proposition B.2. The upper and lower values are given by:

(208) x(t) ≡ σ2

Γ∆vθ12

log

(
p̄(Γ)

1− p̄(Γ)

)
− tΓ

2
(∆vθ1 + ∆vθ2);

(209) x(t) ≡ σ2

Γ∆vθ12

log

(
p(Γ)

1− p(Γ)

)
− tΓ

2
(∆vθ1 + ∆vθ2);
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Proof. For the process:

(210) dxθ(t) = µθdt+ σdW (t), x0 = 0

the probability density of the state x at time t has an explicit formula, since x(t) is
distributed asN(µt, σ2t); the result now follows from Bayes’ rule and rearranging. �

The equal boundary condition assumed in the DDM (lower boundary equal to
minus the upper) only holds when the problem is symmetric, that is when:

(211) ∆vθ1 = −∆vθ2

which for example holds in the simple interpretation of the state of nature θ as
relative position given in section B.1 above. In this case,

(212) a(Γ) =
σ2

Γ∆vθ12

log

(
p̄(Γ)

1− p̄(Γ)

)
B.5. Boundary values and sensitivity parameter. We now study how the op-
timal boundary value a depends on the cost, variance and sensitivity parameters, in
the symmetric case where equation (211) holds.

The optimal value of a is determined by two equations. The first is equation (212).
The second is equation (iv) in the proof of theorem B.1. We let g(p) ≡ G′(p). The
function g is strictly increasing and twice differentiable by equation (204), so its
inverse function exists and is differentiable (except at 0). If we apply the inverse of
g to both sides of equation (iv) we get:

(213) p(Γ) = g−1

(
∆v2

θ12
∆vθ1

2hσ2
Γ2

)
.

As we noted, the dependence on the parameters can be reduced to the dependence
on Γ so we write in the following a(Γ), p(Γ) and p(Γ).

In theorem B.4 we claim that a is a non monotonic function of Γ, initially increasing
and eventually decreasing, with values 0 both at Γ = 0 and Γ = +∞. The intuitive
reason for such behavior should be clear. When Γ is very small gathering information
is not useful, so the boundary may just as well be set to 0, with no information
gathered before choice. If Γ is high, information is very useful, so it is gathered; on
the other hand, for any given utility difference the quality of the signal (measured
by Γ times that difference) is high, so that a given threshold gives, everything else
being equal, a higher confidence on the belief on the true state.

What is relevant (for a given utility difference between the two options) to deter-
mine error in choice is not however the value of a, but the product aΓ: this is clear
if we consider that the error in choice, given in equation (172), is decreasing in the
product aµ. From equation (212) and theorem B.1 we find that:

Corollary B.3. For a given difference in utility values, the probability of error at
the optimal a is decreasing in Γ.

Of course what we have discussed is the qualitative behavior: one has to check
that the rates adjust appropriately to give the result that the boundary is 0 at the
two extremes. We introduce a short notation for the expressions in equations (212)
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and (213):

(214) b ≡
∆v2

θ12
∆vθ1

2hσ2
, c ≡ σ2

∆vθ12

.

Theorem B.4. The function mapping Γ to the optimal boundary value a satisfies
the following conditions:

(a) limΓ→0 a(Γ) = 0+
(b) limΓ→0 a

′(Γ) = bc
4
> 0

(c) limΓ→+∞ a(Γ) = 0+
(d) limΓ→+∞ a

′(Γ) = 0−

Proof. All statements follow from equations (212) and (213) using the easily derived
relations:

(215)
dp

dΓ
(Γ) = 2bΓp2(Γ)(1− p(Γ))2

and

(216)
d log

(
p

1−p

)
dΓ

(Γ) = 2bΓp(Γ)(1− p(Γ))

Statement (a) follows from:

1
c

limΓ→0 a(Γ) = limΓ→0
d
dΓ

log
(

p
1−p

)
(Γ)

= limΓ→0 2bΓp(Γ)(1− p(Γ)
= 0

where the first equality follows from equation (200) and L’Hospital’s rule, the second
from equation (216), the third from equation (200).

Statement (c) follows from:

1
c

limΓ→+∞ a(Γ) = limΓ→+∞
d
dΓ

log
(

p
1−p

)
(Γ)

= 2b limΓ→+∞ Γ(1− p(Γ))

=
limΓ→+∞

d
dΓ

Γ

limΓ→+∞
d
dΓ

(1−p(Γ))−1

= (limΓ→+∞ 2bΓp(Γ)2)
−1

= 0+,

where the first equality follows from equation (200) and L’Hospital’s rule, the second
from equation (216) and equation (200) , the third again from L’Hospital’s rule, the
fourth from equation (215), and the fifth from equation (200).

Statement (b) follows from:

(217)
1
c
da
dΓ

(Γ) = 2bp(Γ)(1− p(Γ))− 1
Γ2 log

(
p(Γ)

1−p(Γ)

)
≡ P (Γ)−N(Γ).

Note that for p(Γ) > 1
2

both N(Γ) > 0, from equation (200), and clearly P (Γ) > 0.
Now clearly:

lim
Γ→0

P (Γ)) =
b

2
;
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also

lim
Γ→0

N(Γ)) =
b

4
.

follows from equation (200), L’Hospital’s rule and equation (216).
Statement (d) follows from:

lim
Γ→+∞

P (Γ) = 0

which is a direct consequence of from equation 200 , and

limΓ→+∞N(Γ) =
limΓ→+∞

d
dΓ

log( p
1−p)(Γ)

limΓ→+∞
d
dΓ

Γ2

= limΓ→+∞ bp(Γ)(1− p(Γ))
= 0.

where the first equality follows from equation (200) and L’Hospital’s rule, the second
from (216), and the third from equation (200). To determine the sign of the limit,
we need to consider

1

c

da

dΓ
(Γ) = −N(Γ)

(
1− P (Γ)

P (Γ)

)
and to observe that

limΓ→+∞
P (Γ)
N(Γ)

= limΓ→+∞
2bp(Γ)(1−p(Γ))Γ2

log( p(Γ)
1−p(Γ))

= 0

where the first equality follows from the definitions, and the second from the fact
that the denominator of the right hand side tends to +∞, while the numerator tends
to 2 because:

limΓ→+∞ Γ2(1− p(Γ)) = 2Γ
2bΓp(Γ)2

= 1
b
,

hence our statement that the derivative of a is negative as Γ → +∞. Note the
estimate above implies that p(Γ) is approaching 1 as Γ→ +∞ as 1− 1

bΓ2 . �

B.6. Boundary values in the theory and in the data. We can verify that the
predictions of the theory on the behavior of the constrained optimal value of the
boundary a match the relation between the estimated parameters a and Γ. Figures
5 illustrates the behavior of a as a function of Γ. Figure 22 in section B.7 illustrates
how a behaves in the threshold value p. Both functions are hill shaped. Figure 6
reports the link between the estimated values of the boundary a and Γ, and shows
that there is a good match between the two.
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Figure 5. Constrained Optimal Boundary Value a. The hori-
zontal axis displays the sensitivity parameter Γ.

Figure 6. Estimated Boundary value a. The horizontal axis dis-
plays the sensitivity parameter Γ.
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B.7. Data Description. In this section we present diagnostic data analysis.
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Figure 7. Distribution of log k .

Figure 8. Density of log k .

Figure 9. Test of Normality of log k .
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Figure 10. Distribution of Gamma.

Figure 11. Density of Gamma.

Figure 12. Test of Normality of Gamma.
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Figure 13. Distribution of a.

Figure 14. Density of a.

Figure 15. Test of Normality of a.
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Figure 16. Distribution of WISC score .

Figure 17. Density of WISC score .

Figure 18. Test of Normality of WISC score.
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Figure 19. Distribution of Conscientiousness score .

Figure 20. Density of Conscientiousness score.

Figure 21. Test of Normality of Conscientiousness score.
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Figure 22 displays the behavior of the optimal boundary value a as a function of
the threshold value in belief space p.

Figure 22. Optimal Boundary value a as a function of the
threshold belief p.

Figure 23 illustrates the behavior of the two terms in equation 217 for the derivative
of the function a:

Figure 23. The derivative of a.
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Appendix C. Two Theories of Cost of Information

As we mentioned in the text, this topic is discussed in detail in (Denti et al. (2019)).
The approach here is different, slightly more general, and goes directly to the issue
we consider, namely why a model of information acquisition cost based on cost of
experiments is preferable.

We introduce the main idea using a very simple example. A random variable
assigns a state of nature θ ∈ {θ1, θ1} ≡ Θ. Beliefs are elements of the simplex ∆(Θ).
Consider an observer who updates the prior q ≡ (q(θ1), q(θ1)) observing the outcome
of an experiment P with signal state X ≡ {x1, x2}. In the following we will vary
q and keep the experiment P fixed. The joint distribution induced by the prior
q ≡ (q(θ1), q(θ1)), and the experiment P on Θ×X, is defined by:

(218) J(θ, x; q) ≡ q(θ)Pθ(x).

We denote B(q, P, x)(θ) the posterior probability assigned to θ upon observing the
signal x from the experiment P , and B(q, P ) the posterior distribution over beliefs
induced by the prior q and experiment P .

We now note an extremely simple but important fact. From Bayes’ formula, we
get:

(219) Pθ(x) =
B(q, P, x)(θ)Pq(x)

q(θ)
,

where

(220) Pq(x) ≡
∑
θ

q(θ)Pθ(x))

is the total probability at q of observing the signal x. It may appear that the terms
Pq(x) and B(q, P, x) depend on the experiment; we argue that they do not, if we
consider B(q, P ) abstractly, that is as a probability distribution over beliefs, call it
µ. To see this, note that since the set of signals we are considering has two elements,
the support of µ has only two points; we call qj the posterior following the observation
of xj and µ(qj) the ex-ante probability of observing xj. We now note that Pq(x

j) is
µ(qj), and B(q, P, xj)(θi) is qj(θi). The formula (219) assigns a unique experiment
to the posterior distribution µ, which is of course the experiment P ; this assignment
gives us back P for any prior q for which the formula (219) works, that is as long
as q(θ) > 0. For the q’s for which q(θ) > 0 for both θ, we completely and uniquely
recover P . This inversion is not special to our example: it generalizes to the formula
below (114) for the general case, when set of states of nature is finite. We now apply
this observation to answer the question of how we should model the cost of acquiring
information.

