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MACROECONOMIC THEORY                                                               T. J. KEHOE 
ECON 8107                                                                                                   SPRING 2005 

PROBLEM SET #3 
 
 
1. Consider the dynamic programming problem whose value function satisfies the 
functional equation. 
 

( )( , ) max  log log(1 ) (0.6) ( ', ')V k c E V kθ λ θ= + − +A  
0.3 0.7s.t. 'c k kθ+ ≤ A  

, ' 0,  1 0c k ≥ ≥ ≥A . 
 

Here A  is the fraction of available time spent working, 1− A  is the fraction of available 
time spent consuming leisure, and 3λ = .  θ  is a random variable that takes on three 
possible values 1 32θ = , 2 28θ = , 3 24θ = , as governed by the first order, stationary 
Markov process given by the matrix 
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where 0.1π = . 

 
a) Solve this dynamic programming problem analytically. 
 
b) Describe an economic environment for which the solution in part a is an equilibrium 
allocation.  Define the equilibrium.  Calculate the equilibrium. 
 
c) Let capital take values for the discrete grid (2, 4, 6, 8, 10). Make the original guess 

0 ( , ) 0V k θ = for all k , θ  and perform the value function iteration 
 

( )0.3 0.7
1( , ) max  log( ) log(1 ) (0.6) ( , ')  i iV k k k E V kθ θ γ θ+ ′ ′= − + − +A A . 

 
until 
 

5
, 1max ( , ) ( , ) 10k i iV k V kθ θ θ −

+ − < . 
 

Report the value function and the policy function that you obtain. Compare these results 
with what you obtained in part b.   
 
d) Repeat part c for the grid of capital stocks )10,95.9,,10.0,05.0( … . Compare your 
answer with those of parts a and c.   
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e) Repeat part d for the problem 
 

( )( , ) max  log log(1 ) (0.6) ( ', ')V k c E V kθ λ θ= + − +A  
0.3 0.7s.t. ' 0.5c k k kθ+ − ≤ A  

, ' 0,  1 0c k ≥ ≥ ≥A . 
 

 
2. Consider an economy with a continuum [0,1] of consumers of two symmetric types 
who live forever. Consumers have utility 
 

0
log t i

tt
cβ∞

=∑ . 
 
Consumers of type 1 have an endowment stream of the single good in each period 
 

1 1 1 1
0 1 2 3( , , , ,...) (8, 1, 8, 1,...)w w w w = , 

 
while consumers of type 2 have 
 

2 2 2 2
0 1 2 3( , , , ,...) (1, 8, 1, 8,...)w w w w = . 

 
In addition there is one unit of trees that produce 1 r =  units of the good every period. 
Each consumer of type i  owns 0

iθ  of such trees in period 0, 0 0iθ ≥ , 1 2
0 0 1θ θ+ = .  Trees 

do not grow or decay. 
 
a) Define an Arrow-Debreu equilibrium for this economy. Find initial asset holdings 1

0θ  
and 2

0θ  such that, in equilibrium, 1 2ˆ ˆt tc c= ,  0,1,...t =  
 
b) Suppose that consumers cannot borrow or lend.  Define an equilibrium for this 
liquidity constrained economy. 
 
c) Consider the function 
 

( ) ( )( 8) (10 )(9 )I g g g g gf c u c c u c cβ′ ′= − + − − . 
 
Show, when 0.9β = , that (5) 0If >  and that ˆ 5i

tc =  satisfies all of the equilibrium 
conditions for the liquidity constrained economy for the right choice of 0 .iθ   Show, when 

0.2β = , that the solution to ( ) 0I gf c =  and 5 8gc≤ ≤  is such that 
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is an equilibrium allocation for the right choice of 0 .iθ   (Hint: you can find the solution of 
( ) 0I gf c =  by solving a quadratic equation.) 

 
 
3. Suppose now an economy like that in question 2 in which  consumers solve the 
problem 
 

0
max logt i

tt
cβ∞

=∑  

00 0
s.t. ( )i i i

t t t tt t
p c p w rθ∞ ∞

= =
≤ +∑ ∑  

log logi i
t t

c wτ τ
τ ττ τ

β β∞ ∞

= =
≥∑ ∑  

0tc ≥ . 
 
 
a) Provide a motivation for this environment. Define an equilibrium for this debt 
constrained economy. 
 
b) Define a sequential markets equilibrium that corresponds to the Arrow-Debreu 
equilibrium in part a. 
 
c) Consider the function 
 

( ) ( ) (8) ( (10 ) (1))D g g gf c u c u u c uβ= − + − − . 
 
Show, when 0.9β = , that (5) 0Df >  and that ˆ 5i

tc =  satisfies all of the equilibrium 
conditions for the debt constrained economy for the right choice of 0 .iθ   Show, when 

0.2β = , that the solution to ( ) 0D gf c =  and 5 8gc< ≤  is such that  
 

if 8ˆ
10 if 1

g i
i t
t g i

t

c w
c

c w
⎧ =

= ⎨
− =⎩

 

 
is an equilibrium allocation for the right choice of 0 .iθ    (Hint: you need to find the 
solution of ( ) 0D gf c =  using something like Newton’s method..) 
 
d) Unfortunately, the value of 0

iθ  that you calculate in part e when 0.2β =  is negative. 
Can you think of another way to make the proposed steady state an equilibrium?  
Explain. 
 
e) Prove that an equilibrium allocation for the debt constrained economy is Pareto 
efficient among those allocations that satisfy 
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1 2 0t tc c+ ≤  

log log , 1, 2; 0,1,...i i
t t

c w i tτ τ
τ ττ τ

β β∞ ∞

= =
≥ = =∑ ∑  

 
 
4. Consider now a stochastic version of the economy in question 3.  Let { }1, 2tη ∈  be 
the event that occurs in period t .  Assume that 
 

1 1prob( 1 2) prob( 2 1)t t t tη η η η π+ += = = = = = . 
 

Assume also that 
 

8 if
1 if
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for 1, 2i = .  Redo the analysis of question 3. 


