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We develop a theory of general equilibrium with endogencus debt limits in the form of
individual rationality constraints similar to those in the dynamic consistency literature. If an agent
defaults on 2 cantract, he can be excluded from future contingent claims markets trading and can
have his assets seized. He cannot be excluded from spot markets trading, however, and he has some
private endowments that cannot be seized. All information is publicly held and commoen knowledge,
and there is a complete set of contingent claims markets. Since there is compleie information, an
agent cannot enter into a contract in which he would have an incentive to default in some state. In
general there is only partial insurance: variations in consumption may be imperfectly correlated
across agents; interest rates may be lower than they would be without constraints; and equilibria
may be Pareto ranked.

1. INTRODUCTION

It is well known that changes in individual consumption are imperfectly correlated with
those in aggregate consumption. One way to model this phenomenon is to impose
constraints on the collection of debts. The goal of this paper is to provide a theoretical
foundation for such models. Our theory considers an infinite-horizon general equilibrium
model in which endogenous debt limits have the form of individual rationality constraints
similar to those in the dynamic consistency literature. If an agent defaults on a contract,
he can be exciuded from future contingent claims markets trading and can have his assets
seized. He cannot be excluded from spot market trading, however, and he has some
private endowments that cannot be seized. Al information is publicly held and common
knowledge, and there is a complete set of contingent claims markets. Since there is
complete information, an agent cannot enter intoe a contract in which he would have an
incentive to default in some state. In general there is only partial insurance: variations
in consumption may be imperfectly correlated across agents; interest rates may be lower
than they would be without constraints; and equilibria may be Pareto ranked.

We draw a distinction between economies in which the aggregate social endowment
exceeds the sum of the individual private endowments and those in which the two are
the same. In the former case, we say that the economy has positive assets. The interpreta-
tion is that private endowments represent things that cannot be seized in order to collect
debts; the remaining part of the social endowment represents assets that can be seized.
Our point of view is similar to that taken in the study of the time consistency of government
debt by Chari, Kehoe and Prescott (1989) and by Chari and Kehoe (1990}). Here we
focus on the extent to which private debt and insurance markets can be enforced by the
threat of exclusion from intertemporal and interstate trade. This limits attention to
allocations that are not only socially feasible, but that are individually rational in the
sense that, at each time and in each state, each agent receives at least the present value
of utility he could receive by trade on spot markets alone.
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We examine both allocations that are efficient relative to the individual rationality
constraints, and competitive equilibria in which the budget set refiects these constraints
as well as the usual income constraints. We then relate these ideas to each other: in the
case of what we call identically homothetic preferences, an allocation is constrained
efficient if and only if it can be decentralized as a constrained competitive equilibrium
with transfer payments. An important special case is when there is a single good.

The case in which preferences are not identically homothetic is more complicated.
We show that the technical role played by the notion of efficiency in the analogues of
the two welfare thearems is assumed here by a technical concept that we call conditional
efficiency. We also show by means of two examples that conditional efficiency is neither
necessary nor sufficient for constrained efficiency. We then use technical results analogous
to the two welfare theorems, which relate conditionally efficient allocations to equilibria,
to argue that these two examples serve as counter-examples to the two welfare theorems
in their usual form.

Examining efficient allocations, we find a kind of “Folk thecrem”, most clearly
related to that in Friedman (1971) and Fudenberg and Maskin (1986}: for discount factors
close enough to one, first-best allocations may be sustained. We show by example that,
even when the first best is not attainable, intertemporal and interstate trade is stitl possible.
Consequently, this is a legitimate model of partial insurance. The story of limited
intersectoral insurance is an attractive one: a successful sector will not pay an unsuccessful
one unless sufficient future compensation is offered. This limits the amount of insurance
that can be provided, however. If too much debt is incurred, it will not be repaid.

There are alternative explanations of the imperfect correlation between changes in
individual and in aggregate consumption. Within the Arrow-Debreu framework, state-
dependent preferences are a possible explanation. It is also true that if there are many
goods, individual consumption may be imperfectly correlated with aggregate consumption
merely because of price finctuation in spot markets and incame effects an spot demand.
Neither of these explanations seem particularly plausible in light of the fact that the
decline of entire industries and regions seem to have a permanent effect on the welfare
of individual workers: Why are the unsuccessful sectors not paid off by the successful
ones? It is, of course, possible to explain the facts by means of the incomplete market
theory introduced by Radner (1972), but this begs the question: Why are some markets
closed? With the notable exception of Allen and Gale (1988}, there has been little research
on this question.

One approach to explaining imperfect insurance relies on private information prab-
lems, either in the form of moral hazard or of adverse selection. Green (1987), Hammond
{1987) and Banerjee and Newman {1988} have explored models of this type, and there
are some general theorems in the finite-horizon case due to Prescott and Townsend
(1984a, b}. These private information maodels are complicated to begin with, and Prescott
and Townsend (1984a, b} argue that to decentralize equilibria it may be necessary to
introduce price lotteries. Such schemes may, however, be difficult ta enforce in practice.
From the empirical point of view, it is unclear that this explanation really comes to grips
with the problem of the absence of intersectoral insurance. Would there really be an
important moral hazard problem, for example, if line workers (who are heavily monitored
anyway) received payments contingent on the overall economic success of their industry
or region?