C.1. Cost of Information. How do we model the cost of acquiring information?
A common measure is provided in theories of rational inattention by the mutual
information. We define as usual the entropy of q as:

E(q) ≡ −
∑
θ

q(θ) ln(q(θ))
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We can compute the mutual information at the fixed experiment P between the
random variable assigning the state θ and X, a function of q, as:

(221) I(Θ, X; q) = H(q)−
∑
θ,x

J(θ, x; q) ln (B(q, P, x)(θ)) .

The two functions of the right hand side of (221) are continuous concave functions
of q, both equal to zero at the two certainty values (1, 0) and (0, 1). Adding the two
terms gives a strictly concave function.

For concreteness, if

(222) Pθ1(x1) = Pθ2(x2) ≡ α.

and we look at the function defined in (221) as a function of q(θ1), then this is a
hump-shaped function with maximum at 1

2
, strictly increasing for smaller values and

strictly decreasing for larger values. This may be taken as a way of assigning a cost to
the posterior distribution B(q, P ). In this very simple example we have two possible
ways to define this cost:

(1) One way is to focus on the experiment P , and stipulate that the cost to the
observer of observing the outcome of the experiment P is some value H(P ),
which is obviously only a function of P (and hence α).

(2) A different way is to focus instead on the posterior distribution B(q, P ) and
assign to it the cost in equation (221).

Let us see how these two definitions evaluate the cost of all the posterior distri-
butions of the form B(q, P ) with q with full support. The first definition gives us a
constant value H(P ). The second definition gives us a concave function of q, which
in particular tends to the limit value zero when q tends to one of the certainty points
(1, 0) or (0, 1). The only way to make them coincide is to set both to zero. The
analysis that follows shows that this problem is general, and the two models are
orthogonal (see proposition C.6).

Of course, if we take the prior q as fixed, the inversion formula (219), or its general
form (114), imply that there is no difference between the two definitions. When
different priors are considered, there is no non-trivial way to make them consistent.
This difference becomes crucial in a dynamic setup where information is acquired
repeatedly, and this is the focus of our analysis.

C.2. Information Acquisition. We want to study the relationship between two
different ways of modeling the cost of information acquisition. The first is defined
on posteriors:

Definition C.1. A cost function on posteriors (CFP ) is a function

c : (∆2, dBL)→ R+

which is lower semi-continuous and convex.

The second one is defined on experiments:

Definition C.2. An cost function on experiments (CFE) is a function

H : (E , dEBL)→ R+



NEURAL AND NORMATIVE THEORIES 31

which is lower semi-continuous and increasing in the Blackwell order on E.

We add now a definition of a property of CFP that is going to be crucial:

Definition C.3. A CFP is zero at certainty if:

∀θ ∈ Θ : c(δδθ) = 0.

Some widely used cost function satisfy the condition in equation (C.3):

Lemma C.4. The following posterior cost functions c are continuous and zero at
degenerate priors:

(1) Uniformly separable: A CFP is uniformly separable if there exists a contin-
uous convex function φ : (∆(Θ), d)→ R such that

c(µ) ≡
∫

∆(Θ)

dµ(p)φ(p)− φ(µ);

(2) in particular, the relative entropy costs:

I(µ) ≡
∫

∆(Θ)

dµ(p)H(p)−H(µ)

where H is the continuous extension of H(p) ≡ −
∑

θ p(θ) ln(θ) on the relative
interior of ∆(Θ).

Proof. A uniformly separable CFP is the difference of two terms: the first is con-
tinuous by theorem (11.7) and by continuity of φ; the second is continuous because
composition of two continuous function. At a degenerate belief the two terms are
equal. �

C.3. Experiment Induced. We say that a CFP cost function is experiment in-
duced if

(223) ∃H : E → R+ such that

∀µ ∈ ∆2c(µ) = inf
P∈E:B(µ,P )�µ

H(P )

We write CH the cost on ∆2
p for any p : supp(p) = Θ, and ∆+ the union over the p

with full support of ∆2
p, defined by, for µ ∈ ∆+:

(224) CH(µ) = H(Iµ(µ))

.

C.4. Behavior of Cost at Certainty. We have seen that widely used CFP satisfy
the condition in equation (C.3). We now consider what is the behavior at certainty
of the cost functions that are experiment induced. The full information experiment
F is defined by:

(225) ∀θ ∈ Θ : Fθ(δθ) = 1;

and the uninformative experiment U by:

(226) ∀θ ∈ Θ : Uθ(δp∗) = 1.
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By the condition of the cost function H that is monotonic with respect to the
Blackwell order we derive that if F is a fully informative experiment and U the
uninformative experiment than

(227) ∀P ∈ E , H(F ) ≥ H(P ) ≥ H(U), H(F ) > H(U).

The range of H, R(H) has at least two values.

Proposition C.5. For any value v ∈ R(H) there is a sequence of posterior distri-
butions µn, n = 1, . . . in ∆+, with

lim
n
µn = δδθ ,

such that
∀n,CH(µn) = v.

Proof. Let P such that v = H(P ) and qn a sequence converging to δθ for some θ ∈ Θ,
and let

µn ≡ B(qn, P )

�

It follows that:

Proposition C.6. Let c : ∆2 → R be a posterior cost function that is continuous,
zero on degenerate posteriors, and experimental. Then c is the zero function.

Proof. The statement follows from proposition C.5 and corollary 7.2.18 of Torgersen
(1991). �
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Appendix D. Optimal Information Acquisition: Examples

D.0.1. The jump experiment. The jump process is induced by the experiment with
signal set X, where x0 is a distinguished element that should be interpreted as “signal
with no direct informative value”. The experiment we consider in this case is:

(228) QJ
θ (x, e) = (1− λθ(e)dt)δx0(x) + λθ(e)dtPθ(x)

where P : Θ→ ∆(X1)

D.0.2. The diffusion experiment. Let U be uninformative signal on Y and R a pos-
sibly informative signal. The diffusion experiment is:

(229) QD
θ (y, e) = (1− η(e)

√
dt)U(y) + η(e)

√
dtRθ(y)

D.0.3. The product experiment. At the beginning of every time interval a signal in
Z is observed; the two signals x and y are determined independently, so the product
experiment is

(230) Qθ((x, y), e) = QJ
θ (x, e)QD

θ (y, e)

.

D.0.4. Updating. For any experiment Q : Θ→ ∆(X), where X is a set of signals, we
denote by B(π,Q, x) the Bayesian posterior probability on Θ with prior π ∈ ∆(Θ)
and observed signal x when the experiment is Q. In the following we ignore the
dependence on e in the notation.

We denote
λπ ≡

∑
θ∈Θ

π(θ)λθ,

and for every τ ∈ θ

λπ(−τ) ≡
∑

θ 6=τ π(θ)λθ

π(Θ \ τ)
.

Then:

B(π,QJ , x0)(τ)− π(τ) = −π(τ)(1− π(τ))

1− λπdt
(
λτ − λπ(−τ)

)
dt

The term λτ − λπ(−τ) will be part of the drift, and corresponds to the change in
belief that occurs when no jump signal is received: since the intensity of the Poisson
process depends on θ, a state of nature with higher rate becomes less likely as no
jump signal is observed. For x ∈ X1, denoting λτPτ (x)) as (λP (x))τ ) as :

B(π,QJ , x)(τ)− π(τ) =
π(τ)(1− π(τ))

(λP )π

(
(λP )τ )(x)− (λP )π(−τ)(x)

)
For the diffusion process,

B(π,QD, y)(τ)− π(τ) = η
√
dt
π(τ)(1− π(τ))

QD
π

(
Rτ (y)−Rπ(−τ)(y)

)
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Appendix E. Technical lemmas for theorem 6.1

To illustrate the role played by the equal α assumption (52), that is:

∀θ : αθ = α

we explicitly state where it is made (namely in lemma (E.4)). For convenience we
denote:

(231) Aθ = αθπ(θ)e−βθx;

(232) Bθ(t) = (xβθ)
αθtΓ(1 + αθt).

for every θ ∈ Θ

Lemma E.1. For every π, θ, x:

lim
t→0

1

t

(
B(π, P t, x)(θ)−B(π, P 0+, x)(θ)

)
=

Aθ

(
∑

τ Aτ )
2 [log x

(∑
τ

Aτ (αθ − ατ )

)
+

∑
τ

Aτ (αθ(log βθ + γEM)− ατ (log βτ + γEM))]

Proof. A computation using the basic properties of the gamma function. γEM is the
Euler Mascheroni constant. �

Lemma E.2. For every x > 0 and θ:

(233) lim
t→0

1

t
f(x, t; θ) = ν(x, θ)

Proof. The equality follows from the explicit expression for the density given in equa-
tion (51), and the property of the gamma function that limx→0 xΓ(x) = 1. �

Note that the lemma implies that the limit of the likelihood ratio between θ1 and

θ2 as t→ 0 at x is the ratio of the densities, ν(x,θ1)
ν(x,θ2)

.

Lemma E.3. For every θ and every ε > 0

(234) lim
t→0

∫ ε

0

f(x, t; θ)dx ≥ e−βθε

Proof. We drop the subscript indicating the state for convenience.∫ ε

0

f(x, t; θ)dx = e−βθε
βαθtθ

Γ(αθt)

∫ ε

0

eβθ(ε−x)

x1−αθt
dx

≥ e−βθε
(βθε)

αθt

Γ(1 + αθt)

(the second inequality because eβθ(ε−x) ≥ 1 for x ∈ (0, ε)). The statement follows
taking the limit. �
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Lemma E.4. Assume (52); then for any C2(∆(Θ)) function, the function on R+

defined by

(235) x 7→ ψ(B(π, P 0+, x))− ψ(π)

has a finite integral with respect to ν(·; π).

Proof. The statement follows by observing that the derivative of the function defined
in (235) is finite at x = 0. In the proof of this fact we proceed first without assuming
(52) so the role of the assumption will be clear. Note that

(236) B(π, P 0+, x)(θ) =
π(θ)αθe

−βθx∑
τ π(τ)ατe−βτx

.

