MACROECONOMIC THEORY T.J. KEHOE
ECON 8105 FALL 2017
ANSWERS TO MIDTERM EXAMINATION

1. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 0. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is sequence of prices p, p,, p,,... and consumption
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levels ¢,,C,,C,,...; C;,C/,C;, ... such that
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e Given f,, p,, p,,..., consumer i, i=1,2, chooses €,,¢,C,...to solve
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max thoﬁ logc,
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¢ >0.
e C+C=w+wW,t=0,1,....
(b) With sequential market markets structure, there are markets for goods and bonds open
every period. Consumers trade goods and bonds among themselves.
A sequential markets equilibrium is sequences of interest rates f,,f,,f,,...,
consumption levels ¢;,¢,C),...; €;,6,¢;,..., and asset holdings 611,621,631,... ;

b2,b2,b2,... such that

e Given f,f,F,..., the consumer i, i=1,2, chooses €,C/,C,,...;b/,b,h;,... to solve

max » " f'logc
st ¢ +bi<w
c +b, <w +(1+7)b, t=12,...
b >-B, ¢ >0
by =0.
Here b/ >—B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.

o G +C=w+wW,t=0,1,...

e b+b>=0,t=0,1,...



(c) Proposition 1: Suppose that p,, p,, p,....; €,6,C),...; €

A2 A2 .
0-C;»Cy, ... 1s an Arrow-
Debreu equilibrium. Then f,f,,f,...; €,¢/,6,...; 6,67, 1
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b’,b;,b;,... is a sequential markets equilibrium where
e
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b, =w, +(1+f)b -¢,t=12,....
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Proposition 2: Suppose that f,f,,f,...; €,,C,C,,...; ¢,,C ,C),...; b,b,,bs,...;
b’,b;,b;,... is a sequential markets equilibrium. Then Py, p,, P,,...;€),6, 6,005
A2 A2 A2
€2,62,¢2, ...

is an Arrow-Debreu equilibrium where

b=] . —— . t=12,...
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(d) Using the two consumers’ first order conditions

we can write

In every period,

Since this implies that ¢, is constant, we can normalize p, =1 and use the first order
condition to write

p=p t >
which implies that
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Consequently,
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which implies that
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(We can even work out A' and A°, although the question does not require this and it
would be a waste of precious time to do so during the exam.
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To calculate the sequential markets equilibrium, we just use the formulas from
proposition 1 in part c. For example,

Notice that, in t =0,
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Consequently, consumer 1 lends #/(1+ f) in even periods, and consumer 2 pays back

a+m&=@+l—qJZ:—i—
p I+ 1+p

in odd periods. That is,
66L,6L,6.,..)=[ L 0L 0,.
I+4 1

ny
b2.62.62.62 = - B 0-L 0.
68880~ 0L 0.

(e) A sequential markets equilibrium is sequences of interest rates f,f,,f,,...,
. Al al &l A2 A2 A2 . NEAEA ~ ~
consumption levels €,,¢,C),...; €;,67,C,,..., asset holdings b/,b),b;,...; b7,b2,b7,...,

and storage levels %, %(,%,,...; X, %7, %;,...,such that
e Given f,f,F,..., the consumer i, i=1,2, chooses é;,éf,é;,...; b,bi,bi,...;
Xy, X}, %3,... to solve
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maxztzoﬂ logc,

s.t. Cy+b +x; S w
+x SW +(1+5)b +x, t=12,...

b'>-B, ¢ >0, x >0.

¢ +b
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Here b/ >—B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.
o G HCI X =X =W +W,
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C,+C —X =X =W +W +X_, +X ,,t=12,...

e b +b>=0,t=0,1,...

The storage technology will not be used in the equilibrium because saving in the good,
which has a gross return of 1, is dominated by saving in assets, which has a gross return of

1+r,, >1 . To see this, take the first-order condition of the consumer’s problem with

respect to b,

_//iti +//11i+1 (1 + rt+1) =0



and the first order condition with respect to X/ :
A +A,<0,=0if X >0.
Since in the equilibrium of the model without storage, 1+r, =1/ 8>1,
A By = AR A== 4 <0,

t+1

which implies that X{ =0.

2. (a) An Arrow-Debreu equilibrium is a sequence of prices fp, p,,... and an

allocation ¢/, (€/,€}),(€3,€7), ... such that

. A A0
e Given (), consumer 0 chooses €, to solve

max ¢/

st pc <pw,+m
¢ >0.

. A A At at
e Given f,,p,,,,consumert, t=1,2,..., chooses (C,C

..,) to solve

t t
max 2logC, +C,,,
At A t A A
s.t. ptct + pt+1Ct+l < ptWI + pt+lW2
C,Ci,y 20.

t+1 —
o C'HCG=w,+w,t=1,2,....