Yet another framework that leads to partial insurance is the overlapping-generations
model with uncertainty. Since one can argue that in practice a major problem is that of
young workers (who are more maobile and enter more successful sectors) not insuring
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older warkers {(who may be stuck in a declining sector}, this is a potentially attractive
explanation, But it flies in the face of substantial evidence of the importance of bequest
matives (see, for example, Darby (1979} and Kotlikoff and Summers (1981)}, and Barro's
(1974) observation that with a bequest motive, overlapping generations behave as a single
infinitely-lived family.

The notion of debt constraints is not new in economics. Many empirical researchers,
including Hayashi (1985) and Zeldes {1989), have found evidence of debt constraints in
individual consumption patterns. As a theaoretical issue it has been studied primarily in
monetary theory where maoney is the only asset and the inability to sell it short creates a
debt constraint. With the exceptions of Townsend (1987) and Levine (1989}, who consider
a private information interpretation, the lack of a richer menu of assets in this type of
mode! is not explained. .

The line we take here is most heavily influenced by Prescott and Townsend (19844, b)
and the related work of Atkeson and Lucas (1992). Rather than focus on incentive
compatibility constraints as they do, we focus on individual rationality constraints. The
constraints that we impose are similar in spirit to those in the international debt literature:
Schechtman and Escudero (1977) and Manuelli (1986), for example, allow countries to
borrow only as much as they have an incentive to pay back, no matter what the realization
of uncertainty. To simplify matters, we assume that it is possible to exclude traders from
intertemporal trade, but not from spot markets. This is consistent with the observations
that it is relatively easy to deny credit, somewhat more difficult to seize assets, and
extraordinarily costly to tax spot trade in order to collect debts. We should point out
that it is important that it is possible to prevent debtors in defauit from making loans
and to seize their assets: Bulow and Rogoff {(198%) show that merely denying credit is
not a sufficient threat to create a loan market.

Our theory has interesting empirical implications. Unlike the incomplete markets
model, there is no kimit here on the types of contingent claims that can be traded. Rather,
the amount of contingent claims of a particular type that can be sold are limited by the
extent ta which the debt will be honoured. One consequence is that, as in the aoverlapping-
generations model and debt-constrained monetary models, real interest rates tend to be
lower than the subjective discount factor: borrowers are constrained, lenders are not.
To induce lenders to offer a low quantity of loans, they are offered a low return.

In summary, we present a relatively simple theory for the case of identically
homothetic preferences, a condition that is always satisfied when there is just a single
good. The first and second welfare theorems hold, and there are second-best equilibria
in which intertemporal markets are active. This theory has the potential to explain the
existing lack of correlation between private and aggregate consumption. The picture
when there are income effects is more disturbing. Here we have the beginnings of a
theary of mechanism design where it is impossible to prevent certain types of trade. This
places a potentially intolerable burden on the price system: not only must prices serve
to facilitate trade, but they must keep individuals from reneging on contracts. As a result,
both welfare theorems may fail.

2. THE MODEL

Both time and uncertainty are discrete. All information is publicly held and common
knowledge. Inmformation at time t=1,2,...,about current and future conditions is
indexed by the state n,. There are k different states. Information states form a Markov
chain. The transition probability from 7 to %' is #(%'| ). The probability distribution
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aver states is fixed by the transition probabilities induced by a histarically given initial
state ng. A (state} history s=(%,, 12,..., 1) lists the states that have occurred up ta
same date £. We let #(s) denote the length of the history s and let § denote the countable
set of all possible histories. The Markov transition probabilities induce a probabitity
distribution over §:

7, = wne| e[ Mena) - 7l M)

To simplify notation, we use 7, to denote 7,,, the last state in the history s, and we
writt o Zsifs=(n,...,n)and o ={n, ..., B, Ts1,-- -, 0.}, that is, if o is a logically
possible continuation of s.

The econamy has m agents and » goods in each history. Let x}s = 0 be the consumption
of goad j by agent i in history s. Deleting a subscript or superscript yields a vector: x|
is the consumption vectar by agent i in history s, x' is the consumption plan for all state
histaries, and x is the consumption plan for all agents, that is, an allocation. If x, = x(n,),
that is, if the allocation at s depends only on the current state, we say that the allocation
is stationary.

The preferences of agent i are given by the von Neumann-Morgenstern utility function

Udx')=(1-8) L,.5 8" mar(xg, m,).
Notice that 8, the subjective discount factor, is the same for all agents.

(A.1} w{-,n)is continuous, concave, strictly quasi-concave, and strictly monotonically
increasing.
For x>0, u,(x., n) is continuously differentiable.

There are two types of endowments in this economy, private endowments and assets.
The private endowment of agent i in history s depends only on the current state and is
denoted £'(7.). We assume that private endowments are strictly positive:

(A.2) £(n)>0, i=1,...,m;, n=1,...,k

(We adopt the convention that > for vectors means strictly greater in every component.}
The aggregate social endowment in state n is denoted £(n),

(A.3) 2Ll ® (), 9=l...,k

Notice that we do not assume equality in (A.3)}: the social total may strictly exceed the
sum of private endowments. The interpretation is that the private endowment £'(7)
represents goods and services, such as labour, that cannot be physically disassociated
from the agent. Let w(n)=x(n)—%.., ¥'(n); these are assets, such as land, that are
available for consumption but can change hands. Since we assume that assets can be
seized for non-payment of debts but private endowments cannot, this distinetion is
important in considering individual rationality constraints. If strict equality holds in
{A.3), we say that the economy has no assets. If, on the other hand, for every state
n=1,...,k w(n)=>0, we say that the economy has positive asseis.