If we denote

πα(θ) ≡ π(θ)αθ∑
τ π(τ)ατ

,

then

(237) lim
x→0

B(π, P 0+, x)(θ) = πα(θ)

and

(238) πα = π if and only if (52) holds

When assumption (52) holds, the limit at x = 0 of the derivative with respect to x
of the function in (235) is, with βπ ≡

∑
τ π(τ)βτ :

−
∑
θ

∂ψ

∂π(θ)
(π)(βθ − βπ)

�
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Appendix F. Complete Model of stochastic Choice

In the main text we illustrated the way in which choice is made on the basis of a
simple, two-dimensional deterministic model. We mentioned that there are two ways
to take into account the stochastic process underlying choice, which is ultimately
responsible for stochastic choice, as opposed to the choice of the best option out of
the menu. One is to introduce the nose into the deterministic system as in Wong
and Wang (2006), adding to the input function a noise that follows an Ornstein-
Uhlenbeck process. This extension predicts stochastic choice, but fails in important
ways to provide a good model of the process. In particular it fails to explain important
regularities, such as adaptive coding (or reference dependence, to use a terminology
which is more common in economics). This is done in detail in Rustichini et al.
(2017). The analysis in that paper requires the development of a complete model of
stochastic choice, as developed here, starting from the model of firing rate of a single
neuron. In the following sections (G to L) we develop such a detailed model.

Appendix G. Single Neuron Model

We begin with the study of the firing rate of a single neuron which is receiving
inputs from a large finite set of excitatory and inhibitory neurons firing at a given
Poisson rate. The neuron is a leaky-integrate-and-fire (LIF) (Ricciardi (1977), Amit
and Brunel (1997), Renart et al. (2003)). Its voltage at time t, V (t), is evolving in
the voltage space (−∞, Vth) where Vth is the threshold voltage.

The dynamics of the voltage is represented by the equation:

(239) CmdV (t) = −gL(V (t)− VL)dt+ dĨ(t)

where Cm is the total membrane capacitance and gL is the leak conductance. The
value VL is the resting potential of the cell when input is zero. The term dĨ(t)
describes the stochastic process of input in the time interval [t− dt, t).

When the threshold value Vth is reached, the neuron fires and a new reset value Vr
is reached, and the neuron remains at that value for a refractory time interval τref .
Note that given the leak term in equation (239), Vth can only be reached after an
excitatory impulse. We summarize:

(240) V (s) = Vr if V (t−) + aE > Vth,

and an excitatory impulse occurs at t, and s ∈ [t, t+ τref ]

For any such t, at time t+τref the voltage process follows again the equation 239 with
initial condition Vth. Equations (239) and (240) completely describe the dynamics of
V . In the following we take Cm = 0.2 nF (nanoFarad), gL = 20 nS (nanoSiemens),
VL = −70 mV, Vth = −50 mV, Vr = −60 mV, τref = 2 ms.

We will consider two special forms of the input dI(t). The first is closest to the
biological process. The neuron receives excitatory inputs from a number CE of exci-
tatory connections and inhibitory inputs from number CI of inhibitory connections.
Each excitatory connections fires at a Poisson rate λE, and each inhibitory connec-
tion at a rate λI ; so the total excitatory inputs are described by a Poisson process
NE with rate CEλE ≡ µE, and an inhibitory process NI with rate CIλI ≡ µI . Each
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excitatory spike induces an amount J̃E entering the membrane, so J̃E is the strength
of the synaptic efficacy.

We let the time constant τm = 10ms ≡ 1
g
:

(241) g ≡ gL
Cm

; ai =
J̃i
Cm

, i ∈ {I, E}

so that 239 is written in the more convenient form:

(242) dV (t) = −g(V (t)− VL)dt+ dI(t)

where input process in the time interval [t, t+ dt),

(243) dI(t) ≡ I(t)− I(t− dt)
= aE(NE(t+ dt)−NE(t))− aI(NI(t+ dt)−NI(t))

with Ni a Poisson process with rate µi.
The second special form is the diffusion:

(244) I(t)dt = µdt+ σdB(t)

where B is a standard Brownian motion
For convenience, we will also define the process v(t) ≡ V (t) − VL, so it is natural

to define vth = Vth − VL, vr = Vr − VL, vL = 0. In the following we will carry the
analysis in this shifted space:

(245) V ≡ (−∞, vth)

G.1. The extended state space. The refractory period introduces a complication
that is best treated separately. The equations (239) and (240) do not keep track
of the time the process has been at vth; but to know the future evolution when the
voltage is at vr we need to know how long the voltage has been at that value.

A special case of the general system described in equations (239) and (240) is the
one where τref = 0, the voltage jumps to vr at the time of a spike, and continues
immediately the process described by equation (239). In this subsection we introduce
explicitly in the analysis the time the voltage has been at vr, and we reach the
intuitively clear conclusion that the invariant measure on the voltage space is (once
properly re-scaled to take into account the fraction of time spent at vr) the same as
in this simpler system.

We define the state space as the union of the voltage space V and the waiting time
interval T = [0, τref ). The evolution over time of this state follows two distinct laws;
the one described by (239) when the state is in V , and change of time at unit speed
when in T .

Let φ∗τref denote the density of the invariant measure Φ∗τref on the extended state
space for τref . Let

(246) ν0 ≡ µE

∫ vth

vth−aE
φ∗0(w)dw

Lemma G.1. The measures Φ∗τref are linked by:

(1) φ∗τref restricted to T is constant, equal to ν0

(1+ν0τref )
;
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(2) Φ∗τref (T ) =
ν0τref

(1+ν0τref )
;

(3) ∀A ⊆ V , A ∈ B:

Φ∗τref (A) =
Φ∗0(A)

(1 + ν0τref )
.

Proof. Since the transition on the set T is deterministic with unit speed, the in-
variant measure restricted to this set has a constant density, which we denote Cτref .
Thus, the rate of exit from T is Cτref ; the rate of entrance into the set is equal to

µE
∫ vth
vth−aE

φ∗τref (w)dw; so by invariance these two values must be equal.

Now note that every path solution of (239) and (240) for τref > 0 can be trans-
formed into a path solution of the same system for τref = 0 by removing the time
intervals where the voltage is vr and identifying the endpoints. �

G.2. Invariant distribution. We first characterize the invariant distribution Φ∗.
The following is clear:

Lemma G.2. A probability measure Φ∗ ∈ M(V ,B) is an invariant measure if and
only if

(247) Φ∗B = 0

We also note:

Lemma G.3. Φ∗ has no atom, that is, there is no v∗ ∈ V such that Φ∗({v∗}) > 0.

Proof. Suppose such a v∗ exists. Choose a t > 0; for any t ∈ [0, t], by definition of
invariant measure for any A ∈ B, and the definition of the transition probability:

Φ∗(A) =

∫
V

dΦ∗(w)P (t, w,A)

=
∞∑
i=0

P (N(t) = i)

∫
V

dΦ∗(w)P (t, w,A|N(t) = i)

≥ P (N(t) = 0)

∫
V

dΦ∗(w)P (t, w,A|N(t) = 0)

= e−µtΦ∗(egtA)(248)

Thus for any t ∈ [0, t], choosing A ≡ {e−gtv∗} in equation 248:

Φ∗({e−gtv∗}) ≥ e−µtΦ∗({v∗})
≥ e−µtΦ∗({v∗})
> 0

a contradiction with the measure Φ∗ being finite. �

We characterize the infinitesimal generator of the transition probability for the
Poisson model in:
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Lemma G.4. Let Φ be any measure on (V ,B) induced by a density φ; then the
infinitesimal generator of U is, for any A ∈ B,

(ΦB)(A)

= lim
t↓0

1

t

(
Φ(egtA)− Φ(A)

)
(249)

+ µE (Φ(A− aE)− Φ(A)) + µI (Φ(A+ aI)− Φ(A))(250)

+ µE lim
t↓0

Ψ(A, t)(251)

where

Ψ(A, t) =

∫
E∩G(A,t)

φ(w)
µEe

−µEs

(1− e−µEt)
dwds

and

E ≡ {(w, s) : w ≥ (vth − aE)egs}, G(A, t) = V × {s : vr ∈ eg(t−s)A, s ∈ [0, t]}.

The proof is in section J.1. From lemmas G.2 and G.4 we now derive the differential
equation for the density of the invariant measure. We denote by f(vr+) (f(vr−))
the limit of f(v) as v ↓ vr (v ↑ vr).

Theorem G.5. The stationary distribution Φ∗ has a continuous density φ∗ with
respect to the Lebesgue measure on V \ {Vr}, and is the solution of:

(252) φ ≥ 0;

∫ Vth

−∞
φ(v)dv = 1;

(253) ∀v ∈ V \ {vr}, (Lφ)(v) ≡
∂

∂v
(·gφ(·)) (v) + µE(φ(v − aE)− φ(v)) + µI(φ(v + aI)− φ(v)) = 0

and

(254) (φ(vr−)− φ(vr+))gvr = µE

∫ vth

vth−aE
φ(w)dw

The density φ∗ is differentiable except at the points Vr, Vr + aE, Vr − aI .

The proof in in section J.2. We illustrate theorem G.5 in two special but instructive
cases in section G.3 and G.4.

G.3. No leak. A good approximation to the invariant measure of the complete
model satisfying condition 292 is given by the case with no leak:

(255) g = 0.

In this case the dynamics on the set V is a countable state space continuous time
Markov chain, with state space the discrete set VD defined in equation (293), where
we set K ≡ max{j : vr + ja ≤ vth}. For notational convenience let πi ≡ φ({vr +
(K − i)a}), so i = 0, 1, . . . , and π0 corresponds to the Kth element.
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G.3.1. Infinitesimal generator. The operator B is represented by an infinite matrix;
the condition in lemma G.2 can be formulated in the present case as:

(256) 0 = −(µE + µI)πi + µEπi+1 + µIπi−1 + µEπ0δK(i), i = 0, 1, . . . ,∞

∀i, πi ≥ 0,
∑
i

πi = 1;π−1 = 0.

