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ANSWERS TO MIDTERM EXAMINATION

1. (a) With sequential market markets structure, there are markets for goods, labor
services, capital services, and bonds open every period. Consumers sell labor services
and rent capital to the firm. They buy goods from the firm, some of which they consume
and some of which they save as capital. They trade bonds among themselves.

A sequential markets equilibrium is sequences of rental rates fok , ﬁk,. .., interest

b
rates [,

and bond holdings 60, 61 ,..., such that

l’lb,..., wages W,,W,,..., consumption levels €,C,,..., capital stocks k,,k,,...,

e Given fok,flk,..., fob,flb,...,and W, ,W,,..., the consumer chooses ¢,,C,,..., IZO,IZI,...,
and 60,61,... to solve
max ZZO Bu(c,)
st Gk, +b, W (15 = 8)k +(1+8 )b, t=0, 1, ..
kozlzo
b, >-B
C..k, >0.

Here b, >-B, where B >0, rules out Ponzi schemes but does not otherwise bind in

equilibrium. [It is also possible to define a labor choice 1 . if we impose the constraint
0</,<1.]

o FX=F.(k,),t=0,1, ...
W, =F (k,1), t=0, 1, ....

[A good answer would explain that these are the profit maximization conditions for
constant returns. |

A

o C 4k, —(1-6)k =F(k,I), t=0,1, ...

t+1

e b =0t=0,1,..

A

(b) A Pareto efficient allocation is sequences ¢,,C,,..., lzo,kl,... that are feasible,

A

¢ +K —(1=8)k <F (K1), t=0, 1, ..

t+1



k, <k,
and such that there exists no alternative allocation €,k that is also feasible and such that
© t ~ 0 t A
2 BuC)> D Bu).
In other words, the allocation €,, kAt solves

max z:o plu(c,)

s.t. ¢, +k,, —(1-0)k <F(k,D, t=0,1, ...
k, <k,
C.,k, =0.

[It is also possible to include ¢, in F(k,,/,)and impose the constraints 0< 7/, <1.]

A ~

(c)  Suppose that £*,£°,W,¢,K.,b, is an equilibrium. Then

¢ +k,, —(1- §)k —F(k D,t=0,1, ...
k =k, .
and, since €,,¢,,..., K,,K,,..., and b b . solve the consumer’s problem, there exist
Lagrange multlphers p,20,t=0, 1, ...., such that

ﬂtuv(é)—pt:O,tZO, L ...
Pt pt+1(1+ t+1 5):(), t=0,1, ...

hmtaoo ptk\ul = O :

From the profit maximization conditions, we know that £, = F, (I(At+l ,1). [We also know

other things, like 6t =0, —p, + P, (1+£°)=0, and lim,_, ptﬁm =0, but we do not need

to use these conditions. Our assumptions on U and F do not rule out corner solutions,
s0, to be strictly correct, we should write the first order conditions as inequalities with
complementary slackness conditions.]

The necessary and sufficient conditions for ¢k, to be a Pareto efficient

allocation are

¢ +Kk, —(1-3)k =F(K,1), t=0, I,

k, =k,

t+1



and that there exist some Lagrange multipliers 7, 20, t =0, 1,..., such that

BUE)-7,=0,t=0,1, ...
7+ 7 (14 Fe (K, D= 8) =0, £=0, 1, ..

lim ,, 7k, =0.
Given that £*,£°, W, ¢,k ,b, is an equilibrium, we can set & =¢,, k =k, and 7, = p,
and thus construct an allocation that satisfies the necessary and sufficient conditions for

Pareto efficiency.

(d) A sequential markets equilibrium is sequences of rental rates ff,f*,..., interest
rates fob,ﬁb,..., wages W,,W,,..., consumption levels C(i),é(i,,..., capital stocks k(i],kli,...,

and bond holdings 6('), Bli ,..., 1=1, 2, such that

e Given if,f*,..., £,£°,..., and W,,W,,..., consumer i, i =1, 2, chooses ¢,C;,...,

IZ(;,IZf,..., and Boi,Bf,... to solve

maxz:()ﬂitui(cti)
s.t. ¢ +k', +b', Swt+(l+ﬁk—5)kti+(1+r}b)bt‘, t=0, 1, ...
s
b >-B
¢,k >0.

J+I<At2,?‘+?2), t=0, 1, ...

t

=R (KT 10

o fk=FK(

A

o (' +eH)+ (KL, +Kk2)-A=8)K +kH)=F(K +K2, 7' +7%), t=0, 1, ...
e b'+b =0,t=0,1, ...