The assumptions that £'(n)}> 0 and, if there are positive assets, that w{(z)> 0 are,
unfartunately, not compatible with thinking of private endowments and assets as being
composed of distinct goods. These assumptions are overly strong, however. They are
made only ta ensure that the consumer’s income is strictly positive in any quasi-equilibrium
and, in the case of positive assets, that the value of his assets is strictly positive in any
quasi-equilibrium. It is trivial to replace these assumptions with any of a number of
assumptions about monatonicity of utility and irreducibility of the economy and obtain
the same results.
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Our basic supposition is that private contracts can neither prohibit agents from
engaging in trades in spot markets nor tax agents’ endowments. They can, however,
exclude agents from engaging in intertemporal transactions and tax agents’ assets. This
means that agents can be denied credit and that any assets held by agents can be attached
for the payment of past debts. We could interpret this supposition as a reasonable
representation of the way in which actual asset markets work: although it is possible in
principle to garnish wages to collect past debts, it is not very practical to do so. Debtars’
prisons no longer exist, and, indeed, modern bankruptcy laws make it possible for agents
to preserve some assets even in the face of bankruptcy.

Within the context of this paper, however, it is preferable to interpret this supposition
solely in terms of the physical structure of the environment: There is a continuum of
identical agents of each type i. On one hand, trades on spot markets are anonymous,
and private endowments cannot be physically disassociated from agents. On the other
hand, agents must identify themselves to make contracts and to collect on them in
contingent claims markets. Therefore, creditors can seize the assets of debtors who default
on their debts and keep track of any future attempts of these debtors to enter contingent
claims markets. Furthermore, these debtors would never find it possible to pay off their
creditors in order to be allowed renewed access to contingent claims markets: since there
is complete information about what would happen at every state history and every
conceivable type of asset is allowed, the possibility of such a mutually advantageous
transaction would already have been part of the original contingent claims contract
between the two.

To describe the individual rationality constraints, we must add to the model the
notion of spat prices. Let p;, =0 denote the spot price of goad j at history s. We denote
by p the infinite vector of spot prices. Letting y, denote the income of agent ¢ in history
s, we define the indirect wtility function v,(p,, ¥, m,) as the solution to

max u(x;, 1)
subject to
P XiEy..
We say that the allocation-price pair (x, p} is spot market supporting if
(8S) u(xi, ny) = 6 Ps, Pe- X5, 1)

for each state history s and agent i In other words, no agent has any incentive to
recontract in spot markets.

An allocation-price pair (x, p) is said to be (interim) individually rational if, for each
state history s and agent i,

(IRY1-8) %, ., 8 u(xh, 1) 2(1-8) T o, 8“7 arulp,, pr X' (1), 0a).

This condition requires that the utility of the allocation x be at least as high as that which
can be attained in spot markets alone.

It is worth pointing out that our assumptions of no intertemporal production and
additively separable preferences play important simplifying roles here. The right-hand
side of the individual rationality condition {IR) is relatively simple because it depends
only on private endowments {and prices) in the state history o. If preferences were not
separable, the optimal plan upon withdrawing from the economy would depend upon
consumption prior to that time. Similarly, if private intertemporal production were
possible, plans between different periods would again be interdependent. In either case
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the ability of private individuals to substitute between periods independent of the economy
at large would enable them to pravide a degree of self-insurance to substitute for insurance
provided by markets. The effect would be to strengthen the individual rationality con-
straint; that is, fewer social plans would be admissible in a world in which self-insurance
is available to individuals who elect not to participate in the economy. In this sense, the
assumptions of no intertemporal production and additively-separable preferences should
be seen as an extreme case, and indeed the least favourable ane for our theory.

The assumption that all agents have the same discount factor is a similar extreme
case. If the ecanomy caonsisted of two classes of consumers, for example, one more
impatient than the other, then the impatient consumers would want to borrow from the
patient cansumers and then default. Like the assumptions of additively-separable prefer-
ences and no production, the assumption of identical discount factors gives the least
possible role for debt constraints to make a difference on equilibrium outcomes. That
we have a rich theory even under these extreme assumptions indicates that our specification
of debt constraints would have even mare impact on equilibria in economies where these
assumptions are relaxed.

An allacation is socially feasible if for each state history s

(8F) L, X=X (n,)

An allocatian-price pair (x, p) is said to be admissible if it satisfies spot market supporting,
individual rationality and social feasibility. An allocation-price pair is efficient if it is
admissible and cannot be dominated by any other admissible allocation-price pair. Tt is
conditionally efficient (that is, conditional on a given vector of spot prices p) if it is
admissible and it cannot be Pareto dominated by any allocation £ such that (%, p) satisfies
Y, p Xe=p, - %(n,) and (IR). Conditional efficiency is stronger than efficiency in the
sense that ¥ need not be admissible because (X, p) may violate (88), or indeed (§F). On
the other hand, it is weaker than efficiency in the sense that an allocation individually
rational at prices other than p might Pareto dominate x. Finally, an allocation is first
best if it cannot be Pareto dominated by any other socially feasible allocation.