(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t —1 and t trade goods and assets
among themselves.

A sequential markets equilibrium is a sequence of interest rates f,,f,,..., an allocation

¢, (¢,6),(€:,¢7), ..., and asset holdings 6;, 632, ...such that

A0
e Consumer 0 chooses €, to solve

max ¢/

s.t ¢ <W,+m
¢ >0.



consumer t, t =1,2,..., chooses (€,¢;,,) and b, to solve

e Given f; -

t+1°

t

max 2logC; +¢;,,

t t
s.t. ¢ +b,, <w,

t o t
Ct+1 S W2 + (1 + r'[+1 )bt+1

t At
C»Ciy 0.

e C4C=w,+w,t=12,....
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(c) Since there is no fiat money, there is only one good per period, there is only one
consumer type in each generation, and consumers live for only two periods, the
equilibrium allocation is autarky:

CIO =W,
At at

(G5 Crp) = (W, W)
The first order conditions from the consumers’ problems in the Arrow-Debreu
equilibrium are

2

F -Ap =0
t

1-4'p,,, <0, =0if ¢, >0 .

t+1

Since c{,, =W, >0, the second condition holds with equality. Consequently,
At = L
pt+1
2
ti =P Ctt =W
AP, Py
P W
P 2

Normalizing p, =1, we obtain P, =(w,/2)"". Similarly, the first order conditions from
the consumers’ problems in the sequential markets equilibrium, imply that

1+, = 2_2
AT o
Ct Wl

or f, =2/w, —1. Since the equilibrium allocation is autarky, b, =0.

t+1 T

(d) An allocation ¢/, (€¢],C}),(€5,C}),... is feasible if



ClHE Sw +w, t=1,2, ...,

An allocation is Pareto efficient if it is feasible and there exists no other allocation
¢’,(c',T,),(T;,T;),... thatis also feasible and satisfies
&>
2logC +C,, =2log€ +¢€;,,, t=12,...,

t+1 2

with at least one inequality strict.

If (w,,w,)=(L1), the equilibrium allocation is Pareto efficient. We prove this by
contradiction. If the equilibrium allocation ¢, (€/,¢}),(€5,€}), ... is not Pareto efficient,
then there is another feasible allocation that T’,(C/,T,),(C;,T,), ... is Pareto superior to
6,8, (2,6, ... If

2logC; +C, >2log€ +¢

41
then

A —t A =t A A

ptCt + pt+1Ct+1 > ptWI + pt+1W2 :
Otherwise, (€;,¢.,) would not solve the maximization problem of generation t.

Similarly, T’ > ¢ implies P’ > pW,.

Suppose that

2logC, +C, >2log€ +¢,,
but that

BT+ PGt < PW, + P W, -
Then let

A A A —t A —t
“t W, + W, — p,C + C —
Ctt =Ctt + PW; + By W, _ Pl + Pl >Ctt
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and €, =C.,,. Then

2log¢; +¢

At At
. > 2log € +C,

+1

but

A ot A oxt oA A
ptct + pt+1Ct+1 - ptwl + pt+1W2 .

Once again, this would imply that (€;,¢;,,) would not solve the maximization problem of

generation t, which is impossible. Consequently,

A —t A =t A A
ptCt + pt+1Ct+1 2 ptWI + pt+1W2 :



Similarly, T’ > ¢ implies P’ > p,w,. Therefore
A —( A
plcl 2 p1W2
ﬁtqt + ﬁHlE(tJrl 2 f)twl + ﬁt+lW2 2 t = 1’ 2’ s
with at least one inequality strict. Adding these inequalities up, we obtain

Do BET+EH> D B +w,).

It is here that p, =(W, /2)"", where W, /2 <1 plays its role in ensuring that these series

converge.
o o - W+ W 1+1
Do P o) =D (W /2)7 (W W) == W2 B T
L
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Multiplying the feasibility condition in period t by p, >0 and adding up yields

DU BET TS B(W W) =4 <o,
which is a contradiction.
(e) A sequential markets equilibrium is a sequence of interest rates f,f,,..., an
allocation ¢,",¢”,(¢/", ¢}, (€', ;1) (€),67),(€%,€%) ..., and asset holdings
662 6,62 .. such
e Consumer i0 chooses éfo, i=1,2, tosolve

max U;(c;")
st ¢’ <w,+m'
¢’>0.

e Given f, consumer it, i=1,2, t=1,2,..., chooses (¢',¢",)and b, to solve

max u.(c',cl',

it it i
s.t. ¢ +b., <w

<W, +(1+F£,,)b"

t+1
it Ait
C, ,C, 20.
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o G HET G HE =W AW W W, =12,

e b+bj=m'+m’

6'(1;1 + l:;t2+t1 - [Htr: 1+ fﬁl)}(ml + mz) ,t=23,....



