The comparative statics properties of tax models
TIMOTHY J. KEHOE Clare College, Cambridge

Abstract. Over the past decade economists have employed the mathematical tools of differential
topology to investigate the comparative statics properties of general equilibrium models. In
this paper we develop the appropriate concepts of regularity and fixed point index for econo-
mies that allow a wide variety of tax and subsidy schemes. As part of the analysis, we provide
a proof of existence of equilibrium that is both simpler and more general than any given
previously. Conditions that ensure local uniqueness and continuity of equilibria are not at all
restrictive; they are satisfied by almost all economies. Unfortunately, it seents that conditions
that ensure global uniqueness of equilibrium in these economies are even mare elusive than in
economies without distortions. This work should be of particular relevance to researchers
who emplay empirical general equilibrium maodels o do policy evaluation.

Les propriétés des modéles de fiscalité en statique comparative. Au cours de la derniére
décennie, les économistes ont utilisé |'outillage mathématique de la topologie différentielle
pour éwudier les propriétés des modeles d’équilibre général en statique comparative. Dans ce
mémuoire, 1'anteur développe les concepts de régularité et d’indice de point fixe pour des
écanomies qui permettent I'existence de tout un éventail d’arrangements fiscaux. L'analyse
produit, entre antres choses, une preuve de D'existence de 1’équilibre qui est i la fois plus
simple et plus générale que celles disponibles jusqu’ici. Les conditions qui assurent des
équilibres localement uniques et continus ne s’'avérent pas tellement restrictives; ¢lles sont
satisfaites par presque toutes les économies. Malheureusement, il semble que les conditions
qui assurent un équilibre global unique dans ces économies soient encore plus insaisissables
que celles qu'on cherche dans des économies sans distorsions. Ce travail sera d'un intérét
particulier pour les chercheurs qui utilisent des modéles empiriques d'équilibre général pour
faire 1"évaluation de politiques.

INTRODUCTION

Over the past decade econaomists have employed the mathematical tools of differen-
tial topalogy to investigate the comparative statics properties of general equilibrium
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models. Debreu (1970) initiated this line of research with his definition of the con-
cept of a regular economy, an ecanomy whose equitibria are locally unique and vary
continuously with its parameters. He proved that almost all economies are regular.
(The phrase ‘almast all’ is, of course, given a precise mathematical meaning.) Dierker
{1972) and Varian (1975) used the concept of a fixed point index to develop condi-
tions that are both necessary and sufficient for a regular economy to have a unique
equilibrium.

The work of these researchers was devoted to pure exchange models. More recently,
Mas-Colell (1978) and Kehoe (1980, 1983) have extended the concepts of regularity
and fixed point index to models with very general production technologies. In this
paper we further extend these results to models that allow a wide variety of tax and
subsidy schemes. As part of the analysis, we provide a proof of existence of equili-
brium for such models that is both simpler and more general than those given pre-
viously by, for exampie, Shoven and Whalley {1973) and Todd (1979). A number of
other researchers have studied the properties of general equilibrium models with
taxes: Mantel (1973) and Shafer and Sonnenschein (1976) have provided very gene-
ral existence theorems; Fuchs and Guesnerie (1983) have used differential topology
to study the properties of a general equitibrium model with a decreasing returns pro-
duction technology. Our approach differs from those of these researchers, however,
and is more in line with that of Shoven and Whalley and Todd, in that it is intended for
researchers who employ empirical general equilibrium models to do policy analysis.

To understand better the issues that we address in this paper, let us first consider a
simple economic model specified by a system of r equations.

f(T o Tt ) =0, i=1,..,n M
Here 7, i = 1, ..., 1, are the endogenous variables, the prices of » goods, and ¢,,
i =1, ..., m, are the exogenous variables, the tax parameters. The r equations

can be thought of as requiring that demand minus supply equal zero. This system
of equations can be written more compactly in vector notation as

Az, 1y = 0. (2)

Suppose that, for a fixed vector of tax parameters 19, the vector of prices 7@ solves
(2), in other words, is an equilibrium price vector. There are a number of questions
we could ask: for example, is n2 locally unique? That is, would any small change in
prices drive the system into disequilibrium? It is crucial for comparative statics anaj-
ysis that the answer to this question be yes; otherwise, the specification of the model
does not suffice to determine the values of the endogenous variables even locally. We
could also ask whether the vector of equilibrium prices varies continuously with the
tax parameters. Again an affirmative answer to this question is crucial. Continuity
would mean that smalf errors in specifying the changes in taxes, or even in specify-
ing the other parameters of the model, would not have a drastic effect on equilibrium
prices.

