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REGULARITY AND INDEX THEORY FOR ECONOMIES WITH
SMOGTH PRODUCTION TECHNOLOGIES

By Timotuy J. KeHokr'

Using smooth. profit functions to characterize production possibilities, we extend the
concepts of regularity and fixed point index to economiies with very general technologies,
involving both constant and decreasing returns. To prove the genericity of regular
economies we rely on an approach taken by Mas-Colell that utilizes the topological
cancept of transversality. We also generalize the index theorem given by Kehoe. Cur
results shed new light an the question of when an economy has a unique equilibrium.

. INTRODUCTION

DiIrFERENTIAL TOPOLOGY HAS, over the past decade, provided economists with a
unified framework for studying both the local and global properties of solutions
to general equilibrium models. Debreu [1} initiated this line of research with his
introduction of the concept of a regular economy, a model whose equilibria are
locally unique and vary continuously with the underlying economic parameters.
Dierker [2] pointed out the close connection of this concept with that of the fixed
point index, a concept ideally suited to the study of existence and uniqueness of
equilibria. Both of these studies focused attention on pure exchange econories
that allow no production. More recently a number of different researchers,
among them Fuchs [§, 6], Mas-Colell [13, 14, 15], Smale [19], and Kehoe [9, 10,
11}, have extended these concepts to models with production. In all of these
studies the concepts of genericity and transversality have played an important
role 1 ruling out degenerate situations.

The approach taken in this paper is in the spirit of Mas-Colell [15] and Kehoe
[10], who emphasize the development of a formula for computing the index of an
equilibrium and the connection between this formula and theorems dealing with
the uniqueness of equilibrium. Both of these writers model the production side of
an ecopomy as an activity analysis technology. Unfortunately, the results ob-
tained by Mas-Colell and Kehoe are not immediately applicable to economies
with more general production technologies. It is true, of course, that any
constant-returns technology can be approximated in a continuous manner by an
activity analysis technology. Furthermore, any decreasing-returns technology can
be represented as a constant-returns technology with certain nonmarketed factors
of production. As we shall see, however, the differentiable nature of our ap-
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proach makes an activity analysis approximation to a smooth production tech-
nology unsuitable.

Using smooth profit functions to characterize production possibilities, we are
able to extend the concepis of regularity and fixed point index to economiss with
very general technologies, involving both constant and decreasing returns. To
prove the genericity of regular economies we rely on an approach taken by
Mas-Colell [15], which utilizes in an elegant and insightful manner the topologi-
cal concept of transversality. We also generalize the index theorem given by
Kehoe [18]. Our results shed new light on the question of when an economy has a
unique equilibrium. Providing a satisfactory answer to this question is crucial to
the applicability of general equilibrium models in comparative statics exercises.

2. ECONQMIES WITH SMOOTH PROFIT FUNCTIONS

We initially deal with constant-returns production technologies; we later treat
decreasing returns as a special case. The model is identical to that in Kehoe [10]
except for its description of the production technelogy. The consumption side of
the model is completely described by an aggregate excess demand function £.

Assumption 1 (Differentiability): £: R2\{0} > R"is C.

AssumpTioN 2 (Homogeneity): £ is homogeneous of degree zero; £(tw) = &(7)
for all ¢ > 0.

ASSUMPTION 3 (Walras’s Law): £ obeys Walras’s law; #'§(#) = 0.

Kehoe [12] generalizes Assumption 1 to one that allows the norm of excess
demand to become unbounded as some prices approach zero. For the sake of
simplicity, however, we assume here that £ is defined and continuous over all
nonnegative prices except the origin.

The production technology is specified by m C? profit functions a,: R? \{0)
—> R, which can be regarded as a mapping from R A0} into R™, a(7)
= (a7}, ..., a,(m). To motivate this approach, let us consider the problem of
maximizing profits when production possibilities are specified directly by a
production function. Suppose that a vector of feasible net-output combinations is
one that satisfies the constraints

f(x)=0,
x>0 (i=1,...,h),
x, <0 (G=h+1,...,n).