3. (a) An Arrow-Debreu equilibrium is sequences of prices of goods p,, p,, P, --,
wages W,,W, ..., rental rates f,,f,f,,..., consumption levels ¢),¢/,...;¢,¢’,..., and

capital stocks k!,k!,...;k2,kZ,... such that

e Given f,,p,,p,,..., W,,W,,..., and f,, consumer i chooses €,,C,... to solve

max Zzoﬂt log C:

St BC S 2 W+ (P (1= 8) + £k,
¢, >0.

(Here we have the consumers sell their initial capital to firms and have firms make capital
accumulation decisions. If we have consumers make capital accumulation decisions,

then consumers choose kA0 , IZ] ,... and the budget constraint is

> B (o =8k ) < X (W +Ek).)
o £ =padk +kH* (7 + 7)™ = padk! +kH 3, t=0,1,...

o W =p-a)0k +k)*3, t=0,1,...

A

o (P, (1-8)+F,)—p <0, =0ifk, >0, t=0,1,...

(A good answer would explain that these are the profit maximization conditions for
constant returns. Notice that, if we have consumers make capital accumulation decisions,
then the zero profit condition on accumulating capital is a first order condition for utility
maximization and does not need to be included as a separate equilibrium condition.)
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t=0,1,...

Lk ==K +k2) =0k +k)* (0 + 73 = o(k! +k )3,

(b) A sequential markets equilibrium is sequences of wages W,,W,,..., rental rates

a2k
0

k!,k!,...;k2,k2,...and bond holdings b!,b!,...;b2,b2,..., such that

~k . ~b ab . Al Al Y .
,f,..., Interest rates [, [, ,..., consumption levels C,C,,...;C;,C/,..., capital stocks

)

e Given W,,W,,..., £, F*,..., £°,F°,..., consumer i, i =1,2, chooses ¢.Cl,...,,

Ky, K,...,,and by,b/,... to solve

max y " f'logc
s.t. G +k, +h, SW A +1+E =)kl +(1+E)h, t=0,1,...

t+1 —



o W =(I-a)dk'+k})*37%, t=0,1,...
[ ] r’ik :ae(k\tl +R\t2)a713170(’ t:O’l’___

o 44k, +K2 —(1-8) K +k2)=0K +k>)*3, t=0,1,...

e b'+b’=0,t=12,...

(c) Proposition 1: Suppose that ,, p,,...;W,,W,,...;F,F,...;6,C,...; 6, ¢

21l L2 L2 : il ~k ok . . .
Ko, K; 55Ky, K/ ,... is an Arrow-Debreu equilibrium. Then f,f",...; 6,7 ,...; W, W,,...;
al Al LA2 A2 AT D2 2 K1 K1 ) . .

CosCisee3CyyCrunns Ky Ky Hen 5Ky, Ko o3 0y, b, 5. 505,07, . .. 1s a sequential markets

equilibrium where
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h=—
P
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b =Ff -0
B
W, =—
P
by =0
b, =W ¢ +(1+E =Sk +(1+E°)b ¢ —k!,,, t=0,1,....
Proposition 2: Suppose that £, ¢, ...; £, F° ...; W, ,W,...; 6.6 ,...;62,6,...
: AP AU Aol e AR v ] g s

Ko, Kl,...;k:, K. 5by,b),..505,07, .. is a sequential markets equilibrium. Then

Dys Proee s Wy, Wiy s LB s 60,6560, 6 sul s KKK LK., is an Arrow-Debreu
equilibrium where
p():l
b =T —0—.t=12
i D BN o
o A Ak
r=pL
W, = P W, .

(Notice that, according to the way in which we have done things, we need to use separate
symbols for the Arrow-Debreu wage, the price of labor services in period t in terms of
period 0 goods, and the sequential markets wage, of labor services in period t in terms of
period t goods.)
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(d) A sequential markets equilibrium is sequences of rental rates fok , ﬁk ,..., Interest

rates £,F,..., wages W,,W,,..., consumption levels €),¢,...;¢;,C’,..., labor levels
Oy, 0,500, 03, capital stocks k,,k/,...;k>,k’,...and bond holdings b;,b/,...;b7,b7,...

such that

> B (rloge! +(1-p)log(f) — 1))
s.t. ¢ +k!, +b, WA+ A+ —O)k! +(1+E)b, t=0,1,...
c .kl >0, (/>¢>0,hb >-B
ki =k,, by =0.

o X =afK +KH (I A1) t=0,1,...
o W =(1-a)0K +kH* (L +73), t=0,1,...
—(1=8)K +kD) =0k +k)“ (L + 1), t=0,1,...

Al | A2, 1 72
* Ct +Ct + kt+1 + kt+1
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