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ANSWERS TO EXAMINATION

1. [Ricardian model with a continuum of goods]

a) Definition of equilibrium: An equilibrium is
a price function p(z),

wage rates W, , W,,

consumption functions ¢,(z), ¢,(z),

and production plans y,(z), %1 (2), »,(2), v ,(2)
such that

e Given p(z), v?/j , the consumer in country j, j=1,2, chooses ¢ (z) to solve

max Ll log ¢;(z) dz

st [ pl2)e,(2) dz <7,
¢;(2)20.

e p(2)-a,(z)w,; <0, =0ify,(2)>0, j=1,2, z€[0,1]

* él(z)+52(z):f/1(z)+f/2(z), ZE[O,I].
o [T(2)dz=T7. j=12.

Because of symmetry, we know that there is an equilibrium in which w, =W, =1. This implies
that the pattern of production, trade, and specialization is

p(2)

az

o212 e




Country 1 produces and exports the goods in the interval [0,Z] while country 2 produces and
exports the goods in the interval (z,1].

The prices of the goods are

5(2) = { “  7e[0,7]

a(l-2) ze(z, 1]

The consumption levels are

¢ (2)=¢,(2) =~ (Z)

The production plans are

ﬁ](z>=?—?, 1(2)=20,5,(2)=1,(z)=0, z[0,Z]
p(z)

B =1(2)=0, 3,(2) =, 1,(2) =27, zeE1].
()’

b) Definition of equilibrium: An equilibrium is
producer price functions p,(z), p,(z)

consumer price functions ¢,(z), ¢,(z)

wage rates w,, W, ,

consumption functions ¢,(z), ¢,(z),

production plans y,(z), 14 (2), 7,(2), [ ,(2),

and tariff revenues T T

such that

¢ ¢, (z)=min[q,(z)w,(1+7)a,(z)w,]
4,(z) =min[(1+7)a, (2)W,, a,(z2)W,].

e Given p(z),w,, the consumer in country j, j=1,2, chooses ¢ (z) to solve

max J: log ¢;(z) dz

st | 42 (2) dz< w7, +T
¢;(2)20.



o p(2)-a,(2)W, <0, =0if),(2)>0, j=12,z€[0,1]

* G(2)+6(2)=7i(2)+7,(2), z€[0,1].

A

* Ii= .fal(z)ﬁfl>(l+‘r)a2(z)ﬁr2 7P,(2)6(2) dz

D, (2)C,(2) dz .

2 J.az(z)w2>(1+f)al(zml

1A —
o [1(x)dz=7, j=12.

Once again, because of symmetry, we know that there is an equilibrium in which W, =w, =1.

There are two possibilities: either there is no trade in equilibrium or there is trade in trade in
equilibrium.

First, 7 is so large and/or « is so small that there is no trade in equilibrium because (1+7)>e”,
which implies that a,(z2)W, < (1+7)a,(z)w, and (1+7)a,(z)W, > a,(z)w, forall z €[0,1].

Second, if (1+7) <e”, then the pattern of production, trade, and specialization looks something
like this:

p(2)




Country 1 produces the goods in the interval [0,1-Z7] and exports the goods in the interval
[0,Z]. Country 2 produces the goods in the interval [0,Zz] and exports the goods in the interval
[0,1—Z]. The goods in the interval [z,1—Z] are not traded.

(1+T)ea2 _ o209
log(l+7)+az =a(1-2)
1 log(l+7)

T=—

2 2a

To find 7, =T, =T, we use the solution to the consumer’s problem

ij+Tj
¢, (2)=
p;(2)
to obtain

z 1+T
=, 7p(2)

0 (1+7)p(z)
A oA A tz
=5, =T=

l+7(1-%2)

The producer prices goods are

ﬁl(z) :eaza 26[051_2]

D (2)=e"", ze(Z,1].
The consumer prices are
. e” ze[0,1-Z2]
gl (2)= a(l-z) =
(1+7)e ze(l-z,1]

: (2) (1+7)e” z€[0,Z]
z)= )
% e ze(z,1]

The consumption levels are

R {+T
CI(Z)_ él(z)
.o +T
CZ(Z) - qu(Z) .