G.3.2. Invariant measure. Letting p = µE
µE+µI

, q = 1− p, the characteristic equation

πi = pπi+1 + qπi−1 has two roots q
p

and 1. When p > q the unique solution of the

system (256) is

(257) πi = C

[
1−

(
q

p

)i+1
]
, i = 0, . . . , K;

(258) πi = C

[(
p

q

)K+1

− 1

](
q

p

)i+1

, i = K, . . . ,∞

where C is a positive constant that insures total mass 1:

(259) C =
1

K + 1−
(
q
p

)K+1

Figure 24 illustrates the invariant measure. Note that, as p ↑ 1, π converges to the
uniform distribution on the subset on VD between vr and vth.

Figure 24. Invariant measure. Parameters: VL = −70ml, Vr =
−60ml, Vth = −50ml, νE = 9Hz, νI = 7.3Hz,CE = CI = 100, aE =
aI = 0.2. Note p = 0.552, q

p
= 0.81 The output firing rate is 17.2 Hz.
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In this case the function S(φ, ·) is only taking values on the set VD, is constant for
v = vr + (K − i)a, i > K, namely below vr and (a different) constant for i ≤ K, that
is at and above vr. Since for every j > K, S(φ, vr + (K − j)a) = µE

∑+∞
i=j+1 πi +

µI
∑+∞

i=j−1 πi− (µE + µI)
∑+∞

i=j πi is a constant, the constant must be zero because π

is a probability; hence for every j ≤ K, S(φ, vr + (K − j)a) = µEπ0.

G.3.3. Output firing rate. The output firing rate at steady state is determined by π0:

(260) E(νout) = µEC
2p− 1

p

G.4. Deterministic process. If we replace the Poisson process in 243 with its
mean, then the process follows the equation:

(261) dv(t) = (µ− gv(t))dt, if v(t) ∈ [vr, vth)

where µ is the mean value, and v(t) is reset to vr when it reaches vth. We assume,
for the measure to be non-degenerate, that µ > gvth. The transition is defined by
V (t, v) as follows. Let:

(262) W (t, v) = ve−gt +
(
1− e−gt

) µ
g

and the time between spikes, Tis ≡ inf{s > 0 : W (s, vr) = vth}. Then:

V (t, v) = W (t, v) if t ≤ T

= W (tmodT, vr) if t > T

G.4.1. Infinitesimal generator. The operator B has domain

(263) D(B) = {φ ∈M(V,B) :

the derivative φ′(v)of the density exists at every v ∈ (vr, vth)}
A computation of the limit in 289 for any interval [a, b] ⊆ V shows that:

(ΦB)([a, b]) = − (φ(b)(µ− gb)− φ(a)(µ− ga))

and therefore the invariant measure has density φ∗ which satisfies

(264)
∂

∂v
(−(µ− g·)φ∗(·)) (v) = 0, v 6= vr

and the boundary condition

(265) (µ− gvth)φ∗(vth) = (µ− gvr)φ∗((vr).

G.4.2. Invariant measure and output firing rate. From equation 264 we can easily
derive in explicit form the invariant measure. If we define:

(266) S(v, φ) ≡ (µ− gv)φ(v)

from equation 264 we have that at the invariant density S(·, φ∗) is constant, that is
(µ − gv)φ(v) = C, C a positive constant to be determined. Since for all v in the
domain, µ− gv > 0, C

(µ−gv)
is a positive function, so we only need to determine C to
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normalize the total measure to one; this gives the density of the invariant measure
as:

(267) φ∗(v) =
g

log
(
µ−gvr
µ−gvth

) 1

µ− gv

Note that the condition Bφ(vr) = 0 is satisfied as well.
The time Tis is given by the equation vth = vre

−gTis +
(
1− e−gTis

)
µ
g
, which gives

(268) νout =
1

Tis
=

g

log
(
µ−gvr
µ−gvth

)
G.5. Probability current. The derivation of the invariant measure in the deter-
ministic process introducing the function S in equation 266 is an example of the
general method of the continuity equation. For the general case, if we assume that
there exists a function S on L1(V,B)× V such that

(269)
∂

∂v
S(φ, ·)(v) = (ΦB)(v)

(here (ΦB)(v) is the value at v of the infinitesimal generator applied to the measure
Φ generated by the density φ), then at the invariant measure Φ∗

Assume that φ has a differential density on V \ {vr}. Then S can be taken as:

S(φ, v)

≡ gvφ(v)

+ µE

∫ v−aE

−∞
φ(w)dw + µI

∫ v+aI

−∞
φ(w)dw − (µE + µI)

∫ v

−∞
φ(w)dw

+ µEΦ([vth − aE, vth])Hvr(v)

where Hvr is the Heaviside function at vr. So φ is an invariant measure if the function
S(φ, ·) is piecewise constant in the two intervals (∞, vr) and (vr, vth) with a jump
upward of size µEφ([vth − aE, vth]) at vr.

Appendix H. Noisy Synaptic Efficacy and Firing Rate

The identification of the response function φ depends on the assumption that
all excitatory neurons and all inhibitory neurons have precisely the same synaptic
efficacy. With a more general and more plausible model, the firing rate function
may vary depending on the input neuron and he realization of the spike. This is
an essential step in proving that there is sufficient flexibility of the fI function to
accommodate the working memory model, in particular the existence of a continuum
of steady states.

We model the variability of the synaptic efficacy as follows:

Assumption H.1. The synaptic efficacy of each excitatory neuron is a random vari-
able AE with a continuous density βE, such that EAE = aE; for inhibitory neurons,
we have AI and βI , with EAI = aI .
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Thus, the network of neurons providing inputs has CE excitatory connected neu-
rons, each firing at a Poisson rate λE; when the neuron fires, the synaptic efficacy for
that spike is a realization of the random variable AE; similarly for inhibitory neurons.

H.0.1. Invariant distribution.

Theorem H.2. The stationary distribution Φ∗ has a continuous density φ∗ with
respect to the Lebesgue measure on V \ {vr}, and is the solution of:

(270) φ ≥ 0;

∫ vth

−∞
φ(v)dv = 1;

(271) ∀v ∈ V \ {vr}, (Lφ)(v) ≡ ∂

∂v
(·gφ(·)) (v)+

µE

(∫
R+

φ(v − A)dβE(A)− φ(v)

)
+

µI

(∫
R+

φ(v + A)dβI(A)− φ(v)

)
= 0

and

(272) (φ(vr−)− φ(vr+)) gvr = µE

∫
V
β([vth − v,+∞))φ∗(v)dv

The density φ∗ is differentiable except at the points vr, vr + aE, vr − aI .
Proof. The proof extends the proof of lemma J.1. The analysis of the term P (t, v, I|N(t) =
0), for any interval I, is unchanged. We present the part of the proof concerning the
term of order t. We call X(t, s, A, v) the value of the voltage at t if the initial value
is v and there is a spike of value A at time s ∈ [0, t]. We also denote the conditional
probability of a spike at s as:

dλ(s) ≡ µEe
µEs

1− eµEt
1[0,t](s)ds

and note that the random variable describing the occurrence of the spike at s is
independent of the random variable A. We then see that:

lim
t↓0

P (t, v, I|N(t) = 1&E)

= lim
t↓0

∫
R+

∫
[0,t]

P (t, v, I|N(t) = 1&E&A&s)dλ(s)dβ(A)

=

∫
R+

lim
t↓0

∫
[0,t]

P (t, v, I|N(t) = 1&E&A&s)dλ(s)dβ(A)

=

∫
R+

lim
t↓0

∫
[0,t]

1I(X(t, s, A, v))dλ(s)dβ(A)

=

∫
R+

1I(v + A)dβ(A)

The proof for the inhibitory term is similar.
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If we consider an interval I ≡ (a, b) with a < vr < b and we call C the event of a
crossing the value vth we see that:

lim
t↓0

P (t, v, I|N(t) = 1&E&C)

= lim
t↓0

∫
R+

∫
[0,t]

1{B:e−gsv+B≥vth}(A)1{τ :e−g(t−τ)vr≥a}(s)dλ(s)dβ(A)

Note now that the function of (s, A) with s ∈ [0, t], has the

lim
t↓0

1{B:e−gsv+B≥vth}(A) = 1{B:v+B>vth}(A)

point-wise.
Also, the function of s with s ∈ [0, t], has

lim
t↓0

1{τ :e−g(t−τ)vr≥a}(s) = 1

because vr > a. Thus we conclude:

(273) lim
t↓0

∫
V
P (t, v, I|N(t) = 1&E&C)φ∗(v)dv =∫
V
β([vth − v,+∞))φ∗(v)dv

�

H.0.2. Firing rate. We now show that the firing rate function depends on the second
moments of the two distributions βE and βI , and not only on their expected value.
The intuitive reason for the effect of the variability of the synaptic efficacy on the
firing rate is clear if we consider the values of parameters that give a steady state
value of the voltage lower than the threshold value vth. In this case we may thins
that the drift brings close to the steady state values; increasing the variance increases
the probability that the (higher) value vth is reached, reducing the dragging effect of
the voltage leak.

We use the diffusion approximation of the equation 271 in theorem H.2. The
diffusion approximation expands the function φ∗ up to the second order term and
ignores higher order terms. In our case we get the following approximation of equation
271

Theorem H.3. The firing rate in the diffusion approximation model is increasing
in the variance of the random variables AE and AI

Proof. The firing rate is the reciprocal of the first passage time (FPT ) (Ricciardi
(1977)):

(274) FPT = τref + τm
√
π

∫ vth−vss
σV

vr−vss
σV

ex
2

(1 + erf(x))dx

where σ2
V ≡ µEa

2
E + µIa

2
I . The steady state value vss only depends on the drift term

µEaE − µIaI , that is on the expectation of AE and AI . The coefficient of the second
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term of the diffusion approximation when AE and AI are constant is equal to σ2
V ,

and is replaced, when they are random variables, by the term:

(275) µE(a2
E + V ar(AE)) + µI(a

2
I + V ar(AI)).

�

Figure 25 illustrates the variability of the firing rate depending only on the changes
in the distribution of the synaptic efficacy. We model AE and AI as multiples of a
random variable with Beta distribution with varying parameters α and β, scaled to
keep the expectation equal to aE and aI respectively.