Classical calculus techniques of the sort used by Hicks (1939) and Samuelson
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(1947) provide answers to these questions. A sufficient condition for affirmative
answers to both questions is that the n X » matrix of partial derivatives

(Affam }(x9, 19 ... (af /dn, )(x0, 19

(6)‘_,“!6 T, (af,‘}a T, (70, 19

be non-singular. In matrix notation we denote this matrix as Df,(x®, t9). If Df (%9, t9)
is non-singular, then the inverse function theorem implies that z° is a locally the only
equilibrium. The non-singularity of this matrix intuitively means that there are locally
enough independent equations f; to determine the unknowns . The implicit func-
tion theorem implies that for any small change in ¢ there is a function «(f) such that
Fix(@), ) = 0. In fact, we can compute the partial derivatives of w (¢}, the compara-
tive statics multipliers, by inverting Df,(x9, 9):

fx@), 1y =0

Df(x(t), t) D (t) + Df(x(t), £) = 0

Df (z°, 19 D7, (1% + Df(7%, 1% = 0

Dx,(t% = —(Df(x°, 1) Df(x9, 1°). A3)

There are other interesting questions that calculus techniques by themselves can-
not answer: For example, does a vector of equilibrium prices exist for a given vector
of tax parameters? If it does exist, is it unique? Affirmative answers to these ques-
tions are no less crucial than they are to the earlier ones. Existence of equilibrium can
often be established by an appeal te Brouwer’s fixed point theorem, which states that
any continucus function g that associates any point in a set with another point in the
same set has a fixed point # = g(7) if the set is non-empty, compact, and convex.
Suppase that we can express the system of equations (2) as

T — gz, ) =0, ' 4)

where, if 7 is an element of some compact convex set S, then g(x, ¢} also is. Then
Brouwer’s fixed point theorem asserts the existence of an equilibrium. This conelu-
sion can be motivated by a simple graph in the case where n = 1 and the price set is
the closed interval [0, 1]. Here we are asserting that the graph of g must cross the
diagonal, where # = g{m, t). (See figure 1.) Furthermore, Scarf’s (1973) fixed point
algorithm, dr one of its more recent variants, can be used to compute an equilibrium
for the maodel.

Mare can be said: Suppase that neither 0 nor 1 is a fixed point of g and that the
graph of g never becomes tangent to the diagonal. Then the graph of g must cross the
diagonal at least once from above. After that it crosses once from below for every
additional time it crosses from above, Let us associate an index + 1 with a fixed point
« if the graph of g crosses the diagonal from above and an index —1 if it crosses from
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+1

+1

FIGURE 1

below. This index can easily be computed by finding the sign of the expression
1 — (8g/d7){%, t). The index theorem says that the sum of the indices of all equilib-
ria is + 1. Consequently, there is an odd number of equilibria, and, if index (%) = +1
at every equilibrium, there is only one equilibrium. Furthermore, if index () = —1
at any equilibrium, there must he multiple equilibria.

In the case with n goods, index () can be computed by finding the sign of det
(I — Dg (%, 1)), where [ is the n X n identity matrix. We have already argued
that, if this expression is non-zero, then the equilibrium # is locally unique and
varies continuously with ¢. The index theorem tells us this expression is also crucial
for conditions that guarantee the unigueness of equilibrium.
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THE MODEL

Let us begin by describing a simple economic model that allows for preduction and
various tax and transfer schemes. The taxes may be taxes on consumption and pro-
duaction that are ad valorem or specific and income taxes that are linear or non-linear.
The revenue generated by these taxes is distributed to consumers, one of whom may
be a government. We initially describe a model in which the government only taxes
and spends. We later extend our analysis to a model that allows a wide variety of
subsidy schemes.

There are n goods in the model. The responses of consumers to an n + 1 vector
of prices and tax revenue (, r) are aggregated into an excess demand function £ :
(R,"N{0) X R, = R". Here R," ™ {0} is the set of all non-negative price vectors
except the origin. To keep our presentation as simple as possible, we assume that £
is arbritrary, except for the following assumptions:

(A.1) £is C! {continuously differentiable).
(A.2) EQnm, Ar) = £(w, #) for any X > 0; that is, £ is homogeneous of degree zera,
(A.3) £ is bounded from below by some —w, we R, ".

(A4) | &=z, )| > e as r'— o forany 7 € R,* N0}

The tax payments generated by consumption and income taxes are specified by a
function £ : {R,"\{0}) X R, — R,. Tax payments are expressed in the same units
as expenditures, =, £,(x, r). They are, or course, subject to whatever normalization
we impose on prices. We assume that ¢ satisfies

{A.5) ris CL.

{A.6) tOvr, M) = Ne(m, r) forany A > 0; that is, ¢ is homogeneous of degree oné.
In addition, we assume that £ and ¢ satisfy a modified version of Walras's law:
(A7) w'l(n, 1) + =, 1) = r.

As in a model without taxes, Walras's law can be justified by adding up the budget
constraints of all the individual consumers.

To get some intuition for the content of the above specification, consider the
following example of consumption and income tax schemes in an economy with
h consumers: Consumer j has an income that consists of the value of his initial
endowments, »,* 7w,’, and his share of tax revenue, 8,r. Here the share coefficients
8,7 =1, ..., h, are non-negative and sum to one. If, for example, 6, = 1 while
& =0, = .. =40, =0, then the ath consumer is the government. The endow-
ment income of consumer § is taxed at a rate of 1 > p; 2 0. The final demand for