It is easy to show that conditional efficiency is equivalent to another concept of
efficiency: we say that (x, p) is financially efficient if it is admissible and there exists no
allocation j of incomes to consumers in each state such that, for each § and s,

T Ve=po- %)
(1-8)Y ., 8 O 0(p,, 5o 1) 21 =0} T, 2, 877" O r 0, po, pr - T (o), M0 )
(1 _3) Z:ES 3“‘}_117301(1’“ .i;.ln n:) z Ui(xi);

with at least one of these inequalities being strict. In other words, there is no Pareto
superior reallocation of incomes in each state that satisfies individual rationality.
Although efficiency is the obvious notion of constrained efficiency for this economy,
it is the notion of conditional efficiency that plays the more important role, for example,
in the analogues of the two welfare theorems. {For another model in which an alternative
notion usurps the position of the obvious efficiency criterion, see Grossman (1977).) If
there is only one good in each state history, however, there are no spot markets, so
efficiency and conditional efficiency are the same. Another situation in which efficiency
and conditional efficiency coincide is when the state utility functions u; are identically
homothetic. This means that there are k¥ homogeneous of degree one utility functions
u(+,m), n=1,...,k that satisfy (A.1) and m xk monotonically increasing fuinctions
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&(+,n) such that

l jn) gl(u( ’n] n)! i=1‘!'"1m

and (-, ) satisfies (A.1). Natice that this condition does not in any sense reduce the
model to a representative consumer model. As we shall see, however, it does eﬁectwely
reduce it to a one-gaod model.

The distinction between efficiency and conditional efficiency arises because of the
role played by spot prices in the admissibility concept. One way to avoid the problems
caused by this distinction would be to deny defaulters access to spot markets. This would
replace v,( p,, ps - %' (M), 1,) in the rationality constraints with (%' (7, ), 1.); spot prices
would not show up. This would involve a very different set of assumptions about the
environment and the nature of the enforcement technology.

A consumption plan x' may be thought of as a map from S to R", and can be viewed
as an element of R™. Restricting traders to bounded consumption plans puts x° in L.
(Recall that I, is the Banach space of sequences (y;, y,,...) with ;] bounded and
[lyil = sup |yd; see, for example, Dunford and Schwartz (1957).) Intertemporal prices g
are then an element af the dual of this space, IX, the space of bounded linear functions
on L,. (Recall that, although ¥ contains {,, the Banach space of sequences (y,, y;,.-.)
with T, [»| bounded and {|y| =%, |y, it unfortunately also contains functions not in
l,.} Letting e, be the plan consisting of consuming one unit of good j in history s and
zero of all other goods in all other histories, we define g;, = g(e;) and g, ={q,, . . ., Gus)-

A constrained transfer equilibrium is a triple (x, p, q) with the allocation x € L,, spot
prices p € R™, and intertemporal prices 4 € I% such that the allocation is socially feasible
(8F); it exhausts the value of the social endowment,

(E.1) Yoo, g(x') = q(x);

each agent’s allocation x' maximizes utility subject to a budget constraint and interim
individual rationality constraints,

(E.2) max U{z")
subject to
g(z') = q(x")
(1-8)%,2, 8"V arulz,, 0.} 2 (1-8) Y., 87w po, pr - (), 1),
s€ 8,

and the spot prices p are consistent with the intertemparal prices ¢ in the sense that
{E.3) X, Z2€ b, and p,- x,=p, - z, for all s€ § imply g(x}=g(z).

Naotice that this last condition implies that p, and g, must be proportional if g, # 0. p, =
is impossible because of {A.1), {88}, and {(SF). The interpretation of equilibria is that
each agent is constrained by his individual rationality constraint: no-one would agree to
trade with him in violation of this constraint, since they know that the corresponding
loan wauld never be repaid.

A particularly important type of constrained transfer equilibrium is a constrained
ownership equilibrium for a given initial asset distribution. An initial asset distribution
assigns each agent in each state a vector of goads w'(#n) =0, such that

Y (X () +w'(n))=%(n).
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If w'(n)>0forall u=1,..., % we say that agent { has positive assets. A constrained
ownership equilibrium is a constrained transfer equilibrium (x, p, ¢) such that q(x) =
g(x'+w')

To understand the importance of these definitions, it is useful to review the several
(mutually equivalent) definitions of a transfer payments equilibrium in the Arrow-Debreu
setting. One definition is as we have given: a socially feasible allocation x and prices g
such that x' is utility maximizing given the income g(x‘). Alternatively, the definition
may be made in terms of unit of account transfer payments: a vector of lump sum subsidies
&', a socially feasible allocation x, and a price ¢ such that x' is utility maximizing given
the income g(x'+w')+ ¢’ Even in our constrained setting, these two definitions are
equivalent, since we can define o* = g(x") — g(x*+ w'), or vice versa. In the Arrow-Debreu
setting, there is yet a third equivalent definition, and that is to make the transfer in terms
of goods; that is, a transfer payments equilibrium may be defined as a sacially feasible
endowment X, a socially feasible allocation x, and prices ¢ such that x' is utility maximizing
given the income g(£‘). (The real subsidy is ' —x') If we wish, we may take ¥=x. In
our setting, such a definition is not well defined or equivalent. It is nat well defined,
because we must specify two endowments: private endowments and assets. If we allow
private endowments to be redistributed, this will change the individual rationality con-
straint, and in general the set of allocations that can be supported as equilibria. Moreover,
this violates the spirit of the idea that private endowments cannot be taken from the
person to whom they adhere. If we allow only the redistribution of assets, there may not
be enough assets to redistribute to generate all transfer payments equilibria. This may
be seen most easily in the case where there are no assets (w' =0). If we define a transfer
equilibrium by means of real transfers of assets, then a transfer payments equilibrium
(by this deftnition) is the same as an ownership equilibrium. But if we allow unit of
account transfers the two definitions are not equivalent, and it is not true that when there
are no assets the set of transfer equilibria (by the ariginal definition), is the same as the
ownership equilibria; if the individual ratianality constraints do not bind at all (see the
example of efficient transfer equilibria below), then it will be possible to make unit of
account transfers that change the allocation of resources to favaur particular individuals.