Figure 25. φ function at a given current for different distri-
butions of synaptic efficacy. Parameters: τm = 0.015, τref = 0.002,
λe = 40, λi = 15, aE = 0.22, aI = 0.3. The synaptic efficacy is 2AaE,
where A has a Beta distribution with parameter α as indicated on the
x-axis, with α = β.

Figure 26 illustrates the firing rate for two different values of the variance of the
synaptic efficacy; the value of firing rate of the excitatory neurons varies; that of
inhibitory neurons is constant. The x axis we report the values of the steady state
voltage; this is equivalent, but more instructive, to plotting the firing rate as function
of the excitatory firing rate λe, since the steady state voltage is a linear function of
the latter. The firing rate is larger for the larger variance, and the difference is largest
for small values of the steady state voltage.
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Figure 26. φ function for high and low variance, same mean,
of the synaptic efficacy. The x-axis reports the value of the steady
state voltage. Parameters: τm = 0.015, τref = 0.002 λe varying be-
tween 35 and 65, λi = 15.5. The mean values of the synaptic efficacy
are constant, aE = 0.2, aE = −0.3. The synaptic efficacy is 2AaE,
where A has a Beta distribution with parameters α = β = 0.001 for
the large variance case, and α = β = 100 for the small variance case.
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Appendix I. Poisson model of firing rate

In the standard treatment of the problem (see Ricciardi (1977), Ricciardi and
Sacerdote (1979), Brunel (2000), Brunel and Hakim (1999), Renart et al. (2003))
one first derives the Fokker-Planck equation ignoring the additional condition on
the law of motion of the voltage that, once the threshold is reached, the voltage is
reset at a vr value; then a diffusion approximation is considered assuming that the
probability distribution has a differential density, and finally at the moment in which
the invariant distribution is studied the reset value vr.

Our analysis needs to stay closer to the biological process; for example, this is
crucial if one wants to provide an explanation of adaptive coding. The Poisson nature
of neuronal spikes is fundamental in this analysis, so we want to preserve it. This leads
us to study the semigroup of operators induced by the process, and its infinitesimal
generator for the Poisson model. Recall the set of voltages is V ≡ (−∞, vth) of
voltage values, and C(V) the space of bounded continuous functions on V , equipped
with the sup norm

‖f‖ ≡ sup
v∈V
|f(v)|.

The dual space of C(V) is the space M(V ,B) of finite countably additive set functions
on the Borel measurable subsets B of V (with the Euclidean topology) with the

‖φ‖ ≡ sup
{Γi: pairwise disjoint,∪iΓi=V }

∑
i

|φ(Γi)|.

We take as underlying probability space Ω the set of histories

ω ≡ (τ1, a1, . . . , τj, aj, . . . )

where τj ≤ τj+1, aj ∈ {aE,−aI}; the probability on Ω is induced by the Poisson
processes of excitatory and inhibitory spikes.

For any v ∈ V , V (t, v, ω) is the random variables describing the value of the voltage
at t with initial condition v. This defines the transition probability for every v ∈ V
and Borel set U ⊆ V

(276) P (t, v, U) = Pr({V (t, v, ·) ∈ U}).
We collect first a few useful facts on the transition probability. Let:

(277) D(t1, t2, ω) ≡
∑

t1≤τj≤t2

aje
−(t−τj)1t≥τj ,W (t, v, ω) ≡ ve−gt +D(0, t, ω)

so D describes the effect of the input spikes in the interval [t1, t2], and W is the
notional value of the voltage if we ignore the reset. Note that D is independent of v.
For a fixed t, define the first time t at which the path crosses the threshold vth:

(278) τ(v, ω) ≡ inf{τj : W (τj−, v, ω) ≥ vth − aE and sj = E};
Note that the path V (t, v, ω) depends on v only through the term e−gt for t ≤ τ(v1, ω)
and only through τ(v1, ω) for t ≤ τ(v1, ω). In particular if τ(v1, ω) = τ(v2, ω) then
the two paths are identical at any t ≥ τ(v, ω).

Lemma I.1. For every v ∈ V :
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(1) For every t:

(279) V (t, v, ω) = W (t, v, ω), for t ∈ [0, τ(v, ω)).

(2) W and V are decreasing at every t /∈ {τj : aj = aE}; so there is a k such that
τ(v) = τk, ak = aE;

(3) For any two values v1 < v2, and a.e. ω

(280) τ(v2, ω) ≤ τ(v1, ω).

Proof. (3) follows from the fact (see equation 262) that v2 > v1 implies W (t, v2) >
W (t, v1). �

We now define a semigroup T (t) as:

(281) (T (t)f)(v) = E(f(V (t, v))

We recall that (Dynkin (1965)) a semigroup is strongly continuous if for every f ∈
C(V ),

lim
t→0
‖T (t)f − f‖ = 0;

it is positive if T (t) is positive (that is, maps non-negative functions into non-negative
functions) for every t. It is a contraction if

for every t, ‖T (t)‖ ≤ 1

it is stochastically continuous (Dynkin (1965), Vol I, p.53) if for every open set U
and every v ∈ U :

lim
t↓0

P (t, v, U) = 1

The following is clear; a stronger statement will be proved in theorem I.3 below.

Theorem I.2. The one parameter family T (t) is a strongly continuous, positive
contraction semigroup of bounded linear operators on B(V ).

The conclusion of theorem I.2 holds even if g = 0. With leak, that is when g > 0,
the semigroup in addition maps continuous functions into continuous functions; this
is the content of theorem I.3 below. To understand the role played by the leak, we
may consider the approximation to the transition function obtained with small but
positive t, and ignoring terms larger than first order. Consider sequences of values
v2 and v1 such that

(282) v2 > vth − aE > v1.

and lim(v2 − v1) = 0. In the event of an excitatory impulse occurring first, when
g = 0 the path beginning at v2 jumps above vth independently of the time s ∈ [0, t]
at which the impulse occurs, and the path beginning at v1 stays below vth after the
impulse. So for fixed t the probability that the v2 path crosses vth and the v1 path
does not, for any v2, v1 satisfying 282, is positive; thus T (t)f is discontinuous at
vth − aE. If instead g > 0, we may consider the time at which, due to leak, the path
starting at v crosses the value vth − aE, namely

(283) t(v) ≡ 1

g

(
ln

v

vth − aE

)
, for v > vth − aE
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so that t(v2) > 0. Now the probability that the v2 path crosses vth and the v1

path does not is µEdt times the probability that the impulse occurs in the interval
[0, t(v2)), which tends to zero as v2 tends to vth − aE.

Theorem I.3. If g > 0, then the one parameter family T (t) is:

(1) a strongly continuous, positive contraction semigroup of bounded linear oper-
ators on C(V ).

(2) stochastically continuous, hence for every f ∈ C(V ) and v ∈ V
lim
t↓0

T (t)f(v) = f(v)

Proof. Since T (t) is an expectation (definition 281) is is clearly a bounded linear
operator, it is positive, and a contraction.

We claim that

(284) lim
v2−v1↓0

T (t)f(v1)− T (t)f(v2) = 0.

We first write

|E(f(V (t, v2)− f(V (t, v1))|
= |P (τ(v2) < τ(v1))Eτ(v2)<τ(v1)(f(V (t, v2)− (f(V (t, v1))

+ P (τ(v2) = τ(v1))Eτ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))|
≤ P (τ(v2) < τ(v1))‖f‖
+ |P (τ(v2) = τ(v1))Eτ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))|

Now note

Eτ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))

= Et≥τ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))

+ Et<τ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))

= Et<τ(v2)=τ(v1)(f(V (t, v2)− (f(V (t, v1))

≤ |f(v2)− f(v1)|

For the other term, note that

P ({τ(v2) < τ(v1)})
= P ({v2 ≥ egτ(v2)(vth −

∑
τj≤τ(v2)

aje
−g(τj−τ(v2))) > v1})

Thus, limv2−v1→0 P ({τ(v2) < τ(v1)}) = 0 when g > 0, because the stopping times τj
have continuous density and g > 0.

Claim (2) is clear, and the implication follows from Lemma 2.2 of Dynkin (1965).
�
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We recall that the infinitesimal generator of the semigroup T (t) is defined by the
domain

(285) D(A) ≡ {f ∈ C(V ) : ∃g ∈ C(V ), lim
t↓0
‖T (t)f − f

t
− g‖ = 0}

and

(286) Af ≡ lim
t↓0

T (t)f − f
t

Theorem I.4. The infinitesimal generator A of the semigroup T (t) has domain
D(A) ≡ C1(V ) and is defined as:

(Af)(v) ≡ −gvf ′(v) + µE (f(v + aE)− f(v)) + µI (f(v − aI)− f(v))

if v < vth − aE
≡ −gvf ′(v) + µE (f(vr)− f(v)) + µI (f(v − aI)− f(v))

if v ≥ vth − aE(287)

Proof. The statement follows from the definition of the infinitesimal generator (285
and 286). If v < vth − aE the value of the limit in 286 follows from a simple compu-
tation. When v ≥ vth − aE, then with probability µEt + o(t) the v process is reset
to vr; conditional on this event, the time of reset is exponentially distributed with

density µEe
−µEs

1−e−µEt , and

lim
t↓0

∫ dt

0

f
(
vre
−g(t−s)) µEe−µEs

1− e−µEt
ds = f(vr).

since f ∈ C(V ). �

The family of operators on the space M(V,B)

(288) (U(t)φ)(O) ≡
∫
V

P (t, v, O)φ(dv)

for any O ∈ B is a strongly continuous, positive contraction semigroup of bounded
linear operators on M(V,B); and its infinitesimal generator is .