The production plans are

c o _Qe(I+T) 5 QD)D) L s _
n(z)= (+0)p,(2) » 0(2) (+7) , 1(2)=1,(2)=0, z€[0,Z]
D=L 1@ =TT, 3D = 1 (2)=T+T, ze@1-7)
pi(2) ¢
Q+7)((+7) zz(z)z(zﬂ)(%f), S

W2)=L,(2)=0, y,(2)= (1+7)p,(2) ) (+7)

¢) The value of exports X, =X, = X is

0 if(l+7)>e”

X =9,z +T . L
j p(2)————dz if(1+7)<e
’ (+7)p,(2)

and the value of GDP ¥ =Y, =Y is

v 0 if(l+r)2e”
U+T if(+7)<e”

In the case where (1+7) <¢e”

_I+T_ = (a-log(1+7)) ¢
- (1+7)

N|

_1+z'(l—E)=2a+ra+rlog(l+z’)
YT+ F (+7)¢ _ 2a(l+71) ¢
l1+7(1-2) 2a+ta+rtlog(l+7)
X (a—log(1+r))z_ a—log(1+7)
Y 2a(1+71)/¢ 2a(1+7)

In the case where (1+7) > e”

~ |~
I
o ~lo



d) Definition of equilibrium: An equilibrium is

a price function p(z),

factor prices 7, w,, 7,, W,,

consumption functions ¢,(z), ¢,(z),

and production plans y,(z), lgl (2), %l(z) , 1,(2), 122 (2), @z(z)
such that

e Given p(z),w;, the consumer in country j, j=1,2, chooses ¢,(z) to solve

max J-Ol log ¢;(z) dz
st [0 p(a)e () dz< ik, +w7,
¢,(2)20.

o PRa(kTD —f <0, =0if,(2)>0, j=12, z€[0,1]
PRA-a(@NEE 17D W, <0, =0if§,(2)>0, j=1,2, z€[0,1]

* G(2)+6,(2)=0(2)+2,(2), z€[0,1].

1A —
. jozj(z) dz="71, j=12.

Because of symmetry, we know that there is an equilibrium on which 7 =w, and w, =7,. There
are two possibilities: either 7, =w, >w, =# =l or =W, =W, =/ =1. If =W, >Ww =7, =1,
then country 1 specializes in all of the goods less capital intensive then a specific level z , that is
all z<Z, and country 2 specializes in all goods more capital intensive than the same z , that is
all z>7Z. Because of symmetry, z =1/2. The graph is the same as for part (a). On the other
hand, if 7; =W, =w, =7, =1, then the structure of production and trade is indeterminate.

We use the first-order conditions for firm z in country j to obtain

ej@>=[”“_zi]yxn

WjZ

WiZ 1-z
kxnz[%d_@] y,(2)

z_ l-z

(2) =
p Zz (I_Z)l—z :




To see which of the two cases that we are in, we suppose that 7 =W, =W, =7, =1. Letus

calculate the demand for labor in country 1 under the assumption that that country 1 produces all

of the goods z <1/2. If this amount of labor is less than ¢, then we know that we are in the
other case, where 7, =W, >w, =7, =1.

&(z){“j)j »(2)

1
p(Z) - 57 (1 _ Z)lfz
ki + 1,
CI(Z)__p(Z_)
k,+ ¢,
6, (2)= 2(2) s

which imply that

W@ =a () +ey(z) =Rt sz+ b _

El(z)=((l;2)

The total demand for labor in country 1 is

j;/z(l—z)(l?l+?l+l?2+?z)dz=(l?1+_l+_2+_2)(z—z—22j =%(l€l+?l+_2+_2)
0
If

Y <§(/?+_ vk, + 0 )

1 8 1 1 2 2/

then we know that we are in the case where 7 =W, > W, =7 =1. Since k, = /, and /, =k, , this

condition is



Consequently, the crucial condition for factor prices not being equal and the pattern of
production being uniquely determined is

