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PROBLEM SET #2 
 
1. Consider an economy with a representative, infinitely lived consumer who has the utility 
function 
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where 10 << β . The consumer owns one unit of labor in each period and 0k  units of capital in 
period 0. The depreciation rate on capital is δ . 
 
a) Suppose that the consumer borrows 1+tb  bonds in period t to be paid off in period 1+t . The 
consumer’s initial endowment of bonds is 00 =b , the wage rate in period t is tw , the rental rate 
on capital is k

tr , and the interest rate on bonds is b
tr . Write down the consumer’s utility 

maximization problem in a sequential markets economy. Explain why you need to include a 
constraint to rule out Ponzi schemes. Write down the Euler conditions and the transversality 
conditions for this problem.  

 
Suppose that feasible consumption/investment plans satisfy 
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where ααθ −= 1),( tttt kkF !! . 
 
b) Define a sequential markets equilibrium with borrowing and lending for this economy. Prove 
that in equilibrium b

t
k

t rr =−δ  if kt > 0 . 
 
c) Suppose that the consumer sells his endowment of capital to the firm in period 0. Thereafter, 
firms buy and sell capital from each other. Describe the production set for the Arrow-Debreu 
economy, the set of feasible ……!!… ,,,,,,,, 101010 cckk . 
 
d) Define the Arrow-Debreu equilibrium for this economy. 
 
e) Suppose that the consumer can buy new capital in each period and rent capital services to the 
firm. Define the Arrow-Debreu equilibrium for this economy. 
 
f) Carefully state theorems that relate the equilibrium allocations in parts (b), (d), and (e). 
 
 
 
 
 
 



2. Consider the social planning problem 
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a) Write down the Euler conditions and the transversality condition for this problem. 

 
b) Let ),( 1+tt kkv  be the solution to 
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for fixed 1, +tt kk .  What is ),( 1+tt kkv ? What conditions do tk and 1+tk  need to satisfy to ensure 
0,, 1 ≥+tt kc ?  If we write these conditions as )(1 tt kk Γ∈+ , what is )( tkΓ ? 

 
c) Write down the Euler conditions and the transversality condition for the problem 
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d) Prove that a sequence …,ˆ,ˆ
10 kk  solves the conditions in part (c) if an only if there exist 

sequences of Lagrange multipliers …,ˆ,ˆ 10 pp  and of consumption …,ˆ,ˆ 10 cc  such that 

),ˆˆ,,ˆ,ˆ,,ˆ,ˆ( 1,01010 ……… ppkkcc  satisfy the conditions in part (a). 
 

e) Prove that, if a sequence …,ˆ,ˆ
10 kk  satisfies the Euler conditions and transversality condition 

in part (c), then it solves the related planning problem. (Hint: you can adapt the general proof on 
pp. 98-99 of Stokey, Lucas, and Prescott to these specific functions.) 
 
 
3. Let ),( 1+tt kkv  and )( tkΓ be defined as in part (b) of question 2. 
 
a) Consider the dynamic programming problem with functional equation 
 

).('.s.t
)()',(max)(

kk
kVkkvkV

Γ∈
′+= β

 

 



Guess that )(kV  has the form kaa log21 +  and solve for 1a and 2a . 
 
b) What is the policy function )(kg  such that )(' kgk = Verify that )(1 tt kgk =+  satisfies the 
Euler equations and the transversality condition in part (c) of question 2. 
 
c) Try to approximate )(kV : Guess that 0)(0 =kV  for all k and use the iterative updating rule  
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Calculate the functions 321 ,, VVV  and 4V . 
 
 
4. Consider an economy specified as in question 1 except that the representative consumer has 
the utility function 
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where tx  is the consumption of leisure. 
 
(a) Define a sequential markets equilibrium for this economy. 
 
(b) Define an Arrow-Debreu equilibrium for this economy. 
 
d) Let ),( 1+tt kkv be the solution to 
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for fixed 1, +tt kk .Explain carefully how you would calculate ),( 1+tt kkv . What conditions do 

1, +tt kk  need to satisfy to ensure 0,,, 1 ≥+tttt kxc ! ? If we write these conditions as )(1 tt kk Γ∈+ , 
what is )( tkΓ ? 
 
 
 
 
 
 



5. Consider an overlapping generations economy in which each generation has a representative 
consumer who lives two periods and has the utility function 
 

.loglog 1
t
t

t
t cc ++  

 
This consumer has one unit of labor when young and none when old. Output is produced using 
capital and labor. Feasible consumption/investment plans satisfy 
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where 10 <<α  and 10 ≤≤ δ . There is an initial old consumer who has an endowment of 1k  
units of capital. 
 
(a) Define an Arrow-Debreu equilibrium for this economy.  
 
(b) Define a sequential markets equilibrium for this economy. 
 
Parts (c)-(g) deal with sequential market equilibrium. 
  
(c) Define a steady state value of the capital stock. 
 
(d) Show that there is a steady state in which 1+=− t

t
tt kcw . 

 
(e) Show that there is a steady state in which δ=tr . 
 
(f) Argue that, in general, no equilibrium capital path can converge to the steady state in 
which δ=tr unless the initial old consumer has an endowment of fiat money as well as of 
capital. 
 
(g) Solve the problem of maximizing steady state utility subject to the feasibility constraint 
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Compare your result to your answer to parts (d), (e) and (f). 