(289) (Bφ)(O) ≡ lim
t↓0

(U(t)φ)(O)− φ(O)

t

Theorem I.5. The infinitesimal generator B of the semigroup U(t) has domain

(290) D(B) ≡ {φ ∈M(V,B) : ∀O ∈ B :

lim
t↓0

φ(egtO)− φ(O)

t
≡ G(φ,O) exists }

and is defined as:

(Bφ)(O) = G(φ,O)

+ µE(φ(O − aE)− φ(O)) + µI(φ(O + aI)− φ(O))

+ µEφ((vth − aE, vth))δvr(O)

for every open O.
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Proof. Using the definition of the infinitesimal generator, and then taking limits:

(Bφ)(O)

= lim
t↓0

[U(t)φ(O)− φ(O)]

t

= lim
t↓0

(1− (µE + µI)t)φ(egtO))

+ µEtφ(egt(O − aE)) + µItφ(egt(O + aE))

+ µEtφ({v : ve−gt + aE ≥ vth})δvr(O)

= lim
t↓0

[φ(egtO)− φ(O)]

t

+ lim
t↓0

µE[φ(egt(O − aE))− φ(O)] + lim
t↓0

µI [φ(egt(O + aI))− φ(O)]

+ µEφ([vth − aE, vth]})δvr(O)

�

I.1. Domain of B. When the measure φ has a differentiable density, then:

(291) G(φ,O) =

∫
O

∂

∂v
[gvφ(v)]

Note however that even if φ has a differentiable density, Bφ may fail to have a den-
sity, because of the term µEφ((vth − aE, vth))δvr(O). This fact implies a substantial
difference between the Poisson model we are considering and the diffusion approxi-
mation; this difference is important for the characterization of the invariant measure
of the process, described by the equation (G.2) below.

Clearly since Bφ may have a point mass at vr even if φ has a differentiable density,
we cannot restrict the domain of B to measures with a differentiable density, since
we might then not include the invariant measure in D(B)

Assume:

(292) aE = aI = a

Let:

(293) VD ≡ {vr + (K − i)a : i = 0, 1, . . . ,∞}

Lemma I.6. Assume (292); if φ ∈M(V,B) is

(294) φ = φc + φd, support(φd) = VD, for all v, φ′c(v) exists

then
φ ∈ D(B)
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and Bφ = Bφc +Bφd where:

(Bφc)(v)

=
∂

∂v
(g · φc(·))(v)

+ µE(φc(v − aE))− φc(v)) + µI(φc(v + aI))− φc(v))

+ µEφc([vth − aE, vth])δvr(v)

and

(Bφd)(v)

= µE(φd(v − aE))− φd(v)) + µI(φd(v + aI))− φd(v))

+ µEφd([vth − aE, vth])δvr(v)

Proof. This follows from the characterization in theorem I.5 and simple limit com-
putation. Note in particular that if v ∈ VD then if we let I(h) = (−h, h) in the
term

lim
t↓0

1

t
[φ(egt(v + I(h)))− φ(v + I(h))]]

a point mass at v cancels, hence only the term φc is left, which yields the term
∂
∂v

(g · φc(·))(v) in Bφc , and not in Bφd. �

Section G.3 below presents a case in which φd(v) > 0 for every v ∈ VD.

Appendix J. The invariant measure

J.1. Proof of lemma G.4.

Proof. We take I to be any interval in V and write P (t, v, I) the probability that
the value of the voltage at time t starting at v at time 0 is in I. If N(t) is the total
number of spikes (either excitatory or inhibitory) in [0, t], then:

(295) P (t, v, I) =
∞∑
i=0

P (t, v, I|N(t) = i)P (N(t) = i)
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so for any measure Φ, and any A ∈ B:

(ΦB)(A)

= lim
t↓0

1

t

(∫
V

φ(v)P (t, v, A)dv − Φ(A)

)
= lim

t↓0

1

t

(
∞∑
i=0

P (N(t) = i)

(∫
V

P (t, v, A|N(t) = i)φ(v)dv − Φ(A)

))

= lim
t↓0

P (N(t) = 0)
1

t

(∫
V

P (t, v, A|N(t) = 0)φ(v)dv − Φ(A)

)
+ lim

t↓0
P (N(t) = 1)

1

t

(∫
V

P (t, v, A|N(t) = 1)φ(v)dv − Φ(A)

)
= lim

t↓0
P (N(t) = 0)

1

t

(
Φ(egtA)− Φ(A)

)
+

µE
µ

lim
t↓0

P (N(t) = 1)
1

t

(∫
V

P (t, v, A|N(t) = 1&E)φ(v)dv − Φ(I)

)
+

µI
µ

lim
t↓0

P (N(t) = 1)
1

t

(∫
V

P (t, v, A|N(t) = 1&I)φ(v)dv − Φ(A)

)
where the first equality is the definition; the second equality holds by conditioning
on different spike events, the third equality follows from the property of the Poisson
process that P (N(t) ≥ 2) = O(t2) as t → 0, the fourth equality follows by condi-
tioning (here {N(t) = 1&E} is the event that there is one excitatory spike), and the
fact that

P (t, v, A|N(t) = 1&E)

P (t, v, A|N(t) = 1)
=
µE
µ
.

We now let TE1 the time of the first excitatory spike, NE(t) (NI(t)) the total number
of excitatory (inhibitory) spikes in [0, t] and note that:

P (t, w,A|N(t) = 1&E)

=

∫
[0,t]

P (TE1 = s|NE(t) = 1&E)P (t, w,A|N(t) = 1&E&TE1 = s)ds

=

∫
[0,t]

µEe
−µEs

(1− e−µEt)
P (t, w,A|NE(t) = 1&NI(t) = 0&TE1 = s)ds

The conditional transition probability

P (t, w,A|NE(t) = 1&NI(t) = 0&TE1 = s)

is equal to 1 on F1(A, t) ∪ F2(A, t), where:

(296) F1(A, t) ≡ {(w, s) : w > (vth − aE)egs&vre
−g(t−s) ∈ A}

and

(297) F2(A, t) ≡ {(w, s) : w ≤ (vth − aE)egs&we−gt + aEe
−g(t−s) ∈ A}
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�

J.2. Proof of theorem G.5.

Proof. For any v ∈ V \ {vr} equation 253 follows from lemma G.4 by choosing A to
be an open interval (a, b) around v that does not contain vr. In this case

lim
t↓0

1

t

(
Φ(egtA)− Φ(A)

)
= (φ(b)b− φ(a)a)g

and
lim
t↓0

Ψ(A, t) = 0

Dividing by b− a and taking limits we conclude equation 253.
At the reset value vr, we consider an open interval A ≡ (vr − h, vr) with h > 0. In

this case

(298) lim
t↓0

1

t

(
Φ(egtA)− Φ(A)

)
= (φ(vr+)− φ(vr − h))gvr

and

(299) ∀h > 0, lim
t↓0

Ψ(A, t) =

∫ vth

vth−aE
φ(w)dw.

We now take the limit of (ΦB)(A) = 0 as h → 0 (we are not dividing by h). The
terms in 250 converge to 0 because Φ has a density; the terms 249 and 251 converge
to the right hand side of the equations 298 and 299 respectively, hence we conclude
equation 254.

The right and left limits of the derivative of the density φ∗ at vr are linked. The
condition (Lφ∗)(v) = 0 in a neighborhood of vr and the continuity of φ∗ at any point
different from vr imply

(300) (g − µ) (φ∗(vr+)− φ∗(vr−)) + vrg

(
dφ∗

dv
(vr+)− dφ∗

dv
(vr−)

)
= 0

The discontinuity of the density at vr propagates as discontinuity of its derivative
(not of the function itself) at the two points vr + aE and vr − aI .

The density φ∗ is continuous at vaEr ≡ vr + aE because the probability mass in
the interval [vth − aE, vth) is transferred to vr − aE only with probability t2; but it is
enough to affect the derivative. To see this, note that as in the previous case, by the
condition (Lφ∗)(v) = 0 in a neighborhood of vr + aE and the continuity of φ∗ at any
point different from vr we get:

(301) vaEr g

(
dφ∗

dv
(vaEr +)− dφ∗

dv
(vaEr −)

)
+ µE (φ∗(vr+)− φ∗(vr−)) = 0

A similar condition holds at vr − aI . The same argument shows that the density φ∗

is differentiable at any other point (except the three we have just seen) in V . �

Appendix K. Spectrum of the infinitesimal generator

The equation 247 of lemma G.2 identifies the invariant measure as the eigenvector
of the eigenvalue z = 0 of B; so 0 is in the spectrum of B. To study systematically
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the stability of the dynamics of measures on V we now consider the entire spectrum
of B.

Definition K.1. The resolvent set ρ(B) of the linear operator B is the set of all
z ∈ C such that B − zI is invertible, that is

(302) R(z : B) ≡ (B − zI)−1

is a bounded linear operator.

From theorem I.3 and a corollary of the Hille-Yosida theorem (see for example
Pazy, Corollary 3.6), the resolvent of B contains the half plane of complex numbers
with positive real part. We can then focus on the complement. To illustrate we
consider our earlier examples first.

K.0.1. Spectrum with No leak. Assume the conditions 255, and consider the restric-
tion of B to the set M(VD,B). A z(µE + µI) ∈ C is in the point spectrum of B if
and only if

−(1 + z)π0 + π1 = 0

qπK−1 − (1 + z)πK + pπK+1 + pπ0 = 0

qπi−1 − (1 + z)πi + pπi+1 = 0, i 6= 0, K(303)

Let z(p) ≡ 2
√

(p(1− p)); note z(p) < 1 for p > 1/2. Then the point spectrum of
B is arbitrarily close to 0:

Lemma K.2. For every z ∈ R such that 0 > z > z(p) there is a non-zero eigenvalue
of B − zI.

Proof. The characteristic equation

C(z, x) ≡ px2 − (1 + z)x+ q = 0

has C(0, 1) = C(0, q
p
) = 0, and a minimum at 1+z

2p
. For any z such that the minimum

value is negative, namely for any z > z(p) − 1, C(z, ·) has two roots in the interval
( q
p
, 1), hence there is a set of solution of the sub-system (303) given by the equations

with indices i 6= 0, K; the set of solutions is parameterized by two undetermined
coefficients. Since the two roots are different, a non-zero solution to the two remaining
equations, and thus to the entire system, can be found. Since the roots are in the unit
interval, the resulting signed measure is finite, hence an element of M(VD,B). �

K.1. Convergence to Brownian Motion. An approximation of the Poisson pro-
cess 243 to the diffusion process 244 is defined by any sequence (µni , a

n
i : i ∈

{I, E}, n = 1, . . . ) such that

(304) lim
n
anE = 0

(305) lim
n

(µnEa
n
E − µnI anI ) = µ

(306) lim
n

(µnE(anE)2 + µnI (anI )2) = σ2
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The canonical approximation of the Poisson process 243 to the diffusion process
244 is defined for i ∈ {I, E} by:

(307) pn =
1

2
(1 +

µ

σ
√
n

), µnE = pnn, µnI = (1− pn)n

anE = −anI =
σ√
n
.