(e) A Pareto efficient allocation plan is sequences Cé,é(i),..., IZ('), IZI' ..., =1, 2, that
are feasible,

(E +E)+ (KL, +K2 ) —(1-8) (K +k>)=F(k' +k2, 7' +7%), t=0, 1, ...

K, <K,»



and such that there exists no alternative allocation €.,k that is also feasible and such that

S AuEH) =Y B, i=1, 2,

with strict inequality for some I.

2. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.
An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an

allocation ¢/, (611 ¢ ), ((322 , éfl ... such that

e Given p,, consumer 0 chooses €| to solve

max C/

s.t pc < pw, +m

¢ >0.

e Given P, p,.,,consumert, t=1, 2, ..., chooses (Cf,éfﬂ )to solve
t t
max logc, +¢C,,,
At ~ t ~ A
s.t. PG + PiCi = PW, + Py W,

't >0.

t
Ct > Ct+1

o (T4 =w,+w,t=1,2,....

(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t—1 and t trade goods and assets
among themselves.

A sequential markets equilibrium is a sequence of interest rates f,,f,,..., an

allocation ¢/, (éll o ), ((322 , 632) ..., and asset holdings §,$:,...such that

e Consumer 0 chooses € to solve

max ¢/

st ¢ <w,+m

¢ >0.

e Given f, consumert, t=1, 2, ..., chooses (Ct‘,éttH) and § to solve



max logc, +¢,,

st C4s <w,
¢t <w, +(1+E)s!

C Ct+1 >0
o ('4C=w,+w,t=1,2,
Al
[ Slzm

=TT a+)|m =23 ..

(c) Proposition 1: Suppose that p,, p,,..., ¢/,|¢
Debreu equilibrium. Then f,F,,..., Cf),(éll,éél ¢2,6;

markets equilibrium where

¢: ), ... 1s an Arrow-
2
2

,... 1s a sequential

Proposition 2: Suppose that .,F,...., ¢°,(¢!, ¢ )(€2.¢2) ..., §.§3,... isa
sequential markets equilibrium. Then p,, p,,..., ¢/,|¢,,¢} ),(Azz,éf ), ... is an Arrow-

Debreu equilibrium where p, =1 and

Hrl(l t=2,3, ...

(d) Solving the problem of consumer t in the Arrow-Debreu world, we obtain

cl = Pisi ol = pwW, + pt+1(W2 _1)
t > Mt+l T :

pt pt+1

[Corner solutions are possible in general, but that is not relevant here.]
Since there is no fiat money, the unique equilibrium is autarky:
At

N
¢ =w, ¢

i = W,

Consequently,



Using proposition 1 from part ¢, we obtain

1 .
f=—-1,8=0,t=12, ...
Wl

in the sequential markets world.

(e) An Arrow-Debreu equilibrium is a sequence of prices p,, f,,... and an
. a-1 (A0 a0\ (Al al Al) (A2 A2 A2
allocation ¢, ,(C1 ,C2),(Cl,cz,c3),(cz,c3,c4),... such that

e Given f,, consumer —1 chooses ¢, to solve

max C, !

st pc <pw+m’

' >0.
e Given f, p,, consumer 0 chooses (610 ,C) ) to solve

max ylogc+cy

A 0 A 0 A N
s.t. PG+ PGy = PW, + P W,
c,cy >0.

e Given P, p,.,,P.,,consumert, t=1, 2, ..., chooses (Cf,éttﬂ,étt”) to solve

+c!

max logc, +ylogc; o

te1
At oAt At - R R
S.t. PG + Py Gy + PriaCiin = PW + Py W, + Py Wy

¢, >0.

+12Yt+2 =

t At
Ct’ct
Aat=2 , at-1 | at _
o C +C +C =W, +wW,+wW,t=1 2, ...