Since it makes a difference in this setting whether transfers in terms of goods or in
terms of the unit of account, we ought to indicate why the unit of account definition is
the right one. If we wish, we may regard the transfer either as government enforced, or
as an entry fee for participating in the economy. In the former case, the government
police powers are limited in that it cannot violate individual rationality constraints. In
neither case is there implicit any restriction that transfers be in terms of goods. The initial
unit of account lump sum tax is simply a debt that must be paid by the individual in
question. In equilibrium it is possible to pay the debt, and doing so is preferable to not
joining the economy. Like any other debt in our framework, this debt is denoted in units
of account. Notice, incidentally, that another interpretation of a transfer equilibrium is
simply as an equilibrium of an economy in which there is pre-existing debt. The set of
constrained transfer equilibria simply characterizes the types of pre-existing debt that can
potentially be repaid in an equilibrium.

3. A CYCLIC ECONOMY

Characterizing equilibria is difficult in aur general framework. In this section we explore
the properties of a deterministic economy with two states that alternate over time.
Although the equilibrium that we study is neither a first-best equilibrium nor a barter
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equilibrium, where intertemporal markets do not operate, its allocation is stationary.
Furthermore, although there are no assets, the equilibrium is conditionally efficient.
Because there is only ane good, it is also efficient. Perhaps the most interesting feature
of this economy is that the interest rate is lower in the constrained equilibrium than it is
in the unconstrained equilibrium.

Example 1. There are three states: no=3, #(1]3)=m(2|3)=%, and #(1]2)=
w(2[1) = 1. In other words, there is a 50-50 chance of the state being 1 or 2 in the first
period, and after that they alternate. There are two agents and one good. Each agent
has the same utility function, which does not depend on that state,

ui(xa ﬂ)=10g X, Izla 2; nzla 2.

It is the private endowment that varies with the state, '(1) = x*(2) = x, and x'(2) = x*(1) =
x,. There are no assets.

If there were no individual rationality constraints, we could solve for the unique
equilibrium, which is also the unique symmetric Pareto optimum. It is

ge=38"", j=1,2, t=1,2,...
xl=(%+%)/2, i=1,2 j=1,2; t=1,2,....

Natice that the constant rate of interest is ¢,/ g1 —1=1/8—1.
When we. add the individual rationality constraints, the problem faced by agent i
becomes

max ()(1-8) Y., 8" 'logx}, +3(1-8) T, 8" log x5,
subject to
Ziﬁ:l (q“x{,+ qzzx;t}§221 (%:ﬂr‘*“htf;:)
(1-8)Y 6 'logx,,=(1-8)Y)_,8 *logx,,, j=1,2; t=1,2,...
x; 20,

The first-order conditions are

(1—-8)8"" m—l—,.~—,\,.q,.,+(1da)(zj:l a'—’pj,)nl,.—=0, j=1,2, t=1,2,....
2x, Xjy

Natice that the number of Lagrange multipliers ,u.; in these conditions gets larger as ¢

gets larger; x;, shows up in more and more rationality constraints.

For this example to be interesting it must be the case that the unconstrained
equilibrium violates the individual rationality constraints. Suppose that (&,, X,) = (15, 4)
and & =3. Then the utility of agent i in state { is log (%?) in the unconstrained equilibrium.
Suppose that 7, = i so that £ = 15 then the utility of agent { in autarky is 3 log 15+1 log
4. This exceeds the utility in the unconstrained equilibrium since 15%4> (3). Con-
sequently, the unconstrained equilibrium violates the individual rationality constraints.

Consider, however, the allacation x'(1) = x*(2) =10, x'(2) = x*(1) =9. The utility of
agent i in state i is 3 log 10+ log 9, which equals the utility in autarky since 10?9 = 15%4.
The individual rationality constraints of agent i in state j, j # i, are obviously satisfied
since the agent has no incentive to renege on the contract when it is his turn to collect.

Notice that since the rationality constraints only bind every other period, the multi-
pliers ), can be non-zero only every other period. Let ¢,=(3)""*, t=1,2,..., and

E‘T=‘2T—I‘—1#;T=(19£)r_1, I=1, 3=5s' .-
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if i=4 If i#}, the formula holds for t=2,4,6,.... The allocation then satisfies the first
order conditions when A, = A, =3 and satisfies the budget constraints. Consequently, it
is an equilibrium. Notice that the constant interest rate in this equilibrium is 2—1 =%,
which is less than the uncanstrained equilibrium interest rate 2—1=1.

If the two consumers are patient enough, then the threat of exclusion from intertem-
poral trade is enough to enfarce the first-best allocation as an equilibrium. We can
calculate the value of § for which the unconstrained equilibrium satisfies the individual
rationality constraints:

logB=(1-8)30, 8 log15+(1-8) ¥, ¥ log 4.
It is
log15+log2—-1lag 19

3_:
log19—log4—log2

= (-52805.

For ail 8 such that § =8 < 1, the unconstrained equilibrium is the unique equilibrium of
the debt constrained economy.