Here f: R"—> R is a constant-returns production function, homogeneous of
degree one and concave, that produces the first £ commodities as outputs
employing the final # — A commodities as inputs. Suppose that we attempt to
maximize 7'x subject to the feasibility constraints where # is a fixed vector of
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nonnegative prices. The problem that immediately arises is that, given the
assumption of constant returns, profit is unbounded if there is some feasible
vector x for which #'x > 0. There are several ways to get around this difficuity.
For example, if A =1, that is, if f produces a single output, we can impaose the
additional constraint x, = 1. Another, more general, solution to this problem is to
impose the constraint || x[| = 1.

It is well known that a(s) is homogeneous of degree one, convex, and
continuous as long as the feasible set is nonempty, even when the optimal
net-output vector is not single-valued. When a 15 differentiable, Hotelling’s
lemma says that the profit maximizing net-output vecter for any vector of prices
is the gradient vector Da,_ (see, for example, Diewert [3]). Given the constant-
returns nature of the production technology, we can consider this gradient vector
as an activity analysis vector: Any nonnegative scalar multiple of it is a feasible
input-output combination.

Let us now consider again the general case a: R4 \{0}— R™. The Jacobian
matrix Da, maps R" into R™. Define the mapping A : R \{0} > R"™" by the
rule 4 () =(Da,Y. A(7) is a generalization of the concept of an activity analysis
matrix. Indeed, in the situation where each g, is the linear function X7 a7,
A(x) is a matrix of constants. The set of feasible net-output vectors correspond-
ing to a{w) is the production cone Y,= {x € R"|x = A(m)y for some =
€ R0}, y € RT ). Observe that ¥, contains the origin, is convex, and is
closed if a is C'. We specify the production side of our model by imposing
restrictions on the mapping a.

AssUMPTION 4 (Differentiability); a: R%\(0} > R™is C*.

AssumpTion 5 (Homogeneity): a is homogeneous of degree ong; a{tr} = ta{m)
for any ¢ > 0.

AssuMPTION 6 (Convexity): Each function ¢ 1s convex; .czj,.(t:rarI +(1 -7
< ta(7'y+ (1 — fa(a”) forany 0 < < L.

AssuMpTION 7 (Free Disposal): A4 (7) always includes » free disposal activities,
one for each commodity. Letting these activities be the first n < m, we set
ﬂj(‘?’i’)= —ni=1..

AsSsUMPTION $ (Boundedness): There exists some 7 > 0 such that a(7) < 0.

The convexity and homogeneity of 4 imply that #"A(7") > 7" A(z?) for all
g!,77 € R \{0}. It is easy to use this observation to demonstrate that Assump-
tion 8 is equivalent to the assumption that there is no output possible without
any inputs in the sense that ¥, N R = {0},

Notice that the activity analysis specification used by Mas-Colell and Kehoe is
a special case of this type of technology. Assumptions 5-8 are quite natural; it is
the differentiability part of Assumption 4 that is restrictive. It would be possible



898 TIMOTHY I. KEHOE

to impose conditions on production functions that would give rise to such
smoothness in the corresponding profit functions and net-output functions.
These conditions would be similar to those on a consumer’s utility function that
umply smoothness in the corresponding indirect utility function and individual
demand function. Since we have chosen to specify the production side of the
economy using profit functions rather than production functions, we shall not
pursue this issue. A further restriction embodied in Assumption 4 is that we
require the net-output functions to be continuous even on the boundary of R .
We can avoid this problem if we impose the constraint {ix|| = | rather than
x, = 1. This is not an important conceptual issue, however. We shall ignore it.

An economy is specified as a pair (£, a) that satisfies Assumptions 1-8. Let &
be the space of excess demand functions endowed with the uniform C' topology.
We say that two demand functions £' and £7 are close if their values and those
of their partial derivatives are uniformly close on the compact set S. Similarly let
« be the space of the profit maps endowed with the uniform C? topology. The
space of economies & = & X & receives the product topology induced by the
topologies on & and <.

DEFINITION: An equilibrium of an economy (£,a) is a price vector # that
satisfies the following conditions: (a) a(#) < 0. (b) There exists y >> 0 such that
§#Fy=A(F}p. (c) #e=1 wheree=(1,..., 1.

The condition a(#) < 0 implies that at # no excess profits can be made. The
second condition, when combined with Walras’s law and the homogeneity of a,

l.l,-rs

Te gim)

7 .
r+&{m)

FiGure 1.