Theorem K.3. The sequence of processes (243) defined by the canonical approxima-
tion (307) converges to the diffusion process (244) with µ and σ2 satisfying 305-306.
The infinitesimal generator of the 244 is

(308) D(BD) = {φ ∈M(V,B) : φ(vth) = 0, for all v ∈ V, φ′(v) exists }
and

(309) (BDφ)(v) =
∂

∂v
((g · −µ)φc(·))(v) +

1

2
σ2 ∂

2

∂2v
φ+

σ2

4
φ′(vth)δvr(v)

Appendix L. Stability of the invariant measure

The invariant measure is also asymptotically stable. To state and prove precisely
this essential step, we first introduce a few new concepts. The measure space we
consider consists of the set V with the Borel subsets; the measure on the set has
to take into account the fact that the invariant probability measure may not be
absolutely continuous with respect to the Lebesgue measure, so we

Definition L.1. On the measurable space (V,B) the measure Leb is the lebesgue
measure, the measure γ on the subset VD is the counting measure. The measure λ is

(310) λ(O) ≡ Leb(O) + γ(O), for every O ∈ B.

We consider the space L1 ≡ L(V,B, λ), and the subset

(311) D ≡ {f ∈ L1 : f ≥ 0, ‖f‖L1 = 1}
Our Markov semigroup P (t) defines a

Definition L.2. The Markov semigroup is asymptotically stable if there is a density
f∗ such that

(312) lim
t→∞
‖P (t)f − f∗‖L1 = 0 for every f ∈ D

Theorem L.3. The Markov semigroup is asymptotically stable.

L.1. The Network model: conditions for stability.

L.2. The model with feedback. When the neurons receiving excitatory and in-
hibitory inputs are also providing excitatory inputs to neurons of their own type, the
conditions for existence on an invariant measure become more restrictive.

We examine the existence of the invariant measure in the model with no leak: in
this case, the conditions are simple and clean, and easy to interpret. The loss of
realism is small.

We build on the model presented in section G.3, taking into account now the fact
that there is a group of C excitatory neurons, those same that are receiving inputs.
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We call α the firing rate of these neurons, which is to be determined. In this case
the total excitatory input µE is

(313) µE = Cα + CEνE

The rest of the model in section G.3 is unchanged. We call the resulting model the
model with feedback.

The firing rate α has to be determined at equilibrium from the consistency con-
dition that the input firing rate is equal to the output firing rate, which in turn is
equal to π0(p)µE, so that from 260 and 313

(314) π0(p)(Cα + CEνE) = α

where, as in section G.3.2:

(315) p =
Cα + CEνE

Cα + CEνE + CIνI

Proposition L.4. An invariant measure, hence an equilibrium in firing rate, for
voltage in the model with feedback exists if

(316) K + 1 > C

Proof. The condition 316 is natural: if the number of connections providing a positive
feedback is larger than the number of steps need to go from the reset value to the
voltage threshold then the positive loop will make the distribution on voltage diverge.

The invariant measure exists if and only if there is an α solution of the self-
consistency condition 314, which is equivalent to:

(317)
K

1− r(α)
+

1− r(α)K+1

1− r(α)
= C +

CEνE
α

where r(α) ≡ CIνI
Cα+CEνE

. The right hand side of the equation 317 is a decreasing func-
tion of α with limit equal to +∞ and C respectively as α→ 0, α→∞ respectively,
whereas the left-hand side has a finite value at α = 0 and tends to K+1 α→∞. �

L.3. Equilibrium in firing rates for the network. The full network consists
of three groups of neurons. There are two groups of excitatory taste neurons for
good A and good B respectively, each group with a number C of self-excitatory
connections. Each of these two groups has a number CE of connections to pyramidal
(or taste) neurons, which are firing at rate νAE and νBE respectively. Note that we
impose symmetry in the structure (so C and CE are the same for both types) but of
course not on the firing rates, which depends on the options available at the moment
of choice. The third group is the group of interneurons (or chosen value neurons),
which are not good specific, inhibitory, that receive excitatory inputs from the taste
neurons of both types, and give inhibitory feedback to the taste neurons, and to
neurons of their own type. They have a number CI of self-inhibitory connections.

We correspondingly have three firing rates, α and β for taste neurons of type A
and B, and γ for the inhibitory neurons, that have to be determined at equilibrium.

The equilibrium conditions are

(318) π0(pA)(Cα + CEν
A
E ) = α, π0(pB)(Cβ + CEν

B
E ) = β,
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and

(319) π0(pI)C(α + β) = γ

where π0 is given by the equations 257and 259, and where:

(320) pA =
Cα + CEν

A
E

Cα + CEνAE + CIγ
, pB =

Cβ + CEν
B
E

Cβ + CEνBE + CIγ

and

(321) pI =
C(α + β)

C(α + β) + CIγ
.

Proposition L.5. An equilibrium in firing rates of the full network exists if

(322) K > C

Proof. We first prove that at equilibrium the ratio γ
α+β

is determined by equations

319 and 321 alone, and only depends on the parameters CI and K. Substituting the
value of pI in 319, we reduce the latter equation to

(323)
K + 1− rK+1

1− r
=
CI
r

with r = 1−pI
pI

, so that r is constrained to be in [0, 1) because pI is constrained

in (1/2, 1]. The equation 323 has a unique solution because the left hand side is
increasing in r, with a finite value at r = 0 and tending to +∞ as r → 1; and the
right hand side tends to +∞ as r → 1, and is equal to CI at r = 1. We conclude
that the value

(324) r =
CI
C

γ

α + β

solution of equation(323) exists, is unique, is in (0, 1), depends on CI and K only, is
increasing in CI and decreasing in K, and is bound by

CI
K + 1 + CI

≤ r ≤ CI
K + 1

Substituting r into the equations 320 and these into 319 we are reduced to prove
that the resulting system in the two variables α and β has a solution in R2

+; or
equivalently that if we define:

Ψ1(α, β) = π0(pA)(Cα + CEν
A
E )− α

Ψ2(α, β) = π0(pB)(Cβ + CEν
B
E )− β

We prove this by proving that for a sufficiently large real M > 0 the system
defined by Ψ on the square [0,M ]2 (where M is to be determined below, as equality
in the inequality 325) is inward pointing, that is the inner product with the normal
cone at every point in the boundary is less than 0. Consider the two intervals
{(α, 0) : α ∈ [0,M ]} and {(α,M) : α ∈ [0,M ]}.

For the first, we need to prove that Ψ2(α, 0) > 0 for every α ∈ [0,M ], that is, if we
let z ≡ Cxα

CEν
B
E

that π0((1 + z)−1 > 0. But the function z → π0((1 + z)−1 is decreasing,
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so we only need to check the inequality at z = 1, so we need to insure that

(325) M ≤ CEν
B
E

Cr
Turning to the second interval, we need to show that

(326) π0((1 + w)−1) <
w

Cr

with w = CxM
CM+CEν

B
E

for some M satisfying 325. Again since w → π0((1 + w)−1) is

decreasing, we can choose the largest such M and then use the continuity of π0 to
insure that both inequalities are strict. But at the largest M the inequality 326 is
equivalent to

K + 1−
(

CrM

CM + CEνBE

)K+1

≥ C

which is satisfied if 322 holds because r < 1. �
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Appendix M. Neural and Behavioral Utility

In this section of the Appendix we study the details behind the analysis in section
on neural utilities.

M.1. Properties of the neural model. We first establish the basic properties of
the neural model. This is a model of observed choice described by P ; formally:

Assumption M.1. For all a, b ∈ S
Q(I(a), I(b)) = P (a, b).

Assumption M.1 has an immediate implication:

Lemma M.2. If P satisfies the assumption 11.1 of Debreu’s theorem, then for all
x, y, z, w ∈ R(I),

(327) Q(x, y) ≥ Q(z, w) if and only if Q(x, z) ≥ Q(y, w)

Proof. Let (a, b, c, d) be such that x = I(a), y = I(b), z = I(c), w = I(d); then

Q(x, y) ≥ Q(z, w) iff P (a, b) ≥ P (c, d)

iff P (a, c) ≥ P (b, d)

iff Q(x, z) ≥ Q(y, w)

where the first and last equivalence follow from the assumption (M.1), and the second
from the cancellation condition in assumption (11.1) on P. �

The function Q transforming current inputs into choice probability satisfies some
additional natural conditions, which we introduce:

Assumption M.3 (Monotonicity). Q is increasing in the first coordinate and de-
creasing in the second coordinate.

Assumption M.4 (Symmetry). For all I1, I2

Q(I1, I2) +Q(I2, I1) = 1

Symmetry in particular implies that when the input currents are equal, the two
options are chosen with 50 per cent probability.

Assumption M.5 (Solvability). For all I1, I2, J1

Q(I1, I2) ≤ r ≤ Q(J1, I2)⇒ ∃K : Q(K, I2) = r

For the gating variables model in section 9 one can prove:

Proposition M.6. The function Q induced by the model in Wong and Wang (2006)
satisfies monotonicity (M.3) and solvability (M.5); and it is symmetric (M.4) if the
choice rule is symmetric.
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M.2. Neural utility and choice utility. First we establish that Q has an aggre-
gator representation:

Theorem M.7. If Q is defined by the model of choice which satisfies the monotonic-
ity (M.3), symmetry (M.4) and solvability (M.5) assumptions, then

(1) There is a pair (T,A) where A : R→ R is strictly increasing and T : R(I)→
R such that

(328) Q(x, y) = A(T (x)− T (y))

(2) If S is a function such that Q(x, y) ≥ Q(z, w) if and only if S(x) − S(y) ≥
S(z)− S(w), then S is a positive linear transformation of T .