4. EFFICIENCY

Qur goal is to show that efficient allocation-price pairs exist and describe in a rough way
what they are like. For discount factors close enough to one, a kind of “Folk theorem™
shaws that there are spot prices such that some first-best allocations are interim individually
rational. The proofs of the following two results can be found in the appendix.

Proposition 1. Efficient allocation-price pairs exist,

Proposition 2. Suppose that the Markov chain o has a single ergodic class and no
transient states. Suppose further either (i) that every agent has positive assets or (ii} that
u, is strictly concave. Then there is a discount factor & < 1 and an allocation-price pair (x, p)
with x stationary such that for all 8, § = 8 <1, (x, p) is efficient, conditionally efficient, and
first-best.

Recall that we have assumed that individuals are infinite-lived. What role does this
play in the analysis? It is not hard to show that Proposition 2 continues to hold in an
economy with finite-lived agents and strictly pasitive assets, provided that, in addition
to having a discount factor sufficiently close to one, agents are sufficiently long-lived.
With no assets and strictly concave utility, however, Proposition 2 will not hold with
finite lifetimes: in the final period of life no debts will be honoured, so no lending or
borrowing will take place in the previous period, and so forth. In other words, and more
generally, if there are no assets, non-barter equilibria in this model unravel in the finite
horizon in a way similar to the way that equilibria in finite-horizon monetary models do,
and for similar reasons. On the other hand, with even a small amount of assets, this will
not happen, in much the same way that a small amount of government backing of the
money supply will prevent finite-horizon unraveling in monetary models. (Notice,
however, that in such models as the averlapping-generations model with maoney it is the
time horizon for the economy as a whole that is important, here it is the length of an
agent's life.) In this sense the infinite-life assumption should not be viewed as crucial,
since the case of positive assets is the most interesting one.

We now turn our attention to the relation between our concepts conditional efficiency
and efficiency. The next result, whose proof can be found in the appendix, provides an
interesting case where the two concepts are the same.
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Proposition 3. If utility functions are identically homothetic, then an allocation-price
pair is efficient if and only if it is conditionally efficient.

If utility functions are not identically homothetic, then there may be efficient alloca-
tion-price pairs that are not conditionally efficient, as the next example demonstrates.

Example 2. There are four states. The initial state is n,= 1. Conditional on 1 there
is a 50-50 chance of either 2 or 3; #(2[1)=#(3{1)=}. Conditional on 2 or 3, state 4
occurs and is absorbing; (4|2} = #(4|3)=n(4|4)=1. In states 2 and 4 there is one
good. In state 4 there are no assets. This effectively reduces the economy to a one-periad,
two-state economy because nothing can happen in state 4, and state 1 is unreachable.
(That this example violates the assumption of the same number of goods in every state
is, of course, inconsequential; we could madify easily our assumptions or include an
additional good in states 2 and 4.)

Each consumer has preferences

Udx) =13a"%; —3(40)(b) (x5} + bi(x}) ™),
where (a', by, b3)=(1, 1, 243) and (a?, b}, b3) = (2,243, 1). In state 2 each consumer has
a private endowment of 1, and the social endowment is 4. State 3 has two goods, as
illustrated in the Edgeworth box in Figure 1. Consumer 1 has the private endowment
%1(3)=(1,12), and consumer 2 has %,(3)=(11,1). The social endowment is {13, 13).
Corresponding to the endowment point E,, which assigns the assets (1, 0} to consumer
2, there are three static competitive equilibria, as illustrated in Figure 1.

Consider now the allocation-price pair where x3 = x5 =2 and (x}, x3) = ((3-25, 9-75),
{(9-75, 3-25)) together with the spot prices p; = (1, 1}. We want to show that this allocation-
price pair, which corresponds to point A in Figure 1, is efficient but not conditionally
efficient. Let us first argue that this allocation-price pair is not conditionally efficient;

l 3 T T T T T T

FIGURE 1
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The consumers’ preferences have been constructed so that some movement up the contract
curve in state 3 along with agent 1 paying agent 2 in state 2 is Pareto improving. In fact,
for every point on the segment AR there exists a trade from agent 1 to agent 2 in state
2 50 that both consumers are better off; here B is (3-96586, 10-37420). Let (X}, X3} be a
point in this segment, for example, (X3, X3} = ({(3-5, 9-98780), (9-5, 3-01220)). If we
reallocate in state 2 so that £3 =18, £5=2-2, then it is easy to check that both consumers
are better off. Since X is socially feasible, it satisfies Xf=l Py Xe=p - x(n),s=2,3. The
allocation-price pair (£, p) also satisfies the individual rationality constraint (IR): Neither
consumer would want to default in state 2 since each receives more than the private
endowment %°(2}=1,i=1,2. Consumer 1 would not want to default in state 3 since X}
yields higher utility than does x}, which is the best that he can do when faced with spot
prices p,=(1, 1) and income p, - £'(3}. Consumer 2 would not want to default either,
however, since then he would only have income p; - ¥°(3) because he would lose his
assets; this corresponds to point E, in the figure. The best that consumer 2 can do with
this income, (9, 3), yields a lower level of utility than does x3.

The allocation-price pair (x, p) is efficient, however: Since there is no possibility of
enforcing any intertemporal contracts after the first period, the only admissible allocation-
price pairs correspond to static equilibria in the Edgeworth box for some endowment
paint between E; and E,. None of these allocations can Pareto dominate x: as we move
up the contract curve, the relative spot prices move in the wrong direction, as shown in
Figure 1. The possibility of Pareto improving trades is exhausted long before we arrive
at the next equilibrium.

