MULTIPLICITY OF EQUILIBRIA AND COMPARATIVE
STATICS*

TiMOTHY J. KEHOE

Conditions that guarantee the uniqueness of equilibriurm in models of eco-
nomic competition are erucial to applications of these models in exercises of com-
parative statics. Until now, most of the attention given to the uniqueness question
has been focused on pure exchange economies. In this paper we use a topological
index thearem to derive necessary and sufficient conditions for the uniqueness of
equilibrium in econornies with production. Unfortunately, conditiens that imply
uniqueness appear to be too restrictive to have much applicability. We argue, for
example, that the only economically interpretable restrictions that imply unique-
ness are either that the demand side of an economy behaves like a single consumer
or that the supply side is an input-output system. Qur results suggest a need for
reformulation of the comparative statics method.

I. INTRODUCTION

Conditions that guarantee the uniqueness of equilibrium in
models of economic competition are crucial to applications of these
models in exercises of comparative statics. The fundamental hy-
pothesis underlying this type of analysis is that the state of the
economic system can be completely specified by the solution to a
mathematical model, which is the equilibrium of the system. If,
for a given vector of parameters, there is more than one solution
to the model, then the comparative statics method breaks down.
Lacking conditions that guarantee uniqueness, we must resort to
considerations of historical conditions and dynamic stability, which
greatly complicate the analysis.

Because of the importance of this issue, there have been many
approaches to answering the question of when an equilibrium is
unique (see Arrow and Hahn {1971, Ch. 9] for a survey). Until
recently, however, these approaches have been marked by two
shortcomings: they have considered sufficient rather than nec-
essary conditions; and they have focused on pure exchange econ-
omies rather than economies that allow production. The devel-
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opment of a topological index theorem for pure exchange economies
by Dierker (19721 and Varian [1974] and its extension to econ-
omies with production by Mas-Colell [1978] and Kehoe [1980]
have provided us with tools mere powerful than any previously
available for examining the uniqueness question.

In this paper we explore the question of when an economy
with production has a unique equilibrium. We begin by dealing
with economies with activity analysis production technologies.
Later we indicate how our results can be extended to more general
technologies, including those that exhibit decreasing returns, Our
approach emplays the index theorem developed by Kehoe [1980],
who utilizes a single-valued, continuous function whose fixed points
are equivalent to equilibria of the model. Each fixed peint of this
function is associated with an index that is an integer determined
by the local properties of this function at that point. The index
theorem makes a statement about the sum of all the indices of
equilibria that allows us to establish conditions sufficient for
uniqueness. Furthermore, the mathematical conditions sufficient
for uniqueness are necessary in almost all econemies.

The index theorem can be easily motivated by the same dia-
gram that is typically used to motivate Brouwer's fixed point
theorem. Suppose that g(«} is a continuous function from the unit
interval into itself; that iz, 0 = g{n) < 1 for any 0 < = =< 1. Brou-
wer's fixed point theorem says that g has a fixed point # = g{#),
in other words, that the graph of g must cross the diagonal as
Figure I illustrates. Notice, however, that more can be said: sup-
pose that all fixed points lie in the interior of the interval. Then
the graph of g must cross the diagenal once from above. After
that, in general, it crosses once from above for every time it crosses
from below. Let us associate an index + 1 with a fixed point # if
the graph of g crosses the diagonal from above at 4, and an index
— 1 if it erosses from below. In the case where g is continuously
differentiable, index{(#} can be computed simply by finding the
sign of the expression 1 — dg/dw(#). The index theorem says that
the sum of the indexes of all the equilibria is + 1. Consequently,
there are an odd number of equilibria, and if index(#} = + 1 at
every equilibrium, there is only one equilibrium. Furthermore,
ifindex(#) = — 1 atany equilibrium, then there must be multiple
equilibria.

Unfortunately, the conditions required for uniqueness of
equilibrium in production economies appear to be more restrictive
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than those in pure exchange economies. For example, it is well-
known that, if either the weak axiom of revealed preference or
gross substitutability is satisfied by the consumer excess demand
function, then a pure exchange economy has a unique equilib-
rium. This is not the case for an economy with production. In fact,
if the production technology is arbitrary, although the weak ax-
iom is both necessary and sufficient for uniqueness, gross sub-
stitutability is neither. Since the weak axiom is an extremely
restrictive assumption to impose on the aggregate excess demand
function of consumers, this observation suggests that non-unique-
ness of equilibrium is a less pathological situation than semetimes
thought. A more subtle and far-reaching suggestion of our results
is the need for a reformulation of the comparative statics method
itself.

IT. AN ExaMpPLE OoF NoN-UNIQUENESS OF EQUILIBRIA

Let us begin by considering a simple economy with multiple
equilibria. In this example there are four commaodities and four
consumers. An interesting feature is that the aggregate excess
demand function exhibits gross substitutability.