- 1=
1<§ 1°
or, equivalently,
1, >3k,
If , <§l€1, let us solve for W, =7 =r
rZ
ZI)y=———
p( ) ZZ(I_Z)I—Z
2(rk, +0,) 22°(1-2)"7 (rk, + ¢,
yl(Z)=Cl(Z)+Cz(Z)= ( 1 1): ( i z( 1 1)
p(2) r
AV 227 (1-2) " (rk, + ¢
gl(z):(r(lz Z)j rz( 1 1)

0,(2)=2(1-2)(rk, + 1)

[20-2)(k +7) dz:z(ﬂg+z)(z_i]

Solving for w, =7 =r, we obtain

Z(rkl+€1):£1
N 7
1



2. [Monopolistic competition and trade]

a) Definition of equilibrium: An equilibrium is
a number of manufacturing firm 7,
aprice p, for the agricultural good,

aprice p, for each manufacturing firm that operates at a positive level,

a wage rate w,
a consumption plan ¢,,¢,,¢,,...,C;,

and production plans, J,, 1 o for the primary good and 7, Z]. for each manufacturing firm that

operates at a positive level,
such that

e Given p,, Py, Pyse-s Py » 7 » W, the consumer chooses ¢,,¢,,¢,,...,C; to solve

max log ¢, +(1/ p) log(Z:j:1 cf)

A P >
s. t. poco+zj:1pjcjéw€

ciZO.

A A

e p,—-W<0, =0ifp, >0,

e Given the indirect demand function p,(c,,...,c,,....,c,) that comes from solving the
representative consumer’s utility maximization problem, firm i, i =1,2,...,7, chooses y, to
solve

Max p,(VyeeeesV;seeesyy )V, — Why, =Wf .

b) Solving the representative consumer’s problem, we obtain the indirect demand function for
manufactured good i



p-1
i

2%
j:lcj

The (ordinary) demand function for agricultural goods is

wl ¢
p: =

w/

2p, .

Co

As a Cournot competitor, manufacturing firm i choose y, to maximize

wl  y!
BIESTEWEL —bwy, - f
ijlyj

assuming that the output levels y; of all other firms are not influenced by this decision. The

solution to this problem is

we| QXD py™ =yl py”
2 Q)

=b.

Since all firms that produce are in the same position, we impose the symmetry condition y, =y .
In addition, we impose the price normalization w=1.

Loy =3 ey,
2 (y"’

Z?” S bn

This implies that the profits of any firm that produces are

¢ pn-n

e
py-by-f o e f

10



Since there is free entry and exit until profits equal zero,

2t —(1-p)l—pl=0

_(=pl\(-p) T + 4o )
4f '

Putting in the parameters b=1, f =3, p=1/2, and £=50 into these formulas, we obtain

n W 130 f’j éo éj )A/o 20 j>j 2/’
5 1 1 2.5 25 2 25 25 2 5
c) If /=200, we can calculate
n w ]A?O ﬁj éo éj j;O 20 j}j Z/‘
17.6129 | 1 1 2.1204 100 | 2.6776 | 100 100 | 2.6776 | 5.6776

d) If there are two countries, one with ? = 50 and the other with Ez =150, we use the results
from part (c) to calculate

A ~) A 7

A A Al A2 Al A2 A ~ A
i n w | Po P; S | G ¢; ¢ Yo | £ Yj l;

13.2097 144032 | 1 | 1 |2.1204 25|75 ]0.6694 | 2.0082 | 100 | 100 | 2.6776 5.6776

Even without a calculator, we can reason the number of varieties available will go up, but the
number of domestic firms will go down. The output of each manufacturing firm will go up and
the price will go down. This process is called rationalization.

For country 1, we can calculate the gains from trade. Utility in autarky is
log(25)+2log(5x2"*) =7.1309.
Utility in trade is
log(25)+21log(17.6129x0.6694" ) = 8.5548.

To calculate increases in real income, we calculate real income indices using the homogenous-
of-degree-one representation of utility:

] _ eu/Z

Real income increases by the factor

11



68.5548/2 B 72.0529 B 2

e7.]309/2 - 353554 - 0380’

that is, real income increases by 103.8 percent.