Conversely, there are examples of economies with allocation-price pairs that are
conditionally efficient but not efficient.

Example 3. There are two goods per period, two agents, and two equally probable
i.id. states. There are no assets and a total endowment of two units of each good each
period. Each agent has a fixed endowment of 1 of good 2. The endowment of good 1
is random and either 0 ot 2 depending on the state: the endowment is either ('(1), £°(1)) =
((0,1), (2,1)} in state 1 or the reverse in state 2. Preferences are identical and do not
depend on the state, u(x{, x5, y) =log (x| — @)+ x4, & < 1. See Figure 2. The symmetric
first-best point 4 has (x},, x3,) ={x1., x3.) =(1, 1) and spot prices p, = (1, 1 — a}. Corre-
sponding to the endowment E, in state 1 is the static competitive equilibrium B with
(X176, X36) = (2— X34, 2 — x35) = (1 — &, 0) and spot prices p, =(1,1—a/2).

The barter allocation switches randomly between B and its reflection depending on
the state. We now argue that there is a choice of 8 such that the barter allocation-price
pair is conditionally efficient. It is easy to show that, since the spot prices are constant,
if there is an allocation that Pareto dominates the barter allocation and satisfies
YioiPs X =p,- % and the individual rationality constraints, then there is such an alloca-
tion that is symmetric and stationary. Let z be both the transfer from consumer 2 to
consumer 1 if state 1 occurs and the transfers from consumer 1 to consumer 2 if state 2
occurs. For the corresponding allocation to satisfy the individual rationality constraints
at spot prices p,, it must be the case that

(1-8)0(py, Py X (2) = 2)+(8/2)(v( Py, Po- £ () +2) + 0(po, 1 - %'(2) - 2)
Z{(1=8)o(py, pp- %(2))+ (3/2)(0( po, po - (1)) + 0(ps, P~ X'(2))

(1= 8)v( o, po- X' (1) +2)+(8/2)(0(py, pu - X' (1) 2)+ v(py, Py X'(2) — 2)
Z(1-8)v(py, pp - (1)) +(8/2)(6{ s, pp - (1)) + 0 py, py - X*(2)).
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Ez—

FIGURE 2

The concavity of utility implies that the second of these inequalities, which says that the
transfer z must increase utility if the bad state occurs, holds only if z=0. Tt is easy to
show that we can always choose & >0 small enough so that z =40 is the only solution to
these inequalities. Indeed, in our example the first inequality becomes, for z small enough,

2—3a+2z)
2

(1—6/2)(10g (2;“) +2-2Z) +(8/2) log(

=(1 —8/2)(10g (&;—“) +2) +(58/2) log (2"23“).

The concavity of the utility function now implies that, if there is no improvement in
utility for a small z, then there can be no improvement. Differentiating the left-hand side
of this inequality with respect to z, we find that § =2 (2—3a)/(2—2a) is necessary for an
improvement in welfare. Consequently, if

2-3a
2-a’

<< §<

then the barter allocation-price pair B is conditionally efficient.
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We now argue that we can choose « so that it satisfies the above condition and so
that the first-best allocation-price pair A is also conditionally efficient. For A to satisfy
the individual rationality constraints at spot prices p,, it must be the case that

H(l, 1)3(1"8)”(&”1":‘ fl(z))+(8/2](ﬂ(pm Pac fl(”))"‘”(ﬂaa Pa- ‘fl(z))

{That utility at A is greater than the expected discounted value of utility in the bad state
is obvious.) In our example, this inequality becomes

log (1—~a)+1§(1~6/2](l0g(1 ——a)+~12—£-§-) +(5/2) log (1-2a)

g(l l-a +2_a) !
N1 00 1-a) T 1-a

Notice that for any value of 8 >0 this inequality is satisfied for a close enough to 0-5.
In fact, it is easy to check that, if § =0-5 and & =0-499, both barter and the first best are
conditionally efficient. Since the first-best allocation Pareto dominates the barter alloca-
tion, however, only the first-best allocation-price pair is efficient.

To keep the calculations simple, this example has used a simple utility function that
bounds consumption of the first good away from zero and allows corner solutions. Neither
of these features is necessary, however, to produce this sort of example. All that we need
is a non-homathetic utility function such that, first, the relative spot price of the second
good is higher at barter than it is at the first best and, second, the best utility obtainable
in the bad state when faced with the spot prices of the first-best allocation-price pair is
very low. The reader should compare Figures 2 and 3 to see how such examples can be
constructed.

FiGURE ]}
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5. EQUILIBRIUM

We now turn to constrained transfer equilibria. After describing prices in a rough way,
we consider the decentralizability of conditionally efficient allocations. In an economy
with positive assets, this is always possible: we show that analogues of the first and
second welfare theorem both hold. Example 3 shows that it may be possible to Pareto-rank
conditionally efficient allocations, however, so the welfare theorems do not rule out the
possibility of coordination failure. In the case of strictly positive assets, we are also able
to show that ownership equilibria exist.
The proof of the next result is completely standard.

Proposition 4. ({First welfare theorem) If (x, p, g} is a constrained transfer equilibrium,
then (x, p) is conditionally efficient.

Since this result says that no allocation-price pair that is not conditionaily efficient
can be made into a constrained transfer equilibrium, Example 2 illustrates a failure of
the usual second welfare theorem. There the efficient allocation-price pair that is not
conditionally efficient cannot be decentralized as a constrained transfer equilibrium.