Consumer j maximizes a Cobb-Douglas utility function,

W (2 ok es) = xixpacd xh
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subject to the constraints ELl X = EL vl and x; = 0,1 = 1,
2, 8, 4. Here the parameter v denotes the initial endowment of
good i held by j. The vector of initial endowments of consumer
is given by the jth column of the following matrix:

Consumer
Commedity 1 2 3 4
1 a0 a Q 1]
2 0 50 i} Q
3 0 0 400 0
4 0 1] 4] 460

Similarly, the vector of utility parameters o = (0 ,ah,0ch,0)) for
consumer j is given by the jth column of the following matrix:

Consumer
Commadity 1 2 3 4
1 0.52 (.86 .5 .05
2 0.4 0.1 0.2 .25
3 0.04 0.02 0.2975 1.0025
4 0.04 G.G2 0.0025 0.6875

Consumer j has an excess demand function &{a) for commodity i
given by the rule,

. .
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The vector of aggregate excess demands £(m) is formed by sum-
ming the individual excess demands: £&n) = X!_ & (). Notice that
¢ satisfies the typical properties of aggregate excess demand func-
tions. First, it is continuous as long as prices are strictly positive,
Second, it is bounded from below by the negative of the vector of
aggregate initial endowments w = X} w, £(m) = — w.Third, it
is homogeneous of degree zero, £(¢w) = £(n) for all t = 0; only rel-
ative prices matter to consumers' decision making. Fourth, it
satisfies Walras' law, w'&(n) = 0; since all consumers satisfy their
budget constraints, the aggregate excess demand function satis-
fies an aggregate budget constraint. £ also satisfies the very re-
strictive property of gross substitutability:
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The production side of this economy is given by a 4 x 8 ac-
tivity analysis matrix A. As is usual with constant-returns tech-
nologies, the delineation of individual producers or firms does not
matter in the study of equilibria; all that matters is the aggregate
technology specified by A. Each column of A represents an activ-
ity, or known technological process, which transforms inputs taken
from the vector of aggregate initial endowments or frem the out-
puts of other activities into outputs, which are either consumed
or further used as inputs. Positive entries in an activity denote
quantities of outputs produced by the activity: negative entries
denote quantities of inputs consumed. Aggregate production is
denoted Ay, where y 18 a 6 x 1 vector of nonnegative activity
levels:

-1 0 ] 0 6 -1
0 -1 0] 0 -1 3
0 0 -1 0O -4 17
0 0 ¢ -1 -1 -1

The first four columns of this matrix are, of course, free disposal
activities.

An equilibrium of this economy is a price vector # =
(fr) ,fr2,7r3,74) that satisfies the following three properties: first,
#'A = 0, second, there exists a nonnegative vector of activity
levels # = (91,¥2.93.54.75,5s) such that Ay = &); and third, =
i, #; = L. The first condition requires that there be no excess
profits available. The second requires that supply equal demand.
When these two conditions are combined with Walras' law, they
imply that profits are, in fact, maximized by the production plan
Ay, since Ay = i'§(#) = 0 but #'Ay = 0 for any y = 0. The
third condition is just a price normalization that we are permitted
by the homogeneity of &; if 4 satisfies the first two equilibrium
conditions, then so does t# for any ¢ > 0.

Unfortunately, even though £ exhibits gross substitutability,
the economy specified by £ and A has multiple equilibria. The
three equilibria of (£,A), together with activity levels, consump-
tion allocations, and utility levels, are listed below. Each of the



124

QUARTERLY JOURNAL OF ECONOMICS

three equilibria is, of course, Pareto optimal, although there are
wide differences in allocations across equilibria:

Equilibrium 1

7' = (0.25000, 0.25000, 0.25000, 0.25000)
¥t = (0, 0, 0, 0, 52.000, 63.000)
Consumer
Commadity 1 2 3 4
I 26.000 43.060 200.000 24 000
2 20.000 5.000 80.060 100.064
3 2.000 1.0G0 119.000 1.004G
4 2.000 1.0046 1.000 275.000
! 19.067 29.832 140.802 181.909
Equilibrium 2
72 = ((.15942, 0.25000, 0.03865, 0.55193)
Yy =1(0,0,0,0, 42701, 81.198)
Consumer
Commeodity 1 2 3 4
1 26.000 67431 48.490 83.083
2 12.754 5.000 12.368 220.771
3 8.249 6.468 119.000 14.280
0.578 0.453 .070 275.000
it 16.039 44 B8R0 47,410 240.484
Equilibrium 3
w¥ = (0.27514, 0.25000, 1.30865, 0.16621)
y* (0, 0,0, 0, 53.180, 65.148)
Cansumer
Commodity 1 2 3 4
1 26.000 39.072 224,362 14.492
2 22011 5.000 98.768 66 485
3 1.783 0.810 119.060 0.539
4 3.311 1.504 1.857 275.000
78 20.123 27.581 155.794 159.114