Proof. The statement follows from Debreu’s theorem (Debreu (1958), Suppes et al.
(1989)) and the fact that Q satisfies the cancellation condition in equation (327). �

From theorem M.7 follows that the neural utility is a monotonic (perhaps non-
linear) transformation of the choice utility. If T is linear in addition to monotonic,
then the two utilities are the same.

Lemma M.8. Under the conditions of theorem M.7, there is α > 0 and β such that
T (I(a) = αu(a) + β and D(x) = A(αx).

Proof. From the utility representation of behavior, the assumption M.1 and the rep-
resentation (328) we have:

for all a, b ∈ S : P (a, b) = D (u(a)− u(b))

= A(T (I(a))− T (I(b)))

Now the statement follows from the uniqueness properties of the choice utility in
Debreu (1958). �

We can now reformulate our first question in section (“when are u and I equal,
up to monotonic liner transformations?”) more precisely as: “When is T linear?”
This will pose restrictions of the function Q, by imposing conditions only on its level
curves. As we have seen in the main text, this question is reduced to the study of
the family of indifference functions F , introduced in 96. We also call

(329) Ic ≡ {(x, y) : Q(x, y) = c}
We now investigate properties of the family of the indifference curves Fc deriving

from the properties that Q satisfies of monotonicity (M.3), solvability (M.5), sym-
metry (M.4) and the condition stated in (327). Our aim is to identify properties of
a pair (A, T ) such that the representation (328) holds.

The function Q is identified by its indifference curves and by the value at the
indifference curves. These two components can vary independently. The function T
is uniquely determined by the equivalence class:

(330) (x, y) ∼ (x′, y′) if and only if Q(x, y) = Q(x′, y′)

but any assignment of a value to this equivalent class is possible, provided it is
monotonic. The family of functions {Fc : c ∈ [0, 1]} is clearly a uniform family, (see
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Levine (1970), Levine (1972) Krantz et al. (1971), 6.7), that is there is a φ such that
for every c, d there is a constant kc,d such that for every u:

(331) Fc(φ
−1(u)) = Fd(φ

−1(u− kc,d))
This condition characterizes the existence of an additive representation; the function
in each coordinate may be different.

The condition that the transformation on the x and y variable (the function T , in
our case) is the same imposes a stronger restriction on the family, presented as (332)
in lemma M.9:

Lemma M.9. The family of functions {Fc : c ∈ [0, 1]} satisfies the composition rule:

(332) For every c, d there exists an e such that for all x :

Fc (Fd(x)) = Fd (Fc(x)) = Fe(x)

with e = A(A−1(d) + A−1(c)))

Proof. From the functional equation linking A, T, F :

(333) For every c and every x, y : A(T (x)− T (Fc(x))) = c

we derive

(334) Fc(x) = T−1(T (x)− A−1(c))

and then

Fc (Fd(x)) = Fc
(
T−1(T (x)− A−1(d))

)
= T−1

(
T (T−1(T (x)− A−1(d)))− A−1(c)

)
= T−1

(
T (x)− A−1(d)− A−1(c)

)
= FA(A−1(d)+A−1(c))(x)(335)

�

The equation (334) describes how F is determined by T and A; conversely, the
composition condition (332) provides a simple procedure to construct the T function,
that we now present. For a given c ∈ [0, 1], find a sequence of pairs (xi+1, xi) with

(336) (xi+1, xi) ∈ Ic for every i.

Up to a multiplicative re-scaling and a translation constant, the function T is deter-
mined on the set xi. In fact, once we choose arbitrarily the two values T (x1) and
T (x2) − T (x1), then the equality T (xi+1) − T (xi) = T (x2) − T (x1) must hold for
every for every i by (336). We now increase the grid on which T is defined, adding
points at each stage. Find now a d ∈ [0, 1] and a point x′2 such that x′2 = Fd(x3) and
x2 = Fd(x

′
2), so that x2 = F 2

d (x3) = Fc(x3).
Such d < c exists for the given fixed pair (x2, x3). To see this, consider for every

ξ ∈ [Fc(x2), x2] the value d(ξ) such that Q(x2, ξ) = d(ξ), and the function ξ →
(F−1

d(ξ))
2(x2). When ξ = Fc(x2) this function maps to x3; when ξ = x2 this function

maps to x2; hence there exists an intermediate value ξ∗ such that (F−1
d(ξ∗))

2(x2) = x3.

Of course, d can only be found for (x2, x3): for the other pairs, for T determined at
the d value to be consistent with the one already determined at the c value we need
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the equation:

(337) F 2
d = Fc

which is a consequence of the composition rule (332). The composition rule is equiv-
alent to the monotonicity condition (Krantz et al. (1971), 4.4.1; Suppes et al. (1989),
17.7.2):

Definition M.10. The equivalent relation ∼ is monotonic if

(338) (x, y) ∼ (x′, y′) and (y, z) ∼ (y′, z′) imply (x, z) ∼ (x′, z′)

Lemma M.11. The family {Fc : c ∈ [0, 1]} satisfies the composition rule (332) if
and only if ∼ is monotonic, which in turn is equivalent to the cancellation condition
(327).

Proof. The first part follows from checking the definitions; the second part is in
Suppes et al. (1989), 17.2.2. �

M.3. Proof of Theorem 9.2. We have seen (section M.2) that it suffices to show
that the function T is linear. We report here the theorem for convenience:

Theorem M.12. The choice utility function u and the neural utility function I are
the same (up to monotonic linear transformations) if and only there is a function
f : [0, 1]→ R(I) such that

(339) for all x ∈ R(I), c ∈ [0, 1], Fc(x) = x+ f(c).

Proof. Assume condition (339) holds, we claim that T is linear. Define G(s) ≡
Q(x, y) for some pair (x, y) such that y − x = s. Let Q(x, y) = c, so by (339),

(340) y − x = f(c).

We now show that G is well defined. If (x′, y′) are such that x′ − y′ = s then we
claim:

(341) Q(x′, y′) = c.

Note that (341) holds if and only if y′ = Fc(x
′) (by the definition of the function F ),

and this holds if and only if (by equation 339) y′ = x′ + f(c), so y′ − x′ = y − x.
Thus T must be a positive linear transformation of the the identity function, by (2)
of 328.

Conversely if T (x) = ax+ b is linear, then by (1) of 328 Q(x, y) = A(a(x− y)) and
339 holds with f(c) ≡ −A(a(·))−1(c). �

M.4. Conjugate pairs. The second question we introduced in the section on neural
utilities is “what are the distortions of the neural utility I introduced by the Q
mechanism of choice selection to produce the choice utility u”. We first illustrate
with examples of conjugate pairs (A, T ).

M.4.1. Existence of a function F .

(1) A family {Fc : c ∈ [0, 1]} of linear functions with constant coefficients:

Fc(x) = ax+ f(c)

is induced by a function T if and only if a = 1.
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(2) A family {Fc : c ∈ [0, 1]} of linear functions with variable coefficients of c:

(342) Fc(x) = a(c)x+ f(c)

is induced by a function T if and only if for every c, d there is an e such that
a(c)a(d) = a(e).

M.4.2. Conjugate pairs (A, T ) and F . An example of an indifference function with
slope 1 is induced by a linear T . If T = ax+ b, then F is linear with slope 1:

Fc(x) = x+
A−1(c)

a
The next example is particularly important because, as we are going to see, the Q

function induced by the gating variables model of choice has indifference functions
Fc with slope depending on c, and thus not necessarily always of slope 1, as in (342).
An example is given by a logarithmic T :

(343) T (x) = log(x+B), B > 0

which has the associated F :

(344) Fc(x) = e−A
−1(c)x+B(e−A

−1(c) − 1).

If we take the logit aggregator:

(345) A(x) ≡ (1 + e−Γx)−1

then

(346) A−1(c) =
1

Γ
ln

(
c

1− c

)
so when Γ = 1, Fc is defined on the set [B 2c−1

1−c ,+∞),

(347) e−A
−1(c) =

1− c
c

, and Fc(Fd) = F cd
(1−c)(1−d)

In this case the level curves of the Q function are fanning out, with larger difference
from the identity for larger values of c. For a fixed value of c the difference x−Fc(x)
is increasing, and the function T is concave. This is general, as lemma M.13 below
shows.

Lemma M.13. Let Id denote the identity function:

(1) For every given c1 > 1/2 there is a sequence {ci : i = 1, . . . ,+∞} where
c1 ≥ ci ≥ 1/2, such that for every i, Id ≥ Fci+1

≥ F 2
ci+1

= Fci ≥ Fc1, the
sequence Fci converges monotonically and uniformly on compact sets to Id.

(2) If T,A, F are twice differentiable, and x → x− Fc(x) is increasing (decreas-
ing), then T

′′
(x) ≤ (≥)0.

Proof. The sequence of functions Fci is defined with an initial arbitrary c1 > 1/2; and
then iterating the relation F 2

ci+1
= Fci for every i; the “square root of Fci” function

Fci+1
exists by the composition rule (332). The functions converge point-wise and

monotonically to the identity function; the convergence is uniform by Dini’s theorem.
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The domain of definition of Fci is the set [xc,+∞) where Q(xc, 0) = c. Note that

(348) lim
c↓1/2

xc = 0.

Also since for every x the function Q(x, ·) is continuous,

(349) for every x, lim
c↓1/2

Fc(x) = x

This sequence identifies the function T as in the discussion following lemma (M.9),
on an increasing set of values of x, defined as follows: take an arbitrary initial x1

1

in the domain of Fc1 ; define the sequence {xij : i = 1, . . . ,+∞, j = 1, . . . ,+∞} by

xij = Fci(x
i
j+1) for any xij+1 in the domain of Fci . The union of these points over i

and j is dense in the real line by the property in equation (349).
For (2), from the assumption that x−Fc(x) is decreasing we derive 1−DxFci(x)) ≤ 0

and from the functional equation (333) we derive:

T
′
(x) = T

′
(Fci(x)))DxFci(x))

For any x which is contained in the grid at some iteration i, consider the limit of the
incremental ratios

T
′′
(x) = lim

i→∞

T
′
(x)− T ′(Fci(x))

x− Fci(x)
.

and the numerator is non-positive, the denominator non-negative. �
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