To prove the analogue of the second welfare theorem for conditionally efficient
allocation-price pairs, we define the concept of a quasi-equilibrium: a {constrained)
quasi-equilibrium is a triple (x, p, g} with g #0 that potentially differs from a transfer
equilibrium in that we require only that, if z° is individually rational and U(z') = U{x'),
then ¢(z'}=g(x’). We do not require that, if U,(z')> U,(x%), then ¢(z°)> g(x').
Naturally, every transfer equilibrium is a quasi-equilibrium. The following lemma, whose
proof can be found in the appendix, says that if every agent has a cheaper point in his
constraint set, then a quasi-equilibrium is a transfer equilibrium (compare with Debreu
(19623).

Lemma 1. Suppose that (x, p, q) is a quasi-equilibrium and that, some agent i, there
exisis X' that is individually rational and satisfies q(£') < q(x'). Then 2’ individually rational
and Uf{z")> U,(x") imply ¢(z*) > q(x'}. Furthermore, q,#0 for any se 8.

We now exantine the structure of prices in quasi-equilibria. Denote the set of prices
gel% such that g{x’) =g(z') if x' and z’ are the same except in a finite number of
components as fa. Recall that fa is the closed linear subspace of finitely additive measures
in % and that I¥ =14+ fa. We write ¢' and ¢’ for the respective components of g€ I%.
For x'el., we say that x' =0 if x;Z0 for all se€ §; I, is the set of all non-negative
elements of I,. If x is interior to L., we say that x'>0. If g€ % and ¢(x')= 0 for all
x'el,,, we say that g=0. If, in addition, ¢(x') >0 for all x'€ L. such that x'#0, we
say that ¢ > 0. For a proof of the following result, see the appendix.

Lemma 2. If (x, p, q) is a quasi-equilibrium, then q', ¢”, ¢ 2 0.

We would like the finitely additive part of prices, g, to be zero. The following result,
whase proof is presented in the appendix, shows that, at least when assets are strictly
positive, this must be the case. See Bewley (1972) and Prescott and Lucas (1972) for
related results.

Lemma3. Suppose that there are positive assets and that (x, p, q} is a quasi-equilibrium.
Then g (w) =0. Furthermore, there exists b> 1 such that, for all T,

Zr(s)=1‘ qs - W("?s) = (b - 1)_1b2_T z;(a-}=1 qs* “’("?s)-
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That is, the value of assets in all histories in period T is bounded by the value of assets
in all histories in the first period multiplied by a scalar that decreases exponentially in T.

Proposition 5. (Second welfare thearem) Suppose that (x, p) is conditionally efficient.
Then there exist prices g € 1% such that (x, p, ¢) is a constrained quasi-equilibrium.

Proaf. Normalize p, to lie in the unit simplex, and consider the ane-good economy
with preferences.

Vily ) =(1-8) £,.5 8" el b, i, 1)
where o, is the indirect utility function defined previously. The consumption sets are
Vi={p'el|(1-8) Lpus 8,0 pa, Yoo 1)
2(1-8) Loz 87T a0 poy b - (), 1)},

which are convex and closed and have non-empty interior in l,,. The social feasibility
condition is

Z;:ly;éps'f(ns)s SES.

The conditional efficiency of (x, p} implies that the allocation y with yi=p, - x}is efficient
in this artificial one-gaod economy. A standard argument due to Debreu (1954), says
that there exist prices r € IX such that the allocation y and the prices r are an unconstrained
quasi-equilibrium of the artificial economy. For any consumption plan in the original
economy z', we define y(z'}=p, - z;. We define ge 1% as

g(z") =r(p(z')), all Zel,. |

In the usual welfare theory, the second welfare theorem is typically strengthened by
assuming that the allocation to be supported assigns every agent positive consumption
of some good. This ensures that every agent has a cheaper point in his consumption set
and, hence, that the guasi-equilibrium is in fact an equilibrium. Here the analogous
assumption is that the allocation-price pair assigns every agent a consumption plan that
is larger in every component than the barter consumption plan. This assumption cannot
be satisfied if there are no assets and may not be satisfied even if there are.

In one interpretation of the usual welfare theory, it is not the set of equilibria but
rather the set of efficient quasi-equilibria that plays the central role. The first welfare
theorem says that this sef includes all equilibria. The second welfare thearem says that
it is exactly the same as the set of efficient allocations. What we have shown here is that
the same situation holds with debt-constrained asset markets, except that the concept of
conditional efficiency replaces the standard concept of efficiency. Qur examples in Section
4 shaw that conditional efficiency and efficiency are quite distinct concepts, so this is a
significant departure from the usual theory.

As noted above, Example 2 is a counter-example to the usual secand welfare theorem:
If the efficient allacation-price pair in that example cauld be decentralized as a transfer
equilibrium, then it would be conditionally efficient by Propasition 5, but it is not.
Similarly, Proposition 6 combined with Example 3 illustrates a failure of the usual first
welfare theorem. There the allocation-price pair that is conditionally efficient but nat
efficient can be decentralized as a constrained transfer equilibrium: Although Lemmas
1 and 3 do not apply directly, we can nevertheless exploit the stationarity of the allocation-
price pair to directly compute supporting prices in I, such that each agent is at a utility
maximum subject to his constraints. In addition, the first-best allocation, which is also