P;

average costs

f

\ =w b+_,-
—

Vi
e) If firms are Bertrand competitors, the only part of the definition of equilibrium that changes is
that

e Given the demand function ¢,(p,,..., p;,...., p,) that comes from solving the representative

consumer’s utility maximization problem, firm i, i =1,2,...,71, chooses p, to solve

MAaxX P,C;(DyseeeesDyseeesDy ) = WOC,(DyseveesDy oDy ) — WI

f) The benefits of trade that come about because of the rationalization effect will be smaller
under Bertrand competition because there will be less inefficiency due to monopoly power
before trade liberalization.

The demand function for manufacturing good ; is

cl.(pl,...,pi,...,pn)Z N = -

12



Solving the profit maximization condition of firmi, we obtain

|

[ WK e
pi j:lpj

-p

Imposing symmetry, p, = p, we obtain

w([l_pp,l_p P’ i_pp} ”pf"’j
s A% =0
2[19,-”’ j_lp}-"J
1 P P P L
1 n 1- 1
] (p’_b)Ll— Pi ”Z,»:l j”—gpi g
S Bhp)
l-p
p=—"b
np-p
J_/:w?(n,o—p)
2n(n—p)b

Imposing the price normalization condition w=1 and the zero profit condition, we obtain

— ¢ l(np-p)
by =)
pr=ty=f 2n 2n(n—p)

L _(=p)l+2pf

2f
The autarky equilibrium is
ﬁ W [30 ﬁj é() éj j\}o %0 j}j
4.6667 1 1 22727 25 23572 25 25 [2.3572]5.3572
The trade equilibrium is
i i’ | By |GG G & %o | 4 ¥, l
12.8750 | 4.2917 1 [2.0619]25]75]0.7063 | 2.1189 | 100 | 100 | 2.8252 | 5.8252

13




Utility goes from

log(25)+2log(4.6667x2.3572" ) =7.1572

to

log(25)+2log(17.1667x0.7063"* ) =8.5570.

Real income increases by a factor of

68.5571/2 72.1358
o1 157212 = 35 8041 =2.

that is, real income increases by 101.4 percent.

3. [A dynamic Heckscher-Ohlin model]

a) Definition of equilibrium: An equilibrium is
prices for the produced goods p,(?), p,(?),

a rental rate r(¢),

a wage rate w(t),

a consumption plan ¢ (¢),c,(?),

an investment plan x,(¢),x,(¢),

and a capital stock k()

such that

1. Given p,(t), p,(t),r(t),w(t), the consumer chooses c,(?),c,(t) ,k(¢) to solve

0136,

max _[0 e log(cl +c2)"" dt

st pc + pyc, +k—Sk =w+rk

k(0) =k (0)
¢;,Cyk20.

Notice that we are using the investment good as numeraire.

2. p=r.

3. p,=w.

14



4. Given p,(t), p,(t), k(t), and k(¢), producers of the investment good choose x,(t), x,(t) to
solve

min p,x, + p,Xx,
s.t. (x"+x0)" =k + 5k

x,x, 20.
5. k+0k-px, —p,x, =0,
6. ¢ +x =k.

7. ¢, +x,=1.

b) Necessary and sufficient conditions for ( p,(¢), p,(¢),r(t), w(t),c,(¢),c,(t), x,(2),
x,(¢) ,k(t)) to be an equilibrium is that there exist a Lagrange multiplier A(¢) such that these
variables satisfy the first order conditions to the consumer’s problem

e+ =Ap, =0
eey (¢ +¢) " = Ap, =0

Ar—58)=-4,
the transversality condition
lim, , A(t)k(¢£)=0,
the first order conditions to the investment goods producers’ problem

b1, b | _b\/b-1
—pi+x () +x) =0

b1, b | _bN\I/b-1
P, tX (x1+x1) =0,

the profit maximization conditions

the budget constraint, and the feasibility constraints.