A sequential markets equilibrium is a sequence of interest rates f,f,,..., an
allocation C{l,(éf,ég),(éll,éé,éé ),(622,632,65 ), ..., and asset holdings

§9.(8/.8)).(83.47).... such that

e Consumer —1 chooses ¢, to solve



max ;'
st ¢ <w,+m”
¢ ' >0.

e Consumer 0 chooses (CIO ,ég) and §] to solve

max ylogc/ +cy
s.t. ¢ +s’ <w, +m°
c) <w, +(1+F)s/
c,cy >0.

t At

e Given f,f,,consumert, t=1, 2, ..., chooses (Cf,ét+l,ct+2) and (§f,§f+l) to solve

t+1 2
t t t
max logc, +ylogc,,, +C,,,
t t
s.t. ¢ +5 <w,
t t £\l
CI+1 + St+1 < W2 + (1 + rt)st
t
CI+2

t At t
C,Cy»Cp = 0.

t+1°

o t
< W3 + (1 + r-t+l)s't+1

o CTHCTHCG =W AW, W, t=1,2, .

s =TT A+t (m e, t=2.3,

3. (a) With sequential market markets structure, there are markets for goods, labor
services, capital services, and bonds open every period. Consumers sell labor services
and rent capital to the firm. They buy goods from the firm, some of which they consume
and some of which they save as capital. They trade bonds among themselves.

A sequential markets equilibrium is sequences of rental rates fok , flk,..., interest

rates fob,ﬁb,..., wages W,,W,,..., consumption levels €,,C,,..., capital stocks k,,kK,,...,
b,..

and bond holdings 60, ., such that

e Given fok,flk,..., fob,ﬁb,...,and W, ,W,,..., the consumer chooses C,,C,,..., K,,K,,...,

and 60,61,... to solve



max » " f'logc,

s.t. G Ky, +h, SW Rk +(1487)b, t=0, 1, ..
ko =Ky

b, >-B

C.,k, =0.

abké™ t=0, 1, ...
W, = (1-a)fk?, t=0, 1, ....

ok
*

o C+k,, =0k, t=0,1, ...

A

e b =0,t=0,1,..

A A

(b) A Pareto efficient allocation is sequences €,,€,,...,K,,K,,... that are feasible,

A

¢ +k,, =6k, t=0,1, ...

t
k, <k,
and such that there exists no alternative allocation €k, that is also feasible and such that
© t ~ Y t A
ztzoﬂ log€, > ztzoﬂ logC, .
In other words, the allocation €,, kAt solves

max Zioﬂt logc,
s.t. ¢ +k,, <Ok, t=0,1, ...
k, <k,

C.,k, >0.

~

(c) Suppose that £*, |°tb,V\/t,ét,I2t,6t is an equilibrium. Then

o t=0, 1, ...

Ct + kt+l t
<k,.

=0
K,

and there exist Lagrange multipliers p, >0, t=0, 1, ..., such that



t
ﬂ-—gzo,tzal,m

A

t

—p+ pt+1056)kAtOJ:1 =0,t=0,1, ...
=0.

~

hmt%oo pt kt+l

The necessary and sufficient conditions for ¢k, to be a Pareto efficient
allocation are

— 47,00k =0, t=0, 1, ...

t+1 t+1

lim, 7Ttk~t+1 =0.

Given that £*,#°, W, 6,k ,b, is an equilibrium, we can set ¢ =¢,, k =k, ,and 7z, = p,
and thus construct an allocation that satisfies the necessary and sufficient conditions for
Pareto efficiency.

(d) Bellman’s equation is

V (k) =max logc+ gV (k')
s.t. c+k'<6ok”
c.k'>0.

Guessing that V (k) has the form a,+ &, logk , we can solve for ¢ and k':

- L ke k=P e
1+ Ba,

5

C =
1+ pa,

We can plug these solutions back into Bellman’s equation to obtain

a, +a, logk =log( ! Hk”}ﬂb’{ao +a, log(%ﬁk“ﬂ.

1+ pa, .



Collecting all the terms on the right-hand side that involve logk , we can solve for a,:

a, =a+afa,
a
a = ,
l-apf

which implies that
c=(1-apf)fk”, k'=apfok”.

[We can also solve for a,:

1 o pald
a, = l—ﬂ[log(l—i—ﬂa] j+ﬂal 10g£—1+ﬂa1 ﬂ

! [log((l - aﬁ)@) +

a'Bﬂ log(aﬁﬁ)},

-«

=1C

but this is tedious, and, besides, the question does not ask us to do it.]

(e) To calculate the sequential markets equilibrium, we just run the first order difference
equation

Ko = apok
forward, starting at k, =k,. We set
¢, =(1-ap)ok’
b =0
r.tk - agkta—l
r° =abki " -1
w, =(1-a)dk .

Notice that this problem actually has an analytical solution:

1, I-a

k, = apoks, = apo(apok:,) = (pp0)>~" k¢ = (o)

=~

a
0