The necessary and sufficient conditions for (c(¢),k(¢)) to solve the problem

15



max J.: e logc dt

st. c+k+0k=(k"+1)"
k(0) =k (0)
¢, k>0.

is that there exist a Lagrange multiplier 7(¢) such that

e’c —r=0
ﬂ(kb_l (kb + l)l/b—l _ 5) — _72_
lim,  7(t)k(t)=0

and the feasibility condition.

Suppose that (c(¢),k(t)) solves the one-sector optimal growth problem. Let
¢ =[ 1K +1)" e
¢, = ki(k" +1)" |e

x = VK" +1)"" | (K + 5k)
x, = kI +1)" | (k+ k)

and

rzpl :kb(kb +1)1/b—1 =0
w=p,=k"+1)"""=0.

Then ( p,(¢), p,(2),r(t),w(t),c,(t),c,(t),x,(t),x,(t) ,k(¢)) is an equilibrium of the two-sector
economy.

The crucial step is to observe that the first order conditions from the consumer problem and the
definitions of the functions ¢,(¢),c,(¢) imply that

A=e P (+c)" = =1,
The differential equations are

e’ ¢ —r=0
ﬂ_(kb—l(kb +1)1/b—1 _5) — _72_
c+k+8k=(k" +1)"".

16



Substituting out 77, we obtain a system of two differential equations in ¢ and &

Ezkb—l(kb +1)1/b—1 —5—p
C

Jaume Venura chooses to work instead with z and k¥ where z=c/k:

. . 3 b 1/b
2ok gy i p D s
z ¢ k k

The differential equations are

E (kb+1)l/b_5_£
k k k
: b 1/b-1
S,
and the transversality condition is
1

lime =0
o zZ(D)k(2)

(kb + l)l/b—l

k

+z—-p.

17



d) To define a trade equilibrium we put superscripts on the variables r/(t), w/(¢),
¢l (t),c(t),x/ (t),x](t),k’(t) to denote country, but not on p,(t), p,(¢). (Since factor price

equalization holds, we can quickly show that 7/ (¢), w’(¢) do not vary across countries.) To keep
things as much like the previous definition of equilibrium, we let all of the quantities denote per
capita values so that, for example, ?jclj (z) is the total consumption of good 1 by country ; at

time ¢. Each country j satisfies a balance of trade condition

(el +x/ =k )+ py(c] +x/ -1)=0.

The aggregate resource constraints are

Zj=1?/’ (clj + xlj) - Zjﬁlz/kj
2 et =20 0

e) To calculate the world equilibrium, we use an integrated equilibrium approach. We first solve
for the equilibrium of the world economy in which the endowment of labor each period is

Zf;:l ’ , and the initial endowment of capital is z;l ? jl; 7(0), which in per capita terms are 1
and k(0) = z;l ? jl; 7(0)/ Zf;:l ! ;- Since factor prices are always equal, we can assign
consumption to country j based on its share of the world’s present discounted value of income:

[7e 1 -+ p (0)F (0)

0

¢/ ()= c,(t), i=12.

® —J':(r(v)—a‘)dv —
[ e w(u)du + p,(0)k (0)

To assign capital to each country takes a more work, but we can show that

Ko _z0(FO
k(1) z(0)\ k) )
(This is why the transformation z =c/k is useful.) If z(¢) is an increasing function of time,

then a country whose capital per worker is lower than the world average will find itself with a
falling share of the world capital stock. If, however, z(¢) is a decreasing function of time, then
a country whose capital per worker is lower than the world average will find itself with rising
share of the world capital stock.

f) Notice that convergence/divergence of k' and k is not the same as convergence/divergence
of k' and k, where

Y =w+rk'.

18



Instead, we could study the behavior of

y%ﬂ—y@)zza>[ﬂ«n—y«»j
o 20 0

where

INIL00Y
y()
by analyzing phase diagrams in (k, z) space.

In the case where 6 =0, this becomes

_ (e _ £ (k)e)

=0 T b
where f(k)=(1+k")"".
We use the first-order conditions
S flhy-p
C
k_J) _c
ko k k
to obtain
Z_ ey _{f@f—fwvwmj s
~=/)-p 0y (f'(k)-2)
k_ fO) (o
k7R 72
